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MATHEMATICAL MODELLING AND SIMULATIONOF NON-ISOTHERMAL CRYSTALLIZATION OF POLYMERSMARTIN BURGERIndustrial Mathematics Institute, Johannes Kepler University Linz,Altenbergerstr. 69, A-4040 Linz, AustriaVINCENZO CAPASSOMIRIAM (MIlan Research centre for Industrial and Applied Mathematics),Universit�a di Milano, Via Saldini 50, 20133 Milano, ItalyThis paper is devoted to the study of mathematical problems arising in the modellingof nonisothermal polymer crystallization under industrial conditions. A review of thehybrid stochastic-deterministic modelling procedure, which yields an averaged model 5;8,is given and supplied by the study of mathematical problems arising from it.Furthermore, multiple scale e�ects in the crystallization process are studied usingdi�erent scalings, focussing either on the heat conduction or on the crystallization part.It is shown that in the limit of fast nucleation and slow growth, the model is equivalentto a direct extension of the classical Avrami-Kolmogorov model equations.In addition, numerical simulations are presented to illustrate the behaviour duringcrystallization. Finally, open questions from mathematical and engineering view pointsare discussed.Keywords: Crystallization, Growth, Nucleation, Nonlinear Evolution Equations, Poly-mers, Stochastic Geometry, Multiple Scales.1. IntroductionThe mathematical modelling of polymer crystallization under heat transfer con-ditions has become of great importance recently, especially because of the largeamount of industrial applications and the need for mathematical tools to predictthe quality of the �nal products 12;20.Crystallization is a mechanism of phase change in polymeric materials. If anexperiment is started with a liquid and the temperature is decreased subsequentlybelow a certain point (the melting point of the material), crystals appear randomlyin space and time and start to grow until they hit another crystal, which abruptlystops the growth at the interface (which is called impingement). Both these phe-nomena are driven by temperature; in the liquid phase nuclei are born randomly bya Poisson process with rate � = �(x; t) (the so-called free nucleation rate), which de-pends on temperature (and temperature history) in some way. For many materials1



2 Modelling and Simulation of Polymer Crystallizationlike polypropylene, a standard model is 12;13�(x; t) = @@t eN(T (x; t)): (1.1)Growth takes place at the surface of an individual crystal with normal speedG = G(x; t) depending upon temperature via 12;13;23;25G(x; t) = eG(T (x; t)): (1.2)Vice versa, growing crystals in
uence the heat transfer process by releasing energyas a consequence of phase change (which adds a source term to the heat equation).This source is usually called the latent heat.The �rst mathematical model for a crystallization process (in that case for met-als) was given by Kolmogorov 14 and independently by Avrami 2 for processeshomogenous in space and time. Kolmogorov's approach lead to the equation�(t) = 1� e�V (t); (1.3)where � represents the expected value of the crystalline fraction a domain and V (t)is the expected volume of the crystals in absence of impingement. Avrami obtainedthe equivalent equationd�dt (t) = (1� �(t))dVdt (t) = G(1� �(t))S(t); (1.4)by the argument that the change of the crystalline volume fraction is proportionalto the expected available surface of the crystalline phase ((1��)S), which can againbe expressed in terms of the expected free surface S (in absence of impingement).The expected free surface S can be determined easily, e.g. in one spatial dimension,its twice the expected number of crystals, i.e.,S(t) = 2 Z t0 � ds:The last formula can also be rewritten as a di�erential equation, namelydSdt = 2�: (1.5)It will turn out in the subsequent sections that this formula can be extended toheterogenous cases.However, under industrial conditions, temperature and consequently nucleationand growth rates are almost never uniform in space, which causes a need for im-proved models to obtain information about the spatial distribution and morphologyof crystals, which determine the mechanical properties of the �nal product 9;22.In the subsequent sections we will present an approach to obtain mathematicalmodels either for stochastic simulations on the microscale or for the prediction ofaveraged quantities on larger scales. The paper is organized as follows: in Section 2



