
Identi�
ation of Doping Pro�les in Semi
ondu
tor Devi
esMartin Burger�, Heinz W. Engl�, Peter A. Markowi
hy, Paola PietrazAbstra
tThis paper is devoted to the identi�
ation of doping pro�les in the stationary drift-di�usion equations modeling 
arrier and 
harge transport in semi
ondu
tor devi
es. Wedevelop a framework for these inverse doping problems with di�erent possible measure-ments and dis
uss mathemati
al properties of the inverse problem, su
h as the identi�a-bility and the type of ill-posedness.In addition, we investigate s
aling limits of the drift-di�usion equations, where theinverse doping problem redu
es to 
lassi
al (ellipti
) inverse problems. As a �rst 
on
reteappli
ation we 
onsider the identi�
ation of pie
ewise 
onstant doping pro�les in p-ndiodes.Finally, we dis
uss the stable solution of the inverse doping problem by regularizationmethods and their numeri
al implementation. The theoreti
al statements are tested in anumeri
al example for a p-n diode.1 Introdu
tionOver the last de
ades, semi
ondu
tor devi
es have played a fundamental role in modern ele
-troni
s. Together with their manufa
turing, their mathemati
al modeling has developed well,sin
e the 1950s, when Van Roosbroe
k (
f.[51℄) �rst formulated the fundamental semi
ondu
-tor devi
e equations, whi
h will be presented in Se
tion 2. Detailed expositions 
on
erning themodeling, analysis and simulation of semi
ondu
tor devi
es 
an be found in the monographs[38, 40, 44℄.Re
ently, there has been a growing interest in mathemati
al methods for designing devi
esin an optimal way with respe
t to several 
riteria (
f. e.g. [29, 47, 48℄) and in identifyingrelevant material properties (
f. [14, 21, 22, 23℄). The quantity to be identi�ed or optimized isthe doping pro�le, whi
h is the density di�eren
e of ionized donors and a

eptors. In the mostfrequently applied doping te
hnique of sili
on devi
es, ion implantation, it is only possible toobtain a rough estimate of the doping pro�le by pro
ess modeling (
f. e.g. [44℄ for furtherdetails). In order to determine the real doping pro�le, re
onstru
tion methods from indire
tdata have to be used.A well-investigated approa
h to obtain data for the identi�
ation is the te
hnique of laserbeam indu
ed 
urrents, where measurements of the mean 
onta
t 
urrent are available forarbitrary generation sour
es (the so-
alled LBIC image). The identi�
ation of doping-pro�lesfrom the LBIC-image has been investigated by Fang and Ito (
f. [22, 23℄), who veri�ed theidenti�ability and developed an algorithm for the numeri
al solution.�Institut f�ur Industriemathematik, Johannes Kepler Universit�at Linz, Altenbergerstr. 69, A-4040 Linz,Austria.yInstitut f�ur Mathematik, Universit�at Wien, Boltzmanngasse 9 A-1090 Vienna, AustriazIstituto di Analisi Numeri
a del C.N.R., Via Ferrata 1, I-27100 Pavia, Italy1



2 1 INTRODUCTIONHowever, for te
hnologi
al reasons and for 
onvenien
e one often has to use di�erentmeasurements than the LBIC-te
hnique. In this paper we shall investigate two importantinverse problems, namely the identi�
ation of the doping pro�le from measurements of thevoltage-
urrent map and from 
apa
itan
e measurements. The voltage-
urrent map links theapplied voltage on the 
onta
ts to the output 
urrent in normal dire
tion on a part of the
onta
ts, 
lose to equilibrium (zero applied voltage) it 
an be de�ned as a one-to-one mapping.The 
apa
itan
e is the variation of the ele
tri
al �eld in normal dire
tion on a part of the
onta
t with respe
t to the applied voltage. For the sake of simpli
ity we restri
t our attentionto the variation around equilibrium. We shall 
all the identi�
ation of doping pro�les fