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Abstract
We review the construction of the extender algebra, a Boolean algebra
which is due to Woodin, with §-many generators. The resulting genericity
iteration is applied to prove a new X3-absoluteness theorem for c.c.c. forcings
with ordinal parameters. We also introduce and discuss sets of ordinals that
extend to a class with unique condensation.

This paper mostly deals with the extender algebra, a Boolean algebra which was
discovered by W. H. Woodin and the absoluteness results one can obtain using the
extender algebra. Given any model M that contains a Woodin cardinal , one can
construct the extender algebra Wy in M. If M is countable and sufficiently iterable,
then given any x C w, one can find an iteration map j : M — M™* such that z is
generic over M* for j(Ws). This iteration is known as a genericity iteration. More
generally, if P is any notion of forcing and if 7 is a name for a real in V¥, then there
isin V an iterate M* of M, such that regardless of the choice of a G C P which is
generic over V we have that 7¢ is generic over M*. These statements are due to
Woodin. They are a key technical tool for producing some of the deepest insights
made by contemporary pure set theory.

This paper is meant to be mostly a survey article which also presents a collection
of new results.

We will carry out the construction of the extender algebra for a model with a Woodin
cardinal § in Section 2. There are two variants of this construction: the one with
w-many generators (intended for making subsets of w generic) and the one with
d-many generators (intended for making subsets of w; generic). The former one is
presented in [Ste], and the latter one is also written up in [Far].! These genericity
iterations are applied to prove Woodin’s ¥2-absoluteness Theorem 4.1 (see also the
discussion in the following section) and a new Y2-absoluteness theorem for c.c.c.
forcings with ordinal parameters, Theorem 5.3.

In Section 6 we introduce and discuss sets that extend to a class with unique con-
densation: A C wy extends to A* with unique condensation if A* is class of ordinals
such that A* Nw; = A and for all uncountable cardinals &

if A > k is a sufficiently large regular cardinal, then there is a club
C(A*, K, A) of countable substructures X < H) such that A* Nk € X
and

ANk =A*Nk,

*Both authors gratefully acknowledge support by DFG grant no. SCHI 484/3-1. This article
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where 7 is the inverse of the collapse of X and 7 (%, A* Nk) = K, A*.

We analyse the sets that extend to classes with unique condensation in detail and
construct non-trivial examples. We show that these sets can trivialize in the fol-
lowing sense: granted large cardinals in V' and an iterability assumption, we show
that every set with a uniquely condensing extensions is constructible from a real.
See Theorem 6.15 for the precise statement.

We will also show that given a sufficiently iterable model M with a measurable
Woodin cardinal and a name 7 for a subset of w; that extends to a class with
unique condensation, we construct a genericity iteration of M of length w; such
that all interpretations of 7 are generic over the final model. We show that if 7 is
the name related to a reasonable forcing extension, then such a genericity iteration
behaves like genericity iterations for reals, see Lemma 6.17. We apply this Lemma
to show two absoluteness results, Theorem 6.26 and Theorem 6.25.

1 Introduction to absoluteness for L(R)

In this section we will review some results about forcing absoluteness for L(R).
Woodin has shown the following ¥2 absoluteness with respect to forcing extensions
of V', Theorem 1.1.

In the statement of Theorem 1.1, M¥,  is a fine structural premouse that contains a
measurable Woodin cardinal. The paper [Ste] discusses such fine structural premice
and their iterations. However, fine structure will not play any role in the current
paper. The reader may think of M?!  as a countable transitive model (M;e,U)
such that

w

(a) M is a model of ZFC™ with a largest cardinal, say ,

(b) (M;U) |= “U is a measure on k witnessing that « is a measurable cardinal,”
and

(¢) M E “k is a Woodin cardinal.”

Models with measurable cardinals may be iterated. A model (M;€,U) as above is
wi + l-iterable iff there is a strategy ¥ such that if 7 is an iteration tree of limit
length A < w; which is according to X (i.e., for all limit ordinals A < A, ¥ was used

to choose the branch in 7 through 7 | A), then ¥ yields a cofinal well-founded
branch through 7. For details, see [Ste].

Theorem 1.1 (Woodin) Suppose ME,, exists and is (w,wy + 1)-iterable in all set
forcing extensions. Assume CH holds. Let P be a notion of forcing and let G C P
be V -generic. Let z be a real in V. If in V[G]

JA C RVICILRYIC, A) |= ¢(4, 2),

then in V
JACRVL(RY,A) = 6(4A, 2).

Furthermore if CH holds in V¥, then the converse is true.

The existence of M}, was not the original hypothesis of the %2 absoluteness
theorem 1.1. Woodin’s first proof used class many measurable Woodins and the
stationary tower forcing. We will give a full proof of the above theorem, see Theorem
4.1.

2Here, ZFC™ is ZFC without the power set axiom



It is natural to ask if one can add ordinal parameters to the statement of the above
theorem. Woodin studied a class of forcings larger than the reasonable forcings: A
poset P is called weakly proper iff for all ordinals a, ([a]*)V is cofinal in ([a]*)"".
The conclusion of the following theorem is more general than the conclusion of the
Embedding Theorem from [NZ01]. A set of reals A is weakly homogeneously Suslin
iff A admits a tree representation via a homogeneity system of measures.

Theorem 1.2 ([Wo0099, 10.63]) Let P € Vs be a weakly proper notion of forcing.
Assume A C R, L(A,R) = AD3 and every set in P(R) N L(A,R) is §-weakly
homogeneously Suslin. Let G C P be generic over V. There is then an elementary
embedding

jG : L(A,R) — L(Ag,Rg)

such that jo(a) = a for all ordinals a.

In the statement of Theorem 1.2, A is < J-universally Baire, so that it makes
sense to consider the natural reinterpretations Ag, Rg in the forcing extension
VI[G].

Woodin has shown relative to large cardinals that there is a semiproper forcing
extension V[G] of V such that

jG : L(R) — L(Rg)

is not the identity on the ordinals. So one cannot hope to generalize the above
theorem to a larger class of forcings.

Another result in this direction due to Woodin is the following theorem published in
[Wo005]. We state it with the reduced large cardinal assumption Larson obtained
in [Lar04, Theorem 3.4.17].

Theorem 1.3 (Woodin with stronger hypothesis, Larson) Let I',p denote the
class of universally Baire sets. Suppose there is a proper class of Woodin cardinals.
Suppose & is supercompact and Vsii1 is countable in V[G], G set generic over V.
Let V[G][g] be any set generic extension of V[G]. Then

1. P(R)NL(R,T,5)VIE = FL/J[BG]’
2. P(R) N L(R,T,5)"6lle) = 0V Gl

3. (FZ]_[;G])ti C (Fxgc][g])ﬁ’ where each set in FZ}[BG] is identified with its reinter-
pretation in V[G][g].

The above theorem says that the theory of L(R,T,p) is sealed with respect to
set forcing and hence generalizes the X2 absoluteness for L(RR).
All the above theorems are shown with modern set theoretic methods. Stationary
tower forcing is one way to show 2 absoluteness for L(R) and is also used to show
the above theorem. The second way to show ¥7 absoluteness for L(R) is the extender
algebra; also the Embedding Theorem is shown using the extender algebra. Besides
stationary tower forcing and the extender algebra there is yet another method to
show %7 absoluteness for L(R): Todoréevié¢ imitated the stationary tower proof by
Levy collapsing a measurable Woodin cardinal to ws. In such a Levy collapse a
wo-saturated ideal on w; exists and one can force with this ideal. A detailed proof
of ¥2 absoluteness has been published by Farah in [Far07].
In the literature there are other variants and extensions of %% absoluteness. For
example one can enrich the language and add predicates for universally Baire sets

3AD is the Axiom of Determinacy.



of reals; see [FL06] and [FKLMOS] for such a result and other extensions of Y%
absoluteness.
In this paper, we shall prove:

Theorem (Theorem 5.3) Suppose M}, exists and is (w, k + 1)-iterable. Assume
CH holds. Furthermore assume P is a c.c.c. forcing of size k. Let G C P be
V -generic. Then
VEIJACR: LR A) E ¢4,z d)
if, and only if,
VIG] =34 c RVIC: LRV A) = ¢(A, 2,@).

Here z is a real parameter and & are finitely many ordinal parameters.

Note that it is not possible to substitute c.c.c. by w-closed in the statement of
the above theorem: let G C P = Col(wy,w2) be V' generic. Then the following
statement in parameters w} and wy is true in V[G] but absurd in V:

JA c RVIE: L(RVIC A) = A codes a surjection from w} onto wy .

So we turn to more restrictive subsets of wi: the sets A C w; that extend to a class
with unique condensation. We develop a genericity iteration for z C wy in (reason-
able) forcing extensions that extend to a class with unique condensation and use
this genericity iteration to show a weak absoluteness result.

These subsets of wy can trivialize: granted a large cardinal hypothesis and an iter-
ability hypothes, then every A that extends to a class with unique condensation is
constructible from a real, see Theorem 6.15.

The referee pointed out to us that in [FL06] the conclusion of Theorem 5.3 was de-
rived for any poset P and predicates for universally Baire sets and the nonstationary
ideal on w; from the existence of a proper class of measurable Woodin cardinals.

2 The Extender Algebra

We begin by recalling the Lindenbaum algebra and some basic facts. Then we will
construct the extender algebra.

Definition 2.1 For a cardinal 6 and an ordinal 8 < § let Lg 5,0 be the propositional
logic with 8 many propositional variables a¢, & < 3, allowing conjunctions /\E < P
for all kK < 4. In addition to the axioms and rules for finitary propositional logic we
have for all n < k < 0 and all (¢¢;§ < k) the abbreviation

\ ¢e=- N\ o,
(<K E<k

the axiom

/\¢£_>¢n

E<k
and an infinitary rule of inference for each x < §

from I ¢ for all £ < & infer - /\ ¢¢.
(<K

Every & C B naturally defines a valuation v, for Lgso via vz(ag) = true if, and
only if, { € xz. For ¢ € Lg s let

Ay ={z C Bz = ¢}
If T C Lgsp is a theory, we set Ap ={z C B,z E=T}.



Note that = = ¢ is absolute between transitive models of ZFC containing = and
¢; in particular collapsing ¢ to w makes no difference.

Lemma 2.2 For every ¢ € Lg s the following are equivalent.
1+ o
2. Ay =P(B) in all generic extensions.
3. Ay ="P(B) in all generic extensions by Col(w, d).

Furthermore: for every theory T C Lgso and every ¢ € Lgso the following are
equivalent:

1. Tt ¢.
2. Arugey = A7 in all generic extensions.

8. Arugey = Ar in all generic extensions by Col(w, §).

Proof. We only show the first part since the characterization of T ¢ has almost
the same proof. It suffices to show 1. = 2. and 3. = 1. Let us suppose that
F ¢. Since F ¢ is upwards absolute, it holds in all generic extensions. So we need
to verify the correctness of Lg s, 1ie. F ¢ = x = ¢ for all  C f. We omit this
argument since it is an easy induction on the rank of the proof for ¢.

So let us suppose that A, = P(8) holds in all generic extensions by Col(w,d). We
assume that F ¢ fails and construct a forcing of size § that adds an x C 8 such
that x [~ ¢. Since the forcing we are going to construct completely embeds into
ro(Col(w, d)), this will suffice.

Let P={p C Lgso; pt ¢ A Card(p) < ¢} ordered by reverse inclusion. For p € P
and ¢ € Lg 50 we claim that either p U {¢} or p U {—¢} belongs to P. Otherwise
we would have p - ¥ — ¢ and p - -t — ¢. Hence, by elementary inference rules,
we have p - ¢, contradiction to p € P! So the set Dy, = {p € P; ¢y € pV ¢ € p}
is dense in P, and hence every generic I' C P is forced to be a complete theory
such that I' i/ ¢. In V[I'] define r C 8 by £ € zr if, and only if, ag € I'. Then

Let Bg 5,0 be the Lindenbaum algebra of Lg 5,0, i.e. we set

p~Y it Foory
and let [¢] denote the ~-equivalence class of ¢. Let
¢<yiff -¢—,

we then set Bgso = ({[¢]; ¢ € Lgso}, </ ~).
For a theory T we define the quotient Lindenbaum algebra Bg 50/ as follows:

pr~r YT TE @)
and let [¢]r denote the ~p-equivalence class of ¢. Let

p<rpift TH¢—
then By s0/T = ({[¢]r; ¢ € Lgso}, <1 / ~1)-

Lemma 2.3 For every theory T if Bgso/T has the 0-chain condition, then
Bgs0/T is a complete Boolean algebra.



Proof. Bgs, is d-complete, since for any x <

Seanlde] = [\ ¢¢li

(<K

the same clearly holds for Bgs0/T. Let X C Bgs,0/T. We have to show that XX
exists. Fix an antichain Y that is maximal with respect to the following property:
if z € X, then there is some y € Y such that y < z. By the §-chain condition, Y
has cardinality < §, hence XY exists. It is easy to verify that XY = ¥ X. O

For x C 3 such that = = T define an ultrafilter T';, C Bg5,0/T by

Iy ={[¢lr; = = ¢}

Note that T', is well-defined on the ~p-equivalence classes since x = T. For a
generic I' C Bg 50/ we also set r = {£ < J; [ag]r € T'}. Then I';. =T and it is
also not difficult to check that zr, = x for any z such that = E T.

Lemma 2.4 Let § be an ordinal. Assume M is a transitive model of ZFC —
Powerset + “P(§) exists” such that for some T € M the Boolean algebra Bgso/T
has the §-chain condition. Then for every x C [ such that x |= T the filter T, C
Bgs0/T is generic over M. In particular, since I'y and x are interdefinable, x is
generic over M.

Proof. Fix x C B, x |=T. Assume {[¢¢]; £ < Kk} is a maximal antichain of Bg 5¢/T
that belongs to M. By Lemma 2.2 it suffices to verify x € Apyyg,) for some £ < k.
Assume otherwise. Let G C Col(w, §) be V-generic. Note that G is also M-generic.
Let {¢n, ; n € w} be an enumeration of {¢¢ ; £ < £} in order type w in M[G] C V[G].
Since the statement “there is an « C 3, « = T such that x [~ ¢, for alln < w” is a
%1 statement true in V[G], it is also true in M[G]. Therefore Col(w, §) forces over
M that there is an « C 8, = T such that x }£ \/§<n ¢¢. Hence by Lemma 2.2 the
sentence —|\/5 <r Q¢ is consistent with 7. This statement is absolute and holds in
M, contradicting the maximality of the antichain. O

We now define the extender algebra relative to a sequence of extenders E. For
details regarding extender sequences, premice and other concepts of inner model
theory we refer the conscientious reader to [Ste]. Given a premouse M one can
define an iteration game for M. Such a game exists for all ordinals . In an
iteration game of length a two players construct an iteration tree T of length «
on M7 = M. For each node £ in the tree there is a model M;, and the models
at each direct <7-successor of a node 3 are obtained by forming an ultrapower of
(an initial segment of) ./\/lg with some extender. These extenders are chosen by
player I at successor stages of the game. Player I only plays at limit stages. It
is player II’s responsibility to pick well-founded branches through the tree at limit
stages; i.e. the direct limit of the models along the branch is well-founded. An
(w, a)-iteration strategy X for M is a winning strategy for player IT in the iteration
game of length a. So ¥ tells us what branches to pick. We will then choose player
I’s moves to obtain an iteration. A premouse is (w, a)-iterable if there is an (w, «)-
iteration strategy.