Modelling and Simulation of Polymer Crystallization 3we derive a stochastic model for the crystallization process, which can be written asan initial-boundary value problem for a system of partial di�erential equations withrandom source. In Section 3 we show how this stochastic model can be approximatedby the averaged deterministic model and discuss the e�ect of Bboundary nucleationas described e.g. by Eder 11 and incorporate it into the model equations.Section 4 is devoted to the study of multiple scales in the process and theirimplications on our averaged model, before presenting the results of numerical sim-ulations of the crystallization process in Section 5. Finally, open and partiallysolved problems related to the mathematical modelling of polymer crystallizationare discussed in Section 6.2. The Stochastic Model of the Crystallization ProcessFrom the stochastic point of view, crystallization can be modelled as a birth-and-growth process. Driven by some intensity �, crystals are born randomly andimmediately start growing with normal speed G. The standard model adoptedfor the nucleation process is the one of a stochastic spatially marked point process(MPP), on an underlying probability space (
;A;P)N = 1Xj=1 �(Xj ; Tj); (2.6)where Tj is the time of occurrence of the j-th nucleation and Xj denotes the spacelocation of the j-th nucleus. Tj is a random variable valued inR+ and Xj is randomvariable valued in a Borel set D � Rd, d = 1; 2; 3. We shall denote by B+ the �-algebra of Borel sets in R+, and by C the �-algebra of Borel sets in D. For anyt 2 R+ and x 2 D, �(x; t) denotes the Dirac measure on C � B+, such that for anyB 2 B+ and C 2 C,�(x; t)(C;B) = � 1 if t 2 B and x 2 C0 otherwise . (2.7)In a crystallization process with nucleation eventsf (Xj ; Tj) j 0 � T1 � T2 � : : : g;the crystalline phase at time t is given by�t = [Tj<t�tj ; (2.8)where �tj (a random set) denotes the crystal born at time Tj at location Xj freelygrown up to time t. The real phase of the crystal may be a proper subset of �tjbecause of the e�ect of impingement, according to which growth is stopped at thecommon interface when two crystals hit each other. Nevertheless, impingement isincluded in (2.8), since the union over all crystals is taken.



4 Modelling and Simulation of Polymer CrystallizationThe integer-valued random variable N(A) counts the number of nucleationevents in the region A 2 C � B+ of space-time , i.e.,N(A) = jf j j (Xj ; Tj) 2 A gj; (2.9)whose randomness arises from the randomness of the nucleation events (Xj ; Tj).Under the usual assumptions, the nucleation process is a MPP with intensitymeasure 10 �(dx � dt) = �(x; t)(1 � I�t(x))dxdt; (2.10)where �(x; t) is the mean number of new nuclei produced per unit volume andunit time at (x; t) 2 D �R+, independent of the actual crystalline phase �t (withindicator function I�t).The (deterministic) measure de�ned by the expected values�(A) := E[N(A)]; A 2 C � B+; (2.11)is known as the intensity measure of N . The following holds:�(dx� dt) = E[N(dx� dt)] = E[�(dx � dt)] = �(x; t)(1� �(x; t))dxdt:where �(x; t) := E[I�t(x)] is the usual crystallinity function.The average number of spherulites born up to time t per unit of volume at x 2 Dis then NC(x; t) = Z t0 �(x; s)(1 � �(x; s)) ds:2.1. Evolution Equations with Random SourceAn equivalent description of the process can be obtained by using the (stochastic)indicator function f of the crystalline phase, de�ned byf(x; t) = I�t(x) 8 t 2 R+; x 2 D; (2.12)so that the crystallinity function is given by�(x; t) = E[f(x; t)]; 8 t 2 R+; x 2 D: (2.13)If we denote by f j the indicator function of the single crystal �j , we may writef(x; t) = 1� Ytj�t(1� f j(x; t)): (2.14)Besides the actual volume distribution f , we may also de�ne the free volume dis-tribution ffree by ffree(x; t) = Xtj�t f j(x; t); (2.15)



Modelling and Simulation of Polymer Crystallization 5the di�erence between ffree and f is obviously a measure of the relevance of im-pingement.Besides the volume distribution of a crystal, we may also de�ne the distributionof the surface metric density vj or the oriented density wj , which are generalizedfunctions and can be de�ned viahvj ; �i = Z@�j\D � djnj; 8 � 2 C(D) (2.16)hwj ; �i = � Z@�j\D � dn; 8 � 2 C(D): (2.17)In one spatial dimension vj (respectivelywj) is just the sum (respectively di�erence)of two Dirac �-distributions located at the end points of the crystal. Similarly toffree we can also de�ne the free volume densities vfree and wfree as the sum overall vj and wj , respectively.Now we consider an arbitrary closed set C and compute the crystalline volumein C at time t asV (C; t) = ZC f(x; t) dx =Xj Z�tj\C Yk<j(1� fk(x; t)) dx:The time change of the crystalline volume can now be obtained in two ways:@V@t (C; t) = ZC @f@t (x; t) dx= hIC ; @f@t i: (2.18)and @V@t (C; t) = Xj @@t Z�tj\C Yk<j(1� fk(x; t)) dx= Xj Z�tj\C div 0@W j(x; t)Yk<j(1� fk(x; t))1A dx;where W j is the speed with which the surface of crystal �j moves. By applyingGauss' Theorem to the last identity we obtain@V@t (C; t) = Xj Z@�tj\C W j(x; t)Yk<j(1� fk(x; t)) dn:The modelling of crystal growth based upon experimentally veri�ed minimum prin-ciples yields 8;26W j(x; t) = G(x; t)n(x; t); 8 x 2 @�tj ; t 2 R+:



