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Abstract

This paper is devoted to the identification of doping profiles in the stationary drift-
diffusion equations modeling carrier and charge transport in semiconductor devices. We
develop a framework for these inverse doping problems with different possible measure-
ments and discuss mathematical properties of the inverse problem, such as the identifia-
bility and the type of ill-posedness.

In addition, we investigate scaling limits of the drift-diffusion equations, where the
inverse doping problem reduces to classical (elliptic) inverse problems. As a first concrete
application we consider the identification of piecewise constant doping profiles in p-n
diodes.

Finally, we discuss the stable solution of the inverse doping problem by regularization
methods and their numerical implementation. The theoretical statements are tested in a
numerical example for a p-n diode.

1 Introduction

Over the last decades, semiconductor devices have played a fundamental role in modern elec-
tronics. Together with their manufacturing, their mathematical modeling has developed well,
since the 1950s, when Van Roosbroeck (cf.[51]) first formulated the fundamental semiconduc-
tor device equations, which will be presented in Section 2. Detailed expositions concerning the
modeling, analysis and simulation of semiconductor devices can be found in the monographs
(38, 40, 44].

Recently, there has been a growing interest in mathematical methods for designing devices
in an optimal way with respect to several criteria (cf. e.g. [29, 47, 48]) and in identifying
relevant material properties (cf. [14, 21, 22, 23]). The quantity to be identified or optimized is
the doping profile, which is the density difference of ionized donors and acceptors. In the most
frequently applied doping technique of silicon devices, ion implantation, it is only possible to
obtain a rough estimate of the doping profile by process modeling (cf. e.g. [44] for further
details). In order to determine the real doping profile, reconstruction methods from indirect
data have to be used.

A well-investigated approach to obtain data for the identification is the technique of laser
beam induced currents, where measurements of the mean contact current are available for
arbitrary generation sources (the so-called LBIC image). The identification of doping-profiles
from the LBIC-image has been investigated by Fang and Ito (cf. [22, 23]), who verified the
identifiability and developed an algorithm for the numerical solution.
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2 1 INTRODUCTION

However, for technological reasons and for convenience one often has to use different
measurements than the LBIC-technique. In this paper we shall investigate two important
inverse problems, namely the identification of the doping profile from measurements of the
voltage-current map and from capacitance measurements. The voltage-current map links the
applied voltage on the contacts to the output current in normal direction on a part of the
contacts, close to equilibrium (zero applied voltage) it can be defined as a one-to-one mapping.
The capacitance is the variation of the electrical field in normal direction on a part of the
contact with respect to the applied voltage. For the sake of simplicity we restrict our attention
to the variation around equilibrium. We shall call the identification of doping profiles from
such indirect measurements inverse doping problems.

Besides the different types of data we shall also treat some important limiting cases, which
arise from the original problem as asymptotics for certain parameters tending to zero such as
the so-called case of zero space charge or the unipolar drift-diffusion equations. In addition,
we shall investigate an interesting special case for a P — N-diode, where the doping profile
is assumed a-priori to be a piecewise constant function. The quantity to be identified in this
application is the jump between the two regions, in which the doping profile is constant, the
so-called P-N junction.

The paper is organized as follows. In Section 2 we review the stationary drift-diffusion
equations and its basic properties. The inverse doping problems for the drift-diffusion equa-
tions are presented in Section 3, where we also discuss the mathematical structures corre-
sponding to certain kinds of data and analyze associated operators as well as the correspond-
ing parameter-to-output maps.

Section 4 is devoted to the question of identifiability, which is treated in a special case,
namely unipolarity. This allows us to develop very strong analogies to the well-known tech-
nique of electrical impedance tomography and to carry over corresponding uniqueness results.

In Section 5 we investigate another interesting special case, namely the identification of a
piecewise constant doping profile in a p-n diode. Although this problem can be interpreted
as a special case of reconstructing a general doping profile, it has many special features that
require a specific treatment. In particular we can consider a smaller set of data for this
subproblem, since we have restricted the shape of the doping profile. The main feature of
this inverse problem becomes the reconstruction of the curve that marks the discontinuity of
the profile, a problem which is rather related to so-called inverse boundary problems (cf. e.g.
[3, 5, 10]) or the inverse conductivity problem with one measurement (cf. e.g. [24, 35, 4]).
Indeed, scaling limits of the drift-diffusion equations will lead exactly to such problems.

Due to the instability of the inverse doping problem, regularization methods have to be
used to obtain stable approximations of the solution, which will be discussed in Section 6. We
focus on iterative regularization methods, which we briefly review and discuss with respect
to typical features in the application to the inverse doping problem. One of these features is
the most-likely ezponential ill-posedness of the problem, which enforces a special treatment
in the convergence analysis and influences strongly the rate of convergence we may expect.
Another aspect of the inverse doping problem is its large scale, which enforces to pay particular
attention to the efficiency of the methods used for its numerical solution.

In a numerical example concerned with a p-n diode, we test the behavior of the Landweber
iteration for the inverse doping problem in Section 7. Finally, we present conclusions and give
a perspective on future work in Section 8.



2 The Stationary Drift-Diffusion Equations

The stationary drift-diffusion equations are a coupled system of nonlinear partial differential
equations for the electrostatic potential V', the electron density n and the hole density p

div(esVV) =¢q(n —p—C) in (Poisson equation)
div(D,Vn — p,nVV) =R in (electron continuity equation)
div(D,Vp + puppVV) =R in Q (hole continuity equation),

where the domain Q@ C R? (d = 1,2, 3) represents the semiconductor device. Here €; denotes
the semiconductor permittivity, ¢ the elementary charge, n, and p, are the electron and
hole mobility, D, and D, are the electron and hole diffusion coefficients. R denotes the
recombination-generation rate, which generally depends on n and p. We assume that R is of
the standard form

R = F(n,p,)(np —n), (2.1)

where F' is a nonnegative smooth function, which holds e.g. for the frequently used Shockley-

Read-Hall rate )

np —n;
Tp(n +n;) + 7, (p + 1)

or the Auger recombination-generation rate

Rsru =

Rau = (Con + Cpp) (np — n).

This system is supplemented by homogeneous Neumann boundary conditions on a part
0Qn (open in 092) of the boundary. On the remaining part 0Qp (with positive (d — 1)-
dimensional Lebesgue-measure), the following Dirichlet conditions are imposed:

V(5) = Vp(z) = U() + Vii(#) = U(z) + UrIn (”D—()) on 9

n;

n(z) =np(z) = % (C(x)+\/0(x)2+4nz2> on 0Qp
p(z) =pp(x) = % <—C(a:) +4/C(z)? + 4n22> on dQp,

where n; is the intrinsic carrier density, Ur the thermal voltage and U is the applied potential.
A standard assumption about the mobilities and diffusion coefficients are the Einstein
relations:

Dn = ,unUT, Dp = [j,pUT, (22)
which enables the transformation into the so-called Slotboom wvariables u and v defined by

n= 00(526V/UTU, p= 00(526_V/UTU, (2.3)

ng

where §2 = o with a typical value Cj for the doping profile, which is also scaled by Cy. In
order to obtain a completely dimensionless system, we use the scaled length ¥, where L is a
typical length for the device and replace the mobilities by

_ Ur . Ur
fin = —~hn and fip = 7 Hp-
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The assumptions that €, is constant and the rescaling of the potential to U—‘; now yield the
system

NAV =82("u—e Vo) - C in Q (2.4)
divJ, = 6*Q(u, v, V,z)(uv — 1) in (2.5)
divJ, = —5*Q(u,v, V, z)(uv — 1) in Q (2.6)
Jp = find*e¥ Vu in O (2.7)
Jy = —fip6ie™V Vo in Q (2.8)

where \? = ;a% and @ is defined via the relation F(n,p,z) = Q(u,v,V,z). The new
variables J,, and J, are the scaled electron and hole current densities; the above mixed for-
mulation seems to be natural for cases where one is interested in these quantities, since it
contains them explicitly. In addition, the mixed formulation has advantages for the construc-
tion of numerical methods to solve the drift-diffusion equations and to determine the current
densities (cf. [8] for further details). Unless specified otherwise, we shall set § to 1 and write
again L, /, instead of f, /, in the sequel.

The Dirichlet boundary conditions can be written as

262
u=eY on 0Qp (2.10)
v=2el on 0Qp. (2.11)

V=U+V;=U+In (L(C+\/CQ+452)> on dQp (2.9)

On the remaining part 0Qy = 9Q — 0Qp, the homogeneous Neumann conditions can be
formulated in terms of J,, and Jp, i.e.,

o =0 on IOy (2.12)
ov

Jpv=0 on 0Qn (2.13)

Jpv =0 on 0Qn (2.14)

We note that the mobilities p,, and p, generally depend on the electric field strength, i.e,
on |VV| in a realistic model. Such a dependence could be incorporated in our subsequent
analysis. However, since the technical details one has to deal with in this general case do
not contribute to the understanding of inverse doping problems and their solution, we will
assume that p, and p, are positive constants in the following, but we note that analogous
mathematical results can be obtained if the mobilities are smooth functions of z, uniformly
bounded away from 0 in €.