Note that the extender algebra can also be defined for “coarse” iterable models with
Woodin cardinals, see [Far]; in this case iterability refers to the concept in [MS94].

Definition 2.5 Let M = (J,[E]; €, E, E,) be a premouse such that M = § is
Woodin, let 8 < § and let ¢ < p. Then T(E I¢,B8) C Lg,s, is the theory containing



the axioms

V 6o o\ in((0e:€ < K)o

a<k a<A

for E on the sequence E | ¢ such that crit(E) = x < \, and v(E) is a M-cardinal
such that ig({(¢¢; € < K))[A € ju/\(/}lz)'

If § = ¢, we will simply write T'(E, 8) for T(E | 6,8). We will call Ws(E,3) :=
Bgso/T(E,B) the extender algebra of E with B-many generators. If 8 = § = (,

— —

then we will write Ws(F) and T'(E) respectively.

Note that the extender algebra of E with £ many generators exists in M. If 8
and E are clear from the context, we will omit them. Also note that the extender
algebra only depends on E [§ and not on the whole sequence FE.

For us the most interesting case is 8 = §. The extender algebra with d-many
generators is used to make subsets of w; generic. Sometimes it is convenient to use
the extender algebra with less than § many generators; we will especially need the
case with w-many generators to make reals generic over iterates.

Another well known trick is the following: one can restrict the extender sequence
E such that only extenders with critical point > x for some kK < § appear on E. It
is not difficult to see that it is possible to restrict in such a way, that the restricted
sequence still witnesses that ¢ is Woodin. We cannot hope that the restriction of
E is a fine extender sequence in the sense of [Ste].

Note that the extender algebra has atoms: for less than § many generators this is
easy to see. In the case of §-many generators, look at the L; ;o statement ¢ :=
/\E <r @¢, Where £ is a cardinal strong up to ¢ such that this strongness is witnessed

by E. Forall k < A < 0 we have, using the axioms induced by extenders with

critical point &,
TE)E\ ¢ V(N ao)
£<k E<X E<X

SO

T(E)F ¢+ )\ ac

E<A

Hence the condition [A_, a¢ly g is an atom, since A,y a¢ € [Aeo, aclpz) for
k< A<9.
Let us recall some notation for iteration trees. Let T = (o, <7) be an iteration
tree of length « in the sense of [Ste], then MZ; denotes the Sth model of this tree.
The set [8,7]7 is the branch through 7 from S to v. If 4 is a T-successor of f,
then there is an iteration map jgﬁﬁ : MZ; — ./\/l;r If an extender was picked to
continue the iteration at stage 3, then we denote this extender by EﬂT Any notions
left undefined are to be found in [Ste].

3 The Genericity Iteration

The proof of the following theorem produces some of the key technical tools for our
later applications, in particular fro Theorem 4.1 and its variants. Theorem 3.1 and
Corollary 3.4 are also shown in [Far]. The paper [FLO06] also contains results which
will be shown below.

Theorem 3.1 (Woodin and Steel independently) Let I = (J, [E); €, E, E,) be a
sound premouse that is active and has a (w,wy + 1)-iteration strategy ¥ such that E
witnesses the measurability and Woodiness of 6 in M. Let W5 := Ws(E,§) denote



the extender algebra ofE with § many generators. Let x C wy. Then there is an
iteration tree T on M of height wy + 1 such that ig?wl M — ./\/lZJ—1 such that x is

ig:wl (W5s)-generic over M7 .

Note that if z C w; i.e. the situation when the extender algebra is only con-
structed with w-many generators, then the measurability of § is not required, see
[Ste, 7.14]. The proof we are about to give mainly follows the proof of [Ste, 7.14];
the notes [Far] were also very helpful.

Proof. The extender algebra W is built using extenders witnessing that d is Woodin;
we will make use of this fact in the following claim:

Claim 1. Wy is é-c.c. in .

Proof of Claim 1. Working in 9T we pick a set A = {[¢5]T(E) ; € < 0}. We have to
show that A is not an antichain. Let k < § be (¢¢; & < 6)-reflecting and let this fact
be witnessed by E. Let v be a cardinal such that (pe;€ <k +1) € J and let F
on E witness the reflection of x at this v. Let E be the trivial completion of F'[v.

Then
in(\/ ¢)1(k+1) =\ de.

E<r E<k

Hence

T(E)F \/ ¢ < \/ o

<k <k

and hence also .
T(E)F ¢n — \/ ¢

(<K

Reformulating this fact gives [QbR]T(E) < Vecn QSE]T(E). So A is not an antichain.
O(Claim 1)

By Lemma 2.3 W;s is a complete Boolean algebra. In general an arbitrary y C 6
will not satisfy T'(E). We will produce a normal iteration tree 7 of height wy + 1
such that for if , : 9 — M7

ig , (0) =w; and z = ig:wl (T(E)),

0,(4.11

for a fixed  C wy. If we achieve this, then by Lemma 2.4 the set « will be j(Wjs)-
generic over /\/lZ:1

There is a normal measure U on § such that U’s trivial completion appears on E.
Let us assume that U’s index is minimal; i.e. the trivial completion of U is E¢,,
where (y is minimal among all ordinals ¢’ such E./ is the trivial completion of a

normal measure on §.
Let iy : 9 — 9 ~ Ult(IM, U) and let F denote the extender sequence of M. The
model 9 can see a part of iy (T(E)): the coherence of M’s fine extender sequence
implies = B

F1¢ =E[C.
So if F, is an extender on E with a < ¢o and crit(E) = k, then E, = F,; hence
every axiom of the form

V ba &\ ie((¢6:€ < K))as

a<k a<A

with ip, ((¢¢;€ < K)) |

PSS Jl??];a) is in M. We introduce a notation for this
expanded theory: set T(E)*

=T(E 1o, o)



We now recursively construct the iteration tree 7 for a fixed z C w;. Before giving
more details we outline our plan: we will show that for club many v < w; we have

zNig -, (0) Eif (T(E)).

We call such a v a weak closure point. At a weak closure point v we would like to
use the trivial completion of igj,y(U ) to continue the iteration, but we need to ensure
that the resulting iteration is normal. For this we define: ~ is a closure point, if
there is no extender with index < iOTW (Co) that induces an axiom not satisfied by
N ’ig:,y (¢o), or equivalently:

Mg (Go) | i, (T(E)*).

Clearly every closure point is a weak closure point. Moreover we will show in the
end that there are also club many closure points. Note that this is not trivial: using
the agreement of models in an iteration tree, it is not difficult to see that limits of
closure points are weak closure points, but in general such limits are not closure
points.

We now give more details how to iterate away the least extender which induces an
axiom not satisfied by x. Set MJ = 90 and suppose 7 on M has been constructed
up to some countable stage J3; furthermore suppose that D7 = (), i.e. the tree has
not dropped. If 8 is a limit ordinal we use the strategy X to continue the iteration.
If 5 is a successor there are two cases: if § is a closure point, then we continue the
construction of 7* by picking (the trivial completion of) the least normal measure
witnessing that iOT,B(‘S) is measurable.

The second case is: 3 is not a closure point. Let E be on the M g-sequence such
that E induces an axiom of 2'07/5(T(E))+) not satisfied by x, and such that 1h(E)
is minimal among all extenders on the Mg sequence with this property. We set
ET = FE and use E according to the rules for w-maximal iteration trees to extend
T one more step. Note that 1h(FE) < ioT,g(Co) in this case.

The following is easily verified: if an extender E an axiom ¢ false of x, then ig(¢) is
true of x, where ig is the ultrapower formed with F. In this sense we iterate away
false axioms.

We check that all moves are valid in the iteration game. For this we must check
that v < 8 = lh(EWT) < lh(E;_) to see that F is a valid move of player I in the
iteration game. There are four cases:

(1) Ify and 3 are closure points, then Ih(ET) = Ih(if . (U)) = if (o) < id 5(¢o) =
(i ,(U)) = Ih(ET).

(2) If B is a closure point, then an easy induction, using the definition of closure
point, yields that lh(Eg—) = ig:ﬁ (¢o) is an upper bound for the length of all
extenders used at stages < 8 (note that (1) is a special case of (2)).

(3) Now suppose neither v nor 8 is a closure point. Suppose the implication does
not hold for v < 3. The agreement of models in an w-maximal iteration tree
implies that Eg is on the sequence of MI We show that I/(Eg—) is a cardinal

of ./\/l;r: v(ET) is a cardinal of ./\/lA/T and any cardinal < Z/(E,Z—) of Mg is a
cardinal of M7. By our assumption V(EZ;) < lh(EZ;) < lh(Ez_) and there
are no cardinals in the open interval ]V(EI), lh(E:’Y—)[, SO V(Eg) < Z/(E:/r) is a
cardinal in ./\/lz/_ So clearly the false axiom induced by EﬁT is also induced in
MZ/— But this contradicts our choice of E,Z’ , since lh(E;r ) was not minimal.

(4) Now suppose 7 is a closure point and at stage 8 > v we used the extender Eg
to iterate away a false axiom. Like in (3) we suppose towards a contradiction



Ih(E]) <1h(ET). Then the argument for (3) yields that E7 is in M7, so in
fact lh(Eg) < lh(EI ). Moreover EﬁT also induces in Mz an axiom false of z,
but then + is not a closure point! Contradiction.

We must check that [0, 8+ 1] does not drop; that is Eg measures all subsets of its
critical point x in the model MI to which it is applied. In the closure point case
this is clear. In the other case this is true because x < V(EZ_% Z/(E,Z—) is a cardinal
of /\/lzy—, and ./\/lg agrees with MI below V(E;r) This finishes the successor step of
the construction in both cases.
Set M* = M7 and let b = [0,w;]7 denote the branch that yields M*. We now
show that b contains w; many closure points.
So suppose not and aim for a contradiction, say the closure points are bounded
by some (. Let H, be large enough such that z,7,9,%,¢( € H, and pick some
countable, elementary

m:H — Hp,

such that H is transitive and ¢ < 7 := crit(7) = wil and all the objects mentioned
are in the range of m. Let m(7T) = T and set v = crit(r) = wil. Set §* = igjv(d)
and (* = ig;/ (o). Like in the proof that the comparison process terminates we get
the following claim.
Claim 2. We have

MT MT
V"/ Y — V’y Y
and - -
M T M
iV, 7 =ty [V,

O
Let 5+1 € b be the T-successor of 7. Because the critical points of the extenders
used along b are increasing, we have crit(Eg) = crit(i] , ) = . Also we have an

K ’Y,wl)
ax1011
V o ¢ inr(\/ é) 1A

<y <y

of igjﬁ(T(E')Jr) induced by Eg that does not hold for N ¢*. The falsity of this
axiom means that the right hand side is true of z N {*, but the left hand side is not.
But now VE <y Peis essentially a subset of 7, and therefore, by the agreement of the

models of the iteration, contained as an element in MI Recall that A < V(E?{);
since generators are not moved on T

igr(\/ de)IN=1i],,(\/ o) Ix=m(\] o)1\

<y <y E<y

Now v < ¢* and x N (* P~ \/£<7¢5 implies that :1-707 = \/§<7¢5. Since x Ny € H
and m(z Ny) = z, we have z j~= m(\/,_ ¢¢). This contradicts the fact that z N ¢*
satisfies the initial segment iEBT(V£<'y ¢¢) [ A of this disjunction. In other words
is a closure point: contradiction!

So b contains uncountably many closure points (in fact club many, but we have
no use for this fact here), hence the least normal measure on § witnessing the
measurability of ¢ (resp. its image) was used wi-many times. For a closure point +,
note that z N ioT,—y (0) = ig?,Y(T(E)), sox = zgv(T(E)) Also note that the existence
of unboundedly many closure points in b implies i&w L (0) = w1. We need to show
xE ig:wl (T(E)), i.e. wy is a weak closure point. For this fix some ¢ € 08, (T(E)).
Clearly there is some 1 and some closure point v € b such that i?Yjwl (v) = . But

since 1 € ig:v(T(E')), it is basically a bounded subset of iOTﬂ(é) = crit(izijl), hence

1 =1). Since x N ig?v(é) = v clearly = = 1. O
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We will call an iteration as above a genericity iteration. In the following we
will refine the concept of genericity iteration. Note that the argument above for
z =i, (T(E)) also yields that limits of closure points are weak closure points and
moreover that the weak closure points are club in wy.

3.1 First applications of genericity iterations

We use genericity iterations to present Corollary 3.4, an absoluteness argument due
to Steel and Woodin independently; this is not the most general result though, but
the proof is quite easy to grasp. We will refine the argument later to add more
parameters and to obtain ¥2 absoluteness, see Theorem 4.1.

Definition 3.2 Let 2 C OR and let E be a fine extender sequence over r. We

let ME,, (x) = (Jg (x)E, €,2,E| B, Eg) denote the minimal sound z-premouse that
satisfies the following properties:

1. M}, () is active, i.e. Eg # 0, and crit(Eg) > 6,
2. M}, (z) has a (w,w; + 1)-iteration strategy ¥,

3. E witnesses the measurability and Woodiness of 4.

Note that we demand that the witnesses for the measurability and Woodiness

of § are on E. We can describe the top measure of M? : we do not prove the

following fact, it follows from the minimality of Mf,,. If M{, () = (Js(x)F;€
,:C,E I B, Eg), then on E | B there is no extender witnessing the measurability
of M, (x)’s measurable Woodin; Ej is in fact the only extender so that Ej is the
trivial completion of a normal measure on §. Furthermore, since we use the indexing
of [Ste], 8 = §HHUI(ME,(2).B5)  Without a proof we state the following fact that we
will make use of without further notice:

Remark 3.3 If M} := ME () exists, then ME  (z) exists for every x C w.

The key ingredients to show the above are the following: first one observes that
even without the least Woodin cardinal 7 of MY, there are measure one many
Woodins in M}LW, say the thinned out sequence of extenders with critical point > n
is called F. Then one performs a genericity iteration to make = generic over some
iterate of ME  for Wy, where W), is constructed with w-many generators. So in
the generic extension containing z (the image of) F witnesses that there is still an
iterable system of extenders.

Contemporary inner model theory has not yet been able to construct M¥,, under
any hypothesis.

Notice that the next theorem goes beyond Shoenfield’s Absoluteness Theorem due
to the requirement that sup(X) = w; (i.e., that X be an unbounded subset of wy ).

