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This paper is devoted to the study of mathematical problems arising in the modelling
of nonisothermal polymer crystallization under industrial conditions. A review of the
hybrid stochastic-deterministic modelling procedure, which yields an averaged model 5-8,
is given and supplied by the study of mathematical problems arising from it.

Furthermore, multiple scale effects in the crystallization process are studied using
different scalings, focussing either on the heat conduction or on the crystallization part.
It is shown that in the limit of fast nucleation and slow growth, the model is equivalent
to a direct extension of the classical Avrami-Kolmogorov model equations.

In addition, numerical simulations are presented to illustrate the behaviour during
crystallization. Finally, open questions from mathematical and engineering view points
are discussed.
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1. Introduction

The mathematical modelling of polymer crystallization under heat transfer con-
ditions has become of great importance recently, especially because of the large
amount of industrial applications and the need for mathematical tools to predict
the quality of the final products 220,

Crystallization is a mechanism of phase change in polymeric materials. If an
experiment is started with a liquid and the temperature is decreased subsequently
below a certain point (the melting point of the material), crystals appear randomly
in space and time and start to grow until they hit another crystal, which abruptly
stops the growth at the interface (which is called impingement). Both these phe-
nomena are driven by temperature; in the liquid phase nuclei are born randomly by
a Poisson process with rate a = a(x, t) (the so-called free nucleation rate), which de-
pends on temperature (and temperature history) in some way. For many materials
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like polypropylene, a standard model is 1?13
9 ~
az,t) = EN(T(m,t)). (1.1)

Growth takes place at the surface of an individual crystal with normal speed
G = G(z,t) depending upon temperature via 1%:13:23,25

G(z,t) = G(T(x,t)). (1.2)

Vice versa, growing crystals influence the heat transfer process by releasing energy
as a consequence of phase change (which adds a source term to the heat equation).
This source is usually called the latent heat.

The first mathematical model for a crystallization process (in that case for met-

14

als) was given by Kolmogorov * and independently by Avrami 2 for processes

homogenous in space and time. Kolmogorov’s approach lead to the equation
ft)=1—-eV0, (1.3)

where ¢ represents the expected value of the crystalline fraction a domain and V (¢)
is the expected volume of the crystals in absence of impingement. Avrami obtained
the equivalent equation

de dv

(1) = (1 =€) S (0) = G- €0)S (@), (1.4)

by the argument that the change of the crystalline volume fraction is proportional
to the expected available surface of the crystalline phase ((1—¢)S5), which can again
be expressed in terms of the expected free surface S (in absence of impingement).
The expected free surface S can be determined easily, e.g. in one spatial dimension,
its twice the expected number of crystals, i.e.,

S(t)=2/0tads.

The last formula can also be rewritten as a differential equation, namely

% = 2a. (1.5)
It will turn out in the subsequent sections that this formula can be extended to
heterogenous cases.

However, under industrial conditions, temperature and consequently nucleation
and growth rates are almost never uniform in space, which causes a need for im-
proved models to obtain information about the spatial distribution and morphology
of crystals, which determine the mechanical properties of the final product %22,

In the subsequent sections we will present an approach to obtain mathematical
models either for stochastic simulations on the microscale or for the prediction of

averaged quantities on larger scales. The paper is organized as follows: in Section 2
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we derive a stochastic model for the crystallization process, which can be written as
an initial-boundary value problem for a system of partial differential equations with
random source. In Section 3 we show how this stochastic model can be approximated
by the averaged deterministic model and discuss the effect of Bboundary nucleation
as described e.g. by Eder '! and incorporate it into the model equations.

Section 4 is devoted to the study of multiple scales in the process and their
implications on our averaged model, before presenting the results of numerical sim-
ulations of the crystallization process in Section 5. Finally, open and partially
solved problems related to the mathematical modelling of polymer crystallization
are discussed in Section 6.

2. The Stochastic Model of the Crystallization Process

From the stochastic point of view, crystallization can be modelled as a birth-
and-growth process. Driven by some intensity «, crystals are born randomly and
immediately start growing with normal speed G. The standard model adopted
for the nucleation process is the one of a stochastic spatially marked point process
(MPP), on an underlying probability space (£, 4, P)

N =Y d(X,,Ty), (2.6)

Jj=1

where T} is the time of occurrence of the j-th nucleation and X; denotes the space
location of the j-th nucleus. Tj is a random variable valued in R and X is random
variable valued in a Borel set D C R?, d = 1,2,3. We shall denote by B, the o-
algebra of Borel sets in R, and by C the o-algebra of Borel sets in D. For any
t € Ry and z € D, ¢(z,t) denotes the Dirac measure on C X B4, such that for any
BeBiyand C e,

1 ifteBandzeC

0 otherwise . (2.7)

e(z,t)(C,B) = {
In a crystallization process with nucleation events
{(X;,T;)|0<T1 <Tp < ... },
the crystalline phase at time ¢ is given by

o' = e}, (2.8)

Tj <t

where ©f (a random set) denotes the crystal born at time T} at location X freely
grown up to time ¢{. The real phase of the crystal may be a proper subset of @;
because of the effect of impingement, according to which growth is stopped at the
common interface when two crystals hit each other. Nevertheless, impingement is
included in (2.8), since the union over all crystals is taken.