2.1 Existence and Regularity of Solutions

We first recall a fundamental result of existence of weak solutions; for the doping profile we
will assume

CeD:={Cel’(Q)|C<C<Cae inQ} (2.15)

for some constants C,C € R.
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Proposition 2.1. [40, Theorem 3.3.16] Let K > 1 be chosen such that

1
[ <up(z),vp(zr) <K, Ve dQp. (2.16)

For any C € D, the boundary value problem (2.4)-(2.14) admits a weak solution
(Vyu,v, Jn, Jp) € H'(Q)? x L2(Q)? x L?(Q)?,

which satisfies

min{%,ln (2,}52 (C+VC? T 454))} < V(z) (2.17)

< max {K UrIn <§(6 +1/C + 454> } (2.18)
v(z) < K

== ==
IN N
IAIA

(z
for almost all x € €.

For additional regularity of solutions we need the following assumption on the domain
and the parts Qp and Qu of its boundary, which we will use in the remainder of the paper:

Assumption 2.2. The solution w of

Aw = f in (2.21)
w=g on 0Qp (2.22)
)
8—1: =0 on Oy (2.23)
satisfies
2_;1,’17
lollysey < (nfum) ¥ r|g||W2;,me)) for all f € L7(),g € W57(09p) (2.24)

forpz%andpzZ.

The regularity class obtained for the solution is H? for the electric potential as well as for
the equivalents of the electron and hole densities in Slootboom variables. We note that this
also implies (n,p) = (eVu,e"v) € H?(Q)?:

Theorem 2.3. [38, Theorem 3.3.1] Under the above assumptions every weak solution (V, u,v)
of (2.4)-(2.14) satisfies
(V,u,v) € H*(Q).

The uniqueness of a solution can be shown3 only for small applied voltages, i.e., if U is
sufficiently small in the norm of L*(0Qp) N Hz(0Np).

Theorem 2.4. Let ||U|| poo (g0 + HU“H%((’)Q
of (2.4)-(2.14) is unique in H(Q)3.

) be sufficiently small, then the solution (V,u,v)
D
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2.2 The Linearized Problem

In the following we shall analyze a linearized version of the system (2.4)-(2.14) in a quite
general form, which allows to apply the results of this section to linearizations with respect
to several parameters. The boundary value problem under investigation here is the formal
linearization of the drift-diffusion equations at the state (V,u,v) with respect to variations in
the doping profile and in the boundary data:

NAV =(u+e Vo)W +e a—e Vi+ fi in Q (2.25)
div (e’ Vi) = —=div (pne’ VVu) + Q(u,v, V, z)(ub + iv)
+ Q' (u, v, V,z).(t, 0, V) (uv — 1) + fo in Q (2.26)
div (upe™V Vo) = div (upe™ " VV0) + Q(u, v, V, z)(ud + iv)
+ Q' (u,v,V,x).(6,0,V)(uv — 1) + f3 in Q (2.27)
V=g on 9Qp (2.28)
U =g on 0Q2p (2.29)
0 = g3 on 02p (2.30)
v =0 on 00y (2.31)
ov
4
5 =0 on Oy (2.32)
v
5 =0 on Ay, (2.33)

with given functions
g € H:(0Qp), f;€L*Q),i=1,...,3

and (V,u,v) € H2(Q)3, and unknowns (V,4,9). By Q'(u,v,V,z) we denote the vector
(%, %, %). We shall show that this system has a unique solution (V' u,0) if the applied
voltage U is sufficiently small, where the bound on U is independent of f; and g;. In the fol-
lowing we will always assume that the recombination-generation term () is sufficiently smooth
and satisfies

Q(u,v,V,z) >0, V (u,v,V,z) ERT xRT xR x Q (2.34)

which holds for all standard recombination-generation models (cf. [40]).
We start with some preliminary results concerning the single equations (2.25), (2.26)
(2.27), respectively:

Lemma 2.5. For given 4 and v, the boundary value problem (2.25), (2.28), (2.31) has a
unique solution V€ H?(Q) and there exist continuous linear operators

P : HYQ)?— H*Q)
Sy L*(Q) — H*(Q)
T, : H2(0Qp) — HX(Q),

such that

V = P(ﬂ, f)) + Slfl +Tig1. (2.35)
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Moreover, there exists a constant ¢; > 0 (dependent on Q, 0Qp and X only) such that the
operator norm of P is bounded by

1P| < crelVleem, (2.36)

Proof. The assertion follows from the standard theory of linear elliptic equations (cf. [26]). O

Now we turn our attention to the linearized continuity equations (2.26) and (2.27), which
will be analyzed in the following lemma:

Lemma 2.6. For given V € H2(Q), the coupled boundary value problem (2.26), (2.27), (2.29),
(2.30),(2.32), (2.33) has a unique solution (4,9) € H'(Q)? and there exist continuous linear
operators

R : HY(Q) = HY(Q)?

Sy : L*Q)% = H'(Q)?

Ty, : H2(00p)* — H'(Q)?,

N =

such that R
(44, 9) = RV + 85(fa, f3) + Ta(g2, 93)- (2.37)

Proof. We rewrite the coupled boundary-value problem in its weak formulation, which consists
of finding a pair (4,9) € H'(Q)?, with boundary values given by (2.29) and (2.30), which
satisfies

A(’lAl,, ’[)a ¢7 @b) = <f7 (¢7 w)>7 v (¢7 @b) € VUa (238)
where Vj is the subspace of elements in H' ()2 with vanishing boundary values on 9Qp. The
bilinear form A and the right-hand side f are defined by

A, 05¢,9) = {pne’ Vi, V) + (upe™" Vo, Vip) + (Q(ud + aw), ¢ + 1))
H(Qui + Quo(uv — 1), ¢ + 9)
(£ () = (f2,0) +{f3,9) = (QvV(uww — 1), ¢ + 1),

where (.,.) denotes the scalar product on L?(£2). Since we have f € H~1(Q)2, it suffices to
show that A is a continuous and coercive bilinear form on H}(Q) by the Lax-Milgram lemma.
The continuity can be shown by standard estimates and in order to verify the coercivity we
estimate

A5 6,) = (e Vb, V) + pnle™V Vh, V) + (Q(¢ + ), (¢ + b))

QW — D)+ (u— 1)), ¢ + ) + (Qué + Quip) (wv — 1), + )
min{pn, ppye 1Vl @ (V1% + (| V4p||?)

~ Qv = D)+ (u— 1)), & + ) + {(Qué + Quip) (uv — 1), ¢ + 9},

where we have used the nonnegativity of (). Since v — 1 and v — 1 in L*(2) as U — 0 (cf.
[40]), for any € > 0 the estimate

(QU(v = 1)+ (u = 1)), b+ ) + (Québ + Quib) (wv — 1), ¢ + )| < e(llg]” + I|])
holds for U sufficiently small. With the Poincaré inequality we obtain

A(p,ap; by 1p) > (min{ﬂnaﬂp}e*”VHLw(n) — 6) (Vo> + V4%

and another application of the Poincaré inequality yields coercivity for U sufficiently small. [

Y
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Using the preliminary results about the decoupled equations of the linearized system, we
are now able to prove a regularity and stability result for the complete linear initial-value
problem (2.25)-(2.33).

Theorem 2.7. Let U be sufficiently small, then there exists a unique solution
(V,a,9) € H*(Q)?

of the coupled boundary value problem (2.25)-(2.33), which depends continuously on the func-
tions fi, gi, 1 = 1,2,3 in the corresponding norms.