Corollary 3.4 (Woodin and Steel independently) Suppose Mt exists and is
(w, w1 +2)-iterable. Let ¢ be a statement in the language of set theory with one free
variable. There is a statement ¢*, definable from ¢ in a uniform way, such that

AX Cwy : (sup(X) = w1 A LIX] = ¢(X))

if, and only if,
M, = 6"

11



Proof. Let & be the measurable Woodin cardinal of M},,. We will define ¢* in a
moment. Suppose L[X]| | ¢#(X) for some unbounded X C w;. If necessary we
modify ¢ and X a little so that L[X] | w; = w). By Theorem 3.1 there is an
elementary map j : M — 9 such that j(§) = w; and X is generic over I*.
Then 99* has a top measure U and the critical point of this top measure is j(§) = w;.
Let h : DU = Ult(M*, U) and note that the extender U must be applied to 91* by
the rules of the iteration game. Since VU??** = V(f'?*, we have that X is also generic
over M**. Because h(wy) is still measurable in M**[X], we have that h(w;) is an
X-indiscernible. So

Lh(w1)[X] ': ¢(X)
In 1%, the existence of an X, such that X is generic for the extender-algebra W,
and Lp,)[X] F #(X) in the ultrapower with U is a first order statement in the
paramters wy and U, call it ¢*(w1,U). By elementarity ¢*(6,U) holds in M},
where U is ME,,’s top-measure.

For the other direction pick some G' C Ws, G € V that is generic over M#  such

] 1
that for some Y C w{VI"“W[G] unbounded in wymW[G]7 Y € M}, [G] and Y is a witness

for ¢*, say p € G is a condition that forces Y is a witness for ¢*. Then we iterate
M}, linearly wi-many times using only its top measure on §. We need to apply
the technique we call “piecing together end-extending generics” from the proof of
Theorem 4.1; since we give a very detailed and far more general version of this
technique there, we omit the details of this construction and just sum up the result.
Set Gg = G. For each countable iterate 2; of M}LW, 1 < wq, obtained by linearly
iterating, we have a generic G; C jo;(Ws), where jo; : ME,, — 90; is the iteration
map. For i < j the generics G;, G; end-extend each other, i.e.: G; C G;. Then
G, = U{G;; i < w1} is generic over M,,,. We have p € G,,,, so Y,,, has the desired
properties, where Y, is calculated from G, in the same way as Y was calculated
from G. O

We then have the following obvious corollary which looks like a bounded forcing
axiom, except that it lacks interesting parameters.

Corollary 3.5 Suppose ME  exists and furthermore suppose that the (w,w; + 1)-
iterability of M}, is preserved in all generic extensions. Then for every forcing P

and every Ag statement ¢ with one free variable
P
HY E3X Cwi(sup(X) = wiA¢(X)) = He,, E3IX C wi(sup(X) = wiAd(X)).

]

The above corollary is suboptimal. With different methods one can show far
more than the above corollary using a weaker large cardinal hypothesis: in [FLO6,
Theorem 5.2], assuming the existence of two Woodin cardinals but not the existence
of ME , a similar absoluteness result is shown using a more expressive language as
in the corollary above. The language in [FL0O6, Theorem 5.2] in addition contains
a predicate for NS, and predicates for all universally Baire sets of reals, as well as

constants for every member of H,, .

3.2 Adding parameters

We now explore what parameters one can reasonably hope to add to the statement
of the above corollaries. The arguments to follow are blueprints which can be
applied for example to add parameters to the statement of Theorem 4.1. Let us
first consider a real z: if we demand that MY, exists then we have remarked that
M}, () exists.

12



Corollary 3.6 Suppose M?, , exists. Let z be a real and suppose that in all generic
extensions M (2) is (w,w; + 1)-iterable. Then for every forcing P and every Ag
statement ¢ with two free variables

HY | 3X Cwi(sup(X) = wiAd(X,2)) = Ho, | 3X C wi(sup(X) = wiAe(X, 2)).
O

We now study parameters for which forcing names exist in some generic exten-
sion of M, (z). We need some notation first.

Definition 3.7 For S C wy let code(S) = {z € WO; ||z|]| € S}. Aset AC R is
closed under ordertypes if € ANWO and ||z|| = ||y|| for some y implies y € A. Let
A C R, we then set decode(A) = {a < wy; Iz € ANWO : ||z|| = a}. Let M be a
(w, w1 + 1)-iterable premouse that contains a Woodin cardinal § and let A C R. We
say a term for a set of reals 7 € M) captures A if for all countable iterations
m: M — M* and all g C 7(Col(w,d)) generic over M*, g € V,

m(T)y = ANIM*.

We will say that S C wy is captured by T € MU <O) pyer M if for all iterations
m: M — PM* such that 7(§) = w; and for all g C m(Col(w, < §)) generic over M*,
gev,

(1) NWO = code(S) N M*[g].

Note that equivalently we could say
decode(n (1)) = SN wim*[g]

in the last part of the definitions above. Moreover note that in the presence of large
cardinals lots of definable sets can be captured.

Lemma 3.8 Let 9 = (Jg[E]; e E, Eg) be a sound premouse that is active and

has a (w,wy + 1)-iteration strategy ¥ such that E witnesses the measurability and
Woodiness of §. Furthermore assume that S C wy is captured by T over M. Let ¢
be a statement in the language of set theory with two free variables, then

IX Cw; : LIX, 5] E ¢(X,S)
if, and only if,
Ip e WP pIF™ 3X C 6 1 Lo[X,decode(T)] = ¢(X, decode(T)),

where Kk is the critical point of the top measure of 9.

Proof. The proof is similar to the proof of 3.4. First assume L[X,S] E ¢(X,5)
for some X C w;. Then produce a genericity iteration w : 91 — 9 such that
7(8) = wy and X is 7w(Wj)-generic over M*. So 7(7)X NWO = code(S) N M*[X]
by our hypothesis. So S € M*[X]. Then by (X, S)-indiscernibility of 7(x)

L[X’ S]w(ra) ): ¢(X’ S),

where & is the critical point of the top measure of 1. It remains to appeal to the
elementarity of 7.

The presence of 7 does change the proof of the other direction. We need to piece
together end-extending local generic objects for the other direction. Since a more
complex argument of this type is given in the proof for 4.1, we omit it here. O
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Unfortunately there are serious restrictions on the complexity of a parameters
S such that code(S) is captured.

Lemma 3.9 Let S C wy be such that code(S) is captured by some T over some
countable sound premouse M that is active and (w,wy + 1)-iterable. Then

1. there is a Al-set A such that S = decode(A);

2. if furthermore sharps for all reals exist, then either S or wy \ S contains a
club.

Proof. We show how to calculate A C WO with the desired properties. For this let
us fix a a cardinal § € 9t such that there is a total measure U on §. Let z € WO,
say ||z|| = a. Pick a countable linear iteration 7 : 9t — 9* that is obtained using
only U and its images such that m(6) > a. In V pick a g C Col(w, < 7(d)) generic
over M*. If z € M*[g] then by the choice of T

ren(r)! < aeb.
So we define A such that x € A if and only if

VaVglpo(m, U, M) A () > ||x|| A p1(m,9,8) —
Jy e WO NIM™ : [Jy|| = [|z|| Ay € m(7)7],

here ¢o(m, U, M) expresses that 7 is a linear iteration of 9 using only U and its
images and ¢4 (m, g, ) expresses that g is Col(w,7(d)) generic over the last model
of the iteration 7 and 2* denotes 7’s last model.

We can also calculate A in the following fashion: x € A if and only if

In3g[po(m, U, M) Aw(0) > ||z|| A ¢1(m, g, 0)A
(Fy e WONIM* : |yl = [[z]| Ay € m(7)7)].

By choosing a nice coding we see that the first formula defining A is IT3(z) where z
is a real coding (9,8, U) and the second is 33(2). Hence A is Al(2).

This clearly implies that S is constructible from the real z. If 2% exists, then there
is either a z-indiscernible in S or in wy \ S, hence there are either club many z-
indiscernibles in S or in wy \ S. O

This shows that we cannot hope to capture (a code for) a stationary and co-
stationary set if we have sharps for reals. Also we cannot capture a ladder system
for wq, since such a system would allow to partition w; into wi-many stationary
sets (a ladder system is in fact the amount of choice one needs to calculate such a
partition).

4 Y2 absoluteness

We now work a little harder to obtain %7 absoluteness which was first shown by
Woodin using the stationary tower forcing. Our proof differs substantially from
Woodin’s first proof and uses genericity iterations instead of the stationary tower.
The proof we are going to present is due to Steel and Woodin independently. The
paper [Far| also contains a writeup of this result.

Theorem 4.1 (Woodin) Suppose ME  exists and is (w,w; + 1)-iterable in all set
forcing extensions. Assume CH holds. Let P be a notion of forcing and let G C P
be V-generic. Let z be a real in V. If in V[G]

3A C RVICLRYICL A) = ¢(4, 2),
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then in V
JACRVL(RY,A) = 6(A, 2).

Furthermore if CH holds in VT, then the converse is true.

Before we give proof, we want to state three Lemmata. The first one is part of
the folklore; for a more general result see (for example) [Kan03, 10.10].

Lemma 4.2 Let P and Q be notions of forcings in V such that in VF forallqg € Q
a Q-generic containing q exists. Then a Q name R exists such that V&E = VP O

The above Lemma is shown using Boolean algebras. If P and Q are complete
Boolean algebras, then the conclusion of the above Lemma reads: Q is a regular
subalgebra of P.

The second lemma is also part of the folklore; we do not explicitly state it for
fine-structural models since it clearly also holds in the coarse case.

Lemma 4.3 Let P be a complete Boolean algebra that satisfies the §-c.c. and let
7V — M be an elementary embedding with critical point §. Then j”P is a regular
subalgebra of j(P).

Furthermore if § is Woodin as witnessed by the extender-sequence E, w< B <9
and P = W5 = Ws(B, E), then the embedding

Bz = [9);@)

witnesses that Wy is a regular subalgebra of j(Wy).

Proof. As to the first part, let A be a maximal antichain of P. Then Card(A) < ¢,
so j(A) = j” A is a maximal antichain of j(P). Hence j”P is a regular subalgebra

of j(P).
The second part is immediate. O

The third lemma discusses the relationship of the extender algebra with w-many
generators and small forcing. It is a slight generalization of the genericity iteration
to make a real generic.

Lemma 4.4 (Woodin) Let M = (J,[E];€, E, E,) be a sound premouse that is
active and has a (w,wy +1)-iteration strategy ¥ such that E witnesses the Woodiness
of § in M. Let P € V™ K < 8, be a notion of forcing. Let F denote the total
extenders of E with critical point > k and inder < §. Let x C w. Then the
following hold true:

1. If g C P is generic over M and o < & such that F, # (0, then there is a total
extender Fo, € Mg] such that F, NI = F, (here, F, is the extender of F
with index o). We will say F,, induces Fy.

2. For g C P is generic over M, let W{ := W{ (ﬁ, w) denote the extender algebra
with w many generators calculated from the set of induced extenders {Fa ;<
0} in M(g] and let Wf denote a name for that forcing. If g C P is generic
over M, then there is an iteration tree T on M of some height o +1 < wy
such that:

(a) if E is the extender we apply at stage  of the construction of T, then
E is on the sequence igjﬁ(F);

(b) crit(igja) > K
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(c) if g C P is generic over MM, then g is generic over MY, and moreover x
is generic for zo,a(Wég) over M7 [g].

3. Moreover there is an iteration tree T on M of some height a +1 < wy such
that for all g C P generic over 9 the real x is generic for iOT,a(Wég)g over

MTg].

We will give the key ideas for this Lemma only. For 1. one needs to run the
argument that shows that the measurability of some cardinal is preserved under
small forcing. Note that 2. of the above lemma is identical to [Ste, 7.16] and 3.
has almost the same proof: one performs a genericity iteration for x using only the
extenders from F and their images. We indicate how to pick extenders to obtain
a tree like in 3. At stage 5 of the tree construction do the following: if there is
a condition p € P and an extender E € 2(7; B(ﬁ ) such that p forces that E induces
an axiom false of x, then pick the minimal such E to continue the construction of
T. The rest runs similar to the proof of [Ste, 7.14]. It is routine to check that the
extenders on F witness that § is Woodin and that the extenders induced from F
continue to do so in MF. So Wy is well-defined and d-c.c. We shall give no more
details.

We now prove 4.1.

Proof. We fix G C IP generic over V and some A € P(R)VI] such that
¥(4) = LRV, 4) 1= ¢4, 2),

where z € RY. We force CH over V|[G] using Col(wy,2¥)" (¢l and call the resulting
extension W. For a while we will work in W. We code A and RV[¢! by a set B C w;.
Clearly there is a formula ¢’ such that L[B] &= ¢/(B) if, and only if, (A) holds.
By our hypothesis, we have that 9 := M{  (z) has a (w,w; + 1)-iteration strategy
3 in W, so by Corollary 3.4 there is an iteration j : 9T — 9* such that B is generic
over M for the extender algebra. Let & denote 9M’s measurable Woodin and let
Ws be the extender algebra calculated in 90 relative to 9’s extender sequence E.
Hence by elementarity of j there is a condition p € Wy, say p = [¢]T(E)7 such that

plron 8 =wi A3B : L[B] = /(B).

Our plan is as follows: we will construct in V' an iteration tree 7 of length wy + 1
and I' generic over the last model 9t* of T such that p € I', RV C 9*['] and p is
not moved by j(I w,- The tree T will be constructed in w; many rounds; for each
round ¢ there is an ordinal «;, and in round ¢ we will construct the map
j;,ai+1 MT _>MT7+1

Before we can go into details we need to care for a minor technical thing. Recall that
the members of W; are of the form [gb]T( )} alternatively we could have constructed
Ws using the < ME -least formula in an equivalence class. So for the rest of the
proof we assume without loss of generality that Ws contains formulae and so the
maps of the form

iz, ey = Wiz, iy

are the identity on formulae. This identification eases the reasoning considerably,
since L 5,0 formulae are not moved by maps with critical point §. One consequence
we will need later is that nice names for reals are not moved by such maps; another
consequence of this and Lemma 4.3 is the following: if j : 9% — 9V has critical
point J, then W5 = j7 W5 is a regular subalgebra of j(W5).
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For book-keeping pick an enumeration {z;; 0 < i < w; is not a limit ordinal} of
the reals in V. We call what follows piecing together end extending generics. We
now construct in V' an iteration tree T of length w; + 1, a sequence of ordinals
(a1 < wy + 1) and a sequence of generics (I';;4 < wy + 1) such that

1. {(@;;1 < wq) is a normal sequence, i.e. {a;; i < wi} is closed unbounded in wy
and ay,, = wi,

2. p S FO;

3. p is not moved by j{wl,

A erit(57 ) = 30w, (6),

5. Ti C j o, (Ws) is generic over M [T';] for j < i,

6. if i > 0 is not a limit ordinal, then z; € M [I';] and

=

if i < j, then T; C T;.