4 Modelling and Simulation of Polymer Crystallization

The integer-valued random variable N(A) counts the number of nucleation
events in the region A € C x B, of space-time , i.e.,

N(A)={Jj [ (X;,T;) € A}, (2.9)

whose randomness arises from the randomness of the nucleation events (X, T}).

Under the usual assumptions, the nucleation process is a MPP with intensity

measure 10

v(de x dt) = a(z,t)(1 — Ig:(x))dzdt, (2.10)

where a(z,t) is the mean number of new nuclei produced per unit volume and
unit time at (z,t) € D x Ry, independent of the actual crystalline phase ©* (with
indicator function Ig:).

The (deterministic) measure defined by the expected values

A(A):= E[N(A)], AeCx By, (2.11)
is known as the intensity measure of N. The following holds:
A(dz x dt) = E[N(dz x dt)] = E[v(dz x dt)] = a(z,t)(1 — &(z, t))dzdt.

where &(z,t) := E[lg:(x)] is the usual crystallinity function.
The average number of spherulites born up to time ¢ per unit of volume at ¢ € D
is then

Ne(a,t) = / a(z,5)(1 — &(z,5)) ds.

2.1. Ewvolution Equations with Random Source

An equivalent description of the process can be obtained by using the (stochastic)
indicator function f of the crystalline phase, defined by

flz,t) = Igi(x) VteR",ze€D, (2.12)
so that the crystallinity function is given by
&(z,t) = E[f(z,1)], VteR",z€D. (2.13)
If we denote by f7 the indicator function of the single crystal ©7, we may write

flz,t) = 1= T[]~ f(z0). (2.14)

t; <t

Besides the actual volume distribution f, we may also define the free volume dis-
tribution firce by

ffree(xvt) = ij(mat)v (2'15)

t; <t
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the difference between f¢,.. and f is obviously a measure of the relevance of im-
pingement.

Besides the volume distribution of a crystal, we may also define the distribution
of the surface metric density v/ or the oriented density w’, which are generalized
functions and can be defined via

(v, ) / Cbdnl,  VYéec(D) (2.16)
90iND

(w, ) —/  pdn,  Voec(D) (2.17)
80inD
In one spatial dimension v? (respectively w’) is just the sum (respectively difference)
of two Dirac é-distributions located at the end points of the crystal. Similarly to
ffree we can also define the free volume densities vf.c. and w¢,c. as the sum over
all v/ and w7, respectively.
Now we consider an arbitrary closed set C' and compute the crystalline volume
in C at time t as

view = [seoa=3 [ T[0-rw0)d

NC <

The time change of the crystalline volume can now be obtained in two ways:

1% of

E(C, t) = o E(ﬁ,t) dr
= (Lo, %)- (2.18)

and

2 = Z%/@ [10 - o) dz

NC <

2 / div | Wi(a,0) [J(1 = () | de,

k<j

where W7 is the speed with which the surface of crystal ©®/ moves. By applying
Gauss’ Theorem to the last identity we obtain

Ve = Z/ Wiz, t) [[(1 - £*(,1)) dn.
ot 7 Jooinc

k<j

The modelling of crystal growth based upon experimentally verified minimum prin-
ciples yields 826

W/(z,t) = G(z,t)n(z,t), Vzedd teR".
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where n denotes the outer normal of the crystal’s boundary. Furthermore, by defi-
nition we have f* =0 on 8@; for k£ > j, and consequently we may write

ov
0 = X [ | CERCRIE

5 g0 G000~ 00
Te, G- ") (2.19)

Since C' is arbitrary in (2.18) and (2.19), we obtain (in the sense of generalized
functions) with the free surface density vsree = >, v7:

af _ _ _ _ affree
E _G(]- f)vfree —(1 f) ot ]

which is a generalization of the Avrami-formula (1.4) to the spatially inhomogenous

(2.20)

case.
In the distributional sense we may also compute the gradient of f via

(VI(1),8) = —(f(,0),dive),  V¢eTF(D;RY).
This formula implies together with Gauss’ Theorem
(VF0,8) = = [ Fileodvé) do= - [ div o(z) da
D o!