Proof. Using the Lemmas 2.5 and 2.6 we may transform the system (2.25)-(2.33) into a linear
problem of the form

V — KV = Ko(f1, f, f3, 91,92, 93)
with the continuous linear operators
2 2 2/0)\3 L 2 2 2
K : H*(Q) — H*(Q), Ky: L*(Q)° x H2(0Qp)° x H2(0Qp) — H*(Q)
defined by

K :=PR
Ko(f1, f2, [3,91,92,93) = Si1f1 +Tigr + P(S2(f2, f3), T2 (g2, 93))-

A straight-forward estimate shows that ||K|| < 1 for U sufficiently small and hence, the
Banach fixed-point theorem implies the existence and uniqueness of a solution V € H'(fQ).
Standard elliptic regularity theory (cf. [26]) finally implies the existence and uniqueness of a
solution (V, 4, 9) € H2(Q)? of the system (2.25)-(2.33). O

2.3 The Equilibrium Case

In the equilibrium case U = 0 further simplifications are possible. Since u and v are identically
one on dQ2p in this case, the unique solution (V,u,v) of (2.4)-(2.14) is given by u = v = 1
and by the solution V? of the equilibrium Poisson problem

NAV =" — eV _ ¢ in Q (2.39)
VO =V on 0Qp (2.40)
0

% =0 on 90y (2.41)
The directional derivative of the solution of the model equations (2.4)-(2.14) with respect

to U in direction h at the point U = 0 is formally given by the solution (V', 4, ?) of
NAV = a—e o+ (e +e V)V in O (2.42)
div (,uneVOVﬂ) — Qo(V°, 2)(@ + 8) mQ (243
div (upe_VOVfJ) = Qo(V°,z) (i + 0) inQ,  (2.44)



where Qo(V% z) := Q(1,1,V°). The linearized system is supplemented by the Dirichlet
conditions

V=nh on 0Qp (2.45)

% =—h on 0S2p (2.46)

v=~h on 0S2p (2.47)
and the Neumann conditions

ov =0 on IOy (2.48)

ov

ou

. =0 on 09N (2.49)

0v

E» =0 on 0Qy. (2.50)

We note that @ and % (as well as .J,, and J,) do not depend on V and hence, if we are
interested in outputs involving @ and ¢ only, the equation for V is superfluous.

3 Identification of Doping Profiles

In this section we introduce certain inverse problems for semiconductor devices and inves-
tigate their basic properties. For the moment we restrict our attention to the case close to
equilibrium, for which we are able to give a mathematically rigouros treatment because of
known uniqueness results and the existence of derivatives.

Our aim is to reconstruct a doping profile C' € D from indirect measurements. Possible
measurements in practice are the current flow through a contact I'y (cf. e.g. [38, 44]), which
is given by

() :/F (T + ). (3.1)

and the mean capacitance of a contact (cf. e.g. [33]), i.e.,

Cap(T'y) = % < 5 vv.du> . (3.2)

For the identification of doping profiles, the amount of data obtained around equilibrium seems
to be not sufficient in this case, since for each applied voltage one actually measures a single
real number per contact and the outputs for different (small) applied voltages are strongly
correlated. Consequently, one can only hope to identify a small number of parameters in an a-
priorly specified model for the doping profile (an approach carried out by Khalil cf. [33]), but
not a functional dependence. A possible way to overcome this problem is to consider 'global
data’, i.e., also measurements far away from equilibrium. However, besides existence proofs,
the analysis of the drift-diffusion model for large applied voltages is not very well developed
and therefore we shall not treat this case here, although we want to point out that this is an
important and challenging problem for future research. Another possibility is to obtain more
information by different ways of measuring data; in particular we consider pointwise measure-
ments of the current density and the capacitance on a contact. Under industrial conditions
this seems to be impossible so far, but in a laboratory a pointwise detection can be realized.
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With this motivation we consider two possibilities of idealized data, which are given as follows:

Voltage-Current Data:

Voltage-Current data are given by measurements of the normal component of the current den-
sity Jov = (Jp+ Jp).v on Ty C 0Qp for all applied voltages U € Hz(0Qp) with ||U|| < r with
some small r > 0. We assume that Jv|r, € L?(I'1) holds.

Capacitance Data:

Capacitance data are measurements of the variation of the electric flux in normal outward
. . . . . sP 0

direction (%—‘; on Ty C 09Qp) u;zth respect to the voltage @, i.e., lims_ 8—1(8\51/ — %L,,”Fl €

L?(T'y), for all voltages ® € H2(0Qp), where V® denotes the solution of the Poisson equation

with U = ®.

We note that the capacitance data defined above are just the ones at equilibrium. Alter-
natively, one could consider variations around any other applied voltage U and the analysis
could be carried out in an analogous way, provided U is sufficiently small. However, since we
perform only a preliminary study of the capacitance data here, we restrict ourselves to the
equilibrium case.

In both cases we assume that T'; is a sufficiently regular subset of 9Q2p with nonzero
measure. Unless further noted we shall consider the case of current measurements, but in a
separate analysis we will also treat capacitance measurements. The basic property, which we
need, is that for each voltage U (with norm bounded by r sufficiently small) as input of the
system, the corresponding output, namely the normal current density J.v is well-defined. In
other words, we have to show that the map U — J.v is well-defined in appropriate spaces,
which will be the objective of the following subsection.

3.1 The Voltage-Current Map

In this section we will investigate the woltage-current map, i.e., the relation between the
applied voltage U and the normal component of the current density on a part of the boundary.
For the moment we fix the doping profile C, but since our final goal is to investigate the
dependence of the voltage-current relation on the specific choice of C' and to invert this
relation, we introduce a subscript for the doping profile in our notation. We define the
voltage-current map ¢ via

Sc: Bp(0) C H2(0Qp) — LX)

3.3
U — J.IJ|F1, ( )

We first verify that the nonlinear operator ¢ is well-defined and investigate its smooth-
ness properties:

Proposition 3.1. For each applied voltage U € B,(0) C H%(('?QD), the current Jv =
(Jo + Jp).v € L*(T) is uniquely defined. Furthermore, the map S¢ is continuous between
these spaces, continuously Fréchet-differentiable on B, (0) and

~

o1 00 ou ov\ ~
! — VD _ —VD VD —VD
Ye(U)® = upe a5 e Ty + (une % + ppe _81/> V, (3.4)
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where (V, 4, 0) solves (2.25)-(2.33) with

fi=0 fa=0 f3=0 (3.5)
=0 go=—e"Pnpd g3 =e"Pppd. '
Proof. The nonlinear system (2.4)-(2.14) has a unique solution (V,u,v) € H?(2)? and there-
fore Vu and Vo have a trace in Hz C L?(T'y). Since V? is continuous on €, we obtain

ou v, O

— € LZ(Fl)

1%
Jv = ppe D@ — ppe By

is well-defined and depends continuously on U. The Frechet-differentiability follows from
a straight-forward estimate of the residual Yo (U + @) — B¢ (U) — E(U)® together with
Theorem 2.7. O

By iterating the above procedure we can show further regularity of the nonlinear operator
Yo

Proposition 3.2. The voltage current map S¢ is an element of C*°(B,(0); L2(T)).

Sketch of Proof. The n-th derivative is of the form (2.25)-(2.33) with right-hand sides f; and
boundary values g; that depend in a Lipschitz-continuous way on the solution (V,u,v) of the
direct problem and the first n — 1 derivatives. Similar arguments to the proof of Proposition
3.1 show that this derivative is a Fréchet-derivative of n-th order and continuous. U

3.2 Identification of Doping Profiles from Full Voltage-Current Data

In the following we treat the identification of doping profiles in a rather general setup. A
realistic set of data is to measure for given U; with |U;|| = 1 the outputs

{(Sc(tU)) | j=1,...,N,t€[0,r) }.

In practical applications, the functions U; are piecewise constant on the contacts. The am-
plitude ¢ of an applied voltage can be varied almost continuously in an experiment, which is
the motivation for our specific choice of the data set.

The continuity of ¥ implies in particular that the map ¢ — X¢(tU;) is continuous for
fixed U; and therefore

Yo(.Uj) € C(0,r; L*(T)) < L*(0,r; L*(T1)) = L*((0,7) x Ty).

Since it seems more realistic to bound the measurement error in an L2-norm than in a stronger
norm we consider the data as

Y = (Zc(Uj));oy,.n € L2((0,r) x TN, (3.6)

To apply the standard theory for inverse problems, we write the identification problem in
the abstract form
F(C) =Y, (3.7)

where Y are the given data and C' is the parameter to be identified, in our case the doping
profile. In order to transform our identification problem into the form (3.7), we have to define
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the parameter-to-output map F, which maps the input of the system (the parameter C') to
the output Y, on appropriate function spaces. As the domain of the operator we choose

D:={CeLl*Q)|C<C<Cae inQ} (3.8)

for appropriate upper and lower bounds C and C. This choice of the domain is motivated
by the existence results for the drift-diffusion equations, which show that for ¢ ||U;|| < r (r
sufficiently small) and C' € D a unique solution exists and therefore, the map

F: D — L*(0,r) xT)V

C = (Ec(Uj)j=1,..N (3.9)

is well-defined.

Proposition 3.3. The parameter-to-output map F is well-defined by (3.9) and Fréchet-
differentiable on D.

Proof. The well-definedness follows immediately from Proposition 3.1, which shows that for
each doping profile C' € D, the voltage-current map is well-defined and therefore there exists
a unique output vector Y.