6 Modelling and Simulation of Polymer Crystallizationwhere n denotes the outer normal of the crystal's boundary. Furthermore, by de�-nition we have fk = 0 on @�tj for k � j, and consequently we may write@V@t (C; t) = Xj Z@�tj\C G(x; t)Yk (1� fk(x; t)) djnj= Xj Z@�tj\C G(x; t)(1� f(x; t)) djnj= hIC ; G(1� f)Xj vji: (2.19)Since C is arbitrary in (2.18) and (2.19), we obtain (in the sense of generalizedfunctions) with the free surface density vfree =P vj :@f@t = G(1� f)vfree = (1� f)@ffree@t ; (2.20)which is a generalization of the Avrami-formula (1.4) to the spatially inhomogenouscase.In the distributional sense we may also compute the gradient of f viahrf(:; t); �i = �hf(:; t); div �i; 8 � 2 C10 (D;Rd):This formula implies together with Gauss' Theoremhrf j(:; t); �i = � ZD f j(x; t)div �(x) dx = � Z�tj div �(x) dx= � Z@�tj �(x) dn(x) = hwj(:; t); �i;and thus, we may conclude that rf j = wj : (2.21)By a similar technique as for ft we may conclude thatrf = (1� f)wfree; (2.22)and a standard compatibility relation immediately yields(wfree)t = r(Gvfree): (2.23)So far, we have derived equations (2.20) and (2.23) for the evolution of f ,vfree and wfree. Obviously we need a third evolution equations, thus we startby computing the time derivative of vj in a distributional sense, i.e., for all � 2C10 (D � (0; t�);R) we havehvjt ; �i = �hvj ; �ti = � Z t�0 Z@�tj �tn dn dt= � Z t�0 Z�tj r(�tg)dx dt;



Modelling and Simulation of Polymer Crystallization 7where the last equality follows from Gauss' Theorem with g such that g = n on@�tj and su�ciently smooth in the interior. Using the de�nition of f j , integrationby parts with respect to t and inserting the identity f jt = Gvj yieldshvjt ; �i = Z t�0 ZD �f jtr(�g) + f jr(�gt)� dx dt= Z t�0 ZD �Gvjr(�g) +r(�gt)� dx dt= Z t�0 Z@�tj (Gr�+ �nt)dn= �hGwj ;r�i+ hSdj ; �i= hr(Gwj) + Sdj ; �i;which implies vjt = r(Gwj ) + Sdj (2.24)The generalized function Sdj is the measure of the (stochastic) increase of free surfacedue to the birth of the j-th crystal at time Tj and location Xj . It can be computedexplicitely, depending upon the space dimension d=1,2, as 8hS1j ; �i = 2�t(Xj ; Tj) (2.25)hS2j ; �i = 2�G(Xj ; Tj)�(Xj ; Tj): (2.26)In R3, the distribution S3j is characterized by (cf. 8)h @@tS3j ; �i = 2G(Xj ; Tj)hR3j ; �i (2.27)hR3j ; �i = 4�TjG(Xj ; Tj)�(Xj ; Tj): (2.28)Summing up over all vj in (2.24) we obtain(vfree)t = r(Gwfree) + XTj=tSdj : (2.29)Since the nucleation and growth rate depend on the temperature T , the aboveare coupled with Tt = div (DrT ) + hc ft; (2.30)with D = ��c , where � denotes the heat conductivity, c the heat capacity and � thedensity. The constant h is called latent heat; it represents the energy released atthe moment of the phase change. In general, �, � and c depend on temperatureand on the phase, i.e., in mathematical terms on T and f , but for many polymericmaterials the variance of � and c is very small, so it seems reasonable to use constantvalues instead.



8 Modelling and Simulation of Polymer CrystallizationSumming up, we have obtained the systemTt = div (DrT ) + hc ft in D � (0; t�) (2.31)ft = eG(T )(1� f)vfree in D � (0; t�) (2.32)(vfree)t = r( eG(T )wfree) + XTj=tSdj in D � (0; t�) (2.33)(wfree)t = r( eG(T )vfree) in D � (0; t�): (2.34)If we assume that the whole crystallization process starts at time t = 0 the initialvalues are given by T = T 0 in D � f0g (2.35)f = 0 in D � f0g (2.36)vfree = 0 in D � f0g (2.37)wfree = 0 in D � f0g; (2.38)and because of the cooling from outside, the boundary conditionpfTn = 
0(T � Tout) on @D � (0; t�) (2.39)must be satis�ed, where 
0 denotes the heat transfer coe�cient and Tout the tem-perature of the cooling material.3. Averaging of the Stochastic ModelUnder typical industrial conditions, several assumptions can be made, whichallow to approximate the stochastic model (2.31)-(2.39) by a deterministic system:� The nucleation rate and consequently the number of crystals is very large.� The growth rate and consequently the sizes of the crystals are very small.� The typical scale for di�usion of temperature (macroscale) is much larger thanthe typical crystal size (microscale).� A mesoscale may be introduced, su�ciently small with respect to the macro-scale of heat conduction so that temperature at that scale may be consideredapproximately constant, but large enough with respect to the typical scaleof the size of individual crystals so that it contains a large number of themmaking the "law of large numbers" applicable.A typical size xmeso on this mesoscale satis�esxcrystal << xmeso << xtemperature;where xcrystal and xtemperature are typical sizes for single crystals and for the heattransfer process. If t0 is a typical time, G0 and D0 are typical values for the growthrate and the di�usion coe�cient, we may choosexcrystal = G0t0; xtemperature =pD0t0;