= — (]5(93) dn(m) - <wj('7t)7¢>v

001
and thus, we may conclude that
Vil =wl. (2.21)

By a similar technique as for f; we may conclude that

Vf = (]- - f)wfreea (222)
and a standard compatibility relation immediately yields
(Weree)t = V(GVfree). (2.23)

So far, we have derived equations (2.20) and (2.23) for the evolution of f,
Vfree and Weree. Obviously we need a third evolution equations, thus we start
by computing the time derivative of v/ in a distributional sense, i.e., for all ¢ €
C§°(D x (0,t.); R) we have

(W, 0y = —(v’,¢) :—/t* den dn di
0 3@;.

te
= —/ V(gig)dz dt,
o Jo
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where the last equality follows from Gauss’ Theorem with g such that ¢ = n on
90’ and sufficiently smooth in the interior. Using the definition of f7, integration
by parts with respect to ¢ and inserting the identity f; = Gv’ yields

(v, )

J ) | (59G0) + £9(0g:)) da at
0 JD

/ ) / (Gv'V(g) + V(dgy)) dz dt

/ »/89‘ (GV + ¢ny)dn

= (G, V) + (5% 9)
- (V(Gw)+ S}

which implies
v] = V(Gw’) + 8¢ (2.24)

The generalized function S;?' is the measure of the (stochastic) increase of free surface
due to the birth of the j-th crystal at time 7} and location X;. It can be computed
explicitely, depending upon the space dimension d=1,2, as 8

(S}, 0 2¢:(X;,T5) (2.25)
(S%,6) = 27G(X;,Tj)o(X;,Ty). (2.26)

In R?, the distribution S? is characterized by (cf. ®)

13
(5:55,8) = 2G(X,, TR, 9) (227)
(Rj,0) = 4rT;G(X;, T)$(X;, ;). (2.28)
Summing up over all v7 in (2.24) we obtain
(Vfree)t = V(Gwgree) + Y 5. (2.29)
Ti=t

Since the nucleation and growth rate depend on the temperature 7', the above
are coupled with

T, = div (DVT) + %ft, (2.30)

with D = ﬁ, where x denotes the heat conductivity, c the heat capacity and p the
density. The constant h is called latent heat; it represents the energy released at
the moment of the phase change. In general, k, p and ¢ depend on temperature
and on the phase, i.e., in mathematical terms on T and f, but for many polymeric
materials the variance of p and c is very small, so it seems reasonable to use constant
values instead.
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Summing up, we have obtained the system

T; = div (DVT) + %ft in D x (0,t,) (2.31)

fr = G(T)(1 = F)Vfree in D x (0,t,) (2.32)

(Vfree)t = V(G(T)wpree) + > S¢ in D x (0,t,) (2.33)
T;=t

(Wree)t = V(G(T)0free) in D x (0,t,). (2.34)

If we assume that the whole crystallization process starts at time ¢ = 0 the initial
values are given by

T=T° in D x {0} (2.35)
f=0 in D x {0} (2.36)
Vfree =0 in D x {0} (2.37)
Wepee =0 in D x {0}, (2.38)
and because of the cooling from outside, the boundary condition
pfTn = v (T — Tour) on 0D x (0,t.) (2.39)

must be satisfied, where vy denotes the heat transfer coefficient and 7,,; the tem-
perature of the cooling material.

3. Averaging of the Stochastic Model

Under typical industrial conditions, several assumptions can be made, which
allow to approximate the stochastic model (2.31)-(2.39) by a deterministic system:

e The nucleation rate and consequently the number of crystals is very large.

e The growth rate and consequently the sizes of the crystals are very small.

e The typical scale for diffusion of temperature (macroscale) is much larger than
the typical crystal size (microscale).

o A mesoscale may be introduced, sufficiently small with respect to the macro-
scale of heat conduction so that temperature at that scale may be considered
approximately constant, but large enough with respect to the typical scale
of the size of individual crystals so that it contains a large number of them
making the "law of large numbers” applicable.

A typical size z,,.s, on this mesoscale satisfies
Lerystal << Tmeso << Ttemperature

where T¢rystqr and Tiemperature are typical sizes for single crystals and for the heat
transfer process. If ¢, is a typical time, Gy and Dy are typical values for the growth
rate and the diffusion coefficient, we may choose

Terystal = G0t07 Ttemperature — D0t07
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Fig. 1. The typical scales in the crystallization process.

which differ by several orders of magnitude under usual processing conditions. This
typical feature of the process is illustrated in Figure 1.