Let U denote (the trivial completion of) the least normal measure on § that is on
E. Set ./\/lg— =M and set ag = 0. In V we can pick I'g such that p € I'g. This
finishes the construction of ag and I'g.

At all stages «; of the iteration we use the trivial completion of ioT,ai (U) to continue
the iteration. At limit stages A < w; we set ay = sup{a;; ¢ < A\} and we use the
iteration strategy > to continue the iteration. We set

Dy = J{Tis5 i <A} C 3o, (W5).

All antichains of the extender algebra are small and crit( jg;’w )= j{ ; (0) fori < A,
so we have that I'y is generic over sz

We now discuss the successor case. Fix ¢ < w; and let v = a;. We continue the
iteration by picking jgy(U) as the next extender. At stage v+ 1 let 7, be the least
Woodin cardinal in M7, in the open interval ]jg:v((S),j(Ivﬂ(é)[. Let F' consist
of the extenders on M,YT+1’S extender sequence with critical point > jg’— ,(9) and
index < 7, that witness that 7, is Woodin. As in Lemma 4.4 we define from F an
extender algebra Wnpj € MI+1[F7] with w-many generators. We now apply 2. of
Lemma 4.4: we continue the iteration tree 7 by performing a genericity iteration
to make x; 1 generic for i;ﬂ_lﬂ (W;j) over MZ;[FW], where MZ; is some iterate of
MT, |, such that crit(iz;l”@) > 4, (0).

A model of the form .MZ,_[FW] is well-defined since T', is small forcing over M7,
and crit(jz:rl)ﬁ) > jg;/ () by Lemma 4.4. Also the genericity iteration to make x;11
generic over a small forcing extension of an iterate terminates after countably many
steps. Note that we never apply extenders to models with index < v+ 1 (every
extender used in the construction of W;j, i.e. every extender on F , has critical
point > jg:v(é); since v(E¢) < jg:v((S) for all ¢ < v we see that the extenders are
never applied to models with index < v+ 1). So we have that x;1 is generic over
MZ;[FV]. We now want to apply Lemma 4.2 to find I'g. Let D denote the collection

of all dense sets of j;r_Hﬁ(W;j) computed in ME[FV]. Recall that p IF w; = 4,

hence we have for all ¢ € jL_LB(W,%)

D M3 [T4] Jg C j;rHﬁ(W; )G € g A g meets every d € D].

.
So by Lemma 4.3 and Lemma 4.2 we find a generic filter I'g extending I', such that
ziy1 € M7 [Dg). This finishes the construction of T and (I';;i < wy).
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Let b = [0, w1]7 be the uncountable branch through 7. By construction, b contains
every «;; hence jg:wl (0) =w/.

So I :=Ty, C j]., (Ws) is generic over M7, and j{,, (p) € I'. We have to check
RV € M7 [I']. Consider some z; € RY. By construction z; € M7 [I';], so there is
a nice name o such that z; = o). By the d-c.c. of Wy, o is not moved by jl;wl
and since T'; = I'N W;,, we have z; = of € M7 .

Recall that p € I and that p was not moved by jg ,, . By elementarity it now suffices

to iterate the top-extender of /\/lz;1 [T'] out of the universe to obtain
VE3A CRYLRY,A) E oA, 2).

The same method yields a proof for the converse direction: basically one changes
the roles of V[G] and V; i.e. in V[G] replace (z;;¢ < wy) by an enumeration of the
reals of V[G], run the according tree construction in V[G] O

It is possible to add parameters besides reals to the formulae above, using for
example Lemma 3.8. Also one can add a subset of the reals captured by a term for
example. Nevertheless the same restrictions to the complexity of such parameters
as before apply, see Lemma 3.9.

5 Subsets of w; in Forcing Extensions

The classic genericity iteration to make a fixed real generic has a generalization for
reals living in forcing extensions. It is possible to produce a long iteration such that
all interpretations of a name for a real are generic:

Theorem 5.1 (Woodin) Let P be a forcing of size k and suppose the sound pre-
mouse M = (Ja [E): €, E, Eg) is active and has a (w,xT + 1)-iteration strategy ¥
such that E witnesses the Woodiness of 6. Let W denote the extender algebra with
w many generators relative to E. Let i € VP be a name for a real. Then there
exists an iteration j : M — M* in 'V of length < k™ such that for all G C P generic
over V the real % is j(W)-generic over 9.

We do not give a proof of the above theorem but refer the reader to the appendix
[NZ] of [NZ01]; we will give a proof of a more general result, Lemma 6.17, with a
similar proof. We aim to generalize the above theorem to subsets of w;. The first
generalization is the following theorem which allows us to make subsets of w; in
c.c.c. forcing extensions generic over an iterate living in V; clearly the following
theorem also generalizes Theorem 3.1. The second generalization is Lemma 6.17,
which allows us to make certain subsets of wy living in reasonable extensions generic
over an iterate in V.

Theorem 5.2 Let P be any c.c.c. forcing. Let A be a P-name such that
1p I+ A C Wy.

Let M = (J3]E]; €, E, Eg) be a sound premouse that is active and has a (w,w;y +1)-
iteration strategy ¥ such that E witnesses the Woodiness and measurability of 9.
Then there exists an iteration j : M — IM* of length wy in V such that for all
G C P generic over V the set A is j(Ws)-generic over .

The proof we are about to give is very similar to the one for Theorem 3.1; we
will omit some details that we gave in the proof for Theorem 3.1.
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Proof. Let U on E be the extender with the least index witnessing the measurability
of ¢, i.e. U is (the trivial completion of) a normal total measure on §. Let {3 be
the index of U. We construct an iteration tree 7 of length wy + 1 on MJ = M.
We will call an o < wy a P-weak closure point for A if for all p € P

plF ANl (0) il o (T(E)).

To ensure normality of the resulting iteration we need a more technical definition:
a < wy is a P-closure point for A if for all p € P and all { < j(;r,a(Co) and F' on
M’s extender sequence

plF AN j({ «(Co) does not contradict any axiom induced by FC~

Clearly any P-closure point for A is a P-weak closure point for A and limits of P-
closure points for A are P-weak closure points for A.

We define the iteration as follows: in the limit case we use ¥ to continue the
iteration. In the successor case there are two subcases: if @ < w; is a P-closure
point for A, then we use jg:a(U) to continue the iteration. If « is not a closure
point, then there is a least “bad” extender E on the extender sequence of M7 and
some p € P such that

plIF ANl (Co) ¢,

where ¢ is some axiom induced by E. We then use E to continue the iteration. This
finishes the construction of 7. The arguments we have given before make sure 7 is
a normal tree. Let b = [0,w:]7 and let j = jJ, : M — MT . We set IM* = M7 .
Let us now check that there are unboundedly many (in fact club many) P-closure
points for A in b; so suppose towards a contradiction that the set of closure points
is bounded in w;y say by 1 < w;. Pick a countable X < V) for some large enough A
such that w; N X > n and A, T,P e X. Let 7 : H— X denote the inverse of the
transitive collapse of X and let & = w; N X. Then 7 | MT = J'Z;,wy Since ao € b
there is a direct Z—successor of a, say 7+ 1. Then there is a p € P that forces that
the extender E?/l” on the /\/l,;r—sequence is the minimal extender that induces a bad
axiom. Let G C P be V-generic such that p € G. We show that G is generic over
X: Let D € X be an antichain of P; then ¢ € GN D for a unique ¢. Since D can be
enumerated in ordertype w, we have ¢ € X NG. Moreover we show: X[G]NV = X,
this follows from the following claim:

Claim 1. Let 7 € X be a P-name, let B = ro(P) and let ¢ := [[r € V]]z. Then
q € X and there is a countable set y € X such that ¢ IF 7 € 3.
Proof of Claim 1. Clearly ¢ € X by elementarity. Let

A=1{¢d <q;0+#q =[[r = i]] for some z € V}.

Since PP is c.c.c. A is countable. By elementarity A € X. Since A is countable we

have y € X. O(Claim 1)

Let 7 : H — X[G] denote the inverse of the transitive collapse of X[G]. Since
X[GINV = X, we have that H C H and # [ H = 7. Let A,G be such that
7(A,G) =A,G. So

H = A% 0], (0) ¥ 3o (T(E)).
As before we get the following claim:

Claim 2. We have - -
~ M . M
RV =i, TV

O(Claim 2)
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We have now reproduced the situation in the proof of Theorem 3.1 and can
proceed like in that proof. Hence « is a P-closure point for A. By the argument at
the end of the proof of Theorem 3.1 we have that w; is a P-weak closure point for
A. This suffices to show. O

We now refine the previous argument to show more X2 absoluteness for the class
of c.c.c. forcings; we allow not only real parameters but also ordinals.
5.1 X2 Absoluteness and c.c.c. Forcing Extensions

Theorem 5.3 Suppose M}, exists and is (w, k + 1)-iterable. Assume CH holds.
Furthermore assume P is a c.c.c. forcing.

VEJACR:LRA) E¢(Azd)
if, and only if,
VIG] =34 c RVIC: LRV A) = ¢(A, 2,a@).
Here z is a real parameter and & are finitely many ordinal parameters.

The proof will use ideas from the previous proof and from the proof of Theorem
4.1. Tt is convenient to introduce some notation: we will code two subsets of w; into
one. For this purpose we define the useful @-operation and its reverse operations:

Definition 5.4 Given (possibly set-sized) classes A, B C OR we define the class
A® B by v€ A® B if and only if

(JaeA:3Jd €elim:Inew:a=ad +nAy=ad +2n)V
(Ja€B:3d €elim:Incw:a=a +nAy=a +2n+1).

Furthermore we implicitly define operations (-)even and (-)odd acting on classes of
ordinals by demanding:
(A ® B)even =A

and
(A® B)oqd = B.

The intuition in the above definition is that A is mapped to the “even” ordinals
and B to the “odd” ordinals. In the following we will make us of the following fact:
if A and B are forcing names for sets of ordinals, then we can compute a forcing
name C such that it is forced that C = A @ B. In an abuse of notation, we will
denote a name C as above by A @ B. We now show Theorem 5.3.

Proof. We will first give a detailed proof of the downwards direction of the abso-
luteness, i.e. we assume

LR, BY) | ¢(B, 2, d)
for some B, and we want to show
L(R", B) | ¢(B, 2,4d)

for some B € V. The converse direction of this absoluteness is a variant of what
we are going to show now; we will mention some details for the upwards direction
at the end of the proof.

Notice that as [P has the c.c.c., any canonical name for A has size N1, so that by
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V [= CH we may assume without loss of generality that VF = CH.
We denote the measurable Woodin cardinal in 9 = M, by § and we let . denote
M’s (w,w; + 1)-iteration strategy. Let us fix a P-name B such that for all G C P
generic over V'

LRVIE B9 = ¢(BY 2,d) A BE C ;.
In the following we will suppress z and work with 9 = M¥ . We will construe 9t
and its iterates as class sized models if convenient (i.e. we will confuse 9 with the
class sized model one obtains when iterating 9t’s top measure out of the universe);
we will need this fact to allow for arbitrarily large ordinal parameters at the end of
this proof.
Set A = B@® R for some name R such that

1p IF RcC w1 A R codes a well-ordering of R.
Our aim is to produce an iteration tree 7 € V, p and I" € V such that
e 7 on M] =M is of length wy + 1,
e for all G C P generic over V the set AS is generic for jg:wl (Ws) over M7

w1

e pc j{{wl (Ws) is such that

p I+ L(R; (F)even) ): ¢((F)even7 62),

where T' is the canonical name for a jJ, (Ws)-generic,

T

wi?

I'c ]}I w, (Ws) contains p and is generic over M
e RV C ML [r].

For this our strategy is as follows: like in the proof for Theorem 4.1 we have to piece
together end-extending generics. Again it is helpful to assume that the conditions
of the extender algebra are not equivalence classes of formulae, but take the form
of (minimal) formulae. In the proof of 4.1, we knew p from the beginning, in this
proof we will have to consider all possible p; also we have ordinal parameters present
which are moved in general by iterating, so we will have to arrange that in V' the
set A is generic over M7 .

We will drop the superscript 7 in the rest of this proof; i.e. 7 has models M, and
maps jo,g. We prepare a book-keeping device: let (y;;¢ < wi) be an enumeration
of the reals of V and for i < w; let &; € V be such that (y;;j <) € L{z;]. Let U
on E be the extender with the least index witnessing the measurability of 9, i.e. U
is (the trivial completion of) a normal total measure on 4, and let {y be the index
of U (so that in fact (y is the height of ME ), and U is M}, ’s top-measure. An
ordinal « is a P-closure point for A if for all ¢ € P and all ¢ < Jo,a(C0)

qIF AN jo.a(Co) does not contradict any axiom induced by Fy,

where F' denotes M, ’s extender sequence. In this case we clearly have that for all
geP , B
q I=AN jO,a(‘S) ': jO,oz(T(E))v

we will call a a P-weak closure point for A if it only satisfies this weaker property.
(Cf. the proof of Theorem 5.2.) As before we have that a limit of P-weak closure
points for A is also a P-weak closure point for A; in general a limit of P-closure
points for A is just a P-weak closure point for A.

We now formally define the iteration tree 7 in wi-many rounds; each round i starts
at a stage o; of T. Set My = 9. In each round «; we have T | (a; + 1) defined
and so M, exists. The tree T and the ordinals («;;4 < wy) will have the following
properties:
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1. 7 € V is an iteration tree on 9 of length wy + 1,
2. the set {a;; i <wi} is a club of P-weak closure points for A.

Additionally, for i < wy and p € jo,q, (Ws) such that

p Ik jo,a,(0) = w1

we will pick a generic I'?, with p € T'?. For this it is convenient to introduce some
objects: we will define a partial regressive function j that maps «; to the maximal
o < ay such that the generic F? can be extended to a generic I'?. We now define
j formally: for v < w; we inductively define

J(’Y) = {.]7 Qi S [057[7-/\ Crit(.jaj,’y) = jO,aj (6)}5

So if j € J(7y) we have jq, ~ [ jo,a,(d) = id. It is not difficult to check that J(y) is
closed in v. We set

J(7) = max(J (7)),
if max(J(y)) < v exists, and let j(v) be undefined else (i.e., if J(v) is empty or
unbounded in ). For j < i look at the map Jaj.oi t Ma;, = Mg, if it exists. If
this map does not exist, then the following definition trivializes, i.e. P;; = 0. Let

Pji:=1{p € jo,a;, (Ws); Ja;,a; [ Jo,a,;(0) = id Ap IF jo,a,; (0) = 1},
so that Pj; is empty if jo, o, [ Jo,q, () is not the identity. Let
P = Pja).i
if j(a;) is defined and empty otherwise. Finally let
P'i={p € jo,a:(Ws); P I jo.a:(0) = n Ap & Pi}.
The generic I'? will satisfy the following conditions:
3. if pe P, U P!, then p € IV C jo o, (Ws) and I'} is generic over M,,,

4. if j(oy) is defined and if p € P;, then I'Y end-extends 1"1;(0”),

5. if A is a limit ordinal and J(«y) is unbounded in A, then
5= J{17: € J(an)}
for all p € P,

6. if p € P; and j(ay) is defined, then the real x;(,,) is generic over My, [F;’(ai)]
for a forcing of cardinality < jo q, (9),

7. if j(y) is defined and p € P;, then z;(,,) € M, [I'Y],
8. each I'V is generic over all models with index v > «;.