Modelling and Simulation of Polymer Crystallization 9
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Fig. 1. The typical scales in the crystallization process.which di�er by several orders of magnitude under usual processing conditions. Thistypical feature of the process is illustrated in Figure 1.If we take a su�ciently large volume C, than the number of crystals producedin C in the time interval (t; t+�t) can be approximated by its expected value,i.e.(note that overlapping of crystals is negligible since in an arbitratily small timeinterval the new nuclei do not have a volume),N(C � (t; t+�t)) � Z t+�tt ZC �(x; s) dx ds: (3.40)If (3.40) is valid on a typical volume for this mesoscale, we can approximate therandom source Pj Sdj by its local average in C(x) � (t; t +�t) (where C(x) is anappropriate neighbourhood of x), i.e. by1�tjC(x)j hXTj=tS1j ; IC(x)�(t;t+�t)i � 1�tjC(x)jE 24hXTj=tS1j ; IC(x)�(t;t+�t)i35= 2�tjC(x)jE [N(C(x) � (t; t+�t))]= 2�tjC(x)j Z t+�tt ZC(x) �(y; s) dy ds(3.41)� 2�(x; t) = 2 @@t eN(T (x; t)) (3.42)



10 Modelling and Simulation of Polymer CrystallizationBy similar reasoning, one can deduce (cf. 8)1�tjC(x)j hXTj=tS2j ; IC(x)�(t;t+�t)i � 2�G(x; t) Z t0 �(x; �) d�= 2�G(x; t) eN (T (x; t)) (3.43)1�tjC(x)j hXTj=tS3j ; IC(x)�(t;t+�t)i � 8�G(x; t) Z t0 G(x; �) Z t0 �(x; s) ds d�= 8� eG(T (x; t)) Z t0 eG(T (x; �)) eN (T (x; �)) d�:(3.44)The quantities we obtain from (2.31)-(2.39) with the source replaced by its localvalue, are mean quantities, i.e., they describe the mean behaviour in a volume of sizeC(x), but cannot resolve smaller details. E.g., the indicator function f is replacedby the degree of crystallinity �, which approximates the expected value of f . Thecrystalline volume in a domain C0 larger than C(x) can still be approximated wellby V (C0; t) � ZC0 �(x; t)dx: (3.45)The averaged model we obtain (cf. 5;6;8) is given by (here for crystallization in adomain D � R2, for d = 1 and d = 3 the source term in (3.48) is de�ned by (3.42)and (3.44), respectively)Tt = div x (DrxT ) + hc �t in D � (0; t�) (3.46)�t = (1� �) eG(T )v in D � (0; t�) (3.47)vt = rx( eG(T )w) + 2� eG(T ) eN(T ) in D � (0; t�) (3.48)wt = rx( eG(T )v) in D � (0; t�); (3.49)supplied by the boundary conditions@T@n = 
0(T � Tout) on @D � (0; t�) (3.50)v + wTn = 0 on @D � (0; t�); (3.51)and the initial conditionsT = T 0 in D � f0g (3.52)� = 0 in D � f0g (3.53)v = 0 in D � f0g (3.54)w = 0 in D � f0g: (3.55)Here T denotes the temperature, � the degree of crystallinity and v, w representthe mean free surface distributions of the crystals if they would grow freely. The



