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Chapter 1

The successor case

The core model K is a canonical inner model that is close to V in some
sense. The basic problem of core model theory is to construct and study
such a model K. Because K is close to V, it will contain all the canonical
inner models for large cardinal hypotheses which there are. However, “all
there are” can only be made precise, so far as we know, by assuming some
limitation on the large cardinal hypotheses admitting canonical inner models,
and therefore core model theory is always developed under some such anti-
large-cardinal hypothesis.

Core model theory began in the mid-1970’s with the work of Dodd and
Jensen, who developed a good theory of K under the assumption that there
is no inner model with a measurable cardinal ([3], [4],[5]). The theory was
further developed under progressively weaker anti-large-cardinal hypotheses
by Mitchell ([17],[18]) and Steel ([37]) in the early 80s and early 90s. Certain
defects in Steel’s work were remedied by Jensen and Steel in 2007. The
upshot is that there are ¥y formulae ¥ (v) and ¥x(v)) such that one can
prove:

Theorem 1.0.1 (Jensen, Steel 2007) Suppose there is no transitive proper
class model satisfying ZFC plus “there is a Woodin cardinal”; then

(1) K ={v | ¥k (v)} is a transitive proper class extender model satisfying
ZFC,

(2) {v | ¢Ys(v)} is an iteration strategy for K for set-sized iteration trees,
and moreover the unique such strategy,
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2 CHAPTER 1. THE SUCCESSOR CASE

(3) (Generic absoluteness) Y. = wx[g]’ and Y. = wg[g} NV, whenever g
is V -generic over a poset of set size,

(4) (Inductive definition) K|(w}) is X1 definable over (J,, (R), €),

(5) (Weak covering) For any K-cardinal k > wy , cof(x¥5) > |k|; thus
kTE = kT, whenever k is a singular cardinal of V' (Mitchell, Schim-
merling [20]).

It is easy to formulate this theorem without referring to proper classes,
and so formulated, it can be proved in ZFC. The theorem as stated can be
proved in GB.

Items (1)-(4) say that K is absolutely definable and, through (1), that
its internal properties can be determined in fine-structural detail. Notice
that by combining (3) and (4) we get that for any uncountable cardinal g,
K|p is ¥y definable over L(H,,), uniformly in p. This is the best one can do
if 4 = w; (see [37, §6]), but for u > wy there is a much simpler definition of
K|p due to Schindler (see Lemma 2.3.4 below).

Item (5) says that K is close to V in a certain sense. There are other
senses in which K can be shown close to V; for example, every extender
which coheres with its sequence is on its sequence ([28]), and if there is a
measurable cardinal, then K is Xi-correct ([37, §7]).

It is probably safe to say that Theorem 1.0.1 has never been used by
anyone who believed its hypothesis. The theorem is most often used in its
contrapositive form: one has some hypothesis H which implies there can be
no core model as in the conclusion of 1.0.1, and from this one gets that H
implies that there is a proper class inner model with a Woodin cardinal. This
establishes a consistency strength lower bound for H, among other things.
Establishing such lower bounds is one of the main applications of core model
theory.!

For example, the Proper Forcing Axiom, or PFA | implies that Jensen’s
square principle fails at all cardinals k. But . holds in iterable extender
models below the minimal model of a superstrong cardinal as a consequence
of their fine structure, and if (I, holds in a transitive model which computes
kT correctly, then it holds in V. Thus PFA implies that there is an inner

!Perhaps one can prove something like the conclusions of 1.0.1 under true hypotheses,
but even making a precise conjecture concerning the existence of such an ultimate K is a
grand project indeed, for one would need to extend the meaning of “extender model” so
as to accomodate all large cardinals.



model with a Woodin cardinal.?

What about better lower bounds? The known consistency strength upper
bound for PFA, obtained by a very natural forcing argument, is one super-
compact cardinal. It seems unlikely that one Woodin cardinal is enough, and
indeed it seems likely that PFA implies there are inner models with super-
compact cardinals. At the very least, PFA should yield inner models with two
Woodin cardinals. The proof must use some version of core model theory,
as that is our most all-purpose method for constructing inner models with
large cardinals, and the strength in PFA is far enough from the surface that
less powerful methods seem doomed. Or take the failure of [J at a singular
cardinal itself: this should imply there are inner models with superstrongs,
but it seems hopeless to obtain anything from the non-structure asserted by
not-[J without making use of a covering theorem. For these and many other
reasons, one wants a variant of Theorem 1.0.1 which can be used to produce
inner models of large cardinal hypotheses much stronger than “there is a
Woodin cardinal”.

There is a subtlety here, in that the anti-large-cardinal hypothesis of
Theorem 1.0.1 cannot be weakened, unless one simultaneously strengthens
the remainder of the hypothesis, i.e., ZFC. For suppose ¢ is Woodin, that is,
V' is our proper class model with a Woodin. Suppose toward contradiction
we had a formula ¢k (v) defining a class K, and that (3), (4), and (5) held.
Let g be V-generic for the full stationary tower below 6.3 Let

j: V= M C Vg,

where M <% C M holds in V[g]. We can choose g so that crit(j) = R, ;. Let
p=RY. Then

(L) = (H" < (@WhHM = (W0 = (uH,
a contradiction. The first relation holds by (5), the second by the choice
of j, the third by (5) applied in M, and the last by (3) and (4), and the
agreement between M and V[g].*

So the anti-large-cardinal hypothesis of Theorem 1.0.1 cannot be weak-
ened, unless one simultaneously strengthens the remainder of the hypothesis,

2This last result is due to Schimmerling. Credits and references for the various steps
in the argument are given in Chapter 2.

3See [14]. The reader who is not familiar with stationary tower forcing needn’t worry,
as we shall not use it in any essential way in this book.

“The same proof shows there is no formula ¢ such that (3) holds, and (5) holds in all
set generic extensions of V.
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ZFC. Of course, whatever hypothesis we are trying to prove is strong does
go beyond ZFC, but is there anything we can use to erect a theory which is
not hypothesis-specific? Well, there is Theorem 1.0.1 itself! Using it, we will
have obtained inner models with one Woodin cardinal, and in the simplest
case, we will have obtained such models over arbitrary sets x. It turns out
that in the theory ZFC + “Over every set, there is a proper class model with
one Woodin cardinal” 4+ “There is no proper class model with two Woodin
cardinals”, we can prove the existence of a core model K satisfying the con-
clusions of 1.0.1. Our hypothesis will be inconsistent with the existence of
such a K, and thus from it we get inner models with two Woodin cardinals.
In the simplest case, we will in fact have such models over arbitrary sets x.
But again, it turns out that in the theory ZFC + “Over every set, there is a
proper class model with two Woodin cardinals” 4+ “There is no proper class
model with three Woodin cardinals”, we can prove the existence of a core
model K satisfying the conclusions of 1.0.1. So now we have inner models
with three Woodin cardinals, and so on.

This leads to general method for obtaining consistency strength lower
bounds beyond one Woodin cardinal. One shows by induction that the
universe is closed under mouse operators (functions like z ~— M (z)) of
ever greater complexity. The successor step of such a core model induction
uses core model theory, in the form of a generalization of Theorem 1.0.1.
The hypothesis whose strength is being mined will imply that there can be
no generalized K over any set in the appropriate domain, and then via our
generalization of 1.0.1, we have that the next mouse operator is defined on
that domain. The next operator produces, roughly, mice with one Woodin
cardinal closed under the previous operator.’

There are some white lies in the last paragraph. We shall correct them,
and give a more precise account of the generalization of 1.0.1 one needs at
successor steps in a core model induction. We shall also say a bit there about
what happens at limit steps. In the intervening sections, we shall look more
closely at the construction of K that goes into the proof of Theorem 1.0.1,
and at what blocks it in the case that there are proper class models with a
Woodin cardinal. To our intended reader, the answer will not be a complete
surprise: the problem is the existence of iteration strategies for the premice
we construct. The special problem occurs when our premouse has a Woodin
cardinal.

SW.H. Woodin first discovered the core model induction method, in about 1991.



1.1. ITERATION STRATEGIES FOR V )

1.1 TIteration strategies for V

Much of inner model theory centers on the construction of iteration strate-
gies. The basic techniques and problems can be illustrated with coarse-
structural iterations of V, so before diving into the complexities of fine
structure theory, let us look at this simpler situation. In order to keep the
technicalities to a minimum, we work in Kelley-Morse set theory throughout
this section.

The basic existence theorem for branches of iteration trees is

Theorem 1.1.1 (Martin, Steel [16]) Letm: M — V, be elementary, where
M is countable and transitive, and let T be a countable putative iteration
tree on M, then either

(a) T has a last model N, and letting i: M — N be the iteration map,
there is an elementary o: N — V;, such that m = o o1, or

(b) T has a mazimal branch b such that letting i,: M — My, be the iteration
map, there is an elementary o: My — V; such that m = o o 1.

Putative iteration trees are just like iteration trees, except that they may
have a last, illfounded model. The map o described in (a) or (b) is called
a m-realization of N or of b. The theorem says that choosing w-realizable
branches is an wi-iteration strategy for M, provided we never encounter a
countable tree with distinct, cofinal, w-realizable branches. We turn now to
the uniqueness question.

Let T be an iteration tree on some elementary submodel of V. We let
v(E,) be the strength of the extender E, = E7 in the model M where it
appears, and say T is increasing if o < f = v(E,) < v(Eg), for all a < .
For increasing T,

6(T) = sup{v(Ea) | a <1h(T)},
and

6 _ M
M7= Ve
a<lIh(T)

Thus for any cofinal branch b of T such that 6(7) € My,

Vi, = M(T).

SM(T) is also called the common part model.
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We note that (M(T), €) satisfies Zermelo Set Theory plus Choice, together
with “Va(V, exists)” and “every set belongs to some V,. We call this theory
ZCP. If P is any transitive model of ZCP, we say that A kills the Woodinness
of P iff A C o(P),” and either

(1) 3y < o(P)(AN~y & P), or
(2) there is no k < o(P) such that (P, €, A) = k is A-reflecting in OR.

The basic result on uniqueness of branches in an iteration tree is:

Theorem 1.1.2 (Martin, Steel [16]) Let M be a transitive model of ZFC,
and T an increasing iteration tree on M. Suppose b and c are cofinal
branches of T such that 6(T) € My N M., and some A € My, N M, kills
the Woodinness of §(T); then b= c.

In the contrapositive: if b and ¢ are distinct cofinal branches of T, then
d(T) is Woodin over M (T) with respect to all A € M, N M..

The following is typical of how these results combine to produce an iter-
ation strategy.

Theorem 1.1.3 Suppose that there is no proper class model with a Woodin
cardinal; then V' has a unique iteration strateqy defined on all set-sized trees.

Proof. Suppose P is a transitive model of ZCP. We cannot have L(P) |=
P = V,p) A o(P) is Woodin. (This is not quite so obvious as it sounds, as
L(P) may have no wellorder of P. See Exercise 1.1.4.) So some A € L(P)
kills the Woodinness of P. We let

Q(P) = Jap(P),

where ap is the least a such that some A € J,(P) kills the Woodinness of
P.

Now let m: M — V be elementary, where M is countable and transitive.
We claim M is wi-iterable, for trees based on some VnM , by the strategy
> of choosing the unique m-realizable branch. For suppose 7 is a tree of
countable limit length which has been played according to . By 1.1.1, T
has a cofinal m-realizable branch. Suppose b and ¢ are cofinal w-realizable
branches. Since T is based on some V', M(T) € My N M,. Moreover,

"o(P), sometimes written P N OR, is the ordinal height of P
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M(T) is in the domain of the @-functions of M; and M,. Since M}, and M,
are wellfounded, they compute Q(M (7)) correctly:

QM (T))Mr = Q(M(T)) = Q(M(T))™-.

Since some set in Q(M (7)) kills the Woodinness of §(7), 1.1.2 implies b = c.
Note that ¥ can also described as choosing the unique cofinal branch
such that M, is wellfounded, or as choosing the unique branch b such that
Q(M(T))Mv = Q(M(T)). (Cf. Exercise 1.1.5.) This final description is the
one which generalizes best.
We now define an iteration strategy I' for V by

I'(7T) = unique cofinal b such that Q(M(T))M” = Q(M(T)),

whenever 7 has limit length < OR and is played by I'. By 1.1.2, there is
at most one such branch, so our problem is existence. Suppose 7 has limit
length < OR, and is played according to I'. Let

T M-V

be elementary, with M countable transitive, and 7(7) = 7. Since T is based
on some V), T is based on some VnM . Then T is played according to the
w1-iteration strategy X described above, because the @-structure function
collapses to itself, that is

T HQM(T T N)) = Q(x ' (M(T | ),

for all A € ran(7). So there is a unique cofinal branch b of T such that

QUM(THM = Q(M(T)).

But Q(M(T)) =7~ (Q(M(T))) is in M, and bis X1 in every real coding it,
so b € M|g] whenever g is M-generic for Col(w, |Q(M(T))|), so b € M. But
then

works. 0

Exercise 1.1.4 Let P be a transitive model of ZCP, and suppose that L(P) =
P = V,pyNo(P) is Woodin (but not necessarily L(P) = the aziom of choice).
Show that there is a transitive proper class model of ZFC with a Woodin car-
dinal.
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Exercise 1.1.5 Show that in the proof of Theorem 1.1.3, ¥ can also de-
scribed as choosing the unique cofinal branch such that My is wellfounded,
or as choosing the unique branch b such that Q(M (T))Me = Q(M(T)).

All iteration strategies we know how to construct, in any circumstance,
trace back to strategies which pick the unique branch correctly moving some
canonical failure of Woodinness. Those strategies are guided by Q-structures,
in the standard, uninspired terminology. The crucial thing is that the Q-
structure function condenses to itself under Skolem hulls. Here is another
example.

Theorem 1.1.6 Suppose that every set has a sharp, and & is small enough
that for all n < 6, n is not Woodin in L(Vy); then V has a unique iteration
strateqy for set sized trees based on V.

Proof. For any transitive P, put
J(P) = rudimentary closure of P# U {P#}.

We show V has a J-guided strategy for trees based on Vj; that is, given T
on Vs played according to I', and of limit length < OR, we put

['(T) = unique b such that J(M(T))Me = J(M(T)).

To see that there can be at most one such b, notice that for all n < §, there
is an A € J(V;) which kills the Woodinness of V;,. For n < 4, this is clear,
as Vip1 N L(Vy) = Vo N (V) # C J(Vyy). § itself may be Woodin in L(Vj),
but if so, it is the least such cardinal, and hence § is singular in J(Vs) (cf.
Exercise 1.1.7). Since 7 is based on Vj, if b is cofinal in 7, then J(M (7))
exists. But then J(M (T))Ms = J(M(T))e implies b = ¢, by theorem 1.1.2.

The proof that there is a cofinal branch b of T such that J(M(T))M» =
J(M(T)) is a reflection argument like that in the proof of 1.1.3, using the
fact that J condenses to itself, that is, that 7#—1(J(P)) = J(x~1(P)), for
elementary 7: M — V', with M transitive. O

Exercise 1.1.7 Show that in the context of the proof of Theorem 1.1.6, if §
is Woodin in L(Vy), then § is singular in J(Vy)

Exercise 1.1.8 [t is consistent with ZFC that there is a v such that non <~y
is Woodin in L(Vy), and yet L(V,) is not fully iterable. It is not true in M.
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It is true in My[G] for almost all v below the Woodin cardinal of My, with
G generic for the full stationary tower. Thus in such a L(V,), there are no
proper class models with a Woodin of the form L(V})), and yet 'V is not fully
iterable.

Let us state an abstract version of Theorem 1.1.6.

Definition 1.1.9 Let F be a function on V. We say F has the coarse
condensation property iff whenever w: M — V is elementary, where M is
transitive, and (P, F(P)) € ran(rw), then

nH(F(P)) = F(z~(P)).

We generally use this terminology when F(P) = 0 whenever P is not
transitive, and for P transitive, F'(P) is transitive and P € F(P).

Definition 1.1.10 Let F' have the coarse condensation property. We say
that P is F-Woodin iff P is a transitive model of ZCP, and no A € F(P)
kills the Woodinness of P.

The proof of Theorem 1.1.6 gives at once:

Theorem 1.1.11 Let F' be a function on V with the coarse condensation
property, and suppose that for all n < 6, V;, is not F'-Woodin; then there is
a unique iteration strategy for V with respect to set-sized trees based on V.

For example, if V' is closed under the Mﬁ function, then the function
F,(P) = rudimentary closure of M;! (P) U {M}(P)} has the coarse conden-
sation property. So V is fully iterable unless there is a § which is Woodin in
ME(V(;). If there is such a §, then V is iterable for trees based on Vj,, where
dp is the least such 4.

Exercise 1.1.12 Show that the iteration strategy we have obtained for such
trees yields an iteration strategy for MTuL(V;;O), so that we have an iterable
ME .

Thus if V' is closed under the M} function, then either V is fully iterable
for set-sized trees, or Mﬁb 41 exists. The fine-structural counterpart of this
argument is a basic engine in the core model induction.

Where does one get functions with coarse condensation? Probably only
from mouse operators of some kind. Precise conjectures along these lines
will come later, as forms of the fundamental Mouse Set Conjecture. In a
more abstract vein:
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Exercise 1.1.13 Given a function F on H(wi) whose codeset F* C R is
universally Baire, there is a function F* onV such that F C FT, and F*
has the coarse condensation property. Conversely, if F' has the coarse con-
densation property and determines itself on generic extensions in a certain
sense, then the codeset (F | H(w1))* is universally Baire.

1.2 Counterexamples to uncountable iterability

Before we look at some applications of 1.6.15 and other similar arguments,
let us collect some examples which show that we cannot expect that the
full iterability of K¢ will be provable in ZFC. The theme here is: Woodin
cardinals are the enemy of full iterability.

(1) (H. Woodin) M; | “T am not §* + 1 iterable, where § is my Woodin

cardinal”.

(2) (I. Neeman) M; = “I am not 0 + 1 iterable, where § is my Woodin
cardinal”.

(3) (J. Steel) Let M be an iterable extender model satisfying ZFC™+ “§
is Woodin”. Then M | “I am not 6% + 1 iterable, where § is my least
Woodin cardinal”.