If we take a sufficiently large volume C, than the number of crystals produced
in C in the time interval (¢,t + At) can be approximated by its expected value,i.e.
(note that overlapping of crystals is negligible since in an arbitratily small time
interval the new nuclei do not have a volume),

N(C x (t,t + At)) =~ /t+At/ a(z,s) dz ds. (3.40)
t c

If (3.40) is valid on a typical volume for this mesoscale, we can approximate the
random source ), S¢ by its local average in C(z) x (t,¢ + At) (where C(z) is an
appropriate neighbourhood of ), i.e. by

1 . ~ |'
m%;t Sj’IC(z)x(t’HAt)) = At|O |- Z IC(z )X (¢, t+At)>J
2
= WE [N(C(z) x (t,t + At))]
t+At
~ 2a(z,t) = 2—N(T(w,t)) (3.42)
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By similar reasoning, one can deduce (cf. ®)

1 ) ,
m<zyz_t SjalC(z)x(t,H-At)) ~ 27rG(a;,t)/0 a(z,7) dr
= 20G(2,)N(T(z,1)) (3.43)

1 t t
AL CH) ~ 8rG(x,t G ds d
RO 2o, o teian) ~ EnGa | e [ ata,) s ar

= 87G(T(x,1)) / G(T (2, 7)) N (T (z, 7))3dlk4)

The quantities we obtain from (2.31)-(2.39) with the source replaced by its local
value, are mean quantities, i.e., they describe the mean behaviour in a volume of size
C(z), but cannot resolve smaller details. E.g., the indicator function f is replaced
by the degree of crystallinity £, which approximates the expected value of f. The
crystalline volume in a domain Cy larger than C(z) can still be approximated well
by

V(Co,t) ~ ; &(z, t)dx. (3.45)

The averaged model we obtain (cf. >58) is given by (here for crystallization in a
domain D C R?, for d = 1 and d = 3 the source term in (3.48) is defined by (3.42)
and (3.44), respectively)

T; = div  (DVT) + @g; in D x (0,t,) (3.46)
&
&=(1-¢G(T)w in D x (0,t.,) (3.47)
7; = Va(G(T)w) + 27 G(T)N(T) in D x (0,t,) (3.48)
Wy = V&(G(T)) in D x (0,t,), (3.49)
supplied by the boundary conditions
2—1_1 =3 (T — Tout) on 9D x (0, t,) (3.50)
n
T+wWin=0 on 8D x (0,t,), (3.51)
and the initial conditions
T=T1° in D x {0} (3.52)
£=0 in D x {0} (3.53)
T=0 in D x {0} (3.54)
wW=0 in D x {0}. (3.55)

Here T denotes the temperature, ¢ the degree of crystallinity and T, W represent
the mean free surface distributions of the crystals if they would grow freely. The
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boundary condition (3.51) holds only if it is assumed that no nucleation event oc-
curs on the boundary of D, its derivation will be discussed in detail in the following
section. The capital (T, G, N) and overlined characters (7,w, , Z) represent dimen-
sional quantities, only the degree of crystallinity ¢ is dimensionless.

3.1. Boundary Nucleation

The effect of boundary nucleation as described e.g. by Eder !! has not been
included in our averaged model so far. Contrary to other models, which are based
on systems of ODEs, our averaged model can incorporate this behaviour easily in
the boundary conditions.

We first consider the case without boundary condition to derive (3.51). The
change of the free volume density ff.. in a boundary point z in an arbitrarily
small time interval (¢,¢ 4 dt) is given by the sum of the volume densities of the
crystals arriving at z in the time interval (¢,¢ + dt). This sum can be splitted into
those crystals which already exist at time ¢ and the ones which are born in (¢, t +dt).
Since a crystal that is born in (¢,¢ + dt) and reaches = before time ¢ 4+ dt must have
its origin in a space region with distance less than G(z,t)dt + O(dt?), we can write

ffree(zvt + dt) - ffree(a:a t) = ffree(x - G(élf, t)ndt7 t) - ffree(xv t) +
V (B(z,G(z,t)dt) x (t,t + dt)) + O(dt?),

where V is the free volume density created by new crystals and n is the outer
normal. If there is no boundary nucleation, i.e., no nucleation takes place in the
point © € 9D with lower-dimensional intensity, we have

V (B(z, G(z,t)dt) x (t,t + dt)) = o(dt).
If we now change to the mean field quantity 7f,,ee for the free volume, we have
T iree(@t+dt) = [ roe(@,1) = fpree(@ — Gz, t)ndt, t) — [ free(z,t) + o(dt).
Dividing by dt and the limit dt — 0 yield
(Free)t + G(VF free) ' =0. (3.56)
Noticing that

& = (1= ) =GL- &
Vf = (1 - g)vffree = (1 - g)mv

we can transform (3.56) into (3.51).