In order to show Frechet-differentiability of F' it suffices to show the differentiability of the
map C +— (V,u,v) € H*(2)? for fixed Uj, since the differentiability of the map (V,u,v) —
Jv|r, has already been shown in the analysis of the voltage-current map. The derivative
(V,ﬂ,f)) of the drift-diffusion equations with respect to a variation C' of the doping profile
is given by the solution of (2.25)-(2.33) with g; = 0, fi = —C and fo = f3 = 0. Hence,
the derivative with respect to the doping profile exists and depends continuously on C by
Theorem 2.7. An estimate of the remainder, which shows that the derivative is Frechet, can
be carried out in a similar way as in the proof of Proposition 3.1. U

3.3 Identification from Reduced Voltage-Current Data

Since the voltage-current map can in general be defined only in a neighborhood of U = 0 due
to possible hysteresis effects for large applied voltage (cf. e.g. [40]), it seems reasonable to
consider the problem of identifying the doping profile from the linearization of the voltage-
current map at U = 0. The advantage of this is that the Poisson equation and the continuity
equations decouple as we shall see below and therefore the complexity of the problem reduces
significantly.

The derivative in direction ® is given as

O v, 00
Sc® :=X(0)® = <,unev’”a—:j — ppe i 82) locy, s (3.10)

where (4, ) is the solution of the boundary-value problem

div (,uneVOVﬂ) = Qo(V,z)(a+0) div (u,,e*VOV@) = Qu(V,z)(a+5) inQ (3.11)

u4=—>o =20 on 0Q2p
(3.12)
o 00
% =0 5 =0 on 89]\7

(3.13)
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and V0 is the solution of the equilibrium problem (2.39)-(2.41).

The linear operator S¢ maps H%((?QD) to L2(I'y), it is continuous and compact as we
will show in the following Lemma:

Lemma 3.4. The linear operator Sc is bounded and compact.

Proof. Standard variational and regularity arguments imply that (a,9) € H?(2)? depends

continuously on the input ||<I>||H% (60p) and hence, the boundedness and compactness of S¢
follow directly from the compactness of the trace maps
= @L’)QD and 9 — @|3QD
ov ov
from H?(Q) to L2(02p). O

We note that in the process of computing X}, (0) from the given data ¥¢ in B,(0), data
have to be differentiated, which is an ill-posed step in principle, but since we know that ¢
is smooth and we can give bounds on the derivatives (see Proposition 3.2), this part of the
problem becomes well-posed (by compactness).

Contrary to the case of full data, the solution V' = V(C) of the Poisson equation can
be computed a-priori now, since it is independent of ®. The remaining problem (3.11)-
(3.13) is quite similar to the problem in electrical impedance tomography (also called inverse
conductivity problem, cf. e.g. [15, 34] and the references quoted there), where the aim is to
identify the conductivity ¢ = a(z) in the equation

—div (aVu) = f (3.14)

from a measurement of the Dirichlet-to- Neumann map, which maps the applied voltage u|sq to
the electrical flux a% |aq, where u is the electric potential. The linearized voltage-current map
Sc, which appears in our application maps the Dirichlet data for u and v to the sum of their
Neumann data. Hence, this identification problem for doping profiles in semiconductor devices
can be seen as the counterpart of electrical impedance tomography for common conducting
materials.

If we assume that the full data are given by (3.6), we can compute reduced data as

Z = (8cUj);oy,. v € LX), (3.15)
This allows to define the parameter-to-output map for reduced data as

G: DCL*) — L2(T)N

3.16
C = (ScUj)j—y, - 10

The well-definedness and differentiability of the nonlinear operator G can be shown in an
analogous way to Proposition 3.3

3.4 Identification of Doping Profiles from Capacitance Measurements

In this section we consider the inverse doping problem for semiconductor devices with capac-
itance measurements. Similar to the case of reduced voltage-current data, we can compute
the capacitance as
ov
TC'@ = Eh—‘l, (317)
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where V solves

NAV = (¥ e V)V e i —e V. (3.18)
V9 is the potential in the equilibrium problem (2.39)-(2.41) and (4,
(3.11)-(3.13). In addition, V satisfies the boundary conditions

) is the solution of

V=0 on Op (3.19)
oV

Since we have seen in the previous sections that the map ® +— (4,9) € H?(2)? is well-defined
an continuous, we obtain the well-definedness and continuity of the capacitance map T¢ as
a direct consequence, since the solution 1% depends continuously on the boundary data and
on 4 and ¥, which appear in the right-hand side. Similar to Lemma 3.4 we can show the
following preliminary result:

Lemma 3.5. The linear operator T¢ : H%((?QD) — L%(T'y) is bounded and compact.

More realistic data in this case are measurements of

Z = (TeUj);.. .y € LP(T)Y, (3.21)
for given U; with ||U;|| = 1, and the corresponding parameter-to-output map is defined by
H: DCL*Q) — L2(T)N
= (TeUj) .. -

The parameter-to-output map H in this case is well-defined and Frechet-differentiable, which
follows immediately from the well-definedness of the trace-type map V — %—‘lf Ir, and the proof
of Proposition 3.3, where the differentiability of the map C' — V € H?(Q) has been verified.

3.5 The Limit of Zero Space Charge

An important limiting case of the drift-diffusion equations is the limit of zero space charge,
which means in mathematical terms that A — 0. We now want to discuss some properties
of the parameter-to-output maps in this limit. It has been shown that a solution (V,u,v) €
L (Q)3 still exists (cf. [37, 40]) for the reduced problem, but there is no additional regularity
statement on the potential V.

One observes that capacitance measurements might not be possible for A = 0, since
the normal derivative of the potential V' may not be well-defined in this case, unless C
is sufficiently smooth. However, this difficulty could be overcome by restricting the set of
admissible doping profiles, such that a normal derivative of C exists on I'y, e.g. we could
choose C' € H?(Q). In the above setup we may still consider the voltage-current map for
A = 0, since we still have a normal derivative of 4 and v. The main problem in this case is
that without further regularity on C' we can only guarantee (u,v) € H'(Q2)? and therefore
Jv e Hfé(Fl). However, if VC' € LP(2) with p > 6 one can show by similar reasoning to
the proof of regularity results for the drift-diffusion equation that the reduced voltage-current
map exists and maps continuous to L?(T).
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The Poisson equation at equilibrium reduces in this case to the algebraic relation sinh V' =
2C" and therefore we can rewrite the linearized continuity equations in the form

div (upaVia) = qla,z)(d+ 9) (3.23)
div (upa™'Vo) = qla,z)(a+0), (3.24)

with
a = a(C) = e¥resinh(2C), g(a,z) = Q(1,1,1n(a), z), (3.25)

and hence, we can reformulate the inverse problem as the identification of the conductivity
a in (3.23), (3.24) from the reduced voltage-current map. From the knowledge of a we can
then easily reconstruct C = 3 sinh(Ina).

4 Identifiability: The Unipolar Case

In this section we want to investigate the problem of identifiability, i.e., we treat the question
whether the data determine the doping uniquely. In the most general setup we cannot give
an answer to this problem, but we are able to show the identifiability of the doping profile
from reduced voltage-current data in the unipolar case, i.e., if p = 0 or, equivalently, v = 1.
In addition, we assume that there is no recombination-generation, i.e., () = 0, which seems
reasonable in this case close to equilibrium. Since the basic structure of the problem is not
different in the bipolar case, this suggests the assertion that the doping profile is identifiable
also in the bipolar case. Since all information on the reduced data set is also contained in the
full data, this would imply identifiability in the general case, too.

For reduced voltage-current data given on the whole boundary 92, the inverse problem
consists of identifying the parameter C in the system

NAV =" eV — ¢ in Q (4.1)
div (eV"va) =0 in Q (4.2)
VO =V, on 09 (4.3)

from the Dirichlet-to-Neumann map 4|go — % lon. We note that since V° = Vj; is known on

02 we can replace the current data J = unevo% directly by the Neumann data %.

In order to investigate the question of identifiability, we split the problem into two parts:
first, the potential V (respectively ") can be identified from the Dirichlet-to-Neumann map
for the density u and as the second step we consider the identification of C' from V in (4.1).
We rewrite the first step as the identification of the conductivity - in the elliptic equation

div (yVu) =0. (4.4)
For this problem, a uniqueness result has been shown by Nachman in two dimensions:

Theorem 4.1. [41, Theorem 1] let Q@ C R? be a bounded Lipschitz domain and let vy; €
L®(Q)NW?2P(Q) (i =1,2) for some p > 1 with positive lower bound. Then the equality of
the Dirichlet-to-Neumann maps

A H2(09)
u

N

— H 2(09Q) (4.5)
— u

@|Q3
N

for the solutions u of (4.4) implies y1 = s.
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This result can be used to prove the identifiability of the doping profile in the unipolar
case:

Theorem 4.2. Let Q C R? be a bounded Lipschitz domain and let I'y = 0Qp = 09, then for
two doping profiles Cy and Cy in D, the equality Sc, = Sc, implies C; = Cs.