The original argument here is Woodin’s (1), of which the other two are
variants. In each case it is a genericity iteration which cannot be exectuted
in the model in question. Genericity iterations are a very important source
of logically complicated iterations.

In contrast to (1)-(3), we have that if £ is strictly less than the Woodin
cardinal of My, then M; knows its own iteration strategy restricted to set
length iteration trees based on M;p|¢. This is because the Q structures for
such a tree T is an initial segments of LM (T)].

(4) (Woodin) Suppose there is a set-length iterable proper class model
with a Woodin cardinal; then every set has a sharp. More generally,
if there is a set-length iterable proper class model with n + 1 Woodin
cardinals, then for all sets x, M}i(x) exists and is set-length iterable.

This shows pretty clearly why we need M} -closure in order to build a
fully iterable K¢ reaching M,41. If we find a fully iterable M, 41, then V'
was Mﬁ-closed.
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(5) (J. Steel) Assume boldface Al determinacy; then for a Turing cone of
x, L[z] E K¢ is not Q,-iterable, where ), is the least x-indiscernible,
and K€ is built up to that point.

This comes out the proof in CMIP that A} determinacy implies for all
reals z, Mf(x) exists and is wi-iterable. (The result itself is due to Woodin.)

(6) (J. Steel) Let M be a fully iterable, tame extender model, and suppose
that M k= ¢ is Woodin. Then for no x > § do we have (k7)™ = k™.

So within the tame mice, an iterable K with weak covering and a Woodin
cardinal is impossible. Unpublished results of Woodin show that it is possible
just a bit past tame (i.e. below the ADg hypothesis).

1.3 F-mice and K.

In this section, we shall generalize the concept of a premouse by replacing
the operator x — rud(x U {z}) (or, more generally, x + rudz(z U {x}) for

some finite set E) by an arbitrary model operator.

Definition 1.3.1 . Let v > Ny be a cardinal or v = oo, and let A € H,
be swo’d. A model operator over A on H, is a function F' which sends
every transitive rud-closed amenable model M = (|M|;€, A, E, B,S) with
A e M| e H, and E, B, S C |M| to a transitive rud-closed amenable
model F(M) =N = (|N|;€, A, E, B') with M € [N| € H,, B' C |N|, and

F(M) = Hullg ™ (M| u {M}),

i.e., F(M) is the ¥1-hull generated from elements of | M| inside F(M).

For technical reasons we demand F(M) to have a different type than
M has. All the models in the domain (and in the range) of F' have A as
an element as well as a distiguished predicate available. In what follows, we
shall refer to models in the domain (or in the range) of F' as models over A.
Examples for F' which we have in mind are (beyond z — rud(xz U {z}) or
x — rudz(z U {z})) the following ones.

(1) Mouse operators. For M an ordinary sound premouse, F'(M) = the
n reduct of some ordinary premouse N > M with p,41(N) < MNOR <
pn(N) such that N is (n + 1)-sound above M N OR (and where we assume
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the first standard parameter of this reduct to be coded into its master code).
In this case, we shall actually think of F(M) as being A itself rather that
its ' reduct.

(2) Hybrid mouse operators. For M being a “hybrid” premouse having
some fixed ordinary sufficiently iterable premouse N as an element, F(M) =
some code for a structure which feeds in information about the iteration
strategy of NV.

We shall only be interested in model operators with condensation in the
following sense.

Definition 1.3.2 Let v, A, F be as in Definition 1.3.1. Set k = Card(A) -
Ng. We then say that F' condenses well iff the following holds true.

Let M, M € H, be models over A such that Card” (|]M|) = k. Let G
be Col(w, k)-generic over V, and let M € V[G] be a model over A with
M e |MT| and MT = Hullé/lﬁ(]./\;ﬂ). Suppose that either

(1) there is a map 7: M+t — F(M), = € V[G], with 7(M) = M and
7w [ (AU{A}) =id which is ¥g-cofinal or Ya-elementary, or else

(2) there is some F(P) € H,, where P is a model over A, and there are
maps i: F(P) — M and m: MT — F(M), i, 7 € V|G|, moi € V, with
i(P)=M, a(M)=M,i| (AU{A}) =7 | (AU{A}) =id, i is So-cofinal
or Yg-elementary, and 7 1s a weak 1-embedding.

Then M+t =F(M) eV,

A straightforward absoluteness argument shows that if K < Ng, then in
Definition 1.3.2 we might have equivalently restricted ourselves to M™, , i
existing in V' (cf. Exercise 1.3.3).

In the general case (i.e., with x being arbitrary) there is a reformulation
of the concept of “condenses well” in terms of an embedding game which
avoids having to step into V[G]. Given M and M as in Definition 1.3.2, let
G(M, M) denote the following game, in which two players I and IT alternate
playing kg € w and sets a, and b, as follows.

I ‘ k07 ag, bU ag, bla b2 a4, b3a b4
II ‘ al as

Letting (p: k < w) be a redundant enumeration of all 3o-formulae in
which every Yo-formula is mentioned w times, the rules of the game are:

(a) ax € IM| and by € |IM|.
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(b) If there is some x € | M| such that F(M) & pr(bo, - .., bok_1,), then
F(M) & @k(bo, - - -, bag—1, bak).

(C) M )f gpk(ao, e ,ak) iff M ): QOk(bo, ceey bk)

(d) F(M) = i, (ao) holds true iff F(M) = ¢, (by) does not hold true.

The first player to break one of these rules loses; if no player breaks a
rule, then I wins. Notice that G(M, M) is a closed game.

Playing in V[G], where G is Col(w, k)-generic over V, player I can easily
arrange that |M| = {ai|k € w}, so that if I wins, then a;, + by, defines a
Mg-elementary embedding from M to M such that {bi|k € w} = X N | M|,

where X = HullgéM)({ka € w}). By clause (d), X does then not collapse
to F(M). It is now not hard to show that there is a counterexample to F'
condensing well, with (1) of Definition 1.3.2 holding true and 7 being o-
elementary, if and only if player I wins G(M, M) (cf. Exercise 1.3.4). In
much the same way all of Definition 1.3.2 may be reformulated in terms of
having I lose games similar to G(M, M).

Let v, A, F, and s be as in Definition 1.3.2. If v > T, then F is
completely determined by F' [ H,+. For the same reason, if A\ > v, then
there is at most one model operator over A on H) which extends F' and
condenses well. (Cf. exercise 1.3.5.)

Exercise 1.3.3 Show that if A is at most countable, then the model operator
F over A condenses well iff the criterion from Definition 1.3.2 is satisfied

with V|G| being replaced by V.

Exercise 1.3.4 Show that for an arbitrary A, if F' is a model operator over
A, then there is a reformulation of “condenses well” in terms of games as
in the discussion after Definition 1.5.2.

Exercise 1.3.5 If A > v, then there is at most one model operator over A
on Hy which extends F' and condenses well.

Let us now turn towards defining the concept of an “F-premouse.” If v,
A, F are as in Definition 1.3.1, then an F-premouse will be a model of the
form

M = (IM|;€,A E, B, M) (1.1)

over A, where
(a) M = (M; i < 0) is a sequence of models over A, which will be
informally referred to as the “history” of M, and
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(b) E codes a fine extender sequence (E, | a € dom(E)) in the spirit of
[41, Definition 2.4], where dom(E) C 6 + 1.

Definition 1.3.6 Let v > Ny be a cardinal, let A € H, be swo’d, and let
F be a model operator over A on H,. A model M as in (1.1) is called a
potential F'-premouse provided the following hold true.

1. M= (M; i< 8), a sequence of models over A. In order to simplify
the statement of the following clauses, let us also write My for M
itself.

2. E codes a sequence (E, | o € dom(E)) of extenders, where dom(E))
is a subset of the limit ordinals in 0 + 1.

3. Leti < 0. Then M; = (|M¢|;€,A,F;-,Bi7(/\/lj|j < 1)), some F,B;,
and in fact F; codes (Eq | @ € dom(E) N (i +1)).

4. Leti+1<80. Then F(M;) = (|IMiz1l; E,A,F%+1,Bi+1). (Le., M1
is the expansion obtained from F(M;) by adding its “history.”)

5. Let A < 0 be a limit ordinal. Then By = (.

—

6. The sequence (E, | a € dom(FE)) codes a fine extender sequence in the
sense of [{1, Definition 2.4] (cf. also [22, Definition 1.0.4] and [33,
Definition 2.4]).8

In this situation, My is called the base model of M.

In the case of F' being the appropriate rud-closure operator, an F-
premouse M is basically an ordinary potential premouse in the sense of
[22, Definition 1.0.5]. In this simple case, the “history” of M is ¥;-definable
over the reduct of M obtained by removing the “history,” so that the rela-
tion M of M can be dispensed with.? Notice that by amenability, if i < 6,
then (M; : j < i) € |[M|, i.e., the initial segments of the “history” are
elements of M.

In much the same way as in [22, 3.5.1], F-premice are supposed to be
potential F-premice all of whose proper initial segments are sound. In order
to see that there is a reasonable fine structure theory for potential F-premice,
we need the following straightforward consequence of Definition 1.3.2.

80f course, this definition has to be adjusted to the present context in that if A\ €
dom(FE), then the relevant initial segment of M to consider in the coherence and closure
under initial segment conditions is (Mx; (M; | i < A)).

9In fact, this will be true for all the examples considered in this book.
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Lemma 1.3.7 (Condensation for F-premice) Let v, B, F be as in Defi-
nition 1.3.6, and let M € H,, be a potential F-premouse. Let G be Col(w, k)-
generic over V, where k = Card(A) - Rg. Let M € H, be a model over A
such that either

(1) there is a map m: M — M, © € V[G], with w | (AU{A}) = id which
is Xo-cofinal or Yo-elementary, or else

(2) there is some P € H,,, where P is a potential F-premouse, and maps
ii:P—aMandm: M = M, i, 7 € V[G], noi €V, withi | (AU{A}) =
m [ (AU{A}) = id, i is Xp-cofinal or Xa-elementary, and m is a weak
Y1-embedding.

Then M is a potential F-premouse.

A trivial consequence of the Condensation Lemma 1.3.7 is that if M is
a potential F-premouse with base model My, then

M = Hull¥! (| Mo| U (JM] N OR)),

i.e., M is the ¥1-hull generated inside M from the ordinals in M together
with elements of My. In fact, on the basis of Lemma 1.3.7, a full fine
structure theory for potential F-premice may be developped in much the
same way as for J-structures.

All our potential F-premice which we’ll consider in the future will actu-
ally be J-structures, for which a fine structure theory is presented in [34].
We therefore here refrain from making the development of a fine structure
theory for potential F-premice explicit.

Definition 1.3.8 Let v, A, F be as in Definition 1.8.6, where F' condenses
well. Let M be a potential F-premouse as in (1.1) and Definition 1.3.6.
Then M s called an F—premouse iff for every i < 0, M, is sound above

M.

The easiest example of an F-premouse is L, the least transitive model
closed under F'. More precisely:

Definition 1.3.9 Let v > Ny be a cardinal or v = oo, and let A € H, be
swo’d. Suppose that F is a model operator over A on H, which condenses
well. Let P = (|P|; €, B) be a transitive and rud-closed amenable model such
that A € |P].

We then denote by LY (P) the unique F-premouse of height v with base
model P which does not have any extender on its E—sequence. We also write

L¥(P) for LE (P).
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The Condensation Lemma 1.3.7 for F-premice will also be the key tool
for showing that the K“¥-construction succeeds, unless MlF , the least “F-
mouse” with a Woodin cardinal, exists. Namely, we are now going to induc-
tively define F-premice N¢ in much the same way as in [41, Definition 6.3],
except that we start with some transitive and rud-closed amenable model
P = (|P|; €, B) such that A € |P| rather than with (V,;€) and that we
use [’ rather than x + rud z(x U {z}), some B, at “successor” stages of the
construction. More precisely:

Definition 1.3.10 Let v > Ny be a cardinal or v = oo, and let A € H,, be
swo’d. Suppose that F is a model operator over A on H, which condenses
well. Let P = (|P|;€,B) € H, be a transitive and rud-closed amenable
model such that A € |P].

A KT(P)-construction is a sequence (Ng |€ < 0) of F-premice in H,
such that the following hold true.

1. No = (|P|;€,A,0,B,0).
2. Let £+ 1 < 0. Then N is w-solid, and letting'?
M= Cu(Ng) = (M€, 4, E, B, M)
and v = |M| N OR, either
(a) M is passive, i.e., v ¢ dom(E), and
Neyr = ((M|;€,A,ETE,, B, M),
where E. is countably certified in the sense of [41, Definition 6.2],

i.e., Ngyq is obtained from M by adding a countably certified top
extender, or else

(b) if F(M) = ([F(M)|;€,A, E,B), some B', then
Negr = (|F(M)]; €, A, E, B, M~ M),

i.e., Ney1 ts the “reorganization of F((M) as an F-premouse.

YWhen forming €., (Ng), we throw in |P| into the hull. By Lemma 1.3.7, €, (N;) is thus
an F-premouse with base model Np.
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3. Let A < 0 be a limit cardinal. Let, for &€ < X,
Ne = (INels €, A, B¢, Be, M),

where Eg is of the form (ES|a € dom(E})) and Ajlg) is of the form
(M& | < 65). Then By =0, and for all &, £ < 6 and Eg‘ = E iff for
all but boundedly many i < \, E: = E, and similarily M2 = N iff for
all but boundedly many i < A\, Mt =N

The simplest case of a K“'(P)-construction is one which produces L (P),
but of course in general there are more complicated ones.
The following is parallel to Theorem 1.1.1.

Theorem 1.3.11 Let v > Ny be a cardinal or v = oo, and let A € H,, be
swo’d. Suppose that F is a model operator over A on H, which condenses
well. Set k = Card(A) - Ng. Let P = (|P|;€,B) € H, be a transitive and
rud-closed amenable model with A € |P|. Let v > k be a cardinal, v < v,
and let (N¢ |€ < 0) be a KT (P)-construction with additivity > v, where
0 <wv. Let N¢ be k-sound, let N be a k-sound F-premouse of size at most v,
and let m: N — N¢ be a weak k-embedding with w | (AU {A}) =id. Let T
be a normal iteration tree on N of length < v*. Let G be Col(w,~y)-generic
over V.
Then either

1. T has successor length v+1, and if MZ’ is (-sound, then in V|G| there
is a weak £-embedding o : ./\/l,;r — NE for some € < &, or else

2. T has limit length and in V[G] there is a maximal branch b through
T such that if M] is €-sound, in V[G] there is a weak (-embedding

o: ./\/l;r — Ng, where again & < €, such that o o iy = .

This theorem is shown by the method of [37, §9].

We aim to use Theorem 1.3.11 together with an adaptation of Theorem
1.1.2, namely Theorem 1.3.13, to the current context to show that all mod-
els from a K%' (P)-construction are “sufficiently iterable” under favorable
circumstances.

"Le., if £ < ¢ and N has a top extender, E, say, then crit(E,) > ~".
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Definition 1.3.12 Let M be an F-premouse as in (1.1). Then M is called
F-small iff for all « € dom(E),

My = “there is no Woodin cardinal.” 12

Theorem 1.3.13 Let v, A, F, k, v, N, (Ng [£ < 0) be as in Theorem
1.3.11. Suppose that every Ne¢, & < 0, is F-small, and that N¢ does not
have a definable Woodin cardinal.'® Let Ne be k-sound, let N be a k-sound
F-premouse of size at most vy, and let m: N — Ne be a weak k-embedding
with 7 | (AU {A}) = id. Let T be a normal iteration tree on N of limit
length < y*. Let G be Col(w,)-generic over V.

In V[G] there is then at most one cofinal branch b through T such that
if M is {-sound, then in V[G] there is a weak (-embedding o: M] — N,
where £ < &, such that o o, = .

PROOF. Assume by, b1 to be two such cofinal branches. For h = 0,1, let
Oy, be the least initial segment Q of MZ; such that §(7) is not definably
Woodin in Q. By the Condensation Lemma 1.3.7, both Qy and Q; are F-
premice (here we might use (2) of Lemma 1.3.7). By our hypotheses, both
Qp and Q; are F-small, so that neither Qy nor Q; has any extenders above
§(T). This implies that Qy and Q; are both initial segments of LZ'(M(T)),
so that in fact Qy = 9Q;.

This implies that by = b; by standard arguments (cf. Theorem 1.1.2; for
a proof cf. [36]). O

We refer the reader to [41, Definition 4.4] on the concept of (k, A, 6)-
iteration strategies.

Definition 1.3.14 Let M be an F-premouse. Then M is (k,\,0)-F-
iterable (or, (M, F) is (k, A, 0)-iterable) iff there is a (k, A, 0)-iteration strat-
egy % for M such that if M* is an iterate of M* according to %, then M*
1s an F-premouse.

The following is a corollary to Theorems 1.3.11 and 1.3.13.

Corollary 1.3.15 Let v, A, F, k, v, N, (N¢ |£€ < 6) be as in Theorem
1.8.13. Suppose that N¢ does not have a definable Woodin cardinal. Let

12This is equivalent to saying that M, |crit(E4') k= there is no Woodin cardinal.

13Le., if § < Mg, then either p,(Ng) < & or else there is some n < w and some TEQQ-
definable counterexample to the Woodinness of §.
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Ne be k-sound, let N be a k-sound F-premouse of size at most v, and let
m: N = N¢ be a weak k-embedding with m | (AU {A}) = id.
Then N is (k,yT,y)-iterable.

PROOF. Let ¥ be the following strategy for iterating A'. Let T be a tree
of limit length on A as in the definition of (k,~y",~y")-iterability. We then
set b= X(T) iff b is the unique cofinal branch ¢ through 7 such that if M
is f-sound, then there is a weak f-embedding o : MCT — ./\/é, where £ < ¢,
such that o o, = 7. (X is often referred to as the “realizing strategy.”) We
need to see that X is total on trees of limit length on N as in the definition
of (k,yT,~")-iterability, and that if 7 is a putative tree on A/ according to
> and of successor length, then the last model of T is well-founded.

Suppose this were false, and let 7 be a counterexample of minimal length.
By Theorem 1.3.11, 7 must then have limit length, and in V[G], where G is
Col(w, 7y)-generic over V, there is a maximal branch b through 7 such that
if MZ is £-sound, there is a weak f-embedding o : MZ- — /\/'5-, where & < ¢,
such that oo, = 7. By the minimality of 7", b must in fact be cofinal (rather
than maximal and non-cofinal). But then by Theorem 1.3.13, b is unique
with the properties as stated. Hence by the homogeneity of Col(w, k), b € V|
and of course b is still unique in V' with the desired properties. This shows
that (7)) is well-defined after all. Contradiction! O

Definition 1.3.16 Letv, A, F, k, P, (Ng [ < 0) be as in Theorem 1.3.13.
Let T be a set or class of regular cardinals > kt. (Ng |€ < 0), with § = v, is
then called a maximal K%F(P)-construction with additivity in I' of height
v for an inner model with an F-Woodin cardinal iff for all € < 0, if

M = €(Ne) = (IM[:€, A, E, B, M)

is passive and there is a countably certified extender E with critical point u
with cfV (p) € T such that

(IMl;€, 4, ETE, B', M)

is an F-small F-premouse, then Ejypnor # 0 is a countably certified exten-
der whose critical point has cofinality in T', i.e., Neyq is obtained from M
by adding some such extender.

If ' C (v\KkTT), then by Corollary 1.3.15 we may inductively prove that
each standard parameter of every €, (N) is solid and universal, that there
is in fact exactly one maximal K (P)-construction over P with additivity
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> 4t of height v for an inner model with an F-Woodin cardinal (cf. [41,

§6.2]).

Definition 1.3.17 Let v, A, F, k, I C (v \ k™), P be as in Definition
1.3.16. We shall then write (somewhat ambiguously) K&¥(P)|v, for N,
where (N¢ |€ < v) is the unique mazimal K (P)-construction with addi-
tivity in I’ of height v for an inner model with an F-Woodin cardinal

We shall now be interested in isolating K¥'(P), the “true” F-core model
over P. In order for this to work out we need to see that K (P)|v is “fully
iterable” in a sense to be made precise. In order to develop the theory of
KT (P), it is useful (but not necessary, cf. [11]) to assume that v, henceforth
written €2, be an ineffable cardinal. The weak compactness of 2 will easily
yield that if K (P)|Qis (w,Q, Q)-iterable, then it is (w, 2, Q + 1)-iterable
also, and the subtlety of Q will easily yield that K (P)|Q satisfies “cheapo”
covering (cf. Exercise 1.3.23).

Definition 1.3.18 Let ) be an ineffable cardinal. Let A € Hq be swo’d, and
suppose that F is a model operator over A on H, which condenses well. Set
k = Card(A). Let P = (|P]; €, B) € H, be a rud-closed transitive model with
A €|N|. Let K¢ (P) be the mazimal KT (P)—construction with additivity
I', where I' is some non-empty set of reqular uncountable cardinals between
kT and Q. Let £ <, and let T € Vo'* be an iteration tree on Ne as in the
definition of (w, 2, Q)-iterability.

If b is a cofinal branch through T, then the Q-structure for b (if it exists,
in which case it is unique) is the least initial segment Q = Q(b,T) of M
such that 6(T) is not definably Woodin in Q. We say that T is guided by
L iff for every limit ordinal X < 1h(T), [0, \)7 is the unique cofinal branch
b through T such that Q(b,T) < LY (M(T)).

If ¥ is a (possibly partial) iteration strategy for Ne, then we say that ¥
is guided by L iff for every iteration tree T € Vo on Ne as in the definition
of (w, ), Q)-iterability and which is guided by LY, if X(T) is defined, then
the extension of T by X(T) is guided by LY also.

Definition 1.3.19 We say that an iteration strategy ¥ for Ng¢ which is
guided by LT produces an F-closed model with a Woodin cardinal iff there
is some iteration tree T € Vo on N¢ according to ¥ and as in the definition

147 e., the tree order of 7 is in Vo
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of (w, Q, Q)-iterability such that
LE(M(T)) = “6(T) is a Woodin cardinal.”

Finally, we say that the K (P)-construction reaches pr* iff there is an
extender on the sequence of K (P); in this case we write PF” for Coo(Ne),
where £ < Q is least such that N¢ has an extender (which will then be the
unique top extender). We also say that the K%F' (P)-construction reaches
ME(P) iff there is some £ < Q and some & € N such that

Ne = “0 is a Woodin cardinal;” (1.2)

in this case we write M{ (P) for €,(Ng), where & < Q is least such that
(1.2) holds.

For sake of illustration, let us give some examples. If F' is the usual rud-
closure operator, then L¥ (M) = L(M), PF* = P# and MF(P) = M, (P)
is the least iterable premouse of height § + w, some §, in which ¢ is Woodin.
If F is the M#—operator, n < w,'® then L (M) is the least model containing
M which is closed under M# , PF # is the least active iterable P-premouse
which is closed under M, and M{ (P) = Mj:_l.

We may now state our two K¥-Existence Dichotomies. The first one is
“global” and presupposes the existence of an ineffable cardinal. The sec-
ond one is more “local” but also often more useful (in fact the second one
subsumes the first one).

Of course there is a unique maximal iteration strategy for K (P) which
is guided by L. The reason is that if 7 is guided by LY, then there is at
most one cofinal branch b through 7 such that the O-structure Q for b is
an initial segment of LY (M(T)) (cf. the proof of Theorem 1.3.13). If this
maximal strategy is not total with respect to trees on K (P) which exist
in Vo, are guided by L, and are as in the definition of (w, Q, Q)-iterability,
then this strategy will produce an F-closed model with a Woodin cardinal.

Theorem 1.3.20 (K-Existence Dichotomy) Let Q2 be an ineffable car-
dinal. Let A € Hq be swo’d, and suppose that F' is a model operator over A
on H, which condenses well. Set k = Card(A). Let P = (|P|;&,B) € H,
be a rud-closed transitive model with A € |N|. Let us write KS¥(P) for
KEF(P)\Q, where I' is a non-empty set of regular uncountable cardinals
between kT and Q. Let ¥ be the unique mazimal (albeit possibly partial)

151f . = 0, then the M?-operator is just the #-operator.
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iteration strategy for KS¥ (P) which is guided by LY. Then the following
hold true.

1. If ¥ produces an F-closed model with a Woodin cardinal, then the
K%Y (P)-construction reaches M{'(P) and ME (P) ist (w,Q,Q + 1)-
iterable via the unique strategy which is guided by L* .

2. If 3 does not produce an F'-closed model with a Woodin cardinal, then
KF(P) is (w,Q,Q + 1)-iterable. This implies that K¥(P) exists and
is (w, Q, Q4 1)-iterable as being witnessed by a strategy which is guided
by LY in the obvious sense.

PROOF. Let § < € be such that N does not have a definable Woodin
cardinal. Let us assume that there is a putative iteration tree 7 € Vg on
Ne¢ as in the definition of (k, 2, Q)-iterability and which is according to a
strategy which is guided by L¥" such that either

(a) T has successor length, and 7 has a last ill-founded model, or else

(b) T has limit length and LY (M(T)) = “5(T) is a Woodin cardinal,”
but the K“F-construction doesn’t reach M{"(P), or else

(¢) T has limit length and L (M(T)) = “5(T) is not a Woodin cardinal,”
but there is no cofinal branch b through 7 such that the Q-structure for b
is an initial segment of L¥'(M(T)).

Let us fix T witnessing this. Let

m: H— Vqyo

be elementary such that H is transitive, Card(H) = k, 7 | AU{A} = id,
and NVg, T € ran(rm). Write N' = 771 (Ng) and T = 7= 1(T).

Let G be Col(w, k)-generic over V. By the proof of Corollary 1.3.15,
N is (k,sT,kT)-iterable via the “realization strategy.” This means that
either Ih(7) = 6 + 1, some 6, and there is £ < £ and a weak f-embedding
o: MZ*l(Q) — Ng such that o € V[G], or else 7 has limit length and there

is a cofinal branch b € V through T there is £ < ¢ and a weak f-embedding
o M — Ng such that o € V[G]. It is clear that if the former holds true,
then (a) fails. Let us now suppose that the latter holds true.

We may let O be the least initial segment of M] such that §(7) is not
definably Woodin in Q.

If

LE(M(T)) = “6(T) is not a Woodin cardinal,” (1.3)
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then we may let Q be the least initial segment of L' (M(T)) in which 6(7) is
not definably Woodin. Of course then Q € ran(r) and by the Condensation
Lemma 1.3.7 771(Q) = Q. By the proof of Corollary 1.3.15, b € H, so that
in H we have that b is the (unique) cofinal branch ¢ through 7 such that
Q 9 M7 Therefore in V' we have that 7(b) is the (unique) cofinal branch
c through 7 such that @ < M. Hence (c) fails.

But it is now straightforward to see that if (1.3) fails, then F(M(T)) =
“§(T) is a Woodin cardinal” and F(M(T)) is (or may be reorganized as)
an initial segment of M]. But then o(F(M(T))) = F(M(T)) is (or may
be reorganized as) an initial segment of Nz and F(M(T)) = “o(5(T)) is a
Woodin cardinal.” This implies that K%F'(P) reaches M{ (P). Hence (b)
fails.

In order to finish the proof of Theorem 1.3.20 it thus remains to show that
if K¢F(P) reaches M{'(P), then M{ (P) is (w, 2, Q)-iterable via the unique
strategy which is guided by L¥. However, this is shown by what we did so
far. Notice that if Ng = M{'(P), then (1.3) must always be true, because
§(T) cannot be definably Woodin in F(M(T)), so that 7(5(T)) = 6(T) is
not definably Woodin in w(F(M(T))) = F(M(T)). O

In order to state our second K¥'-Existence Dichotomy, we need to intro-
duce another property beyond “condenses well” which the model operators
arising in nature all share.

Definition 1.3.21 Let v > Ny be a cardinal or v = 0o, let A € H, be swo’d,
and let F' be a model operator over A on H,. We say that F relativizes well
iff there is a formula 0(u,v,w, z) such that whenever N' and N” are models
over A with N € |[N'|, and M is an F-premouse with base model N and
with M |= ZFC™ then F(N) € (M| and F(N) is the unique = € | M| such
that M = 0(z, N, N', A).

The following theorem is shown in [7, Theorem 3.11] in a special case.
The proof given there routinely also produces this general statement, though.

Theorem 1.3.22 (Stable K/-Existence Dichotomy) Let v > 2%, let
A€ H, be swo’d, and let F' be a model operator over A on H, such that F
condenses well and F relativizes well. Suppose that for every model N € H,
over A,

LE(N) = “There is an ineffable cardinal < v, Qpr, say.”
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(For instance, suppose H, to be closed under F7, and let Qp be the critical
point of F#*(N).) Let Ny € H, be a model over A.
Then either

1. there is some model N € H, over A with No € N such that in
LgN(N'), LY does not guide an (Qn, Qv + 1)-iteration strategy for

KC’F(NO)LgN(N), in which case M{ (Np) ewists and is (v,v)-iterable,
or else

2. there is an F-small stable K¥'(Ny) of height v such that LY guides
a (v,v)-iteration strategy for it, by which we mean that there is an
F-small F-premouse K(Np) over Ny of height v such that

(a) for all a < v there is a cone C of models N over A such that for
all N € C, KF(NO)LgN(N) exists inside L, (N) and IC(Np)|a =
KF(./\/'O)LEN(N)\a, and

(b) in'V, LY guides a (v,v)-iteration strategy for IC(Np).

Exercise 1.3.23 Let Q be subtle. Show “cheapo” covering for K& (P)|Q.
Also show that if Q is weakly compact and if T is an iteration tree on some
F-premouse M of length Q) with T C Vg, then there is a cofinal well-founded
branch through T .

1.4 Capturing, correctness, and genericity itera-
tions

Our proofs that iteration strategies exist are constructive, in a loose sense, in
that we always give a definition of the strategy in question. An wj-iteration
strategy X for a countable premouse M can be coded by a set >* of reals,
and the definability of >* can be carefully calibrated using concepts from
descriptive set theory. It is crucial in the core model induction that we do
this for the (M, ) that we construct. At a given stage in the induction,
we will have some next appropriate pointclass I', and we will be trying to
construct those (M, X) such that ¥* € I'. It is important to have constructed
those (N, A) such that A* lies in an appropriate pointclass strictly below T,
because such (N, A) capture all sets in their corresponding pointclasses, and
thereby get us ready to try to construct (M, X).
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Exercise 1.4.1 Let M and N be countable premice, and let ¥ and A be
unique wy + 1-strategies for M and N resp. Then ¥* is projective in A*, or
ViCe-VErsa.

We now define the relevant notion of capturing. First a preliminary
definition.

Definition 1.4.2 Let (M, F) be a premouse, and ¥ an iteration strategy for
(M, F). Let § < o(M). We say that (M,X) absorbs reals at ¢ iff whenever
n<d andi: M — N comes from an iteration tree by X based on M|n, and
x € R, then there is an iteration tree U on N|i(0) such that

(1) all critical points of U are > i(n),
(2) U gives rise to an iteration map j: N — P, and
(8) = € Plg|, for some P-generic g on Col(w, j(i(4))).

Exercise 1.4.3 Modulo the other clauses of Definition 1.4.2 Clause (3) of
1.4.2 is equivalent to: if | is Col(w,i(n))-generic over N', and x € R, then
there is a Col(w, j(i(6)))-generic g over P[l] such that x € P[l][g].

One version of a basic result of Woodin is

Theorem 1.4.4 (Woodin) Suppose ¥ is an (wy + 1)-iteration strategy for
the r-premouse (M, F), and M |= ¢ is Woodin; then (M,X) absorbs reals
at é.

See Appendix 1 for a discussion. Neeman [23] proves 1.4.4 under the
weaker hypothesis that 3 is an (w + 1)-iteration strategy, but only for M
satisfying a reasonable fragment of ZFC. Woodin cardinals are needed to
absorb reals:

Exercise 1.4.5 Suppose that (M,X) absorbs reals at 6 and M = ZFC™
plus 5T exists, then & is either Woodin or a limit of Woodins in M.

Definition 1.4.6 Let A be a set of reals. Let 3 be an iteration strategy for
a countable r-premouse (M, F), and let 7,0 € M.

(1) We say that T is a (M, X) term for A at ¢ iff wheneveri: M — N is an
iteration map arising from a tree on M|§ by X, and g is Col(w,i(9))-
generic over N, then

i(1)g = ANNg].
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(2) We say that (M, 1,%) captures A iff 7 is an (M, X)-term for A at d,
and (M, X) absorbs reals at 0.

(3) We say (M,¥) understands A at § just in case there is an (M,X)-
term for A at §. We say (M,X) captures A at & just in case there is
an (M, X)-term which captures A at 0.

It is easy to see that if (M, X) understands A at J, then it understands
A at all n < 0. On the other hand, (M, ¥) may understand A at ¢, but fail
to understand it at some n > §. This is because collapsing at n may destroy
some of the structure of M above § that was used to understand A at 9.

For example, let M be a countable, active premouse, let ¥ be an wi-
iteration strategy for M, and let n be a cardinal of M. The Shoenfield
Absoluteness Theorem implies that if A is 33 or 1T}, then (M,X) under-
stands A at 7. In the special case that M is the minimal active premouse
(that is, 0%), then there are no sets of reals which are captured by (M,X).
This is because 0f is not generic over L.

Understanding or capturing a set A is especially useful if it is done via
Suslin representations.

Definition 1.4.7 A Suslin term is a term of the form “p[T]”, where T € M
is a tree on some w X k. We say (M, X) has a Suslin understanding of A at
n (or a tree for A at n) iff (M, X) understands A at n via a Suslin term. We
say (M, X) Suslin-captures A at n if it captures A at n via a Suslin term.

Exercise 1.4.8 If (M,X) has a tree for A at n, then we can take the tree
to be on w x ()M, Moreover, (M, X) has trees for A at ally < 7.

Much of the usefulness of r-premice lies in the fact that, in practice, if
¥ is an iteration strategy for (M, F), then (M, X) has trees at all 7 for the
set of reals coding F' | HC. The following makes this more precise.

Let us code countable transitive structures by reals as follows: put x € C
iff z is a real coding a wellfounded, extensional structure (w, F,,...) with
universe w. If x € C, then 7,: (w, E,,...) = P, is the transitive collapse.
Recalling that our model operators F' are such that F'(P) is pointwise ¥
definable from parameters in P, we can code F' | HC as follows.

Definition 1.4.9 Let F' be a model operator defined on the H, cone above
y, for somey € HC and v > wy. We put

(z,(ng,....,nk),p) € F* < x € CNF(Py) E olme(ng), ..., mx(ng)].
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Of course, we can regard F'* as a set of reals. Our coding has the property
that F'(P,) can be easily recovered in any M containing = and F* N M. In
a similar vein, any Suslin term for F* can be easily converted to a Suslin
term for R\ F*.

Definition 1.4.10 Let F' be a model operator defined on an HC-cone. We
say that F determines itself on generic extensions if there is a formula
0(vo, v1) in the language of r-premice such that whenever M is an F-premouse,
and

M = KP +  “there are arbitrarily large cardinals”,

then putting

Té\/‘ = wunique T such that M = 0[n, 1],

we have that whenever n is a cardinal of M, and g is Col(w,n)-generic over
M, then HCMU is closed under F, and

(M) = F | HCMUL,
Lemma 1.4.11 Let (M, F) be a countable r-premouse, where F is defined
on an HC-cone, and let ¥ be an iteration strategy for (M, F). Let n be
a cardinal of M. Suppose that F condenses well and determines itself on

generic extensions, thatn < o(M), and that M |= KP+ “there are arbitrarily
large cardinals”. Then (M, X) has trees for F* and R\ F* at 7.

PRrOOF. It follows at once from the definitions that (M,3) has terms for
F* and its complement at 7. To see that it has Suslin terms, we use the
condensation property of F. For instance, if o < o(M), then we may let
T € M search for x, M, 7, and ¢ such that

1. m: M — M is fully elementary, where M is countable and transitive,
2. g is Col(w, 7w 1(n))-generic over M with z € M[g], and
3.z eni(r)I.

a

Exercise 1.4.12 Let F be a model operator defined on the H-cone above
y, where y € HC. Suppose F has condensation, and F [ HC determines
itself on generic extensions. Then F* is < k-UB.
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Exercise 1.4.13 Let M be active and 1-small; then M is not generic over
any iterate of M, and hence no sets of reals are captured by (M, ).

