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In V, there is a play of mp (G*(A)) in which IT follows mg ((7*) and in which II
looses namely

Ilno, mpc(0tg) 12, B o (Onp1)

11 ' ny

By absoluteness, such a play hence exists in M,. But this is a contradiction!

It is not hard to show that if there is a measurable cardinal, then every set of reals
has an embedding normal form. It is much harder to get embedding normal forms
which are sufficiently closed. We now first want to show that all coanalytic sets are
determined provided that there is a measurable cardinal.

Definition 13.3 Let k be a measurable cardinal, and let U be a < x—complete non-
trivial ultrafilter on k. Such U is also called a measure on k. Let v be an ordinal, or
Y = oo, Then the system

I = (Mo, gp: 0 < B <)

is called the (linear) putative iteration of V of length ¥ given by U iff the following
hold true.

(1) My=V, andif o +1 <, then My, is a (transitive) inner model.

(2) If a < B <8 <, then mgp : My — Mg is an elementary embedding, and 75 =
35 © Tap- ’

(3) If a+1 <y, then Moy = Ult(My; oo (U)) and R 1 is the canonical ultra-
power embedding.

(4) If A <vyis alimit ordinal, then (M), gy : 0t < A) is the direct limit of (Mg, Tiyp :
a<B<A).

The system & is called the (linear) iteration of V of length vy given by U if either y
is a limit ordinal or else the last model M, is well-founded (i.e., transitive).

Notice that by (2), #gq = id for all o < 7. Also, if we write ky = Mg (k) and
Uy = mya(U), then
My | “Uy is a measure on K.

Therefore, (3) makes sense.

It is easy to verify that kg = crit(7gg) for & < B <y such that My is well—
founded (i.e., transitive). Every model My, o < 7, is transitive, except possibly the
last one. (Of course, if ¥ is a limit ordinal, then there is no last model.)

Definition 13.4 Let x be a measurable cardinal, and let U be a measure on k. Then
V is called iterable by U and its images iff for every v, if

(Mo, rgp - 0 < B <y+1)

is the (linear) putative iteration of V of length Y+ 1 given by U, then My is well—
founded (i.e., transitive).
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Theorem 13.5 Let k be a measurable cardinal, and let U be a measure on K. Then
V is iterable by U and its images.

Proof: Let v be an ordinal, and let
(Mo, miap : 0 < B <7+1)
be the (linear) putative iteration of V of length Y+ 1 given by U. Let
0: VX <50 Vs

where {i,U,y} C X, X is countable, and V is transitive. Let ¥ = o~1(x), U =
o~ 1(U), and 7= o~ (7). We may also set, for & € ran{c) N7,

Mo‘l(ot) =o'} (My),

and for ¢ < B, @, €ran(o) N7y,
To-i(eom1(p) =0 (Tap)-
Then, from the point of view of v,

(Mg <P <T+1)

is the (linear) putative iteration of V of length 7+ 1 given by U.
We shall now recursively, for @ < 7+ 1, construct embeddings

O‘a . M(x —>£1000 V
such that whenever o < f8 <7+ 1, then
GB Oﬁaﬁ = Og.

We set 0y = o. Now let & < ¥, and suppose all oy, < 8, are already construed
such that 0g 0T = 0y forall ¢ < < 6.
Let us first suppose & to be a limit ordinal. We then define o5 : M5 — V by setting

Os(x) = oy Oﬁ;é(x),

whenever x € ran(Tyg). It is easy to verify that oy is well-defined and Xjgp0—
elementary, and that 0g 0o = Og foralla < <4.

Now suppose & to be a successor ordinal, say 6 = & + 1. Set K¢ = Tpe(K) and
Ug =g (0). B

If ¢ is a formula, and f1,..., fi € *6My N My, then we write Xy 7, .. 5, for

{n <% Mg = o(fi(n),... fi(n)}.