Proof. Proposition 2.1 and Theorem 2.3 imply that for each C' € D the corresponding solution
V of (4.1) is bounded below and satisfies V € H?(Q). Therefore the function v := €' is
strictly positive and satisfies ¥ € L>®(f2) because of V? € L*°(Q). Furthermore we have
Vy ="'V e L2(0)? and

V2y = (V2V0 + vVO(vVOT) e L2 (Q)2*?

(note that due to the embedding H?(Q2) — W14(Q) we have VVO(VV )T € L2(Q)?*2), and
hence, v € H?(Q). Consequently, all assumptions of Theorem 4.1 are satisfied and hence, the
potential V0 € H?(Q) is uniquely determined by the reduced voltage-current map Sc. Then,
(4.1) gives the uniqueness of C. O

We note that due to a result by Brown and Uhlmann [9] the identifiability result for the
inverse conductivity problem (Theorem 4.1) can be extended to conductivities in W1?(Q),
p > 2. This result is of particular interest for the case of zero space charge (A = 0) in
the unipolar drift-diffusion equations and allows to show the identifiability of doping profiles
C € L>®(Q) nWHP(Q) also there.

We note that the identifiability results are strongly dimension-dependent. In the one-
dimensional case the data obviously do not suffice, whereas the parameter is well-determined
in two dimensions as we have seen above. The analysis of the inverse conductivity problem
in dimension d > 3 (cf. [50]) shows that the identification problem is even overdetermined in
higher dimensions.

Stability estimates for the inverse conductivity problem in two dimensions can hardly
be found in literature, the few existing results such as the ones by Sun [49] use very re-
strictive assumptions on the conductivity, which contradict the situation for inverse doping
problems. However, the results in the three-dimensional case (cf. e.g. [1]), where the problem
is overdetermined, already show severe ill-posedness and therefore one can argue that the
two-dimensional case is also severely ill-posed.

Identifiability in the case of capacitance measurements cannot be shown by analogy to well-
investigated inverse problems, since it the system cannot be decoupled in this case. A similar
problem arises also for voltage-current data in the bipolar case, where the continuity equations
are still coupled. Since identifiability of parameters in systems of differential equations is a
hardly investigated topic, we will leave this problem as a challenging task for future research.

5 Piecewise Constant Profiles: The P-N Diode

In the following we shall focus on the simplest-case of a semiconductor device, namely the
p-n diode. This special device has two Ohmic contacts at 'y and T'g = 9Qp — T’y (see Figure
1), with applied potential

U forzely

Ule) = { 0 forzedp—-T (5-1)
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o0 3]

Figure 1: Two-dimensional cross section of a p-n diode.

The domain is split into two subregions P and N with C > 0 in P and C > 0 in N. The
curve [' between these regions is usually called p-n junction.

Furthermore we restrict our attention to piecewise constant doping profiles, i.e. the doping
profile can be written as

C =cixp + caxn, (5.2)

with real constants ¢; > 0 and ¢y < 0, where xyp and xy denote the indicator functions of the
domains P and N. Due to this restriction of the doping profile, the quantity to be identified
is now the curve I' that separates the regions P and N and possibly the two real numbers
c1 and c¢y. Since this a-priori assumption on the doping profile reduces the complexity of the
identification problem, it is possible to restrict the data, too. Instead of measuring the whole
current-voltage map one can also consider the identification from a single measurement, which
is often the case in practice, since the input voltage U is kept constant over each contact.

5.1 Restriction of the Data

We assume that we can measure the normal component of the current on a part of the
boundary for each applied voltage in a small ball around U = 0, i.e., we know

Ic(U) == JY v, YU <, (5.3)

with » > 0, 't C 8Qp and v the outer normal on I'y. In (5.3), JV = JU + JJ, where
(VU,u¥, oY, JY, JV) is the solution of (2.4)-(2.14) with applied voltage (5.1). The subscript
C indicates that I is the outflow current for a particular doping profile C.

For all C € L>(Q), Ic(U) is a function on I'y for each U € (—r,r) and since for sufficiently
small 7, the solution of the direct problem is unique, the vector-valued function I : U +—

JY.v|r, is well-defined on the real interval (—r,7); furthermore we have
Ic € C%°(—r,r; L*(T)). (5.4)

Similar to the restriction of the voltage-current data to the linearization around equilib-
rium in Section 3.3, we can also use reduced data in this particular case. For this sake we
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have to determine the derivative of I at U = 0 with respect to U, which exists since I is
sufficiently smooth and is given by

g = G0 = (e G~ e G ) I (5.5)
where (4, ) is the solution of the boundary-value problem
div (,uneVOVﬂ) — Qo(V°, 2)(a + 9) div (Mpe—V°V@) — Qo(V°,2) (@ +4) inQ
(5.6)
4 =—1 =1 on I'y
(5.7)
=0 =0 on 00Qp — Ty
(5.8)
1 v
5 =0 5 =0 on 89]\7
(5.9)

and V0 is the solution of the equilibrium problem (2.39)-(2.41). The linearization at the
point U = 0 is just a function on I'y, we will call go the reduced output current. As a direct
consequence of (5.4) we obtain that gc(t) = Sc(txr,) € L*(T'1) for all C € D.

5.2 Setup of the Inverse Problem

For the reduced data, the inverse problem consists in identifying the doping profile C' of the
form (5.2) from the knowledge of go. For this sake we define the parameter-to-output map

M: DM) — LX)

5.10
(c1,e2,T) = Gerxpteaxn- ( )

The parameter-to-output map assigns to each admissible parameter (C respectively (c1, ¢z, T'))
the resulting output (g¢) that corresponds to the type of data. Hence, the inverse problem
is just the (approximate) solution of the nonlinear operator equation

M(017027F) :.967 (5].].)

where ¢° represents a noisy observation of the reduced output current.
We note that M is the concatenation of the maps (c1,c2,I') = c1xpry + coxnr) and
C — gc, where N(T') and P(T") are the two subregions separated by T'.

5.3 Limiting Cases

In the following we consider limiting cases of parameters in the drift-diffusion equations (2.4)-
(2.14), now in the case of a p-n diode, where further simplifications are possible. Of particular
interest is now the case of zero space charge (A = 0), for which the equation (2.39) simplifies
to an algebraic relation between the potential V' and the doping profile C'. In this case we
can compute V = arcsinh % explicitly and therefore we may rewrite the problem as the
identification of a function V' of the form V = a + by y in (5.6)-(5.9), where

. C1 . C . C1
a = arcsinh 5 b = arcsinh 5 = arcsinh 5
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Zero Space Charge
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Low Injection Unipolar
Inverse Boundary Problem  Inverse Conductivity Problem

Figure 2: Limiting cases and corresponding inverse problems.

In the following we will investigate two subcases, first the one with low injection and later
the unipolar case. It will turn out that the first leads to an inverse boundary problem, while
the second can be reduced to the inverse conductivity problem with a single measurement.

5.3.1 Zero Space Charge and Low Injection

The case of zero space charge and low injection means to let first tend A — 0 and then § — 0
n (2.4)-(2.6), which causes in particular the recombination-generation term to vanish. It has
been shown by Schmeiser [43] that the arising limiting problem for v and v has a unique
solution close to equilibrium, which is given by

B 1+ (e —Da in P
u = { v . (5.12)
e V+(1-ep inN
v o= { ] W p (5.13)
where (4, 0) solve
Hn o\ _ .
—div <—Vu> =0 in P (5.14)
C]
i=1 onT 5.15)
=0 on T 5.16)
o4 =0 on 0Qy NOP (5.17)
ov
and
_ Prgs) = i
div (CVU> 0 in N (5.18)
=1 onT (5.19)
=0 on Iy (5.20)
9 =0 on dQyx NON. (5.21)
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For constant p,, p, and piecewise constant doping profile, the functions @ and ¥ just solve
Laplace equations in P and N, respectively. The current is given by
U Hn — o
J=(e” — )|C|V (5.22)

and hence, in this limiting case the reduced data contain exactly the same information about
the doping profile as the complete set of data.

Assuming that we know C on 02, for the identification of the junction IT' it suffices to
consider the function w = & — 1. Then w solves the problem

—Aw =0 in P (5.23)
w=0 onT (5.24)
w=—1 on I'y (5.25)

Z—ZJ —d on P —T (5.26)

with d = 0 on QN NOP and d = %gc on I'y. In this case the problem of identifying
the junction I' can then be interpreted as an inverse boundary problem similar to the ones
considered by Beretta et. al. [3, 6] for pure Neumann or pure Dirichlet conditions. In these
cases it is known that the problem is exponentially ill-posed, i.e., an error of order € in the
boundary values leads to an error of order |[Ine|™" for some v € R* in the reconstruction of
the domain P even under strong a-priori assumptions on I'.