Exercise 1.4.14 Every O-wn-II1 set is understood by any active iterable
mouse. The function (z,n) — x*(n) is not understood by ]\48éé = 0%. This
function is understood by Llu]. (A subset of w understood by M is in M.)

Exercise 1.4.15 Let M be wy + 1 iterable, sound, and project to w. Let %
be its unique strategy, and ¥* be a set of reals coding X2 | HC. Then (M, X)
does not capture X*.

Exercise 1.4.16 The class of sets captured (understood) by (M, X) at n is
closed under Boolean combinations.

In the case that (M, 7, %) captures A, we have
A= U{i(T)g | i: M — P A g is P-generic over Col(w,i(n))}.

Thus (M, 7,%) does determine A, and in fact, A is X} definable from (M, )
over the structure (V,,11, €, X*), where X* is a set of reals naturally coding
¥ NHC.®

As an immediate corollary of Theorem 1.4.4, we have

Corollary 1.4.17 Suppose ¥ is an (w1 + 1)-iteration strategy for the r-
premouse (M, F), and M = ¢ is Woodin. Suppose also that (M, X) under-
stands A at 6; then (M,X) captures A at d.

For A C R x R, we let 34 = {z | 3y(z,y) € A}, and VRA = {z |
Vy(z,y) € A}. Capturing A leads to understanding of 3% A:

Lemma 1.4.18 Let M, F) be a countable r-premouse, and ¥ be an iteration
strategy for (M, F), and let n < § be cardinals of M. Suppose (M,¥)
captures A C R x R at 6; then (M, X) understands IXA and YR A at 1.

Proof: Let 7 be a (M,X)-term for A at §. Let 7° be the equivalent
Col(w,n) x Col(w, d)-term. Working in M, we define a Col(w, n)-term o by
0

(p,p) € 0 & p € Hy+ and 3g € Col(w,8)[(p, @) |- Iy(pg,y) €7, ;]

18For the careful reader: the universal II} set will be reducible to £*, so we need not go
all the way to Y3-in-X*.
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Here ¢ and h are terms for the left and right factors in a Col(w, 1) x Col(w, 6)-
generic. We claim that o is an (M, ¥)-term for 3% A at 5. Forleti: M — N
be an iteration map by ¥ coming from a tree on M|n. Let g be N -generic
over Col(w,i(n)), and let x be a real in Ng].

If z € i(o)g, let (p,p) € i(o) be such that x = p,. Let ¢ witness that
(p,p) € i(o), and pick h which is N[g|-generic over Col(w,i(d)) such that
q € h. Then we have y such that (pg,y) € i(7%)gxpn, so that (z,y) € A as T
is an (M, X)-term for A. So z € IRA.

If x € 3RA, then let (x,y) € A. Since (M, X) absorbs reals at d, there
is a Y-iteration map j: NN — P with crit(j) > i(n), and k generic for
Col(w, j(i(0))) over P, such that y,g € P[k]. Basic forcing theory yields
h which is P[g]-generic over Col(w,j(i(d))) such that y € Plg][h]. Letting
x = pg, we then have (p, q) € gx hsuch that (p,q) [F-3y(pg,y) € j(i(Toth)).
But then (p,p) € j(i(0)), so (p,p) € i(c) because crit(j) > i(n). But then
x = pg €i(0)g, as desired.

The sets undertood by (M, %) at v form a Boolean algebra. So (M, X)
understands V8 A = -3®-A4 at 7. O

We turn now to correctness. Clearly, if (M, X) understands A at some
7, then ANM € M. However, even if M has many Woodin cardinals below
n, it may not be correct for X1(A) assertions. Understanding the truth is
not the same as believing it. For example, if A = {z € WO | |z| = wM,
then A is nonempty, but A N M is empty. For correctness, M must have
some way of constructing reals witnessing true existential statements about
A and —A. In order to do that, it must Suslin-capture A and —A.

Lemma 1.4.19 Suppose (M, X) Suslin captures A at 6, and M |=ZFC™ +
“7 emists”. Suppose also A is nonempty; then AN M is nonempty.

PROOF. Suppose (M, ) Suslin-captures A at 0 via T. Let z € A. There

is an i: M — N so that z € Ng| for some g on Col(w,i(d)). But then

x € pli(T)]. So N |= p[i(T)] # 0, and thus M |= p[T] # (0 by absoluteness

of wellfoundedness and elementarity. But p[T] C A. O
On propagating Suslin terms, we have

Lemma 1.4.20 Let (M, F') be a countable r-premouse, and ¥ an (wy + 1)-
iteration strategy for (M, F). Suppose ¢ is Woodin in M, and M |= ZFC™ +
6" emists. Let A C R x R, and suppose (M,X) Suslin-captures A at §; then
(M, %) has a Suslin understanding of IRA and YR A at all n < 6.
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PROOF. Suppose (M, X) Suslin-captures A via T. Let v be such that
T € M|y, and M|y = KP. Let n < §. Working in M, we construct a tree
U for VR A at 7.

U will be a tree on w? x M|(y+1). We describe informally what is being
built on each of the 4 coordinates of a potential branch of U, and leave the
formal details to the reader.

Let £ be the language of r-premice, expanded by new Henkin constants
o, €1, ---- On coordinate 1, U builds a real . On the remaining coordinates
it will try to prove z € YRA. On coordinate 2, U builds a real z coding a
complete Henkinized theory S, of a pointwise definable L-structure R,. On
coordinate 4, U builds an elementary embedding 7: R, — M|(y + 1), with
w(cgzz) = n,m(c*) = 6, and 7(cl*) = T. On coordinate 3, U builds a real
t proving the X1 fact about z and z that for some g generic over R, for
Col(w, cg) R, we have z = (c?z)g and ¢ € g. Finally, U must arrange that
S, has the sentence ¢ in it, where

Col(w,co) Col(w,c1)
p=ca [+ @ K (Vyles,y) € plea))).

We check that U yields an (M, X)-term for V®A at 5. So let i: M —
N be an iteration map by X, and let = 7, where g is N-generic over
Col(w,i(n)).

Suppose first z € VRA. Because T Suslin-captured A at 6, we must have

N oli(n),i(8),i(T), 7, pl,

for some p € g. But as N|i(y) = KP, and admissible sets can define well-
founded parts of relations belonging to them,

Nli(y +1) = ¢li(n),i(0),4(T), 7, p.

Working in M[g], we can find 7*: R[g] — N|i(y + 1)[g] with R countable,
and everything relevant in the range of 7*. Let m = 7* | R. Let z be chosen
so that R, = R, and 7(ck*) = i(n), etc. Let t prove z = (c5*),. Tt is clear
that = € p[i(U)], as witnessed by (z, ¢, 7).

Conversely, suppose = € pli(U)], as witnessed by (z,t,7). Let g be
the R,-generic at i(n) coded into t. Let y € R be arbitrary. We have

CORZ = 7 1(n), etc. Let us assume R, is chosen to be transitive. We have

that (R, F) is (w1 + 1)-iterable by X7, the m-pullback of ¥.17 Let
jJ R, —P

17This standard fact holds for F-strategies on F-premice, as well.
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be an iteration by ¥™ so that crit(j) > 7~!(i(n)) and

y € Plgllh]

for some h on Col(w, j(7~1(i(n)))). We have the commutative diagram

M 5N 50
] To

J

Here [ is an iteration map by ¥ with critical point > i(n). Now P =
el Hi(n)), 5(m=1((6))), 5 (7~ (i(T))), ci¥=, cf=]. (Note here j does not move
7~ 1(i(n)), and hence does not move c3* or ¢,*, the term for z and the
condition in g forcing its properties.) It follows we have an f such that

(z,y, f) € [z~ (i(T)))].

But then
(z,y,00 f) € [l({(T))].

Because T' was an (M, ¥)-term for A, we get (z,y) € A, as desired.

A completely parallel argument gives an (M, ¥) Suslin-term for I®A at
7. Indeed, one need only change Vy to Jy in the formula ¢ above, in order
to get a definition of the tree required. We omit further detail. O

We remark that (M, ¥) may Suslin capture A at ¢, without Suslin cap-
turing 3®A at §. For example:

Exercise 1.4.21 Show that Mg, with its unique iteration strategy, Suslin
captures every Hé set at its bottom Woodin cardinal. Howewver, it does not
Suslin capture every ¥} set at its bottom Woodin cardinal.

Exercise 1.4.22 * The hypotheses of Lemma 7?7 do not imply that (M, )
has a Suslin understanding of =A at any n.

One way (M, X)) might have a tree for A at 7 is by understanding a scale
on A.

Definition 1.4.23 Let 1/7 be a scale; then we say (M,X) understands (cap-
tures) ¥ atm just in case (M, X) understands (captures) the relation R(i,x,y) <

Yi(z) < ¢ily) atn
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The demand in 1.4.23 is that (M, ) understand or capture the sequence
of prewellordering associated to the scale. In many situations of importance
later, (M, X) will capture the individual prewellorderings associated to J,
without being able to understand 1/7 itself. The simplest example is M = 0,
and @Zj the Martin-Solovay scale on TI3:

Exercise 1.4.24 Let (<,: n < w) be the prewellorders from the Martin-
Solovay scale on T1y. Show that for each n < w, 0% captures <,,. Show that
0% does not understand | <,: n < w).

Lemma 1.4.25 Let (M, F) be a countable r-premouse, and ¥ an (w1 + 1)-

iteration strategy for (M, F). Suppose (M,X) understands a scale on A at
n, and M |= ZFC™ +n* exists. Then (M,X) has a tree for A at 7.

1.5 Projective correctness and M}
Given a set A of reals, there is an analog of the projective hierarchy over A:

Definition 1.5.1 Let A and B be relations on R. Suppose x € R, and
0 <n < w; then B € SL(A,x) iff B is definable over (V,41,€,4) by a X,
formula, from the parameters V,,,xz. Put ¥L(A) = BL(A,0). A relation is
analytical in A if it is XL (A) for some n, and projective in A if it is X1 (A, x)
for somen and x.

So the X}(A) relations are built up from A and —A by Boolean combi-
nations and number quantifiers. After that, we generate the analytical in A
relations by real quantification.

The results of the last section clearly imply that an (M, 3) which under-
stands A at 1 will understand all $1 (A) sets at «y, provided there are enough
Woodin cardinals of M in the interval (,7]. For us, the exact number of
Woodin cardinals needed is not very important, but here it is.

Theorem 1.5.2 Let (M, F) be a countable r-premouse, and ¥ an (w; +1)-
iteration strategy for (M, F). Let §o < ... < 0, be Woodin in M, where
n >0, and suppose (M, X) captures A at 0,,; then

(1) if BCR is XL(A), then (M,X) captures B at do;
(2) if BC R is XL, ,(A), then (M,X) understands B at all n < &o;

(3) if b Cw is X}, (A) in some countable ordinal, then b € M.
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PRrOOF. Parts (1) and (2) follow immediately from 1.4.17 and 1.4.18. For
part (3), suppose @ < w; and B C w x R in X} ,;(A) are such that whenever
x € WO and |z| = a,

n €b< B(n,x),

for all n. Here WO is some standard set of codes for countable ordinals. Let
i: M — N come from iterating at the least measurable cardinal of M long
enough that o < i(dp). By part (2), N understands B at v+ 1. This implies
b € Nlg], whenever g is N-generic over Col(w, a), and thus b € . Hence
b € M, as desired. O

The counterpart to 1.5.2 for Suslin capturing is

Theorem 1.5.3 Let (M, F) be a countable r-premouse, and ¥ an (wy +1)-
iteration strategy for (M, F). Let §o < ... < 0, be Woodin in M, where
n >0, and suppose (M, X) Suslin captures A at 6,; then

(1) if B C R is positive LL(A) or positive TIL(A), then (M,X) Suslin
captures B at §y; moreover B # () implies BN M # (), and

(2) if B C R is positive ¥, (A) or positive I}, (A), then (M,X) has
trees for B at all n < dg.

Here the positive ¥1(A) relations are those definable over (V,11, €, A) by
a X, formula whose predicate symbol for A has only positive occurences, and
similarly for positive IT.(A). Theorem 1.5.3 follows routinely from Lemma
1.4.20.

Now let F' be a model operator defined on HC, and suppose that F
determines itself on generic extensions. Let F'* be the set of reals coding F',
as in definition 1.4.9. Let A C R be projective in F*, then by 1.4.11 and
1.5.3, if ¥ is an w; + 1)-iteration strategy for (M, F'), where M has enough
Woodin cardinals, then (M, X) Suslin captures A. It will be important later
that in a certain context, wi-iterability is enough, so we explain this now.

Definition 1.5.4 Let n < w. An r-premouse (M, R) is n-small if for any
P I M, it is not the case that there are Woodin cardinals 6 < ... < 6, of
P such that P|o, is the longest proper initial segment of P. An r-premouse
satisfies “I am ME 7 if it is not n-small, but all its proper initial segments
are n-small.
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For example, let G(z) = ! for all sets z. Let (M,G) be an wy + 1
iterable r-premouse satisfying “I am MI”. Then M is essentially what is
usually called Myﬁb.18 In fact, we do not need full (w; + 1)-iterability here, as
the following lemma shows.

Lemma 1.5.5 Let ' be a model operator defined in the HC-cone above vy,
and suppose F' condenses well, and relativises well. Let n < w, and suppose
that for all countable transitive x such that y € x, there is an wi-iterable
r-premouse (M, F) over x such that M |= “I am ML ”. Let x be countable
transitive such that y € x, and (R, F) and (S, F) be sound, w;-iterable r-
premice over x which project to x. Suppose all proper initial segments of R
or S are n-small; then R IS or S <IR.

ProoF. By induction on n.

Let R and S be given. For any z, let M} (2) be the unique sound
wi-F-iterable model of “I am Mf” over z. Let ¥ and I' be wi-iteration
strategies for (R, F) and (S,F). Then ¥ and I' are M[-guided by our
induction hypothesis. (If b = X(7), then Q(b,7T) has all its proper initial
segments n-small, and Q((b, T) is wj-iterable, so Q(b, T) < MF((M(T)).)
Let M = M} (2), where z is the transitive closure of {y, R,S}. Working in
M, we coiterate R with S using > and I' to pick branches at limit stages.
Note that M can reconstruct M (z), for any z € M such that y € x,
by a full background extender construction, using extenders from its own
sequence as the backgrounds. We use here that F' relativises well, and that
it condenses well. Of course, the reconstructed M} (x) will in general be
a definable proper class of M. Thus M can indeed track the coiteration,
until one of the two sides reaches a tree 7 which is “maximal”, in that
M, (M(T)) = 6(T) is Woodin. If that never happens at a stage < wi!, the
comparison terminates in M by the usual argument. But if it does happen
at stage «, then the comparison is done at « + 1. ( Although M may not
be able to find the final branches b = (7 [ a) and ¢ = I'(U | «), they do
exist, and by maximality of 7 [ « and U | «,

M) = M,(M(T)) = MY,

Motivated by this, we define

80nly the stratifications differ, and in no important way.
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Definition 1.5.6 Let F' be a model operator defined in the HC-cone over y,
and suppose F' condenses and relativises well. Let n < w, and z be countable
transitive with y € z. We say MI'(2) exists iff

(1) for all k < n and countable transitive x such thaty € x, M} (z) exists,
and

(2) there is an w1-F-iterable model of “I am Mf 7 over z.
In this case, we let MF(2) be the unique sound model as in (2).

An argument parallel to the proof of Lemma 1.4.4 shows

Lemma 1.5.7 Suppose M} (2) exists; then M} (2) absorbs reals at each of
its Woodin cardinals.

From this and the proof of 1.5.3 we get

Theorem 1.5.8 Let G be a model operator defined on an HC-cone which
condenses well and determines itself on generic extensions. Let F(x) =
G(z)* for all z. Let n > 1, and suppose MY (2) exists; then MF (2) Suslin-
captures every 11}, (G*) or X} ., (G*) set of reals at its least Woodin cardi-
nal.

Corollary 1.5.9 Suppose M}(z) exists, where n > 1; then Mp(z) Suslin-
captures every IT}. | set at its bottom Woodin cardinal.

Recall that M} is the minimal active, (wj + 1)-iterable premouse with
n Woodin cardinals. We get that Mﬁ understands all ¥3 sets everywhere,
understands all Zé sets everywhere below its top Woodin cardinal, under-
stands all 2}1 sets everywhere below its second Woodin from the top, and so
forth. Precisely:

Corollary 1.5.10 Letn > 1, and suppose M}, exists, and is (w1 +1)-iterable
via 3. Let &g, ..., 0n,—1 be the Woodin cardinals of Mﬁ; then for 1 <k <mn

(1) if BCR is X3, then (M, X) understands B at all n;
(2) if BCR is X} _,, then (M,X) understands B at all ) < 6p_j;
(3) forb C w,

be be &b s E}LH in some countable ordinal.
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PRrROOF. Part (1) is Shoenfield’s theorem, and part (2) follows from (1) and
1.5.2, with A the universal %7 set of reals.)

That M} contains all reals b which are ¥} o-definable from countable
ordinals follows at once from Theorem 1.5.2, part (3), applied with A the
universal %3 set of reals.

If z is the atP real in Mfl then zx is Z}HFQ in « using the comparison
theroem. To get this optimal definability bound, one must carefully compute
the complexity of the @-structure guided iteration strategies for proper intial
segments of M} which project to w. We refer the reader to [?] for details.

O

It is possible to give an exact description of those sets of reals which are
understood by M} and its unique (w; + 1)-iteration strategy, at each 7.

1.6 CMIP theory

Countable iterability and K*

Definition 1.6.1 A premouse M is countably iterable iff every countable
elementary submodel of M is (w,w1, w1 + 1)-iterable. In this case, M is also
called a mouse.

The w in (w,w;,w; + 1) iterability refers to the degrees of ultrapowers
allowed. We shall drop reference to it in the future, with the understanding
that one takes ultrapowers of the largest degree possible, and the caveat that
the author has not always considered the issue carefully. The w; refers to
the fact one can stack normal trees w; times. In the sequel, an iteration
tree in general is almost always a stack of normal trees in which maximal
ultrapowers are taken, even shifting between normal trees.

