Chapter 1
Naive set theory

GEORG CANTOR (1845 — 1918) discovered set theory. Prior to Cantor, people often
thought it to be paradoxical that there are sets which can be put into a bijective
correspondence with a proper subset of themselves. For instance, there is a bijection
from N onto the set of all prime numbers. Hence, it seemed, on one hand the set of
all primes is “smaller than” N, but on the other hand it is “as big as” N.

Cantor’s idea was as follows. Let X and Y be arbitrary sets. Define “X is smaller
than Y (or rather , “Y is not bigger than X”) as: there is an injection f : X — Y.
Write this as X <Y. Define “X is of the same size as Y as: there is a bijection
f:X — Y. Write this as X~Y. Obviously, X~Y implies X < Y. The theorem of
CANTOR-SCHRODER-BERNSTEIN (cf. Theorem 1.4) will say that X~Y follows
fromX <YandY <X. Wewrite X <Y if X <Y butnot¥Y <X,

Notice thatif A < B, i.e., if there is an injection f : A — B, then there is a sutjec-
tion g : B — A. This is clear if f is already bijective. If not then pick ap € A. Define
g:B— Aby g(b) = f~1(b), if b is in the range of £, and g(b) = ag otherwise.

Conversely, if f: A — B is surjective then there is an injection g : B — A, i.e.,
B < A. This is shown by choosing for each b € B some a € A with f(a) = b and
setting g(b) = a. This argument is in need of the Axiom of Choice, AC, which we
shall present in the next chapter and discuss in detail later on.

To a certain extent, set theory is the study of the cardinality of arbitrary sets, i.e.,
of the relations < and ~. The proof of the following theorem may be regarded as
the childbirth of set theory.

Theorem 1.1 (Cantor)
N<R.

Proof N <R is trivial. We show that R < N does not hold.,

Assume that there is an injection from R to N, so that there is then also a surjec-
tion f: N — R, Write x, for f(n). In particular, R = {x, : n € N}.

Let us now recursively define closed intervals [a,,b,] as follows. Put [ag,bg] =
[0, 1]. Suppose [ay, by] to be defined. Pick [anr1,b441] so that a, < apiq < bpet < by,
bpy1 —apy1 < ﬁ and x, ¢ [an+1,bn+1]-
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Now ,enlan, bn] = {x} for some x € R by the Nested Interval Principle. Obvi-
ously, x # x, for every n, as X, & [ant1,bn41] D {x}. Hence x & {x, : n € N} = R.
Contradiction! O

It is not hard to verify that the sets of all integers, of all rationals, and of all
algebraic numbers are each of the same size as N (cf. Problem 1.1). In particular,
Theorem 1.1 immediately gives the following.

Corollary 1.2 There are transcendental numbers.

For an arbitrary set X, let #(X) the power set of X, i.e., the set of all subsets of X.
The following is a generalization of Theorem 1.1.

Theorem 1.3 For every X, X < 2(X).

Proof. We have X < #(X), because f: X — (X) is injective where f(x) = {x}
forx e X.

We have to see that #(X) < X does not hold true. Given an arbitrary f: X —
P(X), consider Y ={x € X : x & f(x)} C X. If Y were in the range of f, say
Y = f(xo), then we would have that xg € Y <= xo & g(xo) = Y. Contradiction!
In particular, f cannot be surjective, which shows that #(X) < X is false. O

Theorem 1.4 (Cantor—Schroder—Bernstein) Let X and Y be arbitrary. f X <Y
andY <X, then X~Y.

Proof. Letboth f: X — Y and g : ¥ — X be injective. We are looking for a bijection
h:X —Y.Letx € X. An X—orbit of x is a finite or infinite sequence of the form

g )T @) T T W)

For each n € NU {eo} there is obviously at most one X—orbit of x of length n. Let
n(x) the maximal n € NU {eo} so that there is an X—orbit of x of length n. We put
x € Xp iff n(x) = oo, x € X iff n(x) € Nis even, and x € X; iff n(x) € N is odd.

For y € Y we define the concept of a Y—orbit in an analoguous way, i.e., as a finite
or infinite sequence of the form

LN T O AT T O)),

We write n(y) for the maximal n € NU {eo} so that there is a Y—orbit of y of length
n. Wesety € Yp iff n(y) = oo, y € Y1 iff n(y) € Nis odd, and y € ¥, iff n(y) € N is
even.

Let us now define 2 : X — Y by h(x) = f(x), if x € Xo UXj, and h(x) = g7 1(x),
ifxeX,.

The function / is well-defined, as X is the disjoint union of Xy, X;, and X5, and
because for every x € X; there is an X—orbit of x of length 1, i.e., g~! (x) is defined.