The identifiability result shown by Beretta et. al. [3] can be extended to the case of mixed
boundary data in the following way:

Theorem 5.1 (Identifiability). Let w and w be two solutions of (5.23)-(5.26) with corre-
sponding junctions I' and r sufficiently smooth and such that Ty C PN P . Then the equality
of Dirichlet and Neumann values on Ty implies T' = T.

Proof. Let z = w — w, then z has homogeneous Neumann and Dirichlet values on I'; and
satisfies Az = 0 in PN P. Hence, the uniqueness of the Cauchy problem for elliptic equations
and analytic continuation for harmonic functions implies z = 0 in the closure of PN P. Since
either w = 0 or W = 0 on (PNP)—HQ, we obtain w = @ = 0 on (PNP)—IN. Suppose P—P
has positive Hausdorff measure. Then, since w satisfies homogeneous boundary conditions
on (P — P) and Aw = 0 in P — P, we deduce w = 0 in P — P. The unique continuation
of harmonic functions implies then w = 0 in P and consequently also w = 0 on I'y, which
contradicts the Dirichlet boundary condition (5.25). Le., P — P has Hausdorff measure 0 and
in an analogous way we show that P — P is of zero measure. Thus, we obtain I' = T O

5.3.2 Zero Space Charge and Unipolarity

As explained in Section 4, we have p = 0 respectively v = 0 in the unipolar case, without loss
of generality we assume that § = 1. In this case the direct problem reduces to

—div ((a + bxn)Va) =0 in (5.27)
U= on I’y (5.28)

=1 on Iy (5.29)

il =0 on I0y. (5.30)
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The measurement is given by go = (a + b)un% on [';. This problem is usually called inverse
conductivity problem, it is well-known that it is exponentially ill-posed, too. In this case
only local identifiability can be shown. (cf. [4, 24, 35]), i.e., the parameters are determined
uniquely by the data only in a sufficiently small neighborhood of a solution. Global uniqueness
can be shown only for severe and rather unrealistic restrictions on the parameter, e.g. if the
junction is a closed inner curve and the enclosed set is a convex polyhedron (cf. [24]).

6 Regularization of the Inverse Problem

In this section we discuss the stable solution of the inverse doping problems. In the preceding
sections we have seen that the doping profile does not depend on the data in a stable way,
in some special cases we found that it is severely ill-posed, e.g. for the unipolar problem
or the limit of zero space charge and low injection discussed in Section 5.3.1, where only
logarithmic or even doubly logarithmic stability estimates hold for the identification problem
under reasonable smoothness conditions.

We shall denote the exact data by Y and the noisy data by Y and assume that the data
error is bounded by

HY—Y‘SH <4 (6.1)

The parameter-to-output map will be denoted by F' in the following, which allows us to write
all inverse doping problems in the abstract form

F(C)=Y". (6.2)

Due to the ill-posedness of the inverse problem and the fact that one has noise in the data
caused by measurement errors, one cannot use a standard iterative method for the solution
of equation (6.2), since this would lead to a strong amplification of the noise. For implicit
methods like the classical Gauss-Newton iteration

F'(C)*F'(Ct)(Crr1 = Cr) = —F'(Ch)* (F(Cr) = Y?) (6.3)

one cannot even guarantee the well-definedness of the iteration procedure, since the inverse
of F'(Cy)*F'(Ck) need not exist and if it exists, it may be unstable. Therefore so-called
reqularization methods have to be used in order to obtain a stable approximation to the
solution of equation (6.2) also in the presence of noise. A classical and popular method
is Tikhonov regularization, where a regularized solution C’g is a minimizer over D of the
functional

C s HF(C)_y6H2+ay|C—0*y|i2(Q) (6.4)

with & > 0 chosen in dependence of the noise level § and possibly also of the noisy data Y?.
The function C, € D, which appears in the second part of the functional in (6.4) is a given
prior, such that a-priori information about the solution can be incorporated. If the solution
of (6.2) for exact data is not unique, the second term will favor the one with minimal distance
to the prior C,. Although a comprehensive convergence analysis is available (cf. [18, 19, 46]),
Tikhonov regularization has the serious disadvantage that one has to determine a global
minimizer of the functional in (6.4), which is in general not convex for nonlinear problems
and might have many local minima, which presents numerical difficulties. However, Tikhonov
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regularization has been applied with some success to electrical impedance tomography (cf.
[17, 42]) and might therefore be of interest for inverse doping problems, too.

An alternative to Tikhonov regularization are iterative reqularization methods, where the
main regularizing effect comes from an early termination of the iteration procedure. The stop-
ping index k, is chosen dependent on the noise; a well-investigated and easy implementable
rule for the choice of k, is the so-called generalized discrepancy principle according to which
k,« should be chosen such that

HF(Ck*) - Y5H <rb< HF(@) _y? Yk < ks, (6.5)

for appropriately chosen 7 > 1. The motivation for this principle is that one has no criterion
to compare the quality of iterates yielding a residual less than the noise level, since also the
exact solution might yield a residual of this order, and therefore one should stop the iteration
the first time the residual is of the same size as the noise level. Possibly the simplest iterative
regularization method is the so-called Landweber iteration

Ci1 = CL = FI(C)*(F(QR) - Y?), (6.6)

a rather slow but stable fixed-point iteration. The convergence analysis of this method with
the generalized discrepancy principle as the stopping rule has been carried out by Hanke et.

1. [28]; the type of convergence we can expect is convergence of Cy to a solution C of (6.2)
in the case of exact data. In presence of noise, the convergence result is 0‘5 —~Casd—0,
i.e., the regularized approximations converge to a solution as the noise level tends to zero.
If the solution of (6.2) is nonunique, then C' will be the solution of minimal distance to the
initial value Cj.

Faster iterative methods are modifications of the Gauss-Newton iteration such as the
Levenberg-Marquardt iteration (cf. [27])

Ci1 = CF = (F(CR)F'(CR) + ax )T F(CR)*(F(CR) = Y?), (6.7)
or the iteratively reqularized Gauss-Newton method (cf. [7, 32])
Gl = Gl = (F'(CDF'(C]) + ax D)™ (FI(C) (F(CR) = Y?) + (G = C)) . (6.8)

with o > 0. Both are based on a Tikhonov-type stabilization of the linearized problem
(6.3), where the prior is C,‘g for the Levenberg-Marquardt iteration and Cj for the iteratively
regularized Gauss-Newton method. Due to the fixed prior in the latter it is necessary that oy
tends to zero with increasing iteration index k, while for the Levenberg-Marquardt method
this parameter could also be chosen constant during the iteration.

The convergence analysis of Newton-type methods shows that we may expect to be faster
than the Landweber iteration, since the number of iterations needed until the stopping criteria
is satisfied is lower. However, this advantage is often compensated by a higher effort in each
iteration step, which will be explained in the next Section. For a more detailed exposition of
iterative regularization methods for inverse problems we refer to [16, 18, 20].

6.1 Iterative Regularization of Inverse Doping Problems

For the application of iterative regularization to inverse doping problems we need the first
derivative of the parameter-to-output map and its adjoint. For the sake of simplicity we
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restrict ourselves to the case of reduced voltage-current data, but an analogous treatment is
possible for all other cases, too.

In order to compute the derivative of the parameter-to-output map G, we denote by
(4j,05) the solution of (3.11)-(3.13) with particular Dirichlet value ® = U;. The formal
linearization of (3.11)-(3.13) with respect to a variation of C' in direction h is the system

div (uneV(V¢j + OVﬁj)) =Qo(V,z)(¢p; + ;) + (QB(V)O) (Gj +0;) inQ (6.9)
div (peV (Voby — 095,)) = Qo(V,2) (5 + b)) + (Qh(V)O) (i +5;) n @ (6.10)
¢ =v; =0 on dQp  (6.11)

Op; _ O
= oy 0 on 00y. (6.12)

for (¢,1), where 6 is the solution of the linearized equilibrium problem
MNAG= (" +e V)0 —h in Q (6.13)
0=0 on 0Qp (6.14)
00

Eve 0 on 0Qy. (6.15)

The linearization of the nonlinear operator G' can now be written in terms of (¢;, ;) as

G'(C)h: L*Q) — L)V

h — (ZJ’> ,
j=1,.,N

(6.16)

where Z} is the output of the pair (¢;,1;), i.e.,

7= (¥ 65— 1™ ) 17

We note that 8 does not appear explicitly in the output Z ]’ because it satisfies a homogeneous
Dirichlet boundary condition on 02p D I'; and therefore the variation of the output with
respect to V' in direction 0 is zero.