In the sequel we shall sometimes speak of partial iteration strategies,
with the obvious meaning. We make the convention here that an iteration
strategy X is only defined on those iteration trees 7 such that 7 has limit
length and is itself a play by >. If X is defined on all such trees, it is total.

Countable iterability is enough to compare countable mice. A countably
iterable premouse must have the solidity and universality properties of iter-
able mice, as these are first order. Finally, if M and N agree to a common
cutpoint 7, project to 7, and are countably iterable above 7, then one is an
initial segment of the other.
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Let Q be strongly inaccessible. A K¢-construction below {2 is determined
by a sequence

Na [ <),

essentially what is called by Jensen an ms-array. The precise details depend
on what background condition one demands for the last extender of an N;
for official purposes, we follow CMIP. As long as each Ci(Ny) is countably
iterable, the construction does not lead to fine-structural pathology, and one
can set

K¢ = Ng.

If 14 is a normal measure on €2, then again assuming only countable iterability,
one has

(MK = o, for p-a.e. a,
for any maximal K¢ construction (i.e. one which adds extenders wherever
it can, perhaps with some p-measure zero set of forbidden critical points for

total extenders),

Question. Must every C(N,) occurring in a K“-construction be countably
iterable?

The good (i.e. affirmative) answer is known for N, which are tame, or even
domestic. It is not known significantly beyond that, for example, it is open
below a Woodin limit of Woodins. One seems to need some form of UBH,
even to handle countable trees, and certainly to handle the length w; trees
which one must face as part of countable iterability.

Question 2. Can one prove that K¢ computes successor cardinals correctly
on a stationary class without assuming that €2 is measurable?

In 2007, Jensen and Steel found a way of developing a theory of true K
without assuming the measurable. This also solved the “test problem” of
the equiconsistency of one Woodin cardinal with the existence of a saturated
ideal on w;q.

Core model inductions generally inductivley produce sufficiently closed
inner models M admitting M-measures over some {2 which serve as local
universes; K¢ and K are then constructed inside M.
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Uncountable iterability and K

In order to construct K from K¢, one needs that K¢ is (w,Q + 1)-iterable.
Assuming this much iterability, and that €2 is measurable, one can make the

Definition 1.6.2 K is the transitive collapse of the intersection of all thick
hulls of K€.

Theorem 1.6.3 Suppose that K exists. One then has:
(1) K is (w,Q+ 1)-iterable.

(2) (Generic absoluteness) KV = KV19! whenever g is V-generic over a
poset of size less than €.

(3) (Weak covering a.e.) a5 = a™T for p-a.e. a, for any normal p on €.

(4) (Weak covering) For any K-cardinal k > wy , cof (k) > |k|. Thus
kTE = Kkt whenever k is a singular cardinal of V. ([20]. This may
use a little more iterabilty for K¢ than we have stated.)

(5) (Inductive definition) K N HC' is definable over (J., (R), €,Z), where T

is the collection of all countably iterable countable premice.

(6) (Embeddings of K) K s rigid, i.e., any elementary j: K — K is the
identity. K is the unique universal weasel which embeds into all other
iterable universal weasels. K€ is an iterate of K.

See [27] for a survey of what’s known about K.

In order to prove (w,Q + 1) iterability for K¢ one needs to have an
iteration strategy on countable iteration trees which is sufficiently absolutely
definable that it can be extended to uncountable trees. The main technique
is based on O-structures.

Mouse operators and Q-structures

We shall often consider relativised mice, that is, mice built by starting with
some set z, then constructing from an extender sequence with all critical
points > rk(z). We tacitly assume here that z is transitive, and usually
assume that it is equipped with a wellorder. We could always code such
an x as sup(A4) U {A}, for A a set of ordinals. Let us call such an z self-
wellordered, or swo. The main exception to this rule is the case of mice over
the reals, where x = V,;1 must be considered without a wellorder.
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Definition 1.6.4 An r-premouse is a premouse over some swo’d set x.

The theory of r-premice and mice is a trivial variant of the lightface
theory.

Definition 1.6.5 A mouse operator on Z is a function N assigning to each
swo x € Z a countably iterable x-premouse N (x) such that N'(x) is pointwise
definable from members of xU{x}. We say that N is first order just in case
there is a theory T in the language of r-premice (so having a symbol & for
x) such that for all x € Z, N(z) is the least countably iterable x-mouse
satisfying T'.

Countable iterability goes down under Skolem hulls, so we get:

Lemma 1.6.6 (Condensation) Let N be a first order mouse operator on
Z, and suppose w: P — N (x) is fully elementary in the language of rela-
tivised mice; then P = N (7~ 1(x)).

A very important first order mouse operator is the O-structure function:

Definition 1.6.7 Let M be an r-premouse. A O-structure for M is an
r-premouse Q such that

(a) M <*Q (i.e. M is a culpoint initial segment of Q),

(b) Q defines a minimal failure of o(M) to be Woodin via the extenders
of M, and

(c) Q is countably iterable above o(M).

A comparison argument shows there is at most one Q structure for M.
We denote it Q(M) if it exists. It is easy to see that 7 — Q(M) is a
first order mouse operator on its domain. Let us call this operator Q. An
important special case is M = M(T), for T an iteration tree of limit length
on some r-premouse. In this case we write Q(7) for Q*(M(T)). Thus Q(T),
when it exists, defines a minimal failure of §(7") to be Woodin via extenders
of the common part model M(T).

One can sometimes use Q-structures to determine an iteration strategy
on an r-premouse:

Definition 1.6.8 Let T be an iteration tree of limit length on an r-premouse,
and b a cofinal branch of T. Then Q(b,T) is the first initial segment of MZ
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defining a failure of §(T) to be Woodin. We let Q(b, T) be undefined if there
18 no such initial segment.

Definition 1.6.9 X! is the following partial iteration strategy (for arbitrary
tame r-premice):

YHT) = unique b such that Q(b,T) = Q(T).
We write 25\,‘ for the restriction of Xt to iteration trees based on M.

One can show:

1. If 7 is an iteration tree on a tame r-premouse M, then there is at most
one cofinal b such that Q(7) and Q(b, T) are defined, and Q(T) =
Q(b, T'), moreover

2. if in addition M [ “There are no Woodin cardinals”, or even just
projects below its bottom Woodin, (above the set over which it is
built, in each case) then for any cofinal b of T, Q(b, T) exists, so that

3. if in addition, M is w; + 1-iterable, then X! is its unique w; + 1-iteration
strategy.

Tameness is important here; the natural extension of these notions to
nontame r-premice would involve Q-phalanxes. For pretty much the rest of
these notes, we shall stick to the tame case. (The superscript in X! is for
“tame”.)

We shall use mouse operators to keep track of the complexity of the
Q-structures determining Ef\/l:

Definition 1.6.10 Let N be a mouse operator, and let M be a tame pre-
mouse. We say that Eﬁw is N-guided on Y just in case whenever T € Y
is a tree of limit length played by XY, then X4,(T) is defined, and letting
b=34(T), we have Q(b, T) SN (M(T)).

Of course, Efw is Q-guided on its domain, simply by definition.
The following basic condensation property of X! is often used.

Lemma 1.6.11 (Condensation for X') Let T be an iteration tree played
according to X, and let m: S — Vy be such that 7(P) = M and 7(U) = T;
then U s played according to Z%.
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Proof. This follows immediately from condensation for the mouse operator

ot. O

The following lemma encapsulates the main way one extends iteration
strategies for countable trees on tame mice so as to act on uncountable trees.

Lemma 1.6.12 (Q-reflection) Let M be tame, and Z be transitive and
rudimentarily closed, with HC C Z. Let N be a first order mouse operator
defined on all M(T) such that T € Z is played according to XY ,. Suppose
that whenever P is countable and elementarily embeddable into M, then E%
is an N -quided strateqy on HC. Then 23\4 is an N -guided strategy on Z.

Proof. Let T € Z be a tree of limit length on M which is played by 3¢, so
that N (M(T)) exists by hypothesis. We must show that there is a cofinal
branch b of T such that Q(b, 7) SN (M(T)). Let w: S — Vp, where S is
countable transitive, 6 is large, m(P) = M, and n(U) = T. Let g be S-
generic for the collapse of P and U to be countable. By 1.6.11, U is by ¢,
and by mouse condensation,

TN (M(T)) = N(MW©)).

But 3%, is A-guided on HC, so letting b = XL (U), Q(b,U) I N(M(U)).
Since S[g] is X1 absolute in V, we get

Slgl | 3e(Q(e,U) AN (M(U))),

which then implies that b € S[g] by the uniqueness of such c¢. This is true
for all g, and hence b € S. That is, S = I(Q(b,U) <N (M(U))), and hence
Vo = 30(Q(b, T) SN(M(T))), and we are done. ]

Here is a variant of the O-reflection Lemma 1.6.12.

Lemma 1.6.13 Let M be tame. Suppose that

a) For any countable P embeddable into M, Ezpt 15 an w1 iteration str ategy
for F, and

(b) For any tree T € Vo on M of limit length which is played by ¥, Q(T)
exists.

Then XY, is an Q-iteration strategy for M.

Lemma 1.6.13 is just the special case of Lemma 1.6.12 in which A is the
operator Q! itself, and Z = V.
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The existence of K

First, we have the result of CMIP:

Theorem 1.6.14 Let Q be measurable, and suppose there is no premouse
of height Q with a Woodin cardinal; then K¢ is (w,Q + 1)-iterable via X,
and hence K exists.

This is an easy consequence of the Q-reflection lemmas. Hypothesis (a)
of 1.6.13 holds because K¢ must be tame, and hypothesis (b) holds because
Lo[M(T)] E 6(T) is not Woodin, and L[M(T)] is trivially iterable above
5(T).

One can use the Q-reflection Lemmas 1.6.12 and 1.6.12 to go beyond one
Woodin cardinal. In the case of finitely many Woodins, the central result is:

Theorem 1.6.15 Let Q) be measurable. Suppose that for all x € Vq, Mg(x)
exists and is (w,Q + 1)-iterable. Then exactly one of the following holds:

(1) for all x € Vg, MfLH(x) exists and is (w, 2 + 1)-iterable,

(2) for some x € Vo, K(x) is n-small, has no Woodin cardinals, and is
(w,Q+1)-iterable. (Hence K(x) exists, is n-small, and has no Woodin
cardinals.)

Proof. 1t is easy to see that (1) and (2) are mutually exclusive.

Assume that (1) fails, and let x be such that there is no fully iterable
MfLH(aj). Then there must be an < € such that the maximal K¢(x)
construction done with all background extenders having critical point above
n fails to reach Mﬁ 4+1(x). The reason is that any fully sound premouse
projecting to x which is reached by such a construction is n-iterable, for
we can carry out the proof of countable iterability in Vo« with ¢ < 7.
Our background extenders prolong to Vw8 and the strategy we get in
Y Colw:€) pulls back to V by uniqueness.

So let K¢(z) come from a construction which does not reach Mi 41().

Claim. K¢(z) |= there are no Woodin cardinals.

Proof. Otherwise, let 6 be the largest Woodin of K¢(x). (There must cer-
tainly be a largest one, as otherwise K¢(x) reaches Mf+1(x)) We can then
compare K¢(z) with MA(K¢(z)|§), using the Q + 1-iterability of the latter
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to pick branches on both sides. (There is another Lowenheim-Skolem argu-
ment to see that the Q-structures provided by the iterates of M} (K¢(x)]6)
are realized by branches on the K¢(x) side. Cf. Exercise 1.6.16.) Because
K*(x) is universal, the Mg(K ¢(x)|d) side comes out strictly shorter, which
implies that K¢(x) did indeed reach be 4+1(x). Contradiction! O
To see that K¢(x) is (w, Q2+ 1)-iterable, we simply apply the Q-reflection
Lemma 1.6.12, with our mouse operator A’ given by N (y) = Mi(y). It is
clear from the fact that that K°(x) has no Woodin cardinals and does not
reach Mfl +1(x) that for any countable P embeddable into K(z), Xk, is N-
guided on HC. Thus X is an A -guided strategy on all of Vq, as desired.
a

Exercise 1.6.16 Show that in the proof of the above Claim in the proof
of Theorem 1.6.15, K°(z) may be compared with M (K°(z)|6), so that
M#(Kc(a;)w) ends up as an initial segment of K°(x).

1.7 Universally Baire iteration strategies

In this section, we show

Theorem 1.7.1 (Steel, Woodin 1990) Suppose Q2 is measurable, and ev-
ery set of reals in L(R) is < Q-weakly homogeneous; then for all x € Vq,
M(E(x) exists and is Q) + 1-iterable.

The proof pre-dated the core model induction. It is interesting because it
shows that the main thing the core model induction is giving us is something
like a universally Baire representation of X! restricted to countable trees.
Granted such a representation, there is no need for an induction.

Our proof needs weak homogeneity, rather than just universal Baireness,
however. It seems to be open whether theorem 1.7.1 remains true if “weakly
homogeneous” is replaced by “universally Baire”.

An immediate corollary of 1.7.1 is

Corollary 1.7.2 If every set in L(R) is weakly homogeneous, then ADL(®)
holds.

The existence of a strongly compact implies all sets of reals in L(R) are
weakly homogeneous by work of Woodin from the mid 80’s. So
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Corollary 1.7.3 If there is a strongly compact cardinal, then ADL®) Rolds.

We now prove 1.7.1. Our presentation simplifies the original proof some-
what.

Lemma 1.7.4 Let (x, | @ < wi) be a sequence of distinct reals. Put
R(y,n,m) < (y € WO and z,(n) = m).

Then R is not wy-universally Baire.

Proof. Let (T,U) be an wy-absolutely complementing pair such that p[T] =
R. Let m: M — Vy, where M is transitive and countable, 6 is large, and
7((T,0)) = (T,U). We have 7((zo | @ < w])) = (24 | @ < w1), and we
have that whenever xg € M, then 8 < wi.

Now let g be M-generic for Col(w,w}!), and let y € (M[g] N WO) be
such that |y| = wM. Put

(n,m) € x < (y,n,m) € p[T].
Since p[T] C p[T], we have z C T, . But if (n,m) € x, then (y,n,m) € p[U]
because T and U are absolute complements over M, and since p[U] C p[U],
we get that (n,m) ¢ zom. Thus z € M]Jg]. This is true for all g, so

z,m € M. But then z v = xg for some 3 < wM | a contradiction. O
1 1

Lemma 1.7.5 Under the hypotheses of the theorem, RY is < Q-universally
Baire. Moreover, if (T,U) is a pair of < Q-absolutely complementing pair
of trees witnessing this, then

VI[G]  p[T] = R,
whenever G is V-generic for a poset of size < (2.

Proof. R! exists because we have a measurable cardinal. R = Un<w T
where T}, is the type with real parameters of the first n indiscernibles. Since
T, € L(R), it is < Q-weakly homogeneous. But the class of < Q-weakly
homogeneous sets is closed under countable unions.

In order to show the “moreover” part, it suffices to produce just one
pair (T,U) of < Q-absolutely complementing trees with the property, since

all such pairs determine the same set of reals in every size < () generic
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extension. Let T be < Q-weakly homogeneous with p[T] = R¥, and let U be
the Martin-Solovay tree for R \ p[T]. Supposing toward contradiction that
V[G] k= p[T] # RE, for some G is V-generic for a poset of size < Q, we get
inV

m: M — Vp, such that 7((R,5)) = (T,U),
where M is countable transitive. Letting g be M-generic containing a con-
dition forcing p[T] # R¥, we have

Mlg] |= p[R] # R".

It is easy to see, using that (R, S) are absolute complements over M, p[R] C
p[T), and p[S] C p[U], that p[R]N M[g] = RN M][g]. This yields that all the
properties of Rf hold of p[R] in M|[g], except possibly the witness condition.

The witness condition asserts that if Jvép € R¥, where ¢ involves in-
discernibles and real parameters Z, then there is a term 7 involving indis-
cernibles and real parameters §f such that ¢(7) € RF. To verify it of p[R]M lal,
it suffices to show that if x € R N M[g], then

Jy € R(¢Y,2,y) € p[T] = Jy € RN Mg|(¥, z,y) € p[R].

So assume we have such an . We now use the full Martin-Solovay construc-
tion, which gives a tree W such that p[W] = V®=p[T] holds in all size <
extensions of V. Let @ be such that 7(Q) = W. Suppose toward contra-
diction that it is not the case that 3y € RN Mg](v, z,y) € p[R]. We then
get that from the elementarity of m that (¢, x) € p[Q], which implies that
(¥, x) € p[W], so that Vy(¢, x,y) & p[T], a contradiction. O

It is in verifying the witness condition part of p[T] = (R*)VIC] that we
need weak homogeneity, and not just universal Baireness. The resulting
generic absoluteness of the theory of L(R) is used below.

Now fix 2 as in the hypotheses of 1.7.1. Fix also x € V. We are done if
we can show that every maximal-above-some-n K¢(x) construction reaches
Mﬁ(a:), so fix a K°(z) which does not. It follows that there is a cardinal
cutpoint & of K¢(x) above which K¢(z) has no Woodin cardinals.

Claim. K¢(z) is (w,Q + 1) iterable above &.

Proof. We shall need the following basic facts: Let Q be a countable, w
small mouse with no Woodin cardinals over z, and Q project to z; then

(a) If Q is wy + 1-iterable, then X}, [ HC € L(R), and
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(b) If L(R) = Q is wy-iterable, then Q is Q-iterable in V.

For (a), see [41, §7]. Part (b) uses that any such strategy is determined by
choosing the unique b such that Q(b,T) is wi-iterable in L(R) (again, [41,
§7]), together with the generic absoluteness of the theory of L(R) given by
1.7.5.