Modelling and Simulation of Polymer Crystallization 11boundary condition (3.51) holds only if it is assumed that no nucleation event oc-curs on the boundary of D, its derivation will be discussed in detail in the followingsection. The capital (T; eG; eN) and overlined characters (v; w; t; x) represent dimen-sional quantities, only the degree of crystallinity � is dimensionless.3.1. Boundary NucleationThe e�ect of boundary nucleation as described e.g. by Eder 11 has not beenincluded in our averaged model so far. Contrary to other models, which are basedon systems of ODEs, our averaged model can incorporate this behaviour easily inthe boundary conditions.We �rst consider the case without boundary condition to derive (3.51). Thechange of the free volume density ffree in a boundary point x in an arbitrarilysmall time interval (t; t + dt) is given by the sum of the volume densities of thecrystals arriving at x in the time interval (t; t+ dt). This sum can be splitted intothose crystals which already exist at time t and the ones which are born in (t; t+dt).Since a crystal that is born in (t; t+ dt) and reaches x before time t+ dt must haveits origin in a space region with distance less than G(x; t)dt+O(dt2), we can writeffree(x; t + dt)� ffree(x; t) = ffree(x�G(x; t)ndt; t) � ffree(x; t) +V (B(x;G(x; t)dt) � (t; t+ dt)) +O(dt2);where V is the free volume density created by new crystals and n is the outernormal. If there is no boundary nucleation, i.e., no nucleation takes place in thepoint x 2 @D with lower-dimensional intensity, we haveV (B(x;G(x; t)dt) � (t; t+ dt)) = o(dt):If we now change to the mean �eld quantity ffree for the free volume, we haveffree(x; t+ dt)� ffree(x; t) = ffree(x�G(x; t)ndt; t) � ffree(x; t) + o(dt):Dividing by dt and the limit dt! 0 yield(ffree)t +G(rf free)Tn = 0: (3.56)Noticing that �t = (1� �)(ffree)t = G(1� �)vr� = (1� �)rffree = (1� �)w;we can transform (3.56) into (3.51).If we have boundary nucleation with intensity�@D(d�(x) � dt) = �(x; t)(1� f(x; t))d�(x)dt; (3.57)



12 Modelling and Simulation of Polymer Crystallizationthe volume density of the crystals born in time (t; t + dt) in a boundary segmentd�(x) = o(dt) is of order dt and for the mean free density we obtain analogouslyGv + wTn = limdt!0E (V (d�(x) � dt)) (3.58)= Sdfree(�); (3.59)where Sfree is the mean free surface (with rate �) de�ned in Rd byS1free(�) = 2�(x; t) (3.60)S2free(�) = 2�G(x; t) Z t0 �(x; s) ds (3.61)S3free(�) = 8�G(x; t) Z t0 G(x; s) Z s0 �(x; �)d� ds (3.62)3.2. Solution in a Special CaseIn this section we consider the case G constant and D � R1, which enables usto derive an explicit formula for the solution of the crystallization kinetic equations.Since we can easily express � in terms of ffree by using the generalized Avrami-Kolmogorov formula � = 1� e�ffree ; (3.63)which is a direct consequence of (2.20) and �(x; 0) = 0. In the case of no boundarynucleation, we have to solve a system of the form (with the notation u for the freevolume ffree) ut = Gv in D � (0; t�) (3.64)vt = Gwx + 2� in D � (0; t�) (3.65)wt = Gvx in D � (0; t�) (3.66)v = �wn on @D � (0; t�) (3.67)u = v = w = 0 in D � f0; t�g: (3.68)Since from (3.64) and (3.66) we may derive ux = w, we can directly obtain aninitial-boundary value problem for u, namelyutt = G2uxx + 2G� in D � (0; t�) (3.69)ut = �Guxn on @D � (0; t�) (3.70)u = 0 in D � f0; t�g: (3.71)By Kirchho�'s formula (cf. e.g. Kythe 16), a solution of the wave equation (3.69)with homogenous initial value is given by~u(x; t) = Z t0 ZD(x;t;s) �(y; s) dy ds; (3.72)



Modelling and Simulation of Polymer Crystallization 13with D(x; t; s) = D \ (x �G(t � s); x +G(t � s)). A straightforward computationshows that ~u also satis�es the boundary condition (3.70) and thus, it solves (3.69)-(3.71). In the case of boundary nucleation with rate �(t) on @D, one easily veri�esthat the solution is given by~u(x; t) = Z t0 ZD(x;t;s) �(y; s) dy ds+ Z max(0;t��(x))0 �(s)ds; (3.73)with �(x) = 1G miny2@D jx� yj = 1Gd(x; @D):As usual for hyperbolic problems, the boundary condition has only in
uence toother points in a layer around the boundary, which grows in time. This layer of sizeGt represents exactly those points which can be reached by a crystal born on @D,since points with larger distance from the boundary such a crystal cannot in
uencethe crystalline volume.In this special case, we can also give a more rigourous mathematical justi�cationfor the averaging procedure. Let ~u be the solution of (3.69)-(3.71) given by (3.72)and let ~uN be the (real) free volume of a crystallization process with growth rate Gand N crystals randomly born at f(Xj ; Tj)gj=1;::: ;N (with nucleation rate �). Thenfor any � 2 L1(D � (0; t�)) we haveh~uN ; �i = Z T0 ZD �(x; t)0@ XXj2D(x;t;Tj) 11A dx dt= NXj=1 Z TTj ZD(Xj ;Tj ;t) �(x; t) dx dt:Furthermore we haveh~u; �i = Z T0 ZD �(y; s) Z Ts ZD(y;s;t) �(x; t) dx dt! dy dsIf we split the time interval and the domain D into(0; t�)�D = M[k=1 Ik �Dk;