The above computation of the derivative of G'(C) shows that we have to solve first the
linearized equilibrium problem (6.13)-(6.15) to obtain the map h — 6 and then solve the N
elliptic systems (6.9)-(6.12), which yields the second step 6 — {(¢;,%;)};j=1,..~. Finally, we
have to evaluate the trace-type map (6.17) for each of the N solution pairs to obtain the
output (Z});j=1,..N-

This means that the use of a Newton-type method for the solution of the inverse doping
problem would cause an enormous numerical effort in each iteration step, since we have to
evaluate the derivative of the parameter-to-output map G several times in order to assemble
the Newton matrix. Therefore we turn our attention to the Landweber iteration in the
following, where it suffices to evaluate the adjoint of G’(C) once in each iteration step and
where one does not need to solve a linear system of large scale as in the Newton step. Since
the evaluation of the adjoint is usually even of less effort than the evaluation of G'(C) itself,
the Landweber iteration is often more efficient than a Newton-type iteration although the
number of iterations needed is much higher. This statement holds in particular for large scale
problems and has been confirmed by the results for some identification problems in practical
applications (cf. e.g. [11, 12, 13]).

The computation of the adjoint of the derivative, which is needed for an implementation
of the Landweber iteration will be explained in detail in Section 7.
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6.2 Rate of Convergence

In order to obtain convergence rates of regularization methods for inverse problems, addi-
tional assumptions on the solution, so-called source conditions, are needed. Classical source
conditions are of the form

Jw: O —Cy=(F'(C)F(C))w (6.18)

for the solution C of (6.2) and some v > 0. Such source conditions are abstract smoothness
conditions on the difference between the solution and the initial guess Cj, where the degree
of smoothness increases with v. However, for exponentially ill-posed problems such as inverse
scattering or impedance tomography, such conditions turned out to be by far too restrictive,
in many cases not even analyticity of C' — Cy is sufficient (cf. [30, 31] for further details).
Therefore, so-called logarithmic source conditions have been introduced to obtain reasonable
smoothness conditions. A logarithmic source condition is of the form

Jw: C—Cy= f,(F'(C)'F'(C))w, (6.19)
where the function f, is defined by

_f ne—1Int)™ for0<t<1
fu(t) = { 0 olse (6.20)
for some v > 0. It has been shown that under condition (6.19) the rate result
le-ci|=o(-ma™) (6.21)
(—Ing)~ %
k.=0 <T (6.22)

holds for the Landweber iteration with stopping index chosen according to the generalized
discrepancy principle (6.5) (cf. [16, Theorem 2.8 and Lemma A.6]).

Since for our inverse problems, we can at best expect logarithmic stability estimates under
reasonable smoothness conditions (cf. Sections 4 and 5), logarithmic source conditions and
hence logarithmic convergence rates will have to be expected for Landweber iteration.

7 Numerical Solution

In this section we want to discuss the numerical solution of the inverse doping problem in
a particular application. As an obvious starting example we consider the p-n diode in the
limiting case of zero space charge and low injection as discussed in Section 5.3.1, restricting
ourselves to the important case 2 C R?. The geometry of the diode is a square with length
L = 10~*m. The contact 'y, at which the measurement of the current density is taken, is
located at the top of the device and has a length of 2.5 * 10™°m; the second contact is at
the bottom and ranges over the full length of 10=* (see Figure 3). The doping profile to be
reconstructed is of the form

o - { —Cp in P, (7.1)

Cy in N,

where the P-region is the quarter of a circle with radius r = 5 * 10~ 9m, whose center is
located at the left upper corner of the device (see Figure 3). We want to identify the curve
I" separating the P- and N-region. The material parameters we use are taken from silicon at
room temperature and listed in Table 1.



Figure 3: Geometry of the p-n diode with the contacts I'y and I'; and the junction I'.

Parameter Symbol Value
Permittivity €s 10719 AsV-Im~!
Elementary charge q 10719 As
Thermal voltage Ur 2.5%1072 V
Intrinsic density n; 10'6 m—3
Electron mobility fhn, 107! m?2v—1ts7!
Hole mobility Lhp 107! m?v—1tg~!

Table 1: Material parameters for silicon.
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7.1 Parameterization of I’

We assume that the domain P is star-shaped with respect to the left upper corner point of
the device, the curve I' can be parameterized in this case by

r:{r@@%a—mwnoemg}, (7.2)

where r denotes the distance of the point on the curve from the left corner on top of the
device. In a first numerical example we therefore try to identify the function r» € H'([0,7/2])
from voltage-current measurements in the case of low injection and zero space charge. After
appropriate rescaling, we can replace the current density data by % Ir, , where 4 is the solution
of the boundary value-problem (5.14)-(5.17).

The parameter-to-output map can be defined also in terms of the parameterization r, i.e.,

F: H'([0,7/2]) — L*(1)

7.3
r = %|F17 ( )

where 4 is the solution of the Laplace-equation (5.14) in P supplemented by the boundary
conditions (5.15)-(5.17). The evaluation of the parameter-to-output map for a certain r
consists in solving the Laplace equation in the domain P(r) with the boundary curve I'(r)
defined via (7.2) and subsequent evaluation of the normal derivative % on the contact I'y.
The derivative of this map is given by

ow

Fi(r)p = 5 I, (7.4)

where w is the solution of the boundary value problem

—Aw =0 in P(r) (7.5)
1u:—$V&x on T'(r) (7.6)
w =0 on Iy (7.7)
v _y on dQy N AP(r) (7.8)
a

We want to reconstruct r using the Landweber iteration

1) 0 0 0 1
Topr =1k — F'(rp)"(F(rg) — 9°), (7.9)
where g are the (noisy) measurements for % on I'y. The numerical implementation of the
Landweber iteration enforces the evaluation of the forward operator F', which was described
above, and the evaluation of the adjoint F'(r)*h. In order to compute the latter we define an
adjoint problem by

—Aw* = in P(r) (7.10)
w* = on I'(r) (7.11)

w* = on I' (7.12)
Ow =0 on QN NOP(r). (7.13)
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By applying Gauss’ Theorem and inserting the equations for w and w* we obtain

ow ow
Fl — - — - *
(F'(r)p, h) /F 5y o= [ Soudo
= / (Vw.Vw* — (Aw)w™) dz —/ ow w* do
P(r) r(r) OV

*

= —/ wAw* da:+/ waw do
P(r) rgry v

= —/ E(m.Vﬁ)aw do.
I'(r) r ov

Because of p
o = Vi,
we may perform a change of variables in the last integral to deduce

s

= a ES
(F'(r)p,h) = —/2 pVi.(cos 0, — sin9)ai\/ 72 4+ r2 df.
0 1%
We note that so far we have formally computed the adjoint with respect to the scalar product
of L2([0,7/2]), which is given by

*

Vi 2, (7.14)

0
F'(r)s2sh = —Vi.(cos 6, — sin ) v

ov
Since it involves the derivative 7 of r with respect to 6, which need not exist on L2([0,7/2]),
it is well-defined only for r € H'([0,7/2]). To complete the derivation of the adjoint in

H'([0,7,2]), we only need to apply the adjoint of the embedding operator from L2([0,7/2])
to H([0,7/2]). Le., the adjoint F'(r)* is given by F'(r)*h = f, where f € H} ([0, ,2]) solves

d’f - )2 S
52 — f = Vi.(cos 0, —sin0) 5 VT + 2, (7.15)

since

3 (dpdf
F'(r)*h = — = do
br e = [ (S 4rr)
3 d2f
= ——= do
[ ()
and the last term equals (F'(r)p, h) due to (7.15) and the above derivation of the adjoint in
L*([0,7/2]).

As one observes from (7.10)-(7.13), the main part in the evaluation of the adjoint is to
solve a system that differs from the forward problem only by changes in the right-hand side.
Therefore we can use the same solvers and the same meshing for the forward and the adjoint
problems. The remaining part of computing the term (7.14) can be realized with small

extra effort, since the solutions 4 and w* of the forward and the adjoint problems have been
computed anyway.
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The discretization of the problem is performed in two steps; first we discretize the bound-
ary I' via linear splines, which connect the corner points

(r(0;)(cos 0, —sinb;)) ;o s

where 0 = 0y < 01 < ... < Oy = 5 is an appropriate discretization of the parameter 6.
The second step is to assemble a triangular mesh on the corresponding domain P(r), on
which we use linear conforming finite elements to solve the Laplace equation with boundary
conditions (5.15)-(5.17) to obtain @ and with boundary conditions (7.11)-(7.13) to obtain the
solution w of the adjoint problem. The remaining parts of evaluating the output %hﬂl and
the update in ¥ can be performed by standard methods on the one-dimensional manifolds T'y
and I'. We note that the assembly of a new mesh in each iteration step leads to considerable
numerical effort. A possible alternative would be a transformation of the mesh from the
previous domain P(r_1) to the new domain P(ry), but this can lead to triangles that do not

satisfy the standard regularity conditions for a finite element mesh.