If we have boundary nucleation with intensity

vop(do(z) x dt) = B(z,t)(1 — f(z,t))do(z)dt, (3.57)
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the volume density of the crystals born in time (¢,¢ + dt) in a boundary segment
do(z) = o(dt) is of order dt and for the mean free density we obtain analogously

Gv+wlin = lim B (V(do(w) x dt)) (3.58)
= g?ree(ﬂ)? (359)

where Sy, is the mean free surface (with rate 8) defined in R? by

Siree(B) = 26(z,1) (3.60)
5.8 = 20G(t) /0 B(, ) ds (3.61)
53e(8) = 8nG(a,t) /0 G(z, s) /0 sﬁ(z,T)dT ds (3.62)

3.2. Solution in a Special Case

In this section we consider the case G' constant and D C R!, which enables us
to derive an explicit formula for the solution of the crystallization kinetic equations.
Since we can easily express ¢ in terms of 7f,,ee by using the generalized Avrami-
Kolmogorov formula

E=1—eFiree, (3.63)

which is a direct consequence of (2.20) and £(z,0) = 0. In the case of no boundary
nucleation, we have to solve a system of the form (with the notation v for the free
volume ffree)

ur = Gu in D x (0, t.) (3.64)
vy = Gu, + 2« in D x (0,t) (3.65)
w = Guy, in D x (0,t.) (3.66)
v = —wn on 9D x (0,t,) (3.67)
u=v=w=0 in D x {0,t.}. (3.68)

Since from (3.64) and (3.66) we may derive u, = w, we can directly obtain an
initial-boundary value problem for u, namely

u = G*uy, + 2Ga in D x (0,t,) (3.69)

uy = —Gugn on 9D x (0,t,) (3.70)

u=0 in D x {0,t.}. (3.71)

By Kirchhoff’s formula (cf. e.g. Kythe '), a solution of the wave equation (3.69)

with homogenous initial value is given by

t
W(z,t) = / / a(y, s) dy ds, (3.72)
0 JD(=,t,s)
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with D(z,t,8) = DN (z — G(t — s),z + G(t — s)). A straightforward computation
shows that @ also satisfies the boundary condition (3.70) and thus, it solves (3.69)-
(3.71). In the case of boundary nucleation with rate 3(t) on 9D, one easily verifies
that the solution is given by

t maz(0,t—7(z))
a(z, ) =/0 /D( t )a(y,s) dy ds—l—»/0 B(s)ds, (3.73)

with

1. 1
7(z) = @ min [z —y| = Zd(z,0D).

As usual for hyperbolic problems, the boundary condition has only influence to
other points in a layer around the boundary, which grows in time. This layer of size
G't represents exactly those points which can be reached by a crystal born on 8D,
since points with larger distance from the boundary such a crystal cannot influence
the crystalline volume.

In this special case, we can also give a more rigourous mathematical justification
for the averaging procedure. Let @ be the solution of (3.69)-(3.71) given by (3.72)
and let @ be the (real) free volume of a crystallization process with growth rate G
and N crystals randomly born at {(X;,Tj)};=1,.. ~ (with nucleation rate o). Then
for any ¢ € L'(D x (0,t,)) we have

/OT/Dqﬁ(a:,t) > 1|dzdt

X;eD(,t,Tj)

N T
> / / d(z,t) dz dt.
j=1YT; JD(X;,Tjt)

(@, )

Furthermore we have

(@, ) = /OT/Da(y,S) (/ST /D(y’&t) o(z,t) dz dt) dy ds

If we split the time interval and the domain D into

M
(0,t%) x D = | J I x Dy,
k=1
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such that |I| <€, |Di| < ce, we obtain

(a—a",¢) = i(/lk/[)ka(y,s) (/ST./D(;,,s,t)d)(m,t) dz dt) dy ds —

T
Z Aj A(Xj7Tj7t) o(z,t) dz dt.)