14 Modelling and Simulation of Polymer Crystallizationsuch that jIkj < �, jDkj < c�, we obtainh~u� ~uN ; �i = MXk=1 ZIk ZDk �(y; s) Z Ts ZD(y;s;t) �(x; t) dx dt! dy ds�XTj2Ik;Xj2Dk Z TTj ZD(Xj ;Tj ;t) �(x; t) dx dt:!� MXk=1�j ZIk ZDk �(y; s) dy ds�N(Ik �Dk)j+ o(�2)�Z T0 ZD j�(x; t)j dx dt;where N(Ik � Dk) denotes the number of nucleation events in Ik � Dk. Since�1 = O(M�1), we obtain for k�kL1 = 1,h~u� ~uN ; �i � MXk=1 jN(Ik �Dk)�E[N(Ik �Dk)]j+ �(M);where �(M)! 0 for M ! 0. Hence the term on the left hand side is small, if M islarge enough that �(M) is small and on the other hand small enough such that wehave a su�ciently high number of nucleations in Ik �Dk (and by the law of largenumber jN(Ik �Dk)�E[N(Ik �Dk)]j is small). The estimatek~u� ~uNk � C supk�kL1(D)=1h~u� ~uN ; �ialso implies an error bound in the L2-norm.4. Multiple Scale E�ectsIn the previous section we have used the di�erent scales of temperature andcrystallinity to derive the deterministic model (3.46)-(3.55). We normalize the min-imal length using the new space variable x = 1x0x and introduce a new time variablet = 1t0 t. Temperature and the other free variables are scaled by� = 1�0 (T � Tmin) v = 1v0 v w = 1v0w;and the parameter functions are transformed toa(�) = 1G0 eG(T ) kakC1 = O(1) (4.74)b(�) = 1N0 eN(T ) kbkC0 = O(1) (4.75)



Modelling and Simulation of Polymer Crystallization 15The arising initial-boundary value problem reads�t = D�� + L�t in D � (0; t�) (4.76)�t = (1� �)
av in D � (0; t�) (4.77)vt = �r(a(�)w) + �a(�)b(�) in D � (0; t�) (4.78)wt = r(a(�)v) in D � (0; t�); (4.79)with boundary conditions@�@n = �(� � �out) on @D � (0; t�) (4.80)v = �wTn on @D � (0; t�); (4.81)and initial conditions � = �0 in D � f0g (4.82)� = 0 in D � f0g (4.83)v = 0 in D � f0g (4.84)w = 0 in D � f0g (4.85)The parameters in the new system are given by� = 
0x0 
 = G0t0v0 � = 2�G0N0t0v0� = G0t0x0 D = a0t0x20 L = hc�0 : (4.86)Table 1. Typical values for isotactic Polypropylene (cf. 27;28) .Parameter Symbol Typical ValueDi�usion coe�cient a0 10�7 m2 s�1Latent heat hc 50 KGrowth rate G0 10�5 m s�1Nucleation rate N0 1012 m�2Typical length x0 10�2 mTypical temperature �0 150 KIt seems reasonable to balance v and the source term in the hyperbolic part ofthe system, i.e.,1 = � = 2�G0N0t0v0 or v0 = 2�G0N0t0; (4.87)for the other free parameters we have several choices dependent on which scale weare interested in.4.1. Di�usion Time Scale



16 Modelling and Simulation of Polymer CrystallizationIn order to balance the heat transfer process, we choose t0 such that the di�usioncoe�cient is scaled to 1, i.e., 1 = D = a0t0x20 ; (4.88)which implies a typical time scale oft0 = x20a0 � 103s: (4.89)If the latent heat is ignored and the heat transfer coe�cient is su�ciently large, t0is a good approximation for the time which is needed to decrease the temperaturefrom its initial value to an equilibrium determined by the cooling temperature Tout.In the presence of the latent heat as a heating source, the cooling is obviously slower,but the numerical simulations show that this e�ect is not very strong.On the di�usion time scale, the hyperbolic part has an almost scaled 'wavenumber', i.e. � � 1, which represents the fact that the growth of nuclei can beimportant for large time scales. The coe�cient 
 in equation (4.77) is very large
 � 1012, which means that the degree of crystallinity grows strongly in a typicaltime interval for di�usion. Solving (4.77) for � and using the initial condition�(t = 0) = 0 yields �(x; t) = 1� e�
 R t0 av d� : (4.90)This means, that with the growth of R t0 av d� , the second term tends to zero and �tends to 1 very fast.4.2. Fast Time ScaleIf one is interested in the e�ects of the crystallization on a typical time scaleone should rather normalize the parameters 
 and � than the di�usion coe�cientD. From 
 = � = 1 we obtain t0 = 1G0p2�N0 (4.91)v0 = p2�N0: (4.92)We note that t0 is rather small compared to the di�usion time scale. Furthermore,� = 1x0p2�N0 is very small now (� � 10�5). Thus, (4.76)-(4.85) is a singularlyperturbed problem, and we have to expect a boundary layer since the boundaryconditions are not satis�ed by the solution of the reduced problem. In addition,the di�usion coe�cient is rather small (D � 10�3), which expresses the slowness ofdi�usion.We analyze the asymptotic properties of the hyperbolic part as � ! 0 with an