! Recall that for a proper class X, o1 (X) = U{o~ (X NVy) : a € ran(c)}.
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By LOé’ X(P)flx"'afk € —Ué iff

Ty b oAl ()

Because U is < Rj—complete, ﬂoé’ﬁg £0,say p €N Ggﬁé'
Let us define 65 : M5 — V by setting

o5([f]) = o (£)(p)-

This is well-defined and Xjgpo—elementary, because if ¢ is Zigoo and fi,...,fk €
"M NMg, then

Mgy = oA, [fi]) iff
Xp i, fy € Ug iff
p € 0z (Xp fiynsi) ={N <K:V 1= @(0e(f1)(N); .., 0 (fi) (M)} iff
V = (o (f1)(M), -, 0 (fi)(M)).

It is also easy to verify that 05 = g5 0 0 and hence O 0 Tgp = Oy for all a <
B <é.

But now we cannot have that (Mg, %gg : @ < <7+ 1) has a last ill-founded
model, so that (Mg, Tep : & < < y) cannot have a last ill-founded model: other-
wise a witness to the fact that My is ill-founded would be in the range of ©.

Lemma 13.6 Let x be a measurable cardinal, and let U be a normal measure on
K. Let
(Mo, 7ep 1 0 < B € OR}

be the (linear) iteration of V = My which is given by U. For o € OR, set Uy =
Moo (U) and Ko = crit(Uy) = Moa (k). Let & < B, and let ¢ : @ — [3 be order pre-
serving. There is then a natural elementary embedding

n;"ﬁ : My, — Mg,

called the shift map given by @ suchthat 7_rg 8 (Ka)_: Kp, and for all 0 < ft, n‘;”ﬁ (Kg) =
Ko(w) and in fact n:xpﬁ © Mg = Tgg © ﬂggx Jorall B withran(@ [0) C B < B.

Proof by induction on f3. The statement is trivial for B =0.Nowlet § > 0.
Let us first suppose f3 to be a successor ordinal, say § = f -+ 1. If B ¢ ran(¢),

then we may construe @ as a map from ¢ to B and simply set ngﬁ = Tgp © 7'623. Let

us thus assume B € ran( @), which implies that & is a successor ordinal as well, say
o =0+1, and (@) = . We then define ngﬁ by setting

o

T (Maa (f)(Ka)) = mgg 0 Ty’ (£) (ip),
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where f € Mg, [ : kg — Mg. This is well-defined because if  is a formula and
fEeEMy, f: Kg— Mg,...,then

Mo = Y(mga(f)(%z),...) &
{€<mea#w<@L Welse
{& <x5: Mg = y(n! aﬁ “(£)(),-.)} € Ug, by using z”

My 1= (g 0 57 ()55,

ol

ap '

It is easy to verify, using the inductive hypotheses, that ng 8 is as desired.

Now suppose 3 to be a limit ordinal. If @ is not cofinal in 3, say ran(¢) C B < B,

then we may construe ¢ as a map from a to 8 an simply set ngﬁ = Mg © 717‘0/3 Let

us thus assume that ¢ is cofinal in 8, which implies that ¢ is a limit ordinal as well.
We then define n‘pﬁ by setting

7 (Taa () = Tpyp © Ty (%).

Notice that each y € My, is of the form mgg (x), where @ < o and x € M. Moreover,
if T (%) = Mg o (x'), where & < @, then

ﬂaa,( ) x' and 7'L'(P )ﬁO

‘W(a)
To@)p © Fop@e@) ° ghm(>“
Tg(a)p © n.g,ra( ) o gy (x) by the inductive hypothesis,
@)B ”—f /)(X' )

so that the definition of ngﬁ (v) is independent from the choice of @ < @ and x € M,

with y = 7ge (x). It is easy to verify the inductive hypothesis.

Theorem 13.7 Let k be a measurable cardinal, and let A C ® @ be coanalytic. Then
A has a xk—closed embedding normal form.

Proof: Recall that if A is coanalytic, then there is a map s <, where s € <@
and < is a linear oder on //(s), such that <, | Ih(s) =<; whenever s C t and setting
<= J{ <! 5 C x} for x € ®o, we have that for all x € ? e,

X €A &<, is a well-order,

Lets 4 t, where Ih(t) = lh(s) +1. Write n = [h(s). Suppose that 7 is the k" element
of {0,...,n} according to <,, i.e.,

mo <p ..o <p M1 <p 1< Mpp1 <p .o <p My,

We then define @(s,t) : n — n+1by @(s,1)(I) =1 for I < k and ¢(s5,t)(1) =1 +1
forl > k.