Tj EI]C,XJ' €Dy,

Ié <| ‘/Ik /m a(y,s) dy ds — N (I x Dy)| +O(e2)>

/oT /D |¢(z,t)] dx dt,

where N(I; x D) denotes the number of nucleation events in I x Dj. Since
el = O(M~1), we obtain for ||¢||; =1,

IN

M
(@—a",¢) < Y IN(kx D) = E[N(Ix x Dp)]| +6(M),
k=1

where (M) — 0 for M — 0. Hence the term on the left hand side is small, if M is
large enough that 6(M) is small and on the other hand small enough such that we
have a sufficiently high number of nucleations in I}, x D (and by the law of large
number |N (I, x D) — E[N(I; x Dy)]| is small). The estimate

la—aV|<C sup (@—a",¢)
lléllLpy=1

also implies an error bound in the L?-norm.

4. Multiple Scale Effects

In the previous section we have used the different scales of temperature and
crystallinity to derive the deterministic model (3.46)-(3.55). We normalize the min-
imal length using the new space variable z = zl—of and introduce a new time variable
t= %E. Temperature and the other free variables are scaled by

1
0=— T_Tmzn = —7 :—_’
00( ) v Uov w vow

a(6) = 5-G(T) lall: = O(1) (4.74)
b(6) = — N(T) IBlloo = O(1) (4.75)
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The arising initial-boundary value problem reads

0: = DAB + L¢, in D x (0,¢.)
& =(1—&yav in D x (0,t.)
vy = €V(a(0)w) + 6a(0)b(0) in D x (0,t)
wy = V(a(0)v) in D x (0, )

with boundary conditions

00
= B0 — Oout) on 9D x (0,t,)
v=—-wln on 0D x (0,t.),
and initial conditions
0 =6 in D x {0}
in D x {0}
v=0 in D x {0}
w=0 in D x {0}

The parameters in the new system are given by

B=10my 7 =Gotovg &= 2r%elole

Goto
= D = 2t L= %
Zo x5 cBo

€

Table 1. Typical values for isotactic Polypropylene (cf. 27’28) .

Parameter Symbol | Typical Value
Diffusion coefficient ao 107" m2s!
Latent heat % 50 K

Growth rate Go 1075 m s~?
Nucleation rate Ny 1012 m—2
Typical length zg 1072 m
Typical temperature 6y 150 K

(4.86)

It seems reasonable to balance v and the source term in the hyperbolic part of

the system, i.e.,

GoNoto
Vo

1=6=27

or Vo = 27TGON0t0,

(4.87)

for the other free parameters we have several choices dependent on which scale we

are interested in.

4.1. Diffusion Time Scale
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In order to balance the heat transfer process, we choose ¢y such that the diffusion
coefficient is scaled to 1, i.e.,

1=D= 4.88
o (4:88)
which implies a typical time scale of
72
to = =2 ~ 10°s. (4.89)
ao

If the latent heat is ignored and the heat transfer coefficient is sufficiently large, #,
is a good approximation for the time which is needed to decrease the temperature
from its initial value to an equilibrium determined by the cooling temperature T':.
In the presence of the latent heat as a heating source, the cooling is obviously slower,
but the numerical simulations show that this effect is not very strong.

On the diffusion time scale, the hyperbolic part has an almost scaled ’wave
number’, i.e. € ~ 1, which represents the fact that the growth of nuclei can be
important for large time scales. The coefficient v in equation (4.77) is very large
v ~ 10'2, which means that the degree of crystallinity grows strongly in a typical
time interval for diffusion. Solving (4.77) for ¢ and using the initial condition
£(t =0) =0 yields

Elz,t) =1—e 7 Joavdr (4.90)

This means, that with the growth of fot av dr, the second term tends to zero and ¢
tends to 1 very fast.

4.2. Fast Time Scale

If one is interested in the effects of the crystallization on a typical time scale
one should rather normalize the parameters v and ¢ than the diffusion coefficient
D. From v =6 = 1 we obtain

o = —F— 4.91
0 G() 27TN0 ( )

vo = +/27N. (4.92)

We note that ¢y is rather small compared to the diffusion time scale. Furthermore,
€ = ﬁ is very small now (¢ ~ 107°). Thus, (4.76)-(4.85) is a singularly
perturbed problem, and we have to expect a boundary layer since the boundary
conditions are not satisfied by the solution of the reduced problem. In addition,
the diffusion coefficient is rather small (D ~ 10~3), which expresses the slowness of
diffusion.

We analyze the asymptotic properties of the hyperbolic part as ¢ — 0 with an
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arbitrary source term s, i.e.

vy = eV(aw) + s in D x (0,t) (4.93)
wy = €V (av) in D x (0,t) (4.94)
v=—-wln=0 on 0D x (0,t,) (4.95)
v=w=0 in D x {0}. (4.96)

In the limiting case ¢ = 0 we obtain a reduced problem whose unique solution is
given by (cf. Burger 3 for a proof of existence and uniqueness of solutions of the
reduced problem)

W(z,t) = As(m,r) dr (4.97)
w’(z,t) = 0. (4.98)

Hence, the reduced problem is a straightforward extension of the classical Avrami
model (1.4), (1.5). We will now prove weak convergence of the solutions as ¢ — 0
by similar techniques as Lions °.