Once we state how we construct the iteration in each round, the last item above
will follow easily by the agreement of models of an iteration tree. At each limit
ordinal < w; we use X to continue the iteration tree 7. Suppose we have already
constructed the iteration with the above properties up to a stage «;, i.e. we have
produced T [ (a; + 1). We now describe a tree U of length wy + 1 that continues
T | (a; +1). After having done so, we will decide which countable S is a;41, i.e.
T (ajr1 + 1) =U | B for some countable S.

Say the construction of U has reached a countable stage 5 > «;. There are three
rules, (P1), (P2) and (P3) that define the iteration at a stage 5. These rules tell
us which extender we use; (P1) in fact gives rise to countably many rules. In the
formulation of (P1), E is the induced extender in the sense of Lemma 4.4. We use
the minimal extender F with
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(P1) jo,a;(Co) < crit(E) < jo,g(0) and there is some j < ¢, some k < ¢ and some
p € P U P; such that in Mg ”] the extender E induces an axiom false of
Tk, OT

(P2) there is some ¢ € P such that

ql- An Jo,B (éo) does contradict an axiom induced by E.

We explicitly do not fix a system of extenders and a Woodin cardinal. One can
define axioms induced by extenders independently of a Woodin cardinal. Of course
later we will specify a system. Also note that Mg[I'] in the definition of (P1) is
well-defined by condition 8. For 8 = «; the rule (P1) is trivial.

(P3) If neither (P1) nor (P2) implies that we use an extender, use the top-measure
Jo,s(U) of Mg, i.e. the measure witnessing that jo g(d) is measurable.

So if we use jo g(U), then especially 5 is a P-closure point for A. This fact and
the fact that we always picked the minimal extenders at all stages yield that the
extenders we used are of increasing length, i.e. the resulting iteration is normal.
We now show that in the construction of U we reach a stage where neither (P1)
nor (P2) implies that we use an extender, so that the top-measure is actually used.
Assume that this was not the case and work towards a contradiction. So in the ith
round we produce a tree U of length w; + 1 such that rule (P3) was not used at
a stage 8 > «;. This implies that (P1) was unboundedly often the reason why we
had to apply an extender, otherwise by the argument from 5.2 we reach a P-closure
point for A after countably many steps.

Claim 1. Club often (P1) was the reason why we had to continue the iteration.
Proof of Claim 1. If (P1) was at stationary many stages not the reason why we
had to continue the iteration, then there is a stationary S C w; of points such that
(P1) was not the reason, and hence (P2) was. Now pick an elementary substructure
X <V, for a large enough A such that y = X Nw; € S and 7 € X. Making use of
P’s c.c.c., like in the proof for Theorem 5.2, we can now look at X[G] < V)[G] for
a G C P generic over V. But then an argument like in the proof for Theorem 5.2
shows that v is a P-closure point for A. Contradiction! O(Claim 1)

By an application of Fodor’s Theorem there is a stationary S, a k and a p such
that for all 8 € S: some extender E induces an axiom false of zj, in the sense
of (P1). Pick an elementary substructure X < V) for a large enough A such that
a; <v=XNuw; € Sand U € X. But then an argument like in the proof for
Theorem 3.1 shows that xj, is generic over M., [I'] (here one has to keep in mind
that M., [I'}] is a small forcing extension of M., see Lemma 4.4). This contradicts
v e S!

This shows that unboundedly often during the construction of I rule (P3) implied
that we had to use the top-measure at a stage 5 > «;. An easier version of this
argument shows that we reach unboundedly many stages 3, such that 5 is a P-weak
closure point for A and (P1) is not the reason why we have to use an extender at
stage 3, call such a stage eztraordinary. Then we let ;11 be the least extraordinary
stage such that we have used the top-measure at some stage v, a; <7 < a;41. We
set T I (aip1 +1) :=UT (41 + 1). Clearly a;y; is a P-weak closure point, since
@;+1 is extraordinary. We have to show how to pick the generics of the form I'V 11
such that conditions 3. through 8. are satisfied. We first show:

Claim 2. For j <i, k<iandpée P/ U P; the real z;, is generic over M
for a forcing of cardinality < jo q,,,(5)-

P
']

ai+1[
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Proof of Claim 2. Let 1 < jo,a,.,(5)s 1 > Jo,a: (o) be a Woodin cardinal such that
there are extenders F on M, ’s extender sequence that witness that 7 is Woodin.
In the construction of U we picked ;41 as an extraordinary stage, so none of the
extenders from F induce an extender F' in M, +[I'}] that induces an axiom false
of a1. So xy is generic over M., , [['¥] for the extender algebra with w-many gen-

erators calculated from {F € M., , [T%]; F on F}. O(Claim 2)

This claim clearly shows more than what we demand in condition 6. Recall for

any j < wy and any p € P/ U P; we have p I jo.qo, (8) = @y, so if Jaj,ciq, €Xists
and p is not moved by ju; a;,,, We have by elementarity p I+ jO,ai+1(5) =wi. So
the powerset of any forcing of cardinality < jo,a,,,(d) is forced to be countable. We
recall this fact because we are about to apply Lemma 4.2. Now pick a p in P14
and let j = j(@i+1). Inductively we already picked T, An argument like in the
proof for Theorem 4.1, using crit(ja; a;;,) = Jo,a; (), Lemmata 4.2 and 4.3, shows
that we find T}, |, an end-extension of T}, such that x; € M, ,,[I';,,]. This choice
satisfies condition 7. For p € P we pick I, | C jo,a,., (Ws) generic over Mq41,
so 4. is satisfied. Note that since a; 11 is extraordinary, we will not pick an extender
with length < jo,a,,,(6) when we continue the iteration at stage a1, this shows
that condition 8. holds.
For a limit A of rounds we set ay = sup{e;; i < A}. It is not difficult to see, using
the agreement of models along the iteration, that « is a P-weak closure point for A.
We now have to pick the generics of the form I'y. There are three cases. The first
case is: J(ay) is unbounded in A\. Then we pick the generics according to condition
5.: for all p € P set

o =M% j € T}

The second case is: j(wy) is undefined but the first case does not hold, then for p €
P we pick I'Y C jo a, (Ws) generic over M. The third case is: j := j(ay) exists,
then inductively we picked F? . Recall that j < A and hence a1 < ax. The above
claim shows: in the jth round we produced an iteration such that z; was generic
over M,,,, for a forcing of cardinality < jo,a,,,(d). Since a;y is extraordinary,
we used an extender with length > jg ,.,(d) to continue the iteration, so by the
agreement of models of T

7:+1(

Ma .y M.,

Vioayn @ = Vio.arss (6

This implies that x; is also generic over M,,, for small forcing. This shows condition
6. By the argument from the successor case we find I'}, an end-extension of I‘é’ ,
such that z; € M, [I'{], making 7. true.

This finishes the construction of 7 and the family (I'?),.

Let b = [0,w1]7 and let j* = jou, : M — M,,. We set M* = M,,,. We have
shown that in each round we produce a countable iteration that terminates at
an extraordinary stage. For this we showed that we actually use the top-measure.
Another Skolem-hull argument of this type shows that there are unboundedly many
B € b where we use the top-measure, so j*(§) = w;. It is easy to see that there are
club many P-weak closure points «; for A in b such that crit(Ja,; w, ) = Q4. Since wy
is a limit of P-weak closure points for A, we have that w is also a P-weak closure
point for A. Hence: if G C P is V-generic, then in V[G] the set A is generic
over M*. Let C' C b denote a club of P-weak closure points 8 for A such that
crit(fpw,) = ap = B = jo,s(6).

We now iterate the top-measure of 9* linearly and write 9** for the resulting class
sized model; we do this to make sure & € 9**. Note that all generics of the form I'?
are still generic over 9** and ijf* = ngf**. Moreover if G C P is V-generic, then
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in V[G] the set A is generic over MM**. So clearly there is a condition p € j(W;)
such that

P I LR, (Deven) b @((Deven; @) A J*(8) = o,
where _f is the canonical name for the j(Ws)-generic. (Notice that it will be forced
that (I')even = B.) Then p € P}, for some countable o, € C. Set

I = J{T?:jo<iniech

We show that I' is well defined: by the choice of C, we have that C N A C J(ay)
for every limit point A = ay of C, so J(A) is unbounded in A in this case. Then
conditions 4. and 5. imply that the generics of the form I'Y, i € C, extend each
other. Using that the antichains of j*(Ws) are of cardinality < j*(§), we see that
I" € V is generic over 9" and hence over 91**.

We have to check RV C *[[]. If y is a real in V, then y € L[z;] for all large
enough i. Let o; € C and let «; denote the least o > a; in b. We have j(a;) =4
and so z; € Mg, [T}] by condition 7. Hence z; € 9*[T'], because a nice name for
x; is not moved by ja, o, . Since i can be arbitrary large, we have RV € 9*[T']. So
RY € O[T

By the choice of p

M = LR, (Teven) = ¢((T)even, @)

This is what we needed to show for the downwards direction of the absoluteness.

For the upwards direction of the absoluteness, one runs a similar argument: we
reverse the roles of V[G] and V, still the construction takes place in V. Note for
this we have to replace the sequence (y;;4 < w1) by a sequence of names for reals.
If y € VP is a name for a real, then a genericity iteration for 7 still terminates after
countably many steps, see [NZ01, Lemma 3]. This is the key fact one additionally
needs in the converse direction. We replace B with an B € V such that L(RY, B) =
#(B, z,&) and so we replace P-(weak) closure points for A with (weak)-closure
points (for an appropriate A) in the sense of Theorem 3.1. We shall give no more
details. O

6 Sets that extend to a Class with unique Conden-
sation

We mentioned that we cannot hope to generalize Theorem 5.3 to all proper forcings.
One problem is that the witnesses for ¥2 absoluteness are very general. If we re-
strict the choice of witnesses, then we can generalize Theorem 5.3. Sets that extend
to a class with unique condensation, which we are about to define, are well-suited
witnesses as we will see in Theorem 6.26.

We will systematically study the sets that extend to classes with unique condensa-
tion. Besides constructing examples, we will also show that a set that extends to a
class with unique condensation, granted a large cardinal hypothesis, is constructible
from a real.

Definition 6.1 Let A C w; and let k > wy be a cardinal. We will say A extends
to A* with unique condensation up to k if A* C k is a set such that

1. A*ﬁwl :A,

2. if A > & is a sufficiently large regular cardinal, then there is a club C'(A*, k, )
of countable substructures X < H) such that A* € X and ANk = A*, where
7 is the inverse of the collapse of X and 7 (&, A*) = &, A*.
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We will say A extends to a class A* with unique condensation if A* C OR is a class
such that

1. A*ﬂwle,

2. for all cardinals Kk > w; A extends to A* N k with unique condensation.

In the above definition sufficiently large means that for every x > w; as above
there is some g such that for all A > Ay the above property holds. If A extends
to a class A* with unique condensation, then w; \ A also extends to OR\ A* with
unique condensation. In Lemma 6.7 we will show that all A C w; that live in a
model of AD extend to a class with unique condensation. We now show that the
term “unique” is justified in the above definition.

Lemma 6.2 If A C w; extends to A* with unique condensation, then A* is unique
with this property.

Proof. Suppose A* and A** are both classes to which A extends with unique con-
densation. It suffices to show that all ordinals 8 are in A* if and only if 5 € A**.
Fix an ordinal 8. Let x > wy be a regular cardinal > 8 and let X € C(A*, k,A\) N
C(A**,k, ) be a countable substructure such that A* Nk, A** Nk, B € X; here
A is sufficiently large for A* and A**. Let 7 : M — X denote the inverse of the
collapsing map of X and let 7(A*, A** 3, k) = A* Nk, A** Nk, B, k. Then by our
hypothesis

A* = ANk = A=,
So by elementarity of 7

BeEA* «— fe A «— fecA™ «— [ A*.

We will call an A* as above a uniquely condensing extension of A.

Lemma 6.3 Let A,B C w;.

1. If A extends to a class A* with unique condensation, then A contains a club
ifwy € A* and A is nonstationary if wy ¢ A*.

2. If A is bounded in w1, then A extends to a class with unique condensation.

3. If A and B both extend to a class with unique condensation, then A & B
extends to a class with unique condensation, too.

4. If A extends to a class with unique condensation and A’ is obtained from A
by replacing a countable initial segment of A with another countable set, then
A’ extends to a class with unique condensation.

Proof. For 1. we will show that if w; € A*, then A contains a club; the other
implication then follows from the previous lemma and the fact that w; \ A extends
to OR\ A* with unique condensation. The following set contains a club C := {«a <
wy; 3X € C(A*,wq,0) : @« = X Nwy}, for some sufficiently large 6. By the unique
condensation of A* and w; € A*, we have that C' C A.

The rest of the lemma is straightforward to verify: we list the appropriate witnesses
for each case: If A is bounded, then A* = A is a uniquely condensing extension of A.
If A and B both extend to a class with unique condensation, then there are classes
A*, B* that witness this fact; it is not difficult to see that A* & B* witnesses that
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A @ B extends to a class with unique condensation. If A* is a uniquely condensing
extension of A and A’ = (A \ a) Ua for some a C o < wy, then A’ := (A*\ @) Ua
is a uniquely condensing extension of A’. O

If A* is a uniquely condensing extension of some A, then A* satisfies even better
condensation properties, as the following lemma shows:

Lemma 6.4 Let kK > wy be a cardinal and let A extend to a class A* with
unique condensation. Let F : [Hg|<* — Hy be such that the club Cp = {X €
[Ho]¥; X is closed under F} C C(A*,k,0). Let X C Hy of cardinality < k such
that X is closed under F and let w : M — X denote the inverse of the transitive
collapse of X. Then

A* Nk =A" Nk,
where T(k, A* N k) = Kk, A* N K.

Proof. Let 6’ > 0 be a regular cardinal such that Hy € Hy,. Let Y be a countable
substructure of Hy: such that X, FF € Y. Then Z := X NY is a countable substruc-
ture of Hy and by elementarity of Y, Z is closed under F. So Z € C(A*,k,6). Let
o0 : N — Y denote the inverse of the transitive collapse of Y, so

p=c Y(n):07 (M) = Z
is the inverse of the transitive collapse of Z. Then
p A NK)=ANp (k).
By elementarity of o we have that m also has the above property, i.e.
7 HA NkK) = Ana (k).
O

Lemma 6.5 Let OR C M C N denote two transitive models of set theory such
that wM = wi¥. If A C wy extends to a class A* with unique condensation in M,
then A also extends to a class with unique condensation in N.