Modelling and Simulation of Polymer Crystallization 17arbitrary source term s, i.e.vt = �r(aw) + s in D � (0; t�) (4.93)wt = �r(av) in D � (0; t�) (4.94)v = �wTn = 0 on @D � (0; t�) (4.95)v = w = 0 in D � f0g: (4.96)In the limiting case � = 0 we obtain a reduced problem whose unique solution isgiven by (cf. Burger 3 for a proof of existence and uniqueness of solutions of thereduced problem) v0(x; t) = Z t0 s(x; �) d� (4.97)w0(x; t) = 0: (4.98)Hence, the reduced problem is a straightforward extension of the classical Avramimodel (1.4), (1.5). We will now prove weak convergence of the solutions as � ! 0by similar techniques as Lions 19.Theorem 4.1. Let � ! 0 and let (v�; w�) denote the solution of (4.93)-(4.96).Then (v�; w�)* (v0; w0) in L2(Q)� L2(Q):Proof. The solution of (4.93)-(4.96) satis�es the a-priori estimate (cf. Burger 4)kvk2L2(Q) + kwk2L2(Q) � cksk2L2(Q); (4.99)which is uniform in �. Thus, as �! 0, for any sequence �k there exists a subsequence�n such that (v�n ; w�n) converges weakly. One easily shows that the weak limit isa solution of the reduced equation and because of the uniqueness of the solution(v0; w0), a standard subsequence of subsequences argument implies the convergenceof (v�; w�) .If the source s is smooth with respect to x, we can even show a quantitativeestimate in the L2-norm:Theorem 4.2. Let rs 2 H�1(I ;L2(
)) and let (v�; w�) denote the solution of(4.93)-(4.96). Then there exist constants C1 and C2 independent of �, such thatk(v�; w�)� (v0; w0)kL1(I;L2(D))2 � C1eC2�p� (4.100)as �! 0.Proof. if rs 2 H�1(I ;L2(
), one can easily show that v0 2 L2(I ;H1(D)) ands 2 L2(@D � I); furthermore w0 = 0 holds. Thus, the di�erence between the