Theorem 4.1. Let ¢ — 0 and let (v¢,w®) denote the solution of (4.93)-(4.96).
Then
(v, w) — (°,w’) in L*(Q) x L*(Q).

Proof. The solution of (4.93)-(4.96) satisfies the a-priori estimate (cf. Burger %)

1vllZ2(g) + IwliZa(q) < ellslliz(g), (4.99)

which is uniform in €. Thus, as € — 0, for any sequence ¢, there exists a subsequence
€n such that (v, we) converges weakly. One easily shows that the weak limit is
a solution of the reduced equation and because of the uniqueness of the solution
(v, w?), a standard subsequence of subsequences argument implies the convergence
of (v¢,w*) O.

If the source s is smooth with respect to , we can even show a quantitative
estimate in the L2-norm:

Theorem 4.2. Let Vs € H Y(I; L*(R)) and let (v¢,w®) denote the solution of
(4.93)-(4.96). Then there exist constants C1 and Cy independent of €, such that

10, 0°) — (@°,w®) | = (122D < Cre®* Ve (4.100)
as € — 0.

Proof. if Vs € H !(I;L*(f2), one can easily show that v* € L*(I; H*(D)) and
s € L*(0D x I); furthermore w® = 0 holds. Thus, the difference between the
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solutions for the perturbed and the reduced problem satisfies

(v =) = V.(wf —w’)

(w* —w)r = V(v =)+ V°

in D x I with homogenous initial conditions and boundary condition

(ve _ ’UO) + (’LUG _ wO) _ —’UO

on D x I. A standard energy inequality as in Theorem 4.1 (cf. Burger *) yields
Caety
lvF = 0® 1 + [lw® = w®|* < ce® @ (Il T2 (1,10 (D)) + 10 F200x0))s

for some constant ¢ depending on a and D only. Since the above norms of v° are
bounded and independent of €, we immediately obtain (4.100) by taking the square
root 1.

We note that in our case the assumption Vs € H!(I; L?(12)) is not restricive,
it can be easily verified (in spatial dimensions d = 1,2,3) if b € C?(R). Thus, we
have an error bound in the L2-norm. Nevertheless, we have to expect a boundary
layer, as we will see below.

Example 4.3. In order to obtain more insight into the behaviour of the boundary
layer we consider again the simple one-dimensional example (3.64)-(3.68) Introduc-
ing again u = log(1 — &) we obtain after scaling the equivalent initial-boundary
value problem

Uty = Uy + 8 in (0,1) x (0,%,) (4.101)
Ut = €Uy in {0} x (0, t.) (4.102)
Up = —€Uy in {1} x (0,%,) (4.103)
u=20 in (0,1) x {0} (4.104)
ug =0 in (0,1) x {0}. (4.105)
The solution of this system can be computed explicitely as
1 t

u(z,t) = —/ / s(y, 7) drdy, (4.106)

2¢ Jy D(=z,t,7)

where D(z,t,7) = (x —e(t — 1),z + €(t — 7)) N (0, 1). Since w is the solution of the
Cauchy problem for the wave equation in the cone C defined by

C:={(z,t) | et <z <1-—et}, (4.107)

the boundary layer occurs only in a region, where the distance from the boundary
is less or equal et. A remarkable effect of the hyperbolicity of the problem is that
the boundary layer grows with time (here linearly because of the constant growth
rate). The boundary conditions have no effect on the behaviour of the system in
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Fig. 2. The functions v (top) and u (bottom) in Example 4.3 at different time steps.

the domain C, which is bounded by the characteristics starting at « = 0 and z = 1.
In the general case of a non-constant coefficient ea(z, t), the region C is bounded by

the characteristics

more precisely

(4.108)
(4.109)

(4.110)

This feature can be observed even more clearly if s is constant, e.g. s = 1, then
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X
Fig. 3. The development of the boundary layer in time for constant growth rate (top) and varying,
non-uniform growth rate (bottom).

the solution is given by

2t2 if z € [et,1 — et]
u = ¢+ 2 if z € [0, et) , (4.111)
2+ U200 e e (1—et,1]

i.e. the size of the boundary layer is exactly et.