Proof. We suppose that A* did not witness that A extends to class with unique
condensation in N and work towards a contradiction. So given an uncountable
N-cardinal A > w;, there are unboundedly many 6 such that the second part of
Definition 6.1 fails for A\ and 6 in N; i.e. the set of countable X < H} such that
A A*N X € X and m (AN X) # AN a~!()) is stationary. On the other hand,
there is a club C(A*,0,)\) in M that witnesses that A* has unique condensation.
Say all countable structures closed under F' : [Hy|<¥ — Hy are in C(A4*,60,\) for
some F' € M.

Pick X < (H};€,H}) countable with A, A*NA\;p € X and 771 (ANA) # AN
771()\), where 7 : (X;€, H) — X denote the inverse of the transitive collapse of
X. Since wM = wl¥, we can assume without loss of generality that Y = X N H} is
closed under F. Then H is the transitive collapse of Y and 7 [ H is its uncollapsing
map. So

(rTH) M ANN) =7 Y (ANN) #ANna '\ = An ([ H)"H(N).

We now look at the tree T' of height w searching for a countable substructure Z of
HM, Z closed under F such that o71(AN\) # ANo~!()\), where o is the inverse
of the transitive collapse of Z. Then T' € M and Y witnesses that T is ill-founded
in N. By absoluteness of well-foundedness, we have a branch Z through T', Z € M.
But since Z is closed under F', we have Z € C(A*,0,)\), a contradiction! O
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6.1 Constructing sets with uniquely condesing extensions

We now show that any A C wy coded by a universally Baire sets of reals extends to a
class with unique condensation. For this let us fix a recursive function {(-)%; i < w}
that maps a real y to a countable set of reals {y’; i < w}. The proof to follow will
show that we need to assume a bit more than that A = {||z||; « € B} for some
universally Baire set B.

Lemma 6.6 Let A C wy be unbounded in wy and let B C w* be a set of reals with
the following properties:

1. B is universally Baire;
2. ify € Band {y'; i <w} C WO, then {||y||; i < w} = ANa for some a < wy;

3. for every B < wy there is some y € B such that {y';i < w} C WO and
{Nyill; i < w}=ANa for some B < a < wi;

4. ify € B and {y'; i <w} C WO and z € w* is such that {z*; i < w} C WO
and {||y’||; i < w} end-extends {||2'||; i <w}, then z € B.

Then A extends to a class with unique condensation.

Proof. For every cardinal k we fix trees T,;, Sy such that B = p[T,] and p[T,] =
w®\ p[Sk] in all forcing extensions by forcings of cardinality < k. We can now define
the uniquely condensing extension A* of A. We set a € A* if and only if

Vel Lo 3y e p[T] : {y'; i <w} CWO A G € {|ly']] ;i < w),

where k is the least cardinal > «. Note that by the homogeneity of Col(w, a) the
above statement is decided by 1coi(w,qa)-

Claim 1. A* is definable from B and furthermore A* does not depend on the
choice of the family of trees (T}, Sk )x-

Proof of Claim 1. Tt will suffice to show that the set A* does not depend on the
choice of the trees T}, Sk. If we can show this, then A* is definable from any class
of trees witnessing the universal Baireness of B.

We fix another pair of trees T\, SI. witnessing that B is k-universally Baire. Assume
for some o < k there is some real § € VCUw) guch that g € p[TH] and y €
p[S’], then the tree U searching for a branch through T} and S’ is ill-founded in
Yy Collw.2): note that U is without loss of generality in V. By the absoluteness of
well-foundedness, this tree is ill-founded in V. So there is some z € V such that
z € p[T;] N p[S},]. This contradicts the fact that in V'

plTx] = w* \ p[Sk] = W \ p[Sy].
O(Claim 1)

We now have to show that A* Nw; = A. By the choice of B it is not difficult to
see that A C A*. So let a € A* Nwy, we have to show o € A. Let g € VoI @) he
such that

Vel iz g e [T A{y's i <w} CWOAGE (][] i < w).

Let A be regular and large enough such that ¢,T.,,S.,,R € Hy and let X < H)
be countable such that y,T,,,,5,, € X and o < X Nw;. Let 7 : H — X be the
inverse of the transitive collapse of X and let 7 (y,T,S) = ¢, T.,,S.,. Let g € V,
g C Col(w,a) be an arbitrary generic over H. Then 39 € p[T], so for some f with
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domain w we have (g9, f) € [T]. Hence back in V' we have (57, U{n(f [n; n € w}) €
[T.], so g9 € B. This implies that o € A by our hypothesis 2.

We have to show the second item in Definition 6.1; the argument for this will be
similar to the argument we have just given for A* Nw; = A, but we also need to
exploit hypotheses 3. and 4. So let us fix a cardinal kK > w; and let A be regular
and large enough such that B, A* N k,T,,S. € Hy. Pick X < H) such that
A*Nk,B € X and let 7 : H — X denote the inverse of the transitive collapse of
X. Since B € X, there are two trees 7,5 € X that witness that B is k-universally
Baire. Let (&, A*,T,8) = x, A*Nk, T, S. We have to show ANk = A*. Fix a € A*.
Then by elementarity there is some 3 € HC“:®) such that

HOwe) e plTI A {35 i < w} CWO A G € {[[§]]; i < w).

Let g € V, g C Col(w, @) be an arbitrary H generic. Then o € {||7%]|; i < w} and
79 € p[T]. By the same reasoning as before 79 € p[T] in V. Hence ¢9 € B and
a € AN R by hypothesis 2.

Let us assume the other inclusion fails and work towards a contradiction. Let o < &
be minimal such that o € A but o ¢ A*. Hence there is a condition p € Col(w, a)

such that

) = p -y {y' ;i <w} CWO A& e {||y]];i <w} = yeplS].

Let p € g € V, g C Col(w,) generic over H. Note that HCMw:2) can calculate
ANa = A*Na. In HC@) we find a real y such that {||y]]; i < w} = AN(a+1).
Since p € g, we have that y € p[S]. By the same argument as before y € p[S] and
hence y ¢ B. Hence by hypothesis 4. there is no z € B such that {||y/||; i < w}
is end-extended by {||z%||;i < w}. Hence a € A by hypothesis 3.. This is a

contradiction to our choice of «. This finishes the proof of the lemma. O

As a consequence to the previous lemma we can show that subsets of wy living
in determinacy models extend to uniquely condensing classes.

Lemma 6.7 Let M be a transitive class sized model such that R C M |= ZF + AD.
Let A € M be a subset of w]! = w). Then A extends to a class with unique
condensation.

Proof. Let A€ M = AD, A C w;. We aim to show that there is a universally Baire
B that satisfies the properties in the statement of the previous lemma. For this we
study the following well-known Solovay Game

I o Ty

CA Ty

Here player I is obliged to play some & = (251 < w) € WO, else IT wins, and Player
IT has to respond by playing a real y = (y;;¢ < w) such that y codes (in some fixed
recursive way) a countable set {y’; i € w} C WO, else I wins. Player I wins G(A)
if {||y%[|; i < w} = ANa for some a > ||z|.

We show that player I cannot have a winning strategy: let o be a strategy (not
necessarily winning) for I, then the set {o*y; y € w*} is a X1 subset of WO. Hence
by boundedness there is a countable ordinal a such that o > || * y|| for all y € w®.
So player I can play a y such that {||y’|;i < w} = AN a and win against the
strategy o, hence ¢ is not winning.

By the determinacy hypothesis a winning strategy 7 for player 11 exists. With the
help of 7 we will define B. Set z € B if and only if

po(z) = {z';i<w}CWOA
Jy(y € WO A {||(y * 7)||; i < w} end-extends {||z*||; i < w}).
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A straightforward calculation shows that ¢ is ¥3 in a code for 7. We promise that
the next claim shows that we can also define B as follows: x € B if and only if

61(2) = {5 § < w} C WO AVy[(y € WO A [lyl] > sup{lla'||; i < w}) =>
{I(y *7)"||; i < w} end-extends {||z*||; i < w}].

Another straightforward calculation shows that ¢; is II} in a code for 7. The
following statement is true in V' by the fact that 7 is a winning strategy for player
IIin G(A):

Yy, 2[y, 2 € WO = ({||(y * 7)||; i < w} end-extends {|[(z* 7)!||; i < w}V
{lI(z7)'Il; i <w} end-extends {[[(y *7)"||; i <w})].

It is not difficult to see that that ¢ is a II} statement in a code for 7. Hence by
Shoenfield Absoluteness 1 holds in all forcing extensions of V.
Claim 1. If a transitive model of set theory containing 7 satisfies ¢, then

Vo : go(x) <= o¢1(x).

Proof of Claim 1. Clearly ¢1(x) implies ¢g(x). So suppose ¢g(z) and let y € WO
be such that Let y € WO be such that {||(y * 7)?||; i < w} end-extends {||z?||; i <
w}. Now let 2 € WO be arbitrary such that ||z|| > sup{||z!||;i < w}. Since
¥ holds, we have that {||(z * 7)!||; i < w} end-extends {||(y * 7)!||; i < w} or
{l|(y % 7)¥|]; i < w} end-extends {||(z *7)¥||; i < w}. In either case {||(z*7)%||; i <
w} end-extends {||z%||; i < w}. O(Claim 1)

So B is (in a weak sense) provably Al hence B is universally Baire.
We have to check that B satisfies the properties stated in the previous lemma;
for all non-obvious properties this is verified by using the fact that 7 is a winning
strategy for player I. Hence by the previous lemma A extends to a class with unique
condensation. O

Note that if A C w; is in a model of AD, then A is constructible from a real; in
fact A € L[o] where o is a winning strategy for player I in G(A). In this sense, the
set A trivializes. Nevertheless non-trivial examples of sets with uniquely condensing
extensions exist if the universe has a uniform shape:

Example 6.8 Suppose sharps for all sets exist. Let V' = LF, the smallest inner
model that is closed under the f operation. Using the Gddel pairing function and
the well order < of L, we can uniformly code initial segments of L* in the following
way: if a < 3 are limit ordinals, then the code A, for L is a subset of a and the
code Ag for L% end-extends A,, i.e. AgNa = A,. By A* we denote the class
coding Lf. Set A = A,,. We claim that A* is a uniquely condensing extension of
A. For 6 > k both regular uncountable cardinals consider a countable substructure
X < L¥||0 such that A, = A* Nk € X. Let 7 : M — X denote the transitive
collapse of M and let 7(&, A) = k, A.. By elementarity of 7

MEV =1L}

and for all x € M the set ()M is embedded into (7(x))¥, hence (z*)™ = z¥. Thus
M is an initial segment of L¥. So, since we defined the sets of the form A, uniformly,
we have A = A-.

We claim that A is not constructible from a real. Suppose otherwise that A € L|z]
for some real z € V = L*. Then z* exists and is clearly not in L[z]. On the other
hand, in L¥, every hereditarily countable set is in L, [A], so that in particular
24 € L, [A] C L[z]. Contradiction!
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Note that given any mouse operator .J, the same construction works for L7, the
smallest inner model that is closed under J.

6.2 Sets with uniquely condensing extensions, precipitous
ideals and CC*

We analyse how sets with uniquely condesing extensions behave in the presence of
ideals and the combinatorial principle CC*.

Lemma 6.9 Let I be a precipitous ideal on wy with the following property: if
G CP:=P(w)\ I is generic, then j(w)) = wY , where j is the generic ultrapower
induced by G. Let A be a set that extends to a class A* with unique condensation.
If j is a generic ultrapower induced by some generic G C P(wq) \ I, then

JA)=A"Nwy=AUA,

where A is the set of w1 < a < ws such that there is a club C and a canonical
function fo, such that fo(B) € A for every 8 € C, i.e. the Tilde operation applied
to A.

Proof. Fix some generic G and j as above. We first show j(A) C A* Nwa. Let
a € j(A). So there is some I-positive S € G and some canonical function f, such
that fo(B) € A for all B € S. The set

C:={f<wi; f=XNw; for some X € C(A*,wo,0) with o, f,, € X}

is club, where 6 is sufficiently large. Since S is stationary we find some 8 € SNC, say
X < Hy witnesses § € C. Let m: M — X be the inverse of the transitive collapse
of X and let (&, A* Nwy) = a, A* Nwy. Then fo(f) = otp(X Na) =a € A and
since A extends we have that @ € A* Nwy. Applying 7 yields: a € A* Nws.

We show A* Nwy C AU A. Let a € A* Nwsy, @ > wi. Fix a surjection g : w1 — «
and f:w; — wi let be the canonical function induced by g. Consider the club

C:={f<wi;B=XNuw; for some X € C(A*,wq,0) with «, g, f € X}

for some sufficiently large 6. Let 8 € C' and X < Hyp be a witnesses for this, let
m: M — X be the inverse of the transitive collapse of X and let 7(&) = «. Since
a € A* Nwse we have @ = otp(X N«) = otp(g”B) = f(B) € A. Hence C, f witness
that a € A.

Trivially AU A C j(A). This finishes the proof. O

We conjecture that the existence of a strong enough ideal on w; implies that
every set with a uniquely condensing extension is constructible from a real.
Using the combinatorial principle CC* we can show that only countably many reals
can be constructed from a set with a uniquely condensing extension.

Definition 6.10 (Todoréevié [Tod93]) We say CC* holds if

there are arbitrarily large regular cardinals 6 such that for all well-
orderings < of Hy and for all countable X < (Hp; €, <) there is a count-
able Y < (Hg; €,<) such that* X C Y and X Nwy # Y Nws.

Lemma 6.11 If CC* holds and A extends to a class A* with unique condensation,
then L[A] only contains countably many reals.