The function £ is injective: Let x1 # x, with A(x1) = h(x2). Say x; € XoUX; and
x2 € Xp. Then obviously h(x1) = f(x1) € YoUY; and h(x;) = g7 (xp) € ¥1. But Y is
the disjoint union of ¥y, Y7, and ¥». Contradiction!
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The function / is surjective: Let y € Yo UYa. Then y = f(x) for some x € Xo UX;
but then y = h(x). Lety € ¥;. Then g(y) € X2, 50y = g1 (g(¥)) = h(g(y)). D

Cantor’s Continuum Problem is the question if there is a set A of real numbers
such that
N<A <R

This problem has certainly always been one of the key driving forces of set theory.
A set A is called at most countable if A <N. A is called countable if A~N, and A is
called finite iff A < N. A is called uncountable ifft N < A.

Cantor’s Continuum Hypothesis says that the Continuum Problem has a negative
answet, i.e., that for every uncountable set A of real numbers, A~R.

Cantor initiated the project of proving the Continuum Hypothesis by an induction
on the “complexity” of the sets A in question. There is indeed a hierarchy of sets of
reals which we shall study in chapter 7. The open and closed sets sit at the very
bottom of this hierarchy.

Let A C R, A is called open iff for every a € A there are ¢ < a and b > a with
(c,b) ={x: ¢ <x < b} CA. Ais called closed iff R\A is open.

It is easy to see that if A C R is any non—empty open set, then R <A. AsA <R
is trivial for every A C R, we immediately get that A~R for every non—empty open
A C R with the help of the Theorem 1.4 of CANTOR-SCHRODER—BERNSTEIN,
Theorem 1.8 of CANTOR-BENDIXSON will say that A~R for every uncountable
closed set A C R.

Lemma 1.5 Let A C R. The following are equivalent:

1. Ais closed.
2. Forall x €R, if a <x < b always implies (a,b)NA # 0 then x € A.

Proof. 1.=2.: Letx ¢ A. Let a <x < b be such that (a,b) C R\A. Then (a,b)NA =
0.

2.=>1.: We prove that R\A is open. Let x € R\A. Then there are a < x < b so
that (a,b)NA =0, 1e., (a,b) CR\A. O

Let A C R. x is called an accumulation point of A iff for all a < x < b, (a,b) N
(A\{x}) # 0. The set of all accumulation points of A is called the (first) derivative
of A and is abbreviated by A’, Lemma 1.5 readily gives:

Lemma 1.6 Let A C R. The following are equivalent:

1. Ais closed.
2. A'C A

A set A C Ris called perfect iff A# @ and A’ = A.

Theorem 1.7 Let A C R be perfect. Then A~R.
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Proof. A < R is trivial. It thus remains to be shown that R < A. We shall make use
of the fact that R ~ N{0,1}, where N{0, 1} is the set of all infinite sequences of 0’s
and 1’s. (Cf. Problem 1.2.) We aim to see that N{0,1} <A.

Let *{0, 1} be the set of all non-empty finite sequences of 0’s and 1I’s, i.e., of all
5:{0,...,n} — {0,1} for some n € N. Let us define a function @ from *{0,1} to
closed intervals as follows.

Letso: {0} — {0} and s; : {0} — {1}. As A # @ and A C A’ we easily find

agy < bsy < ag < by

so that
[asg:bs,] NA # O und [as, ybs, ) NA #0O.

Set ®(s0) = [asy, bs,) and D(s1) = [as;, Dy ]-

Now let s € *{0,1} and suppose that @(s) is already defined, where D(s) =
[as,bs] with a; < by and [a5,bs] NA # 0.

Let s: {0,...,n} — {0,1}. Write s™0 for the unique ¢ : {0,...,n+ 1} —{0,1}
with #(i) = s(i) for i < n and ¢(n+1) = 0; write 51 for the unique 7 : {0,...,n+
1} — {0,1} with #(i) = s(i) for i <n and #(n+1) = 1. Because A C A’, we easily
find

ay < ag~p < by~ < ag~1 < by~1 < by,

so that
[as"\Oabs’“O] NA 7é @, [as’ﬂlabs’\l] NA 7é @,
1 1
by~ —as~0 < PEE and by~1 —as~1 < PR
Set ®(s™h) = [ag~n,bs~p] for h=0,1.
We may now define an injection F : N{0,1} A Let f € N{0,1}. Then

ﬂ [af[{O,...,n}abf[{O,...,n}] = {x}

neN

for some x € R by the Nested Interval Principle. Set F (f) = x. Obviously, F(f) €4,
as F(f) is an accumulation point of A and A’ C A. Also, F is certainly injective. 0O

Theorem 1.8 (Cantor-Bendixson) Let A C R be closed. Then there are sets Ay C
R and P C R so that:

1. Ais the disjoint union of Ag and P,
2. Ao is at most countable, and
3. Pis perfect, or else P # 0.

Proof. An x € R is called a condensation point of A iff (a,b) NA is uncountable for
alla<x<b.