18 Modelling and Simulation of Polymer Crystallizationsolutions for the perturbed and the reduced problem satis�es(v� � v0)t = r:(w� � w0)(w� � w0)T = r(v� � v0) +rv0in D � I with homogenous initial conditions and boundary condition(v� � v0) + (w� � w0) = �v0on @D � I . A standard energy inequality as in Theorem 4.1 (cf. Burger 4) yieldskv� � v0k2 + kw� � w0k2 � ce2C2�t��(kv0k2L2(I;H1(D)) + kv0k2L2(@D�I));for some constant c depending on a and D only. Since the above norms of v0 arebounded and independent of �, we immediately obtain (4.100) by taking the squareroot .We note that in our case the assumption rs 2 H�1(I ;L2(
)) is not restricive,it can be easily veri�ed (in spatial dimensions d = 1; 2; 3) if b 2 C2(R). Thus, wehave an error bound in the L2-norm. Nevertheless, we have to expect a boundarylayer, as we will see below.Example 4.3. In order to obtain more insight into the behaviour of the boundarylayer we consider again the simple one-dimensional example (3.64)-(3.68) Introduc-ing again u = log(1 � �) we obtain after scaling the equivalent initial-boundaryvalue problem utt = �2uxx + s in (0; 1)� (0; t�) (4.101)ut = �ux in f0g � (0; t�) (4.102)ut = ��ux in f1g � (0; t�) (4.103)u = 0 in (0; 1)� f0g (4.104)ut = 0 in (0; 1)� f0g: (4.105)The solution of this system can be computed explicitely asu(x; t) = 12� Z t0 ZD�(x;t;�) s(y; �) d�dy; (4.106)where D�(x; t; �) = (x� �(t� �); x+ �(t� �)) \ (0; 1). Since u is the solution of theCauchy problem for the wave equation in the cone C de�ned byC := f(x; t) j �t � x � 1� �tg; (4.107)the boundary layer occurs only in a region, where the distance from the boundaryis less or equal �t. A remarkable e�ect of the hyperbolicity of the problem is thatthe boundary layer grows with time (here linearly because of the constant growthrate). The boundary conditions have no e�ect on the behaviour of the system in
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Fig. 3. The development of the boundary layer in time for constant growth rate (top) and varying,non-uniform growth rate (bottom).the solution is given byu = 8<: 2t2 if x 2 [�t; 1� �t]t2 + xt� if x 2 [0; �t)t2 + (1�x)t� if x 2 (1� �t; 1] ; (4.111)i.e. the size of the boundary layer is exactly �t.5. Numerical SimulationsFor numerical simulation of the crystallization one has to solve the coupledsystem (3.46)-(3.55), consisting of nonlinear hyperbolic and parabolic equations. Ifwe perform a simultaneous implicit time discretization of both equations, this leadsto nonlinear systems, whose solution is rather di�cult. A simple strategy to avoid
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Fig. 4. Setup of the numerical examples.such problems is an explicit discretization of the hyperbolic part, which yields (insemidiscrete form) �j+1 = �j + � j(1� �j) eG(T j)vj (5.112)vj+1 = vj + � j(r( eG(T j)wj) +F(T j)) (5.113)wj+1 = wj + � j(r( eG(T j)vj)); (5.114)where F is the source term including the nucleation rate, which depends on thespace dimension. The index j denotes the function at time tj and � j = tj+1 � tj isthe j-th time step. For the spatial discretization any appropriate method like Lax'smethod for problems with source terms (c.f. Niessner 24) can be used. The stabilitybound for this hyperbolic equation is given by� j � 2 hGj ; (5.115)where h denotes the mesh size and Gj = maxG(x; tj) (c.f. e.g. Kr�oner 15 orNiessner 24). Because of the small size of G, this bound is not very restrictive andstill allows a good performance of the algorithm. The explicit Euler method is of�rst-order in time, this could be improved by using a second-order methods likethe Lax-Wendro� scheme (cf. e.g. Lax 17), which can be adapted for hyperbolicproblems with source term 24;29. For the numerical solution of the parabolic partone can then use standard discretization methods like the Crank-Nicholson scheme,since the source including � is known at t = tj+1.In our numerical simulations we considered crystallization in a rectangular do-main, whose length is twice the width, i.e., 
 = (0; L) � (0; 2L). We performedsimulations with two di�erent choices for the temperature of the cooling material,
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Fig. 6. Degree of crystallinity in Example 1 after 5 and 15 minutes.using a uniform temperature Tout (Figures 5 and 6) and a temperature Tout whichis lower on two boundary segments (Figures 7 and 8). For all material parameterswe used measurements for isotactic polypropylene. The heat transfer coe�cient andthe outer temperature were chosen such that the assumptions about nucleation andgrowth are satis�ed, but cooling is still slow compared to industrial conditions.The results (which where performed without boundary nucleation) clearly showthe boundary layer in � (Figures 6 and 8), but there is no such e�ect in the tem-perature, which is due to the fact that cooling at the boundary is much strongerthan the reheating e�ect caused by the latent heat. A comparison of the left andright hand side in Figure 5 shows that the reheating e�ect in the interior is moresigni�cant, the temperature is not necessarily monotone decreasing in time there.
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Fig. 7. Temperature in Example 2 after 6 and 9 minutes.In Example 2 the temperature after 6 and 9 minutes is shown in Figure 7, theevolution of the degree of crystallinity (after 6, 9, 12 and 15 minutes) is plotted inFigure 8. Here the crystallization process seems to behave almost like a two-phase



24 Modelling and Simulation of Polymer Crystallization

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 8. Degree of crystallinity in Example 2 after 6 and 9 minutes.problem, the crystalline phase propagates from the corner with lowest tempera-ture to the interior. This corresponds very well to earlier modelling approaches,approximating crystallization by a two-phase process 21.6. Open ProblemsIn this �nal section we want to give an overview of open mathematical problemsin the context of crystallization, which may motivate future work in this area. Firstof all, many problems in the analysis of the modelling procedure, e.g. a rigourousconvergence proof of the stochastic to the deterministic model is still unsolved.Furthermore, mathematical properties of the averaged model such as existence anduniqueness of solution have not been shown except in the one-dimensional case (cf.Burger 4).Another essential problem for the applicability of the model is the identi�ca-tion of unknown parameters in the model, where especially the nucleation rate eNand the growth rate eG are of interest as material dependent/speci�c functions oftemperature. In experiments one can measure the temperature at the boundary of
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