To prove the Claim, is enough by 1.6.13 to see that whenever T € Vq is
an iteration tree of limit length on K¢(z) above &, then Q(7) exists. Let T
be given, and let w: M — Vj be elementary, where M is countable transitive,
and m(U) = T. By 1.6.11, U is by %, where n(P) = K°(x). It follows that
Q(U) exists, and has an w; iteration strategy in L(R). Let g be generic for a
poset of size < 771(2) over M, and make U and some initial segment of P on
which U is based countable. Then Qi) is definable from U over (L(R))M1d]
as the unique wy-iterable O-structure for /. We use here the correctness of
(L(R))Ml9) which follows from (R*)Ml9l = R* N M][g]. It follows that Q(If)
is in M, and is wy-iterable in L(R)M. But then Q) is 7! ()-iterable in
M, and from this we easily get that 7(Q(U)) = Q(T), so that indeed Q(T)
exists. O

But now, letting y = K¢(x)|{, we see that K(y) exists. Weak covering
and the L(IR)-definability of K (y) imply that in some V[G] for G < Q-generic
over V', we have an uncountable sequence of distinct reals in L(R). (See [41,
7.3,7.4].) But 1.7.5 then implies this sequence is wi-universally Baire in
V[G], contrary to our first lemma. O

Exercise 1.7.6 Show that if every OD(R) set of reals is weakly homoge-
neous, then there is a nontame mouse. (We do not know whether the hy-
pothesis is consistent. Replacing OD(R) with definability by a certain long
game quantifier, one gets a consistent hypothesis which yields a nontame
mouse.)

Exercise 1.7.7 Letc: HC — R be some nice coding of hereditarily countable
sets by reals. Let ¥ be an wi-iteration strategy for a countable premouse M,
and suppose that

I={c(T)|T is according to ¥}

is k-weakly homogeneous. Show that 3 extends to a k-iteration strategy for

M.



Chapter 2

The projective case

In this chapter we illustrate the use of Theorem 1.6.15 by showing how to get
inner models with finitely many Woodin cardinals from various hypotheses.
The proofs will comprise the first w steps of the core model induction. Given
a hypothesis, say ¢, we aim to prove that in the light of ¢ the second
alternative of the K-existence Dichotomy 1.6.15 cannot hold true. However,
we need not have a measurable cardinal around; and even if so, its presence is
often of no real help, as we may have to work more “locally.” Hence whereas
the key method is always the same, each ¢ comes with its own set of details
with respect to the application of the core model induction technique.
Those applications fall into different classes according to where the exten-
ders witnessing large cardinal properties in inner models come from. There
are two main (nontrivial) sources for such extenders: (a) hull embeddings as
in the proof of the Covering Theorem [20], and (b) embeddings coming from
generic ultrapowers through ideals. Arguments which exploit (a) often need
to make a reference to the following key result of Schimmerling and Zeman.

Theorem 2.0.8 (Schimmerling, Zeman, [30]) Let L|E] be a countably
iterable extender model. If k is not subcompact in L[E], then L[E] = O.

Moreover, arguments of both types (a) and (b) often incorporate the
local definability of K, cf. item (5) of Theorem 1.6.3.

We are now about to present a few sample arguments along these lines.
For each application, we always choose an infinite cardinal v and work “lo-
cally” to inductively prove that H, is closed under M# for every n < w.
(Sometimes, we may even work “globally” and have v = co.) There are
often more hypotheses which the induction has to carry along.

47
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Let X be swo'd, and let n < w. Recall that M (X) is the least sound

X-mouse which projects to X and which is not n-small. By M #(X ) we
mean the least active sound X-mouse which projects to X and is closed
under z — M (z). We'll frequently use M (X) as a local universe in
which to apply Theorem 1.6.15. Typical steps of inductions discussed in this
chapter now are:

H,, is closed under Mf (#)V,n

H, is closed under M## (#)om

We need to prove (#),0 and (#),n = (#7),n and (#7),n =
(#)v,n41 for all n < w. Often, there is are intermediate steps: for instance we
might work with two (or even more) infinite cardinals 7 < v and show that
(#)17,0 and (#)D,n — (#)U,Tw (#)V,n — (##)D,na (##)D,n - (##)V,Tu
and (#7),n = (#)pnt1 for all n < w. The steps (#)s.n = (#)vn, and
(#7)p.n = (#7),., are instances of mouse reflection and we deal with it
first.

We shall give the arguments for —[J,; and the existence of a saturated or
even wi-dense ideal on wy in great detail, as we think of them as prototype
arguments. Moreover, the existence of an wi-dense ideal on w; will play
a role in later chapters of this book. On the other hand, the presentation
of the other applications will be somewhat sketchy, and in these cases the
reader will have to consult the literature for further detail.

2.1 Mouse reflection.

The following proof as well as many others needs the “lower part closure”
of a given set x. Should the next mouse over x exists, then it must certainly
be an initial segment of the lower part closure of x.

Definition 2.1.1 Let « be swo. Let (L¢|¢ < OR) be defined as follows.
Set Lo be the rud closure of x. Having defined L¢, let Leyq be the (model
theoretic) union of all mice M > L¢ such that M is sound, projects to o(L¢),
and such that o(L¢) is a cutpoint of M. Having defined L¢ for all & < X,
where X\ is a limit ordinal or A = OR, we let Ly be the (model theoretic)
union of all L¢, & < X We finally set Lp(z) = Lor. Lp(x) is called the
lower part closure of x.
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It is easy to see that Lp(x) is a mouse which does not have any total
extenders. It is obtained as the “maximal” stack of mice over x with no
total extenders.

Lemma 2.1.2 Let J be a mouse operator which relativizes well. Then Lp(x)
is closed under J.

PROOF. Let y € Lp(z), say y € Lp(z)|k, where & is a cardinal of Lp(z).
Then J(Lp(x)|k)<Lp(z) by the construction of Lp(x), so that J(y) € Lp(x)
by Definition 3.1.5 (1). O

Definition 2.1.3 For cardinals kK < A\ we say that Mouse Reflection holds
at (k, A) if for every A € H,; and for every mouse operator J over A, if J is
total on Hy, then J is also total on Hy. If X = k™, then we simply say that
Mouse Reflection holds at «.

The statements (#)xn = (#)an and (#)cn = (#)1n are therefore
instances of (k, A)-mouse reflection.

Lemma 2.1.4 Let k be a singular cardinal, and suppose Uy to fail. Then
Mouse Reflection holds at k with respect to mouse operators which relativize
well.

Proor. Fix A € Hy, and let J be a mouse operator over A which
relativizes well. Let B € H,+. We need to see that J(B) exists.

Let W = Lp(B). Set n = k™. By = O, and Theorem 2.0.8, n < k7, so
that cf¥ () < k. Let X < H,+ be such that B € X, X N7 is cofinal in 7,
and Card(X) = cf¥(n) - Ry. Let 7: H = X, and let B = 7~ *(B) and W =
71 (Lp(B)|n) = Lp(B). Write & = 7~ !(k) and 7 = 7~ (n) = W N OR.
Notice that W|& € H,, so that J(W|&) exists.

We claim that J(W|&) < W. Suppose not. There is then a least initial
segment P < J(W|&) such that P>W and p,(P) < 7. Say pni1(P) <7 <

pn(P). Let E = E_jy; be the (long) extender derived from 7 [ W, and let
P = Ult,(P; E) be the (fine) ultrapower of P by E. By the key technique
of [20], we may have picked X in such a way that P is in fact a mouse. But
then W|n<P (as X N is cofinal in i) and p,,(P) < k. This contradicts the
construction of Lp(B).

We must therefore have that J(W|&)<W. But then 7(J(W|k))<W and
in fact w(J(W|&)) = J(W|x). Because J relativizes well, this now shows
that J(B) exists. O
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The weak reflection principle WRP (9) () says that if S, T C [k]“ are both
stationary, then there is some o < k such that both S N [a]¥ and T N [a]*
are stationary in [a]®.

Lemma 2.1.5 Let x be regular. If WRP (9)(k) holds, then Mouse Reflection
holds at k.

Proor. Let B € H,, and let J be a mouse operator over B which is
total on Hy. Let us suppose that B = (). If A is a set of ordinals, then
J(A) = Hul{Y (4)

1

(if J(A) exists), so that we may identify J(A) with its theory consisting of
elements of the form ("¢, aq,...,a;) € w x [sup(A)]<* (where ¢ is a ¥,
formula from the languange associated with J(A)).

Let us now fix A C k. If X C k, then we shall write wx for the transitive
collapse of X. Let @ = ("¢, a1, ..., ;) € w X [sup(A)]<¥ be given, and set

Sa={X e [r]”| ("¢ mx(a1),...,mx () € J(mx(A))}

and
T ={X C [s]" | ("¢ mx(a1),...,mx (k) & J(mx(A))}-

Claim. One of Sz, T5 contains a club.

ProOOF. Otherwise both Sy and T are stationary in [x]*. By WRP (9)(k),
pick & < k such that both Sz N [0]“ and T5 N [0]“ are stationary in [§]. We
may pick ¢ such that oy ...ap <.

Say ("¢ aq,...,ax) € J(ANJ). Let 6 be sufficiently big, and let X <
Hy be countable such that aq,...,a4, §, J(ANJ) € X. As Tz N[§]¥ is
stationary in [0]¥, we may also arrange that X N € Tyz. Let o: H = X
where H is transitive, so that 0=! | § = wxns. Therefore, 0=1(ANJ) =
mxrs” (ANGS) and o= (J(ANG)) = J(mxns” (ANS)). But XN§ € Ty, so that
(" mxns(a1), ..., mxns(ak)) & J(mxns” (AN J)). This is a contradiction!
O

Let us now set
P={a= ("¢ ai,...,ar) €w X [sup(A)]<¥ | S5 contains a club }.

By what we showed so far, P is a reasonable candidate for (the theory) of
J(A). We now need to see that (the structure coded by) P is a mouse.
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For this, let 7: P — P be such that P is countable. There is a club C
in [k]* such that for each X € C and for each @ € ran(r), X € Sz iff @ € P.
Let § < K be such that C'N[d]* is stationary in [§]¥, and let € be sufficiently
big, and let X < Hy be countable such that ¢, J(ANJ) € X, and XN € C.
Let o: H = X, where H is transitive. Then for each & € ran(7), & € P iff
XNs§eCiff o(a@) € J(67H(ANY)), so that c=Lor: P — J(ANJ) is

sufficiently elementary to verify that P is an wj + 1 iterable premouse. [

2.2 From J to J*.

Definition 2.2.1 Let B be a set, and let J(B) be a mouse operator over
B. The mouse operator J% is then defined as follows. For an A such that
B € L[A] we let J#(B) be the least initial segment P of Lp(B) such that P
s active and closed under J.

The following Lemma is an abstract version of (#)+ ., = (#% ).

Lemma 2.2.2 Let k be a singular cardinal, and suppose U to fail. Let
B € Hy, and let J be a mouse operator over B which is total on H,+. Then
J# is total on H,.

Proor. Fix A € H,. We need to see that J#(A) exists. Let W = Lp(A),
so that W|kT is closed under J. Set n = x*". By - O, and Theorem
2.0.8, 7 < k', so that cfV(n) < k. The argument for Lemma 2.1.4 shows
that we may pick some X < H,+ such that B € X, X Nn is cofinal in
n, Card(X) = cfV(n) - Xy, and if 7: H = X, then there is no 7 '(k)-
sound mouse P such that P>a~1(W|n) and p,(P) < 7~ 1(n). Let us write
W =71 (W[n).

Set § = crit(m) < k. By the Condensation Lemma, W[5t <« W. We
claim that in fact 6t = 6*W. Suppose not and let P < W be least such
that W{6*t" aP and p,,(P) < §. The coiteration of W, P does not move W
(as W is a lower part model), and hence produces a 7~ !(x)-sound mouse P
such that P71 (W|n) and p,(P) < 7~1(n), which gives a contradiction.

We therefore have W|6+t"W = W[5tV so that from 7 we may derive a
(short) W-extender E at (6,67+"W) such that (W|67*W, E) is a premouse.
The argument of [20] shows that we may have picked X in such a way that
(W|6t+W  E) is now in fact a mouse (cf. also [29]). O
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2.3 From J# to M.

In the middle of our induction, we often would like to make sense of the
core model up to some cardinal v > Ny in situations where H,, is sufficiently
closed. The idea is to produce a “stable K.” (Cf. Theorem 1.3.22.) The
stable K idea may be used to show (##))\,n = (#)rn+1 for X < k under the
right circumstances.

Definition 2.3.1 Let xk be an uncountable cardinal. A cone of elements of
Hy is a set C for which there is some Ay € Hy, (the base of C) such that

C={AeH,: Ay € L[A]}.

A statement ¢(v) holds for a cone of elements of H,, if there is a cone C of
elements of H,, such that p(A) holds true for every A € C.

Definition 2.3.2 Let « be an uncountable cardinal. Let J be a mouse op-
erator such that J* is total on H,+. Let B € H,, and assume that M{ (B)
does not exist. We then say that there is a stable K(B) up to ™ if and only
if for every a < k™ there is a cone C of A € H,+ such that for all A, D € C,

K(B)""W|a = K(B)""(P)a.

[7, Theorem 3.11] now shows that if the continuum is small, then a stable
K exists. (Cf. Theorem 1.3.22.) More precisely:

Theorem 2.3.3 ([7, Theorem 3.11]) Let x be a cardinal such that 2% < k.
Let J be a mouse operator such that J# is total on H+. Then for every
B € H, exactly one of the following holds.

(1) M{(B) ewists, or else

(2) there is a stable K(B) up to ™.

The first key ingredient of the proof of Theorem 2.3.3 is a result of Steel
which basically is Theorem 2.3.3 for k = 280 (cf. [28]). The second key
ingredient of the proof of Theorem 2.3.3 is the following result, cf [7].

Lemma 2.3.4 (Schindler) Suppose that K(X) exists for some X. Then
the following holds true. For all kK > No-Card(T'C({X})), if k is a cardinal of
K(X), then K(X)||sT5X) is just the stack of collapsing mice for K(X)||x.
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2.4 PFA and the failure of [.

Theorem 2.4.1 (Schimmerling for n = 1; Steel, Woodin, indepen-
dently, for n > 1) If PFA holds, then for every X and for every n < w,
M#(X) exists.

Schimmerling’s result, i.e., Theorem 2.4.1 for n = 1, was produced in
[26]. A much stronger theorem than Theorem 2.4.1 can in fact be obtained
by working with K¢ rather than a core model induction, cf. [10]. Theorem
2.4.1 also follows from Theorem 2.4.3 in the light of the following Theorem
of Todorcevic.

Theorem 2.4.2 (Todorcevic) If PFA holds, then for all k > wy, Oy fails.

Theorem 2.4.3 (Schimmerling, Steel) If O, fails, where k is a singular
cardinal such that 2% < k, then for every X C k and for every n < w,
M#(X) exists.

Steel has actually shown that the hypothesis of Theorem 2.4.3, where
2% < k is strengthened to stating that s is a strong limit cardinal, im-
plies that AD holds in L(R) (cf. [39]). It is not known how to significantly
strengthen the conclusion in Theorem 2.4.3.

PROOF of Theorem 2.4.3. By a simultaneous induction, we shall verify
(#F) ks (FF) it n> (#7) 1o, and (##),ﬁ,n to hold for every n < w.

To verify (#)x.0, let us start with the trivial mouse operator J = id. By
Lemma 2.2.2, H,. is closed under J#, i.e., under the usual sharp operator
B~ B*.

The implications (#)xn == (#)x+, and (##),@n = (##),ﬁ,n are
given by Lemma 2.1.4. To verify the implication (#).+, = (#7)xn+1, We
apply Lemma 2.2.2 to the mouse operator J = MY

Finally, the implication (#%)+,, = (#)xn+1 is shown as follows. Fix
B € H, and apply Lemma 2.3.3 to the mouse operator J = Mf If
M{(B) = MfH(B) does not exist, then Lemma 2.3.3 tells us that there
is then a stable K(B) of height ", which we denote by K(B).

By Theorem 2.0.8, stKB) < g+ Set n = xKB) Let C C &k be such
that for every D C k with C € L[D],

#7
K(B)ln = K(B)M Py
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and
K(B M##(D)
n= K TEB) .

Let D C & be such that C' € L[D] and < xTPl. By Theorem 1.6.3 (4),

u# ##
n < D) < bt (D) _ kB o)

This is a contradiction! O

2.5 Successive cardinals with the tree property

The following application is somewhat off the side, as the extenders are
produced neither by hull embeddings nor by generic ultrapowers but rather
by ultrapower embeddings generated from cardinals with the tree property.

Theorem 2.5.1 (Foreman, Magidor, Schindler, [6, Theorem 1.1]) Sup-
pose that (0, : n < w) is a strictly increasing sequence of cardinals with
supremum X\ such that for every n < w, both 8, and 6,7 have the tree prop-
erty. Suppose also that 2% < X. Then for all bounded X C X and for all
n < w, M#(X) exists.

It is not known if the conclusion of Theorem 2.5.1 can be strengthened
significantly. In particular, it is open whether its hypothesis implies ADL(®),
The key fact here is the following.

Lemma 2.5.2 ([6, Lemma 2.1]) If n has the tree property and if M is an
inner model such that 1 is inaccessible in M and cf(nt™) = cf(n™™M) = n,
then there is a countably complete elementary embedding w: M — N with
critical point 1 such that N is transitive and 7 is discontinuous at nt™M.

Exercise 2.5.3 Prove Lemma 2.5.2.

The proof of Theorem 2.5.1 will be similar in its structure to the proof of
Theorem 2.4.3 and it will be fairly immediate from the following two lemmas.

Lemma 2.5.4 Let § and 6 have the tree property, and let J be a mouse
operator over B € Hs which is total on Hss. Then J# is total on Hs.
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PrROOF. Let A € Hs, where B € L[A], and let M = Lp(A). By [9,
p. 283], both § and & have to be inaccessible in Lp(A); cf. Exercise 2.5.5.
Also, if cfV (61M) < § or cfV (§THM) < §, then J#(A) exists by the argument
for Lemma 2.2.2. Therefore, we may let 7: M — N be as in Lemma 2.5.2.

We must have that M|6+M = N|67 by condensation and the definition
of Lp(A). From m, we may therefore derive an extender on M which, in
much the same way as in the proof of Lemma 2.2.2, witnesses that J#(A)
exists. O

Exercise 2.5.5 Assume GCH to hold in V. Let k be a cardinal, and suppose
O, to hold. Show that there is then a special k™ -Aronszajn tree T, i.e., there
is a kT -Aronszagn tree T together with some s: T — K such that if a <7 b,
then s(a) # s(b). In particular, T will still be a k*-Aronszajn tree in any
outer model W DV unless W collapses k™ to k.