4X C Y means that X CY and X Nwi; =Y Nwy.
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Proof. Suppose otherwise and work towards a contradiction. Then L[A] contains
uncountably many reals and any real of L[A] is in some L,[A] for a countable
a. Let f:w; — w; be such that f(a) is the least ordinal such that the <p4-
least real a & Lo[A] is in Lyo)[A]. Clearly f € L[A]. Let C = C(A*,wy,0)
for some sufficiently large 6 and suppose there is a function F : [Hyp]<* — Hy
such that C' contains exactly the X < Hpy closed under F. Let X < Hyg+ be
countable such that F, A, A* Nwy € X. Let @ = X Nw; and let 7 : M — X be
the inverse of the transitive collapse of X. In general we can not compute f(«a) in
M, we apply CC* f(a) + 1-many times to find a countable Y D X, Y Nw; = a,
Y < Hp+ such that otp(Y Nwy) > f(a). Let 0 : N — Y denote the inverse of the
transitive collapse of Y and note that by elementarity Y N Hy is closed under F'. Let
(A, A* Nwy, B) = A, A*Nwa,wsy. Then, since YNHy € C, we have A* Nwy = AN
and 8 > f(a). Hence Lg[A] € N and we can compute f(a) in N. By F' € Y we have
that Hp € Y. In Y we find a countable Y < Hj that contains A, A* Nws, f(a) and
is closed under F,so0Y” € C. Let 7(Y’) = Y" and let p : N — Y’ be the inverse of
the transitive collapse of Y’. Note that N’ € N and crit(p) < a. Then in N the set

A* N wsy witnesses that A has a countable extension that condenses uniquely up to /3.
Let p(A* Nwe, ) = A* Nwa, . Hence A* Nwy = ANB and so A* Nwy = ANA. In

N’ compute Lz[A* Nwy| = Lz[A]. By elementarity f(«) € Lz[A], a contradiction
to the fact that 8 < . O

6.3 Sets with uniquely condensing extensions and term-capturing

If V' contains w-many Woodin cardinals and a measurable above and satisfies an
iterability hypothesis, we can show that sets with uniquely condensing extensions
are constructible from a real. The key idea is the following: if A C wy is in a model
of determinacy, then it is constructible from a real. So we aim to show L(R) =
L(R, A) = AD, this is Theorem 6.15. This is of course similar to a proof of ADL(®)
from w-many Woodin cardinals. There are various ways to show determinacy from
large cardinals. We will use the technique of capturing sets of reals over sufficiently
iterable premice. In contrast to the rest of this chapter, we will work with coarse
premice in the sense of Martin and Steel [MS94], since we will apply [Nee95].

Definition 6.12 Let B C w®. Let 91 be a premouse with an iteration strategy
3 that contains w-many Woodin cardinals (6;);cw. Let 7 be a Col(w,dp) term in
M. We say 7 captures B with respect to X if, and only if, for all countable iteration
maps i : M — M*, i € V, obtained by using ¥ and for all g C Col(w,i(dp)), g € V,

i(r)9 = Bno*[g].

Definition 6.13 Let A be an infinite ordinal. Let G C Col(w, < A) be 9-generic
for some suitable 9t. Then we set

Ry = | JIRNIM[G N Col(w, < a)]; o < A}

If 901 is sufficiently iterable and contains w-many Woodin cardinals, it is possible
to use M to verify parts of the theory of L(RY); for this recall the following result:

Theorem 6.14 ([Ste, 7.15]) Suppose that M |= A is a limit of Woodin cardinals,
where X\ is countable in V', and that ¥ is an wy + 1-iteration strategy for M. Let H
be Col(w, R)-generic over V; then in V[H] there is an iteration map i : I — M*
coming from an iteration tree all of whose proper initial segments are played by X2,
and a G which is Col(w, < i(A))-generic over IM*, such that

R: =RY.
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Moreover, given a g C Col(w,a) for an o < X, we can construct i, G such that
crit(i) > ot and G is generic over 9M*[g]. O

First note that [Ste, 7.15] deals with fine-structural premice, nevertheless the
proof of [Ste, 7.15] works in the coarse case, too. As we stated earlier the extender
algebra, which is the main tool in the proof of [Ste, 7.15], can also be used to
construct genericity iterations with coarse premice. Also note that the moreover
part of the above theorem is only implicit in [Ste]; it follows by a minor modification
of the proof using [Ste, 7.16]. We apply the previous theorem to obtain:

Theorem 6.15 Suppose
V i X is the limit of w-many Woodin cardinals and k' > X is measurable

Suppose A extends to A* C N with unique condensation up to \'. Let 0 > 0" >
(28)F be large enough such that

1. the club C = C(A*,X,0") of countable substructures of Vg witnesses that A
extends to A* with unique condensation,

2. 0 is large enough so that (Vp; €, N') is a premouse in the sense of [MS94],

3. if X <V, A*,\,C € X is a countable elementary substructure with m : 9 —
X the inverse of the transitive collapse, then

(a) M has a wy + L-iteration strategy ¥, and

(b) (Re-embedding) if i : M — IM* is a countable iteration map obtained
by using X, then there is an elementary mwop+ : IM* — Vy satisfying
Topx 01 = T.

Then
1. L(R, A) = AD,
2. A is constructible from a real, and

3. L(R, A) = L(R).

Proof. We first discuss the conclusions: Clearly 2. implies 3. If A is contained in a
model of AD, then it is a well-known fact that the determinacy of the Solovay-Game
G(A) implies that A is constructible from a real that codes a winning strategy for
player I in G(A). Hence 1. implies 2.. So it suffices to show 1.

For this assume L(R, A) = —AD, hence there is a set of reals B that is not deter-
mined. By minimizing the ordinal parameters in the definition of B we can assume
without loss of generality that B is definable without ordinal parameters in L(R, A).
Let z be the only real parameter used in the definition of B. If we can show that
B is captured by a term over some countable sufficiently iterable model then by
[Nee95, Lemma 1.7] the set is determined, contradicting our assumption. So we
aim to show that B is captured.

Assume z € B if and only if

LR, A) E ¢(x, 2, A).

Pick X < Vp with z,C; A*, A € X. Let 7 : 9 — X denote the inverse of the
transitive collapse and let (A, \, k) = A*, N, k" and let (&;);c. denote the countably
many Woodin cardinals in 9. In 9 we define a Col(w, dp)-term 7 as follows: if
g C Col(w, &) is generic over M, then x € 79 if and only if

'(/J(J), Z, A) = 1Col(w,<x\) I+ JR(Rga E) ': ¢(i‘7 27 A)a
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here G is a canonical name for a Col(w,< \) generic and  is the measurable
> A in M. We need to verify that 7 captures B. Assume ¢ : 9t — 9MN* is a
countable iteration according to ¥ and let ¢ C Col(w,i(dg)) be generic over .
Let 2 € RN 9*[g]. We have to show

(LRY, A) E ¢(z,2,4)) <= (M[g] E ¢(z,2,A)).

By the previous theorem, we find an iteration map j : 9" — 9IM**, j € VCOI(”RV),
with crit(j) > (o)™ coming from an iteration tree 7 of length w; +1 on 90* all
of whose proper initial segments are played by 3, and a G which is Col(w, < j(i(\)))-
generic over M**[g], such that

R =RY.

For this note, that since crit(j) is large enough, g is a 9**-generic; moreover j lifts
to A
g M [g) — M [g],

where j(09) = j(0)?. In an abuse of notation we shall write j for j. By our
re-embedding hypothesis, we have for & < w; an elementary embedding

Wa:MZ—H/g,

such that ﬂa(j&a(i(fl))) = A*. The model 9t** is the direct limit of the models
MY, and hence there is a map

M = V.

Since for every v < wy a real z, € WO with ||z|| = v is in M**[g, G N Col(w, < )]
for some a < j(i()\)), we have that j(i()\)) > w} and by a standard homogeneity
argument and the symmetry of the name R, we have RNL(RE, A) =R, and hence

J(i(\)) < w). So j(i(\)) = w}. We now apply that A extends to A* with unique
condensation: for all @ < wy we have that ran(m,) N Vg € C. Hence

N A = Ana (V).

From sup{m;1(\); a < w1} = j(i(\)) = w! it follows (7**)~1(A*) = A. We can
now calculate

Tiiny) RE 3 (0(A))™ 1 = 00 (RY, A).

Note that 7** o joi(k) = w(k) = k’. By elementarity of j and the fact that we can
iterate the measure on j(i(k)) out of the universe

M*[g]  ¥(x, 2, A)
= Jiw) (RG, j(i(A))) = o(x, 2, A)
= JiuwnRY,A) | ¢(z, 2, A)
— LR, A) E ¢z, 2, A).

This shows that B is captured by 9. This is what we needed to show. O

6.4 Sets with uniquely condensing extensions in forcing ex-
tensions

We work with fine-structural premice again. Given a forcing name & € V¥ for a
real and granted that M, exists and is sufficiently iterable, one can construct an
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iteration tree 7 of length < Card(P)* + 1 such that for every G C P generic over
V the real #¢ is generic over 7’s last model, see Theorem 5.1. In general such
an iteration is uncountable. Neeman and Zapletal showed that, given one generic
G C P for a reasonable forcing P, one finds o < w; such that #¢ is generic over M7,
see [NZ01, Lemma 3]. We generalize this to names for subset of w; with uniquely
condensing extensions; before we can state the lemma we need a definition:

Definition 6.16 Let x be an ordinal and let 9 = (J5[E]; €, E, E5) be a countable
sound premouse that has a (w, k+ 1)-iteration strategy ¥.. We will say ¥ condenses
to fragments if it satisfies the following property: if A is a regular cardinal such that
M, ¥ € Hy, and if X < H) is a countable with uncollapsing map 7 : H — X and
7(X) = ¥, then ¥ = % [dom(X).

Here we do not want to construct iteration strategies that condense to fragments;
nevertheless let us note that there are (at least) two ways to see that they exist: in
the large cardinal area below one Woodin cardinal one is always in the situation that
there is at most one well-founded branch through an iteration tree, hence there is
only at most one (highly absolute) iteration strategy, this is one of the main results
of [MS94]; for a fine-structural version see [Ste, Theorem 6.10]. Beyond that one uses
Q-structures in the construction of iteration strategies. Under the assumption that
the ultimate projectum drops below the least Woodin cardinal of a tame premouse
N, there is a unique branch b through an iteration tree on 9% such that b comes
with a Q-structure (if there is any). Again this gives rise to an absolute iteration
strategy. For more details on Q-structures and iteration trees see, for example, the
introduction of [BS09].

Lemma 6.17 Let M = (Jg [E], e, E, Eg) be a sound premouse that is active and
has a (w,k™ + 1)-iteration strateqy X such that E witnesses the Woodiness and
measurability of § < 8. Let P be a forcing of size < k. Let A € VF be a name such
that

1p IF A C &y extends to A* with unique condensation;

here we see A* as a P-name for a class definable from some set in VF.
It is possible to construct an iteration tree T of height k™ + 1 with the following
properties:

1. There are arbitrary large ordinals 3 < k™ such that for any G C P that is
generic over V., the set A*C ﬂjg;@ (6) is jg:B(W(;)—generic over MZ;, where W
is the extender algebra with 6 many generators calculated in 9. We call such
a B a weak closure point.

2. IfP is a reasonable forcing and additionally ¥ condenses to fragments, then in
VT there are club many weak closure points 3 € [0,w;]7; i-e. for any G C P
that is generic over V there are club many B such that set AC ﬁjg’—ﬁ(é) 18
jaﬁ(Wg)-generic over ./\/lg

3. Especially: if P is a reasonable forcing and additionally ¥ condenses to frag-
ments, then for any G C P that is generic over V, the set AC c wy s
j{wl(W(;)-genem’c over MuTm where Ws is the extender algebra with § many
generators calculated in M. So wy is a weak closure point.

Note that Theorem 5.1 is a special case of conclusion 1. above: if A C w, then
A extends to A with unique condensation.
Before we begin the proof of the above lemma, we need a suitable notation. Fol-
lowing Neeman and Zapletal, we extend our notation for the axioms that arise in
the construction of the extender-algebra.
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Definition 6.18 Let M = (J5[E]; €, E, Eg) be a premouse such that M = § is
Woodin. Let gz? = (P¢; € < k) be a sequence of L;so-sentences and let £ = E, be

a extender on E. Let A such that crit(E) = & < A < p, and suppose v(E) is a
M-cardinal such that ig((¢e;§ < K)) A € ]lf\(’}g). We set

0r5= Vet Vin(de€ < K))a

a<k a<

Now we are ready to prove the lemma.

Proof. We construct T using the strategy we have used many times: iterate up to
some closure point and then hit the measure (or its image respectively) witnessing
the measurability of §. This time the tree will be of height k™ + 1. Let us fix P not
necessarily reasonable. Let U be the least extender on the extender sequence of 91
that witnesses that ¢ is measurable, and let (y; be the ordinal where U is indexed.
First we define what a weak closure point is in the context of this proof: We will
call an o < kT a weak closure point if for all p € P

plk AN (0) E Jd o (T(E)).

Note the following subtlety: we are talking about A* above, the uniquely condensing
extension of A; this allows us to discuss the case o > wy in contrast to the previous
proofs. Now a < kT is a closure point for if for all p € P and all ¢ < z'gja (¢o)

p Ik E; does not induce an axiom false of A* N j{a(go),

where F is M7 s extender sequence. Clearly every closure point is a weak closure
point. We will show something a little stronger than what we state in conclusion
1.; we actually show that there is a closure point.

We construct an iteration tree 7 of length k* + 1 on MJ = 9. We will refer to
this construction as a genericity iteration for A*. We define the iteration as follows:
in the limit case we use X to continue the iteration. In the successor case there are

subcases: if o < wy is a closure point, then we use j(;r,a(U) to continue the iteration.
T
If « is not a closure point, then there is a least “bad” extender E,ﬁw“ on the extender

sequence of M and some p, € P such that

P b A* N5 L (G0) = a,

where a is some axiom in M of the form a, ,.g for some Ay @) € MT.
Furthermore we pick p, so that it decides the value of a and minimizes )\, i.e.

there is some ¢* € M7 such that

Pa b A" N T o (Co) Fa, ., gas

and A, is minimal among all A with
Pa IF A* mjofa(go) S Uy Apdre

for some ¢'“. We then use E?AZ to continue the iteration. This finishes the con-
struction of 7. The arguments we have given before make sure 7 is a normal tree.
Let b = [0,x%]7 and let j = jJ . : 9 — M. Note that b is club in x*. We
set M* = M7 . We aim to show the first part of the theorem, i.e. that there is a
closure point < 1.

For every a € b let a; be the least ordinal such that ozTa;' +1. So there is an exten-
der EZ;* which we used to continue the iteration at stage o;; let Rt = crit(EZ;j).
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Since M7 and MZ}H agree on subsets of Ko it follows that q;”‘lj € M7 Let us

denote (E"‘; by Ja. .
Let S; = bN Lim. For o € S; the model MZZ is a direct limit and contains ¥,
so there is some h(a) < a such that y* € ran(jZ—(Q) o). So Fodor’s Theorem yields

s

a stationary S; C S7 such that h(a) = S for all @ € Sy. Since MZ; has at most
cardinality &, further thinning of S; produces a stationary Ss C Sy and a fixed
1E € Mg such that 1/7‘" = ]ga(lz) for all @ € S3. Since P has cardinality < &, we
can also assume that there is a fixed p € P such that Poj =P for all a € S3.