Let P be the set of all condensation points of A, and let Ag = A\P. As A is closed,
P C A’ C A. Tt remains to be shown that 2. and 3. both hold true. We shall make use




1 Naive set theory 5

of the fact that Q~N (cf. Problem 1.1) and that Q is dense in R, i.e., that for all x,
y € R with x <y there is some z € R with x <z <y.

2.: Let x € Ag. Then there are a, < x < by with ay, by € Q and such that (ay,bx) NA
is at most countable. Therefore,

Ao | (an,by)NA.

X€Ag

As Q~N, there are at most countably many sets of the form (ax,by) NA, and each
of them is at most countable, Hence Ag is at most countable (cf. Problem 1.3).

3.: Suppose that P # 0. We first show that P C P.LetxeP. Leta<x<b
We have that (a,b) NA is uncountable. Suppose that (a,b) N (P\{x}) = @. For each
y € ((a,b)\{x}) NA there are then ay <y < by with ay, by € Q so that (ay,by)NAis
at most countable. But then we have that

(@bynac{xpu  |J (a,b)NA
ye(ab)\x}

is at most countable. Contradiction!
Let us finally show that P C P. Let x € P'. Then (a,b) N (P\{x}) # 0 for all
a < x<b. Lety € (a,b) N (P\{x}). Then (a,b) NA is uncountable. Hence x € P.

0

There is a different proof of the Theorem of CANTOR-BENDIXSON which brings
the concept of an “ordinal number” into play. Let A C R be given. Define A! as A’,
A2 as A" etc., i.e., A"t1 as (A") for n € N. It is easy to see that each A" is closed,

and
LLCcA™ catc . cAl CA.

If there is some 1 with A"*! = A" then P = A" and Ag = A\P are as desired. Other-
wise we have to continue this process into the transfinite. Let

A" = (A"A™ = (A%, AT = (A
neN

AT = (YA ete.
neN

It can be shown that there is 2 “number” o so that A%+! = A%, If A% # 0, then A%
is perfect, and A\A® is always at most countable.

Such “numbers” are called ordinal numbers (cf. Definition 3.2). We need an ax-
iomatization of set theory, though, in order to be able to introduce them rigorously.
With their help we shall be able to prove much stronger forms of the Theorem of
CANTOR-BENDIXSON (cf. Theorem 7.11).
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Problems

1.1. Show that the sets of all integers, of all rationals, and of all algebraic num-
bers are each countable, i.e., of the same size as N. Show also that there are only
countably many continous f: R — R,

1.2. Show that R ~ N{0,1}, where N{0, 1} is the set of all infinite sequences of 0’s
and 1’s.

1.3. Let, for each n € N, A,, be a countable set. Show that | J,cyAx is countable.

1.4. Let n € N, Construct a set A C R such that A” # 0, but A" =, Also construct
aset A C R such that A=t £ 0, but A=+ =,

1.5. Let A C R be closed. Show that the pair (Ag, P) as in the statement of the The-
orem 7.11 of CANTOR-BENDIXSON are unique.

1.6. A set A C R is called nowhere dense iff R\ A has an open subset which is dense
in R.

(a) Show that A is nowhere dense iff for all @, b € R with a < b there are @', b’ € R
witha <a’' <b' <band[d,b'|NA=0.

(b) Show that if each A, is open and dense, n € N, then (,cnAn is dense. (This is
the BAIRE Categoricity Theorem.)

(c) Show that R is not the countable union of nowhere dense sets.

(d) Fora, b € R witha < b let

2 2 1 1 2
3: — —_ —_ —
[a,b] [a,3a+3b]u[3a+3b,b],

and for ag, by, ..., ax, by € R with a; < b; for all i < k let

wiry

2 2
([ao,bo] U...u [ak,bk])? = [ao,bo]3 u...u [ak,bk] .
Finally, let, for a, b € R with a < b, [a,b]o = |a,b], [a,b]n11 = ([a,b]n)%‘, and

[a,b]ee = () [a,B]n.

neN

[a,b]w is called Cantor’s Discontinuum. Show that for all a, b € R with a < b, [a, b]«
is nowhere dense, and [a, b]~R.