Lemma 2.5.6 Let § and 6 have the tree property, and let J be a mouse
operator over B € Hy such that J# is total on Hgs+. Then My is total on
Hs

ProoOF. (Cf. Exercise 2.5.7.) Let A € Hy, where B € L[A]. As-
suming that Mj (A) doesn’t exist, we can exploit Theorem 2.3.3 to build
a stable K(A) of height §*. By Excercise 2.5.5 and by Theorem 1.6.15
(4), ¢ is inaccessible in K(X), there is no largest cardinal in K(X), and
cf V(6 KXy = ofV(§++K(A)) = 5. Let n: K(A) — N be an elementary
embedding as in Lemma 2.5.2. We have a contradiction with [37, Theorem
8.14 (3))). ]

Exercise 2.5.7 Provide the details to the proof of Lemma 2.5.6.

From the hypothesis of Theorem 2.5.1 we may now prove (#)xo and
(#H#)an = (##),\,n and (##)A,n = (#)an+1 for every n < w by the same
methods as in the preceding section. This provides a proof of Theorem 2.5.1.

2.6 Pcf theory

Theorem 2.6.1 (Gitik, Schindler, [7, Theorem 1.4]) Suppose that k is a
singular cardinal of uncountable cofinality such that the set

{a<k : 2%=a"}
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1s stationary as well as costationary in k. Then for all bounded X C k and
for alln < w, M (X) exists.

Theorem 2.6.2 (Schindler, [7, Theorem 1.1]) Suppose that X, is a strong
limit cardinal and 2% > R, . Then for every bounded X C Ry, and for all
n <w, Mjf(X) exists.

PRrROOF of Theorem 2.6.1. From the hypothesis of Theorem 2.6.1, we
get that for every club C' C & there is some strictly increasing sequence
(Fn: n < w) with supremum £ in C such that pcf({x}: n < w}) > £,
The idea is that if the core model exists, then this can’t be the case by a
covering argument.

We prove by induction on n that for every bounded subset X of x and
for every n < w, M (X) exists. Fix X and n. First, for all bounded Y C &,

we get MF ” (Y) by a covering argument. (This is easy; notice that the
hypothesis implies that SCH fails cofinally often below k.) Now suppose

that K(X)M## (Y) exists for all Y above X. We may then use Lemma 2.3.4
to define a stable K (X) of height  in a straightforward way.

We may now pick the club C' C k in such a way that we’ll have the
following for the strictly increasing sequence (k,,: n < w) which is given to us.
For every f €[], ., /', a covering argument produces some M < K (X)|[&"
projecting to & such that for each n < w, f(x;}) (which is < ;") is contained
(as a subset) in Hull™(k,, U {p}) (for some parameter p). But this clearly
implies that cf(]], .., %) = 7. Contradiction! 0

The PROOF of Theorem 2.6.2 is similar.

It is not known how to get ADZ®) from one of the hypotheses of Theo-
rems 2.6.1 or 2.6.2.

2.7 All uncountable cardinals are singular.

We now turn to two applications which exploit forcing absoluteness. The
first one is a result for which we have to work in ZF rather than ZFC.

Theorem 2.7.1 (Busche, Schindler, [1, Lemma 4.2]) Suppose that all
uncountable cardinals are singular. Then for every set X of ordinals and
every n < w, M (X) exists.
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[1, Theorem 1.5] actually shows that the hypothesis of Theorem 2.7.1
proves that AD holds in the L(R) of a set-forcing extension of HOD.

The following is the key new technical ingredient. The reader may find
a proof of Lemma 2.7.2 for the concrete case of a projective J in [1, Lemma
4.1].

Part of the (unstated) hypotheses of Lemma 2.7.2 is that V' is a model
of choice. In the course of the proof of Theorem 2.7.1Lemma, 2.7.2 will be
applied basically to HOD.

Lemma 2.7.2 Let B be a set, and let J be a mouse operator over B which
condenses well and determines itself on set generic extensions. Let A be
such that B € L[A], and let M be an A-premouse which is countably iterable
via o strategy which is guided by J. Let P € V' be a partial order, and let G
be P-generic over V. Then in V|G|, M is iterable w.r.t. set-sized trees via
a strateqy which is guided by the extension of J to V|G].

ProoOF. We shall also write J for the extension of J to V[G]. Suppose
that in V[G] there is some tree 7 = 7¢ on M which is guided by J such
that either 7 has a last ill-founded model or else there is no cofinal branch
through 7 such that an initial segment of M] is a Q-structure for M(T)
which is provided by (an initial segment of) J(M(T)). Let p € P force this
statement about M and 7.

Let 6 be large enough, and let w: H — Hy be elementary, where H is
countable and transitive and M, p, P, T € ran(n). Let us write M =
7Y M), p=7n"1p),P=7n"'(P),and T = n~ (7). Let g € V be P-generic
over H, where p € h, and let T = Tg

It is not hard to see that by the fact that J condenses well, 7 € V is
now guided by J, and that there is therefore some cofinal branch b through
T such that an initial segment of M] is a Q-structure for M(T) which
is provided by (an initial segment of) J(M(T)). This Q-structure is an
element of H|[g|, as J determines itself on set generic extensions. Moreover,
b exists and is definable in H[g]°"“») (for some H[g]-cardinal p), so that
in fact b € H[g], and b is the unique cofinal branch through 7 such that an
initial segment of M] is a Q-structure for M(T") which is provided by (an
initial segment of) J(M(T)). This contradicts what p is supposed to force
over H. g

PRrROOF of Theorem 2.7.1: By an induction, we’ll verify that (#)s,n and
(#%)oo.n holds for every n < w.
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The argument for (#)s,0 is a simplified variant of the argument for
(#)oom = (#")oomn- In the first case we work with the trivial mouse
operator J = id, and in the second case we work with J = M# We fix A
and want to see that J#(A) exists.

Let us suppose that J#(A) does not exist. Then W = Lp(A)HOPavtar =
(L7 (A))HOPavta) | Let k > sup(A) be an uncountable cardinal (in V). We
have that cf¥ (k) = cfV (kt"W) = w, so that we may pick some cofinal X C &
of order type w and some cofinal Y € x™W also of order type w. We know
that X @Y is Vopenka-generic over HOD 4[X,Y] C V. By Lemma 2.7.2, W
is still iterable in HOD4[X, Y], & is a singular cardinal in HOD4[X, Y], and

W~ o HHODAIXY]
We may then run the argument for Lemma 2.2.2 to show that J#(A) exists
after all.

The implication (#7)oon = (#)oom+1 i3 shown as follows. Let J =
M. Fix A. If M{(A) = M#H (A) does not exist, then Lemma 2.3.3 tells
us that inside HOD4 there is then a stable K(A) of height OR, which we
denote by K(A). We now apply the argument from the preceeding paragraph
to W = K(A) to derive a contradiction. Notice that we may again apply
Lemma 2.7.2 to deduce that W is still iterable in any set generic extension
of HOD 4. O

It is shown in [?] that the hypothesis of Theorem ?? implies that AD
holds in L(R).

2.8 L(R) absoluteness

Theorem 2.8.1 (Steel, Woodin) Suppose that the (lightface) theory of
L(R) cannot be changed by set-sized forcing. Then for every X and for all
n < w, M (X) exists.

Woodin has shown that the hypothesis of Theorem 2.8.1 implies that
ADL®) holds.

PROOF of Theorem 2.8.1. By applying the hypothesis to adding wy Cohen
reals, we see that there can’t be a well-ordering of R in L(R). The idea now
is that if K were to exist, then such a well-ordering would have to exist after
all.

As in the proof of Theorem 2.7.1, we shall inductively verify (#)oo,» and
(##)oo,n to hold for every n < w.
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The argument for (#)s,0 is again a simplified variant of the argument
for (#)oomn = (#%)oon. In the first case we work with the trivial mouse
operator J = id, and in the second case we work with J = MF#. We fix A
and want to see that J#(A) exists.

Let us suppose that J#(A) does not exist. Then W = Lp(A) = L7(A).
Let & be a singular cardinal above the rank of A. If k™" < k%, then we
may use the argument for Lemma 2.2.2 to show that J#(A) exists after all.
Let us thus assume that k™" = g7,

Let g be Col(w, k)-generic over V, so that wY[g] = xtW. There is a
further set generic forcing extension Vg, G] of V[g| in which there is a real

x such that inside Vg, G], a well-ordering of the reals may be defined from

the parameters  and W\wY[g]. (Force with Col(wr,2%) * Q, where Q uses

an wi-sequence of pairwise almost disjoint reals from Wg] to code a subset
of w; listing all the reals by a single real.) However, by Lemma 2.7.2, W
is still iterable in V[g, G] via a strategy which is guided by the extension of
J to Vl]g,G], and the extension of J to V[g, G| is definable in the L(R) of
Vg, G]. This implies that there is a well-ordering of the reals in L(R)"[9:¢],
Contradiction!

The implication (##)oo,n = (#)oon+1 is shown as follows. Let J =
M. Fix A. If M{(A) = M}, (A) does not exist, then Lemma 2.3.3 tells
us that there is then a stable K (A) of height OR, which we denote by K(A).
We now apply the argument from the preceeding paragraph to W = K(A) to
produce V[g, G] and derive a contradiction. Notice that we may again apply
Lemma 2.7.2 to deduce that W is still iterable in any set generic extension
of V. Theorem 1.6.15 (5) implies that we may again define a well-ordering
of the reals in L(R)V19:C1, O

2.9 The unique branches hypothesis

The following is shown in [38].

Theorem 2.9.1 (Steel) Suppose that there is a non-overlapping iteration
tree T on V with cofinal well-founded branches b # c. Then for every bounded
subset X € M(T) of 6(T) and for all n < w, M (X) exists.

This result is shown in [38]. It is actually shown there that its hypothesis
gives the existence of Mf .
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PRrROOF of Theorem 2.9.1. Let 7 be a non-dropping iteration tree on V'
with cofinal well-founded branches b # ¢. Set § = 6(7), which is an ordinal
of cofinality w.

Lemma 2.9.2 (Woodin) The set P(5) N M] N M has size §.

The reason for this is that every X C § in MZ NT.J is coded by some
bounded subset of § in a fashion which comes out of the proof that J is
Woodin in M N7.7.

Another fact is that 0 is either singular or measurable in /\/le as well as
in M.

Let us now fix n, where we assume that M(T) is closed under Y
M (Y). Let us consider X € M(T). If MfH(X) does not exist, then we
may produce W = K (X)M(T) by knitting together K (X)M DI for M(T)-
measurables 2 < § (there are cofinally in § many such). We may also let
P> W be the stack of all J-sound premice end-extending W which project
to 0 and are countably iterable above §. We also have versions of P inside
MZ' and MZ', respectively; call them P, and P.. W.lo.g., P, I P. J P.
Because § is Woodin in MZQMZ, 0 is Woodin in P,. A covering argument
shows that P, N OR = 6*M7 | and similarily for c.

Let 1 < & be least such that 7J,(u) > 6. If nJ, (1) > 6, or else if 7], is
discontinuous at u, then we may then produce inside MZ— (by a “lift up”)
a d-sound premouse Q end-extending W which project to 4, is countably
iterable above J, and in fact kills the Woodinness of 4. This is nonsense.

So ﬂg;)(u) =4 and ng; is continuous at u. We then use Lemma 2.9.2 to
get a contradiction. O

2.10 A homogeneous presaturated ideal on w;, with

CH.

Our last set of results involves ideals on w;.

Theorem 2.10.1 (Steel) Suppose that CH holds true. If there is a homo-
geneous presaturated ideal on wy, then AD holds in L(R).

In this section, we’ll just prove:

Theorem 2.10.2 Suppose that CH holds true. If there is a homogeneous
presaturated ideal on wy, then for every n < w, H,, is closed under Mf
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PROOF of Theorem 2.10.2: Let I be a homogeneous presaturated ideal
on wy. If we force with I, we get a generic V-ultrafilter G and some

V=M,

where M is transitive, crit(j) = wy, j(w}) = wy, and < MNV[G] ¢ M

(so that wy = wY[G} = wM)

. Let us fix j for the rest of this proof.
Definition 2.10.3 Let J be a mouse operator which is total on H,, and
definable in V. We say that J has the extension property (e.p., for short)
iff §(J) extends J and j(J) | HCVIE is definable in V[G]. We say that w
is J-inaccessible to the reals iff wy is inaccessible in every L£2 (x), where x
s a real.

Let us now consider the following two statements.

Claim 1. Let J be a mouse operator which is definable in V' and such
that H,, is closed under J. Suppose that J condenses well, J has the
extension property, and w; is J-inaccessible to the reals. Then H,,, is closed
under J#, J# condenses well, J# has the extension property, and w; is
J#-inaccessible to the reals.

Claim 2. Let J be a mouse operator which is definable in V' and such
that H,, is closed under J. Suppose that J condenses well, J has the
extension property, and w; is J-inaccessible to the reals. Then H,,, is closed
under MlJ , Mi] condenses well, Mi] has the extension property, and w; is
M7 -inaccessible to the reals.

Claim 1 and Claim 2 may be used in the obvious fashion to show induc-
tively that for all n < w, (#)wsn and (F7)w, -

The proof of Claim 1 is a simplified version of the proof of Claim 2, so
that we shall only give a proof of the latter. Let us suppose the hypothesis of
Claim 2 to be satisfied. By Claim 1, H,, is closed under J#, J# condenses
well, J# has the extension property, and w; is J#-inaccessible to the reals.
Let us first aim at producing M{ (z) for reals z.

So let us fix x € R.

Let N = J#(R), which is an R-premouse. (Here we use CH.) Let H
be Col(wi,R)-generic over N. (We may actually pick H € V.) By the
K7-existence dichotomy, either M/ () exists in N, or else K ()N exists.
Suppose the latter to be true, and write K = K(x)N[H}.

We claim that j(K) € V. (This is where the homogeneity of I is used.)
K is definable in N[H], and hence in N, as Col(w;,R) is homogeneous. So



62 CHAPTER 2. THE PROJECTIVE CASE

Jj(K) is definable in j(N). By the homogeneity of I, it therefore suffices to
verify that j(IV) is definable in V[G].

We claim that inside V[G], j(N) is the unique RY%-premouse M(RV(C])
which satisfies all the relevant first order properties in order to be a candidate
for j(N) and which is such that whenever o: M(r) — M(RVIE), where
M(r) is countable, then M(r) is wY €] iterable via a strategy guided by
§(J#) 1 HCVIC] This is true because this property holds of M(RVIE)), and
if o: M(r) = M(RVIE) and o: M/(r) — j(N) are such that M(r) and
M'(r) are both countable r-premice which are wY[G}—iterable via a strategy
guided by j(J#) | HCV[%) then they may be compared inside the model

L (M(r), M'(r))

by the fact that w; is J#-inaccessible to the reals. But now j(J#) | HCVIE!
is definable in V[G], and hence j(N) is definable in V[G].

Let us write x = w} . The fact that j(K) € V easily implies that # is
inaccessible in K: if K = 5 then wy = j(k) = p5) so that x would

not be a cardinal in V. This in turn implies that xT7(5) < WY = wY “l

if we had k™) = Y = wY[G] = w then w{ would be a successor in
K by the elementarity of j. Notice also that K|x = j(K)|x implies that
J(E)i (k) = §(5(K))|j(k), and hence

FGEHGID = ()00,

Notice here that because j(K) € V, j(j(K)) makes sense.
Now let E be the extender at &, wy derived from j | j(K). Notice that
for every a < wY, E | a € M because of <2 M NV[G] C M.

Claim (). For every a < wy, E | a € j(K).

This claim easily gives that  is Shelah in j(K') by the following argument.
Let f: k — K, f € j(K). Pick some a > j(f)(k), a < w. If

k:ULt(j(K),E | o) = j(j(K))

is the natural factor map, then crit(k) > a and hence ig;(f)(k) < a.
However, there is no Shelah cardinal in K. Contradiction!
In order to verify Claim (x), we need to see that

J(N) E ((G(K), ULG(K)), E | ), a) is j(Q)—iterable
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where ) is the largest measurable cardinal of N. By reflection, we’d oth-
erwise have, in j(N), o: K — Ult(j(K),E | a) with ¢ | a = id, K is
countable, and

J(N) E ((j(K), K),a) is not w;—iterable.

We have the factor map k: Ult(j(K),E | «) = j(j(K)) with k [ a = id, so
that
koo: K — j(j(K))

is such that koo | a = id.
Set ¢ = ko 0. We have that ¢, K € M. Let ¢ = [£ — ¢]q, K = [ —
K¢lg, and a = [§ — aglg. We need to see that for G-almost all &,

N = (K, K¢), ag) is wy—iterable.

By absoluteness, for G-almost all £, in j(IV) there is some zﬁé K¢ — j(K)
such that wé I a¢ = id. But for any such { we then have in N some
¥: K¢ — K such that ¢ | ag = id. O Claim (%)

We have verified that inside J# (R), M{ () exists. This premouse is now
wi-iterable (in J#(R) and hence in V) via a strategy which is guided by
J#. By reflection, as H,, is closed under J#, this premouse is then also
wo-iterable via a strategy which is guided by J#. This shows that M{ ()
exists in V' and is ws-iterable there.

We are left with having to prove that if X C wy, then M{(X) exists
and is wo-iterable. Fix X C wj. By the elementarity of j and by what was
shown so far, inside M, M{(X) exists and is wo-iterable. By the argument
for showing j(N) € V we have that in fact M; (X) is definable in V[G] from
the parameter X € V, so that M;(X) € V. Moreover, countable premice
which embed into Mi] (X) are wy-iterable via a strategy guided by J, so
that by reflection those premice are also wse-iterable via a strategy guided by
J. |

2.11 An w;-dense ideal on w;

If there is an wi-dense ideal on wi, then forcing with Col(w,w;) produces a
V-generic filter and an elementary embedding

j: V= McCV[G],
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where M is transitive, crit(j) = w}, and “M N V[G] C M (which implies
jwy) = wM = wY[G] = wy. Woodin showed that the existence of an w;-
dense ideal on w; may be forced over L(R), assuming that L(R) is a model
of AD (cf. [47]). The following Theorem, also shown by Woodin, produces

the converse.

Theorem 2.11.1 (Woodin) If there is an wi-dense ideal on wy, then AD
holds in L(R).

In this section, we shall prove the following statement.