Let a be any element of S3 and set v =« (hence v+ 1 € b). So
- )
p IHA m]O,’y(CO) l# a“vAWvPaj;a(‘/’)’
where p satisfies our minimality assumption and &, = crit(EZ— ) and a_ piiT (D)
sAYPIB o
is calculated in ./\/lz; . Hence
T . -, T MT n
pIF A 0G0 E V la@)e and A0l () N iy GFa(®))e

£<riy E<v(ET)

Note that ig7 (Jpa()) = gr (Jp.a(1)), so we will drop the superscript. Since

inT (jg-a(l/;)) is j£7+1(j£a(zﬂ)), we can rewrite the above statement as

(*) pIF A" N7 (G0) e Vear, G a(@)e and A7 05T (G0) I Veawar) id 11 (@)e.

Let o/ € S3 such that o’ > v+1. Then crit(jz;_l’a,) > v(ET) and so for & < v(ET),
jgj7+1(zﬁ)£ is not moved by jvT+1,o/' Thus

pie\/ ila@).

E<v(ET)

But then clearly

pl \/ 35w @),

E<RK!

-
ot
there is a closure point < x*; in fact we did not need that A* is (a name for) a
uniquely condensing extension but our argument works for any subset of k*. Also
it is obvious that there are arbitrarily large closure points < s, since we could run
the same argument starting with S \ 7 instead of Sy for an arbitrary n < x™.
We now additionally assume that P is reasonable and that 3 condenses to fragments.
We show the second part of the theorem; the third easily follows from the second.
We fix a countable ordinal 1 and some G C P generic over V. We aim to find a
weak closure point, i.e. some 8 > 1, f < wy such that for some ¢ € G

q - A" 13 5(0) [ 40 5(T(E)).

In V pick a countable X < H) for some large enough regular A such that wiNX > n
and A, A* N kT2, T,P € X. Let 7 : H — X denote the inverse of the transitive
collapse of X and let & = wy N X. By the definition of reasonable forcings we can
assume without loss of generality that G N X is P-generic over X and X|[G N X] <
H )\ [G); this implies that 7 lifts, i.e.

where ' = crit(E7,,). This clearly contradicts (x). Hence we have shown that

e H[G] — H)\[G],

PACHN 7T(7')G
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is an elementary embedding, where G := 7~!1”G. We write m again for #. Let
(R, A, A* %, T) = k, A%, (A*NiH)E, 8, T. Since (A*)€ is the uniquely condensing
extension of A® we have AS Nk = A*. By the first part of the theorem there is
an uncountable closure point § € kN X. Let 7(B) = f3, then by elementarity
A% n jOT”é (6) = A* ﬂjOT,B((S) is j(;B(Wg)—generic over Mg Also by elementarity the
tree 7 in H is built using the same rules as in the construction of 7, but at limit
stages one uses the strategy X to pick branches. By our hypothesis we have that %
is a fragment of ¥, hence we know that the branches picked by £ in H are the same
branches that ¥ picked in V. This implies that the iteration tree 7 is an initial
segment of 7. So in V[G] we have

VG E A9 N ] 5(0) g 5(T(E)).
So there is a condition ¢ € G that forces that /3 is a weak closue point. O

Note that if P is reasonable but not c.c.c. we can not hope to show that in the
previous tree construction there are countable stages « such that

1p I jg 4 (6) N A = j] (T(E)).

To see this pick a maximal antichain A C P of cardinality w; (we can do so if we
without loss of generality suppose that P is a Boolean algebra). Assume CH and
let f: A — P(w) be a surjection. Choose a name A such that a - A = f(a) for
every a € A. Then clearly A is a name for a bounded subset of w; and hence A
extends to class with unique condensation. Let T be the iteration tree given by the

previous lemma. Now assume towards a contradiction that for a countable
1e Ik jga(6) N A jJ o (T(E)).

Let a be such that f(a) codes an ordertype > M7 N OR. Then
alF f(a) is generic over M7

a contradiction.

Remark 6.19 Lemma 6.17 can be easily seen to generalize. Using the notation
of Lemma 6.17 : if P is reasonable and ¥ condenses to fragments and we have
an arbitrary iteration tree 7 on 91 of height < ws, then one can continue 7 by
performing a genericity iteration for A* as in the proof of Lemma 6.17 of length
kT + 1. Note that in general one will have to apply extenders to models of 7 in
this process. By the same reflection argument this genericity iteration terminates
after < wo-many steps. So we reach a closure point in the sense of Lemma 6.17 at
some stage < wo.

6.5 Applications of sets with uniquely condensing extensions

The following lemma is part of the folklore surrounding measurable cardinals and
not too difficult to prove. A detailed proof can be found in [Lar04, 1.1.20, 1.1.19]

Lemma 6.20 (folklore) Let x be measurable and assume 0 > (28)% is a regular
cardinal. Let Z < M be a substructure such that p € Z and ZNP(k) has cardinality
< k and suppose Card(Z) < 0. Then for all v < k

1L ZW ={f(v); feZ f:k—M} <M,
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2. {A; AeZnu}t #0,
3. ifven{A; AeZnNu}t#0, then Z[y|Ny=ZN~. O

Recall that Chang’s Conjecture is equivalent to the statement: the set {X C
wa ; otp(X) = wy } intersects all strongly closed unbounded subsets of [ws]“!, where
C C [k]** is called strongly closed iff C = Cp = {X € [s]“*; F”[X]|<¥ C X} for
some F': [k]<“ — k. In the light of this, the following lemma can be seen as a
generalization of Chang’s Conjecture.

Lemma 6.21 (folklore) Let k be measurable. Let M = Hy for some reqular 6 > 2.
Then
{XCrjotp(X)=w1 AIZ <M : X =ZNk}

intersects all strongly closed unbounded subsets of [k]“*. Especially
{X Ckr;otp(X) =w1}

intersects all strongly closed unbounded subsets of [k]*“*.

Proof. Fix a function F : [k]<“ — k. We have to show that
{XCriotp(X)=w1 AIZ<M: X =ZNk}

intersects Cr. We build a chain of length w; of elementary substructures (Z,; a <
w1y of M such that Z, C Z,41 for @ < w;y and Z, Nk = Zop1 Nsup(Z, N k). Let
Zy < M be a countable substructure with x, F' € Zy. At limit stages form unions.
If Z,, is already constructed, then an application of Lemma 6.20 yields a Z,1+1 < M,
Zo C Zoy1 wWith ZoNk = Zgp1Nsup(ZyNk). Set Z = J{Zs; @ < wi}. Then Z is
closed under F' and otp(Z N k) = ws, the latter holds because the sets of the form
Zo N K, a < Kk, end-extend each other. This finishes the proof of the lemma. O]

We show that the conclusion of the previous lemma is preserved under c.c.c.
forcing.

Lemma 6.22 Let P be notion of forcing that satisfies the c.c.c. Let Kk > wy be
a cardinal and let S C [K]“* be such that S intersect all strongly closed unbounded
subsets of [k]“1. Then in V¥ the set S also intersects all strongly closed unbounded
subsets of [k]“1.

Proof. Fix a name F € VF such that
1p - F: [7]<° = k.

Let 6 be large enough such that all the dense sets of P, F', S € Vy. The set of C”
of Y < Vj of cardinality w; such that P, F ,S €Y is a strongly closed unbounded
subsets of [Vy]“1, so the set C = {Y Nk; Y € C} is strongly closed unbounded in
[£]“t. Pick Y € €’ such that Y Nk € CNS. Then, by the argument for Claim 1 in
the proof of Lemma 5.2, we have for all V-generics G C P

Y[G] < Vp[G] and Y[G] NV =Y.
By elementarity Y Nk = Y[G] N« is closed under FC. This suffices to show.  [J

Using the characterization of CC which was mentioned above we obtain:

Corollary 6.23 (folklore) Chang’s Conjecture is preserved by c.c.c. forcing. O
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The following concept is not standard; we introduce it to state the following
theorems.

Definition 6.24 Let k > w; be a cardinal and let S C [k]“* such that S intersects
all strongly closed unbounded subsets of [x]“*. A notion of forcing P preserves S,
if in V¥ the set S intersects all strongly closed unbounded subsets of [k]*1.

Theorem 6.25 Let r be measurable and let P be a forcing of cardinality < r. Let
A be a name such that ' o
1p IF L[A] = ¢(A, @),

where & are finitely many ordinal parameters, and A* be a name for subset of k
such that ) '
1p IF A extends to A* with unique condensation.

Let § > (25)% be large enough such that A* € Hy and set M = (Hyp; €, P, A, A*).
Suppose ME exists and has an (w,k + 1)-iteration strategy % that condenses to
fragments. Suppose that

S::{XCKJ;otp(X):wl/\HY<M:Yﬁn:X}V

intersects all strongly closed unbounded subsets of [k]** and P preserves S.
Then there is some A C w1, A € V' such that

LA} |= ¢(4, ).

Proof. Set M = ME,, and let § denote 9s measurable Woodin. Let U € M,
denote the (trivial completion of the) least normal measure on § and let ¢, denote
the index of U on ME ’s extender sequence. Our strategy is as follows: using the
ideas of Lemma 6.17 we build an iteration tree 7 € V on I of height x + 1 such
that for all G C P the set A*C is generic over M7 . Once T is constructed it will
follow from the hypothesis on S that we find some elementary substructure X < M,
X €V, otp(X Nk) = w; such that A s generic over this substructure.

We construct 7; we will omit superscripts 7 where possible, so 7 has iteration
maps ja,s and model M,. We will call o < x a closure point if

1p - A* N jo,a(Co) = Jo,o(Ws)

where W;s is the extender algebra with J-many generators calculated in 9. If « is
a closure point we use jo,o(U) to continue the iteration. If a is not a closure point
we perform a genericity iteration for A* in the sense of Lemma 6.17. Since P has
size < k we can apply conclusion 1. of Lemma 6.17; so we reach the next closure
point after < k-many stages. Literally Lemma 6.17 only tells us where the first
weak closure point is; nevertheless from the proof we also obtain a closure point.
Moreover it is easy to see the following: after we apply (the image of) U at a closure
point «, we can perform another genericity iteration for A* in the sense of Lemma
6.17. This completes the definition of 7.
Clearly T € M. Let b = [0, k]7. By the argument we have given before b contains
unboundedly many (and hence club many) closure points. So club often we have
used (the images of) U to continue the iteration. Moreover jo (0) = k and & is a
weak closure point. Let 9" = M,..
Now pick an arbitrary G C P generic over V. In V[G] we consider the structure
M* = (H);€,P, A, A*, A*C). Trivially all substructures of M* contain 7. The
set

C={XCr;otp(X)=w AFY <M : Y nr=X}VIC
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is strongly closed unbounded. By our hypothesis on S, we find some Y < M, Y € V
such that otp(Y'Nk) = wy and there is some Y € C such that YNk = YNk. Since
k is a closure point Y = A*G Nk is generic over M*. Let 7t : N* — Y+ denote
the inverse of the transitive collapse of Y. By Lemma 6.4 and otp(Y ™ Nk) = w;
we have (71)"1(A*¢ N k) = A%, Set T = (7+)"1(T) and let 7 : N — Y denote
the inverse of the transitive collapse of Y. Since YT Nk = Y N k we have that
T = 7~ Y(T). Since ¥ condenses to fragments, 7 is build according to ¥. So by
elementarity of 7%, 7 contains w;-many closure points for AG and hence AC is
generic over M* = MIL. Summing up we have that AC is generic over I* € V.
If necessary we iterate *’s top-measure to make sure @ € M*. Pick a condition
q € jd ., (Ws) such that

glFwr = 4., (6) A3A: LIA] = 6(4, ).

We want to find I' € V, ¢ € T, ' C j,, (Ws) generic over M*. For this we
need to piece together end-extending generics; since we do not need to make sure
that RV C 9t*[['] the argument is much simpler than in the proof for Theorem
4.1. Especially we do not have to pick generics while iterating this time. Let
C C [0,w1]+ denote the club of points o where we used jo,o(U) to continue the
iteration. Let ag € C' be such that ¢ € MZO and ¢ is not moved by jgfmwl. InV
pick Tg C jd o, (Ws) generic over M7 . Let ay = min(C'\ (ag 4 1)). Using Lemma
4.3, we can end-extend I'y to some 'y generic over MZI. In this fashion we continue
all the way up through C: at successor stages repeat the argument we have just
given, at limit stages A € C' form the union I'y = (J{I';; ¢ < A}. Using the fact that
anitchains are small, it is not difficult to see that I'y is generic over M/\T Finally
we set I' = [ J{T';; ¢ <wi}. Then I is as desired.

There is some A C wy, A € M*[['] such that

Lo[Al = 6(A, d),

where p is the critical point of 9t*’s top measure. Iterating this top measure out of
the universe we obtain

L[A] = ¢(A, Q).
This finishes the proof. O

The previous theorem has a variant:

Theorem 6.26 Let P be a reasonable forcing of cardinality < k, k regular. Let A
be a name such that

1p - L[A] = ¢(4, d),

where & are finitely many ordinal parameters, and A* be a name for subset of r
such that ] '
1p IF A extends to A* with unique condensation.

Let 6 > (2%)F be large enough such that A* € Hy and set M = (Hy; €, P, A, A*).
Suppose ME,, exists and has an (w, s + 1)-iteration strategy ¥ that condenses to
fragments. Suppose that

S:={X Cuwp;otp(X) =wi ATY <M :Y Nwy = X}V

intersects all strongly closed unbounded subsets of [w2]** and P preserves S.
Then there is some A C w1, A € V such that

LA} = ¢(A, ).
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Note that S intersects all strongly club sets in V' is equivalent to Chang’s Conjec-
ture. The proof of the above theorem is similar to the proof of the previous theorem.
We nevertheless give some details, especially at the point where the reasonability
of P is applied.

Proof. Set M = ME,, and let § denote 9s measurable Woodin. Let U € M,
denote the (trivial completion of the) least normal measure on § and let ¢, denote
the index of U on M s extender sequence. Using Lemma 6.17 we are going to
build an iteration tree 7 € V on 9 of height ws + 1 such that for all G C P
the set A*¢ N wy is generic over ML. Once 7T is constructed it will follow from
the hypothesis on S that we find some elementary substructure X < M, X € V,
otp(X Nws) = wy such that A€ is generic over this substructure.

We construct 7; we will omit superscripts 7 where possible, so 7 has iteration
maps ja,3 and model M,. We will call o < wq a closure point if

1p - A* N jo,a(Co) = Jo,o(Ws)

where Wj is the extender algebra with d-many generators calculated in 9. If «
is a closure point we use joo(U) to continue the iteration. If v is not a closure
point we perform a genericity iteration for A* in the sense of Lemma 6.17. Since P
is reasonable and ¥ condenses to fragments we can apply Lemma 6.17, so, taking
note of Remark 6.19, we reach the next closure point after < ws-many stages. This
completes the definition of 7. Clearly 7 € M. Let b = [0, ws]7. Clearly b contains
unboundedly many (and hence club many) closure points. So club often we have
used (the images of) U to continue the iteration. Moreover jo ., (d) = wz and ws is
a weak closure point.

The rest follows like in the previous proof if one replaces k with ws. O
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