5. Numerical Simulations

For numerical simulation of the crystallization one has to solve the coupled
system (3.46)-(3.55), consisting of nonlinear hyperbolic and parabolic equations. If
we perform a simultaneous implicit time discretization of both equations, this leads
to nonlinear systems, whose solution is rather difficult. A simple strategy to avoid
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Fig. 4. Setup of the numerical examples.

such problems is an explicit discretization of the hyperbolic part, which yields (in
semidiscrete form)

gitl = g _|_7-j(1 _gj)é(Tj)Uj (5.112)
VL = o P (V(G(TT ) + F(TY)) (5.113)
wj+1 _ ’LUj —}—Tj(V(é(Tj)Uj)), (5114)

where F is the source term including the nucleation rate, which depends on the
space dimension. The index j denotes the function at time ¢/ and 77 = t/+1 —¢J is
the j-th time step. For the spatial discretization any appropriate method like Lax’s
method for problems with source terms (c.f. Niessner 2*) can be used. The stability

bound for this hyperbolic equation is given by
: h
J
™ < ZGJ" (5.115)

where h denotes the mesh size and G = maxG(z,t’) (c.f. e.g. Kroner !* or
Niessner 2¢). Because of the small size of G, this bound is not very restrictive and
still allows a good performance of the algorithm. The explicit Euler method is of
first-order in time, this could be improved by using a second-order methods like
the Lax-Wendroff scheme (cf. e.g. Lax 7), which can be adapted for hyperbolic
problems with source term 2%2°. For the numerical solution of the parabolic part
one can then use standard discretization methods like the Crank-Nicholson scheme,
since the source including ¢ is known at ¢ = /11,

In our numerical simulations we considered crystallization in a rectangular do-
main, whose length is twice the width, i.e., @ = (0,L) x (0,2L). We performed
simulations with two different choices for the temperature of the cooling material,
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1 0
Fig. 5. Temperature in Example 1 after 5 and 10 minutes. Because of the symmetry, only the

upper part of the rectangle ((0,L) x (L, 2L)) is plotted.
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Fig. 6. Degree of crystallinity in Example 1 after 5 and 15 minutes.

using a uniform temperature T,,: (Figures 5 and 6) and a temperature T, which
is lower on two boundary segments (Figures 7 and 8). For all material parameters
we used measurements for isotactic polypropylene. The heat transfer coefficient and
the outer temperature were chosen such that the assumptions about nucleation and
growth are satisfied, but cooling is still slow compared to industrial conditions.
The results (which where performed without boundary nucleation) clearly show
the boundary layer in £ (Figures 6 and 8), but there is no such effect in the tem-
perature, which is due to the fact that cooling at the boundary is much stronger
than the reheating effect caused by the latent heat. A comparison of the left and
right hand side in Figure 5 shows that the reheating effect in the interior is more
significant, the temperature is not necessarily monotone decreasing in time there.

05 06 07 08 09 1

Fig. 7. Temperature in Example 2 after 6 and 9 minutes.

In Example 2 the temperature after 6 and 9 minutes is shown in Figure 7, the
evolution of the degree of crystallinity (after 6, 9, 12 and 15 minutes) is plotted in
Figure 8. Here the crystallization process seems to behave almost like a two-phase
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Fig. 8. Degree of crystallinity in Example 2 after 6 and 9 minutes.

problem, the crystalline phase propagates from the corner with lowest tempera-
ture to the interior. This corresponds very well to earlier modelling approaches,
approximating crystallization by a two-phase process 2.

6. Open Problems

In this final section we want to give an overview of open mathematical problems
in the context of crystallization, which may motivate future work in this area. First
of all, many problems in the analysis of the modelling procedure, e.g. a rigourous
convergence proof of the stochastic to the deterministic model is still unsolved.
Furthermore, mathematical properties of the averaged model such as existence and
uniqueness of solution have not been shown except in the one-dimensional case (cf.
Burger *).

Another essential problem for the applicability of the model is the identifica-
tion of unknown parameters in the model, where especially the nucleation rate N
and the growth rate G are of interest as material dependent/specific functions of
temperature. In experiments one can measure the temperature at the boundary of
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the domain during the whole time interval and observe the final morphology. This
problem is an ill-posed parameter estimation problem, many difficulties arise from
instabilities due to errors in the data. The estimation of nucleation rates in one
spatial dimensions has been investigated by the authors *7.

A lot of future work remains in the modelling of the crystallization process
under different operating conditions, e.g. crystallization under pressure (cf. e.g.
Mancini 2°) or shear stress (cf. e.g. Liedauer et al. '®). Together with all this
modelling problems, industry also addresses the need for certain optimal control
process, e.g. the control of the cooling temperature on the boundary such that the
final distribution of crystal sizes is as uniform as possible.
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