Theorem 2.11.2 If there is an wi-dense ideal on wy, then for every n, H,,
1s closed under M#

Proor. We'll proceed in exactly the same fashion as in the proof of
Theorem 2.10.2, with certain necessary adjustments of course. Again, it
suffices to verify Claims 1 and 2 as they were formulated in the course of
the proof of Theorem 2.10.2. As there, the proof of Claim 1 is a simplified
version of the proof of Claim 2, so that we shall only give a proof of the
latter. Let us suppose the hypothesis of Claim 2 to be satisfied. By Claim 1,
H,, is closed under J #. J# condenses well, J# has the extension property,
and wy is J#-inaccessible to the reals. Let us first aim at producing M ()
for reals z.

So let us fix z € R. We shall make use of the concept of “a-strongness”
from [22].

Let Z be the collection of all countable mice. Let f: R — R be a
Skolem function for (J,, (R), €,7), i.e.,, whenever ¢ is a formula, z € R,
and (Jy, (R),€,7) = 3z € R p(z, Z) holds true, then f("¢7), 2) is a witness.
Let Ag C wy be such that in J,, [Ag], every ordinal is at most countable. For
any A C wy, let Na = J,,[A, Ao, f]. Of course, N4 is closed under f. Also,
N4 has the same reals as L[N4] by an easy Skolem hull argument, so that
N4 also has the same reals as (NA)#. Let us write Ny = (]\_/A)# for any
A C wy, and let us write N = Np.

We need to see that M (z) exists. Let us suppose that the K¢(z) of no
N4 reaches Ml# We may then construct K (x)V4 for any A C wy. Let us
suppress  and write KV4 for K(x)N4 in what follows.

We have that J,, (RV4) and J,, (R) have the same theory with real pa-
rameters for any A C wy. Therefore,

KNAw) = KN |w)
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for every A C wy by Theorem 1.6.15 (5). Moreover, for all countable premice
N, for every A with N' € Ny and for every a < wy, N is a-strong in Ny
if and only if NV is a-strong in V| if and only if N is a-strong in M (using
the elementarity of j) if and only if A is a-strong in V[G] (as M and V[G]
have the same reals). This implies that if N has size at most Ry, then “N
is < wy-strong” is absolute between Ny, V', M, and V[G].

Subclaim 1. Let M € N4 be wi-strong in N4. Then M is also ws-
strong in V[G].

PROOF. Suppose not. Working in V[G], pick a < w;-strong premouse N
such that the phalanx (N, M,wq) is not iterable. Pick 7 € Y Collwwr) with
7¢ = N. We may assume 7 to be “nice,” so that it may be easily coded by
a subset T" of wy. Let us write N . for Np, where B=A®T. As G is also
Col(w, wy)-generic over N4, we have that N' = 7¢ € N4 ,[G]. (We here
use that the ideal be wi-dense to have that the forcing which produces j as
well as names for elements of H,, can be found in some Np.)

Let p ||— 7 is < w}-strong. For all ¢ < p, we may pick some G, €
N4 +|G] C V|G] which is Col(w, w1 )-generic over V and such that N4 ,[G,] =
Na,[G]. For each such g, 7% will be < wi-strong in V[G]. We also know
that KN4~ is < wi-strong in V[G]. Therefore, for all ¢ < p and all o < wy,

(KNA”, TGq, a)

is iterable.

Let us fix @ < wy for a moment. We my then simultaneously compare
all (KNar 7Ga q), ¢ < p, with KNar. As KNar = KNa-[Gl = gNa-[Gd
for every ¢ < p, this comparison produces one model N} such that for all
q < p there is an embedding

i: 78 — N

with crit(i) > « coming from the comparison. By homogeneity, N is in
N4 7. In particular, there is now an embedding

ia: N = N
with crit(z) > «. We have that

(KNar NZ @) is iterable, (2.1)
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as every iteration of this phalanx may be construed as a continuation of an
iteration of (KN4 N, a).

Now if the phalanx (N, M, w1) is not iterable, then there is some a < wy
such that (AN, M, a) is not iterable, which in turn implied that (AN¥, M, «)
cannot be iterable. However, N is < a-strong in N4 . by (6.2.2, so that
(NX, M, ) is in fact iterable. Contradiction! O

We have shown that “A\ is wi-strong” is absolute between N Ar, V,and
VI[G].

Now let S be the stack of all wi-strong N > KN|w1 which are sound
and project to w;. We have that SY[G] = SV using the homogeneity of
Col(w,w1). The generic embedding may easily be used to see that o(S) < wy .
Therefore, we may pick some A C w; with S € Ny and Card(o(S)) = N; in
N4. We shall now look at

J I Na: Na— j(Na)

. As in the proof of Theorem 2.10.2, the following Subclaim produces the
desired contradiction.

Subclaim 2. Let a < wy, and let F' be the (w}’, a)-extender on j(KN4)
derived from j. Then F € j(KN4).

PROOF. Notice that F' € j(N4) by Kunen’s argument. To verify Sub-
claim 2, it thus suffices to prove that the phalanx

(K7W Ul (KN4 B, )
is iterable inside j(/N4). But this is shown in [2]. O

The rest is as in the proof of Theorem 2.10.2. g

2.12 Open problems.

We aim to finish this chapter by stating a few open problems at the level of
Projective Determinacy.

Greg Hjorth has shown that II} Wadge determinacy is equivalent with
1} determinacy.

(1) Does Wadge determinacy for projective sets imply PD?
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Steel has shown that if all projective sets are Lebesgue measurable and
have the Baire property, and if all H§ relations can be uniformized by H%
functions, then I3 determinacy holds.

(2) If all projective sets are Lebesgue measurable and have the Baire
property, and if all I1}, | relations can be uniformized by I3, ; functions,
does PD hold?

There is a scenario for answering both questions in the affirmative by an
induction as in this chapter. However, the argument will probably need a
proof of the right correctness conjectures for the projective core models, cf.
for instance [31].
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Chapter 3

The witness dichotomy in
L(R)

3.1 Core model theory for one J-Woodin

What we have done so far is start with some transitive model U closed under
the mouse operator J(z) = M} (z), and use core model theory to show that
U is closed under the “one J-Woodin” operator J%(z) = beﬂ(:v).l We
have done this by showing that the alternative to this closure is that there
is a J-closed core model, cf. Theorem 1.6.15, then invoking whatever strong
hypothesis we are considering to rule out the existence of such a core model.

This is the basic pattern of the core model induction at all its successor
steps. The limit steps are devoted to constructing an operator J which is
suitable as a basis for the next successor step. In order to go further, we
must abstract what it is about J which makes it suitable. We begin the
abstraction process in this section.

As usual, if v is an infinite cardinal, then we shall write H, for {x |
| TC(z)| < v}. We should say here that we are going to use this notion also
when v is singular, in which case H, =, Hy.

Definition 3.1.1 Let v be an infinite cardinal, and let A € H,. Then a
mouse operator over A on H, is a function J such that for some Q-formula
v,

J(B) = least P < Lp(B) such that P |= ¢[A, B]

!There was an intermediate step, in which we obtained closure under the operator
) = gt
JHz) = M} (z).

69
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for all B € H, such that A € B. (J must be defined at all such B.) We call
J a (v,A)-mo. The (v,A)-mo J is called tame iff for every B € dom(J),
J(B) is a tame B-premouse.

Assuming that they are defined on all of H,,, the M} operators are (v,0)-
mouse operators, for each n < w. The weakest operator beyond all the Myﬁl
operators, for n finite, is x — |, Mrﬁl(x) This would be the operator we
would construct at step w of the core model induction, as a basis for the
steps w + n, for n < w. A core model induction which remains in L(R) will
never reach the MLE operator.

A (v, A)-mo may not be a first order mouse operator in the sense we
defined it earlier, because we are allowing a name for A, and not just B,
in the theory which fixes J(B). In particular, a (v, A)-mo will only satisfy
condensation for hulls containing TC(A U {A4}). A (v,0)-mo is a first order
mouse operator, but the converse may fail because we have imposed a special
restriction on the domains. The domain of a (v, A)-mo is the “cone above
A” in H,.

Definition 3.1.2 Letting J be a (v, A)-mo, we define the one J-Woodin
operator JY by

JY(B) = M{(B)= least P QLp(B) s.t. 36
P =6 is Woodin, and P = J(P|J).

So if JY is the sharp operator, and J"! = (J™)¥, then J" is the M}
operator.

Exercise 3.1.3 Show that if § is the Woodin cardinal of J*(B) and ifn < ¢,
then J(J*(B)|n) < J¥(B).

Definition 3.1.4 Let J be a (v, A)-mo, and let M be a premouse over A;
then M is J—closed above n iff whenever n < & < v and £ is a cardinal of
M, then J(M|E) <M. We say M is J-closed iff M is J-closed above 0.

Definition 3.1.5 A (v, A)-mo J relativises well iff

(1) there is a formula 0(u,v,w,z) such that whenever B,C € dom(J),
B € C, and N s a transitive model of ZFC™ such that J(C) € N,
then J(B) € N and J(B) is the unique © € N such that N =
O[z, A, B, J(C)], and
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(2) if B € dom(J) and n is a cutpoint of J(B), then J(J(B)|n) is not a
proper initial segment of J(B).

Suppose that n < w, and that the Mg operator is defined on H,. It is
then a (v,0)-mo which relativises well. There are many more examples.

The next two lemmas motivate definition 3.1.5. Definition 3.1.5 (1) easily
gives:

Lemma 3.1.6 Let J be a (v, A)-mo which relativises well, and let M be
a J-closed premouse over A such that M|n | ZFC™ for arbitraily large
n < o(M); then

(a) for all x € dom(J)NM, J(z) € M, and

(b) J | M is definable over M.

Definition 3.1.7 Let J be a (v, A)-mo, and let B € dom(J). An iteration
tree T on J(B) is J-guided iff for every limit ordinal X < 1h(T),

Q([0, N7, T) < J(M(T 1 A)).

We say that J(B) has a J-guided v-iteration strategy iff for every J-guided
iteration tree T on J(B) of limit length X < v there is a (unique) cofinal
branch b through T such that J(M(T)) < M] .

Lemma 3.1.8 Let J be a tame (v, A)-mo which relativises well; then for
any B € dom(J), J(B) has a J-guided v-iteration strategy.

Proof. Let T be a J-guided tree on J(B) of limit length < v. Note that
J(M(T)) exists. Taking a countable Skolem hull of V' as usual (cf. the proof
of Lemma 1.6.12), with P, U, R being the images of J(B), T, J(M(T)) under
collapse, we get that Q(b,U) <R, where b is the good branch of . This
is because clause (2) of Definition 3.1.5 is a first order property of J(B)
(relative to A, B). This property (relative to the collapses of A and B) holds
in P, and by inspecting it, we see that it also holds in Q(b,Uf), and that
therefore Q(b,U) < R. O

The following is our basic core model dichotomy theorem. (Cf. Theorem
1.6.15.)
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Theorem 3.1.9 (K/—existence dichotomy) Let Q be measurable, and J
an (2, B)-mo which relativises well. Suppose K(B), as constructed with -
complete background extenders from Vg, is tame, and suppose & < ) is the
strict sup of the Woodin cardinals of K¢(B), with & = 0 if there are none;
then

(a) K¢(B) is J-closed above &, and
(b) if there is no T-iterable M}, then either

(i) M{(B) < K¢(B) (so that M{(B) exists and is T-iterable), or
(ii) K¢(B) is (w,Q + 1)-iterable, so that K(B) exists.

Proof. For (a): Compare J(K¢(B)|¢) with K¢(B). The J(K¢(B)|¢) side
provides the Q-structures identifying the good branch on the K¢(B) side,
so this can be done. We have the branches at 2 by measurability. The
J(K¢(B)|v) side comes out shorter because K¢(B) is universal.

For (b): If K¢(B) has a Woodin cardinal, then it has a largest one J.
(This is where we use that M& does not exist.) But then J(K®(B)|§) <
K¢(B)) by (a), so K¢(B) reaches a one-J-Woodin level. We leave it as an
exercise to show that Mi (B) < K¢(B) (cf. Exercise 3.1.10).

So we may assume K°(B) has no Woodin cardinals, and fails to reach
M{(B). In this case, J guides an (w,)- iteration strategy for K¢(B).

a

Exercise 3.1.10 Show that M{ (B) < K¢(B) in the proof of Theorem 3.1.9
(b).

Exercise 3.1.11 Show that under the hypotheses of 3.1.9, if J relativises
well, then K¢(B) is fully J-closed. We shall not need this fact, however.

We sometimes write K7 (B) for K¢(B), and K”(B) for K(B), for such
J-closed K¢(B) or K(B). When dealing later with hybrid mouse operators
J, one must close the analog of K¢’ under .J by explicitly telling the model
how J acts on its levels. At the current level of abstraction, K7 (B) is an
ordinary B-mouse, simply equal to K¢(B), and the notation just reminds us
it is J-closed, and can define J restricted to itself.

Theorem 3.1.9 uses the hypothesis that M}, does not exist in a fairly
inessential way. If we had defined K%’ by explicitly closing its levels under
J, we could have avoided this hypothesis. We chose to defer a discussion of
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the explicit-closure construction until we are dealing with hybrid J, so that
we need it. The price is that we have to prove that our K¢ is J-closed, and
in that proof, the assumption that K¢ has a largest Woodin, if it has any,
shows up.

By applying our K”7-dichotomy inside suitably chosen .J-closed inner
models, we get a “stable K”/” dichotomy theorem which requires no large
cardinal hypothesis on V' whatsoever. The following version will suffice for
our global-strength applications.

Suppose k is uncountable, x = |V,|, J is a (k, A)-mo, and B € dom(.J).
We say then that K7/(B)Y* exists iff for any o < s such that B € V,,, there
is a model N = N, of ZFC such that V,, € N, and an ) > « such that € is
measurable in N, and

N E K7(B) is (w, Q + 1)-iterable.
In this case, (K7 (B))" exists, of course, by [37]. More importantly,
K'(B)Y|a = K/(B)"a,

for all B > a, because the inductive definition of K is local. When K7 (B)V=
exists, then it is the limit of these approximating K’s. Note that K7 (B)"*
has all the local properties of K (B); for example, it computes successors of
singular cardinals £ such that rk(B) < £ < k correctly.

Theorem 3.1.12 (Stable-K”’ dichotomy) Let x > w be such that rk =
|Vi|, and let J be a (K, A)-mo which relativises well. Suppose that there is
no k-iterable M, and let B € dom(J); then either

(a) M{(B) exists, and is k-iterable, or

(b) for some C € dom(J), K7 (C)V* exists, and is the minimal J-closed
model of height k over C.

In order to use these dichotomy theorems to obtain more than one
Woodin cardinal, we need also the following.

Exercise 3.1.13 Let J be a (v, A)-mo which relativises well, and suppose
that JY is also a (v, A)-mo. Shaow that J* relativises well.
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3.2 The coarse mouse witness condition W}

The induction variable in a core model induction represents the degree of
correctness of the mice one can construct, or what is roughly equivalent, the
complexity of their iteration strategies. The description of how these two
measures move in tandem is at the heart of the method.

The useful measure of correctness and complexity here is descriptive
set theoretic. We saw in Lemma 1.6.12 that we should expect to obtain
uncountable iterability from sufficiently generically absolute wi-iterability for
countable structures. An wi-iteration strategy for a countable premouse is a
set of reals, so our measure of “sufficient absoluteness” should be a measure
of definability for sets of reals. For this reason, even when one is trying to
show some very large transitive set X is closed under mouse operators, one
generally moves to a generic extension V[g] with X C HC"l9 and shows
HCV! is appropriately closed. In the ensuing discussion, we shall basically
assume we are already in such a Vig].

Our plan then is to construct mice which are correct for some given
level T' of the Wadge hierarchy, via an induction on those levels. For now,
we shall remain within L(R), but eventually we shall consider I" which are
beyond L(R). Descriptive set theory is used to organize the induction, and
in particular, the next I' to consider is the next scaled pointclass.

There will actually be two hypotheses of the existence of correct mice,
or mouse witnesses. In the first, the witnessing mouse is coarse-structural,
and in the second, it is an honest fine-structural mouse. We begin with the
coarse-structural witness condition.

Definition 3.2.1 LetU C R, andk < w. Let N be countable and transitive,
and suppose &g, ..., 0, S, and T are such that

(a) N |EZFCAdy < ... <k are Woodin cardinals,

(b) N = S,T are trees which project to complements of one another after
the collapse of d to be countable, and

(c) there is an wi+1-iteration strategy 3 for N such that wheneveri: N —
P is an iteration map by ¥ and P is countable, then p[i(S)] C U and
pli(T)] CR\U.

Then we say that N is a coarse (k,U)-Woodin mouse, as witnessed by
S, T,%, 80, .., 0.
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Using the extender algebra, it is easy to see that in the situation of the
preceeding definition,

U= U{p[z(S)] | i: N — P is a countable iteration by ¥}.

Let A C R, say (in general, think of A as C R’ for some i < w). Recall
that A is (a—) Suslin if A is the projection of a tree 7" on w X a (written
A = p[T]). A is said to have a scale if there is a sequence (¢,: n < w) of
norms on A, i.e., p,: A — OR for all n < w, such that whenever (z, : k < w)
is a sequence of reals in A converging to x such that for each n < w, ¢y, (xg)
is eventually constant as k — oo, say with eventual value a,, then x € A
and p,(x) < ay for each n < w. Often, the following tree from a scale
construction is very helpful. If (p,: n < w) is a scale on A, then we may set

(s, (an:n <Ih(s))) € T iff Jx D s Vn < Ih(s)pn(z) = an.

Then T witnesses that A is Souslin, i.e., A = p[T], and if x € A, then T,
has an honest leftmost branch f, (i.e., Vg € [T4]Vn < wfz(n) < g(n)). fu is
defined just by fz(n) = ¢n(z) for n < w.

Let I be a pointclass, i.e., a collection of sets of reals. A is then said to
have a I'-scale if for every x € A, the relation (in y, n)

y e AN fy(n) < fo(n)

is in A(x), uniformly in 2.2 Finally a pointclass I is said to have the scale
property if every A € I admits a ['—scale.
Our inductive hypothesis now is

(WZ) Let U be a subset of R, and suppose there are scales ¢ and ¥ on U and
R\ U respectively such that qg*, 1;* € Jo(R), where ¢* and ¥