7.2 Numerical Results

For the numerical simulation of the inverse boundary problem for the equation (5.14)-(5.17),
we used two different types of data:

1. For a test of our reconstruction algorithm and numerical investigations of the stability we
use data generated using directly the model (5.14)-(5.17) perturbed by artificial noise,
but with a different discretization than in the reconstruction algorithm in order to avoid
"inverse crimes’, which would amount to generate data and to solve the problem in the
same finite-dimensional subspace, thus eliminating the ill-posedness in an inappropriate
way.

2. For a verification that the reconstruction of the junction via the reduced model (5.14)-
(5.17) can successfully replace the reconstruction via the full drift-diffusion model, we
use data generated by solving the drift-diffusion equations such that the limiting con-
ditions on the parameters are satisfied, i.e.,

A0 <<1 and Mlog(62) << 1 (7.16)

(cf. [40]). Since the methods and discretizations for generating the data and for solving
the inverse problem are completely different, this obviously cannot cause inverse crimes.
Our goal is to confirm that for the solution of the inverse problem with the reduced
model, the data from the drift-diffusion model are of the same quality as noisy data
from the reduced model.

For all test cases we used the Landweber iteration with the numerical algorithms described
above.

Data from the Reduced Model

For the data from the reduced model we used a scaling of the doping profile of the size
Cp = 10?%m =3, which is a realistic size for silicon diodes. The output current density, which
has been generated by solving the reduced model (5.14)-(5.17), is perturbed by artificial noise
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Figure 4: Evolution of the error between reconstruction and exact junction during the iter-
ation, for 0 = 2.5% (above left), § = 5% (above right), § = 7.5% (below left) and § = 10%
(below right). The stopping index obtained with the generalized discrepancy principle is
marked by a circle.
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Figure 5: Evolution of the residual during the iteration, for § = 2.5% (above left), § = 5%
(above right), 6 = 7.5% (below left) and § = 10% (below right). The stopping index obtained
with the generalized discrepancy principle is marked by a circle.
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Figure 6: Reconstruction using noisy data from the reduced model for noise levels § = 2.5%
(left) and 6 = 10% (right) compared to the exact junction (dotted).

of high frequency, which allows to verify the regularization behavior since we know the size
of 9. In particular, this allows to choose the stopping index according to the generalized
discrepancy principle (6.5), for which we chose a fixed parameter 7.

We discuss the behavior of the Landweber iteration for different noise levels, in particular
for 6 = 2.5%, 6 = 5% ,0 = 7.5% and 6 = 10%, which is shown in Figures 4-6. The evolution
of the error between the exact junction I' and the junction I'; obtained during the Landweber
iteration is shown in Figure 4, one observes that the error is decreasing significantly farther
in the case of less noise. In addition, the instability, which causes the error to increase
after some iterations, occurs later in the case of smaller noise level (see Figure 4), which is
a typical effect for (severely) ill-posed problems. The residual HF(’)"g) — g‘SH has a similar
behavior during the iteration, with the difference that it always decreases (although very slow
after some iterations). This confirms the usual principle of choosing the stopping index not
according to the change of the residual or the approximations in two consecutive steps as for
well-problems, but by the generalized discrepancy principle (6.5), which only uses the actual
size of the residual compared to the noise level.

The quality of the reconstructions is shown in Figure 6, they clearly depend strongly on
the noise level, which can be observed by a comparison of the reconstruction for § = 2.5%
and § = 10%. The reconstructed junction for 2.5% is much closer to the exact one than the
one with 10% and appears to be more regular, which is another consequence of smaller noise
levels. We will see below that similar effects appear if data generated with the drift-diffusion
model are used.

Data from the Drift-Diffusion Model

For the data generated with the drift-diffusion model, we used a well-known exponential
fitting scheme for the continuity equations, which is based on a discretization of the saddle-
point formulation by mixed finite elements (cf. [8] for further details). We used two doping
profiles of the same shape, but of different sizes, namely Cy = 10*°m =3 and Cy = 102'm~3;
the applied voltage was U = 0.3V. We note that in this case we need not compute the data
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Co A2 62 A2log(62)
1020,=3 25%107° 10~ 10~*
102m=3 25%10°% 107° 1.25%10°°

Table 2: Parameter values for the different sizes of the doping profile.
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Figure 7: Evolution of the error between reconstruction and exact junction during the itera-
tion, for Cy = 102'm 3 (left) and Cy = 10?'m 3 (right)

gc by numerical differentiation (as one would have to in general), since the functions v and
@ are related by (5.12), i.e., we have

o L 1 o
o't T U — 1o

in the case of “small space-charge” and low injection (which we consider here).

The resulting values of the parameters A and 0 are given in Table 2; the output for
these cases of parameters can also be interpreted as two different cases of noisy data for the
reduced model. Since the characteristic parameter values (A2 and A?log(6 2)) are smaller
in the second setup, the approximation of the reduced model to the drift-diffusion equations
should be better in this case and therefore we can interpret it as the case with ’smaller noise
level’ for the reduced model. This interpretation is very well confirmed by the numerical
results shown in Figures 7-9. Figure 7 shows the evolution of the error between the exact
junction and the reconstruction during the iteration procedure; one observes that in the case
of larger Cy the error decreases over a longer period, which usually indicates less noise (see
also Figure 4) and therefore confirms the interpretation of small A and ¢ (respectively large
Cp) as small noise level for the reduced model. In addition, the minimal error obtained in the
second case is significantly smaller, which is a typical feature for reconstructions with smaller
noise level.

Figure 8 shows the evolution of the residual ||F(rg) — g|| during the iteration, which is
farther decreasing in the case of larger Cj and therefore confirms the interpretation of lower
noise. Finally, the reconstructions that yield the smallest residual are shown in Figure 9, one
can observe that their visual quality is not of the same quality as for the ones in Figure 6 with
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Figure 8: Evolution of the residual during the iteration, for Cop = 102°m 3 (left) and Cy =
102'm =3 (right)

small noise level, but a comparison with the result obtained with 10% noise indicates that the
"artificial’ noise caused by the use of the reduced model in the reconstruction is below this
level.

8 Conclusions and Future Work

The framework for inverse doping problems developed above yields a variety of challenging
subproblems and mathematical questions. The special cases obtained from scaling limits fall
into better investigated classes of inverse problems; they are known to be difficult to solve
and to be severely ill-posed. The more general cases are even more complex and therefore a
lot of future work will be necessary on this topic.

The theoretical and numerical results indicate that the amount of the data used here seems
to be really necessary to identify doping profiles and therefore approaches using less informa-
tion are most likely not able to yield reasonable reconstructions. On the other hand, using this
amount of data we have obtained good numerical results in spite of the (also demonstrated)
ill-posedness of the problem. Possibly the kind of data we use for the identification can be
obtained also under industrial conditions in the near future due to the strong technological
progress in this area. In addition to our investigations close to equilibrium it would be of
interest to explore possible data far away from equilibrium, which includes many important
theoretical and numerical problems that have not been solved so far.

A wide field for future work is the development of numerical methods for inverse doping
problems considered in this paper and the application to more advanced semiconductor de-
vices, in particular to MOSFETSs (cf. [40] for a detailed description). We have solved only a
special case of lower complexity, but already there we encountered an inverse problem, whose
numerical solution required a considerable effort. Hence, special focus should be laid on the
efficiency of the numerical solution methods. On the other hand, one prefers reconstruction
algorithms, where existing solvers for the drift-diffusion equations can be used as black-box
methods, since their development is very time-consuming due to the many non-standard tech-
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Figure 9: Reconstruction using data from the full drift-diffusion model for Cy = 1029m 3

(left) and Cy = 10?'m =3 (right) compared to the exact junction (dotted).

niques that are necessary for good numerical approximations. It is not obvious at present if
both criteria can be satisfied by a solution method for inverse doping problems or for optimal
control problems related to the drift-diffusion model, where analogous numerical methods are
needed (cf. [29]).

Another interesting problem for the future work is the identification of doping profiles in
the transient drift-diffusion equations, which consist of the coupled elliptic-parabolic system

0 =div(e,VV) —g(n—p —C) in Q% (0,7)
% = div(D,Vn — p,nVV) in Qx (0,7)
0
8_115) — div(D,Vp + pppVV) in Q x (0,7T)

supplemented by appropriate initial and boundary conditions. In this case data can either
be measured during a time interval (0,7") or at the final time 7. For the transient problem,
global existence and uniqueness results are available (cf. [25, 45]) as well as results about the
linearized problem (cf. [39]) and hence, the voltage-current map is well-defined for arbitrary
applied voltages, which is a theoretical advantage over the stationary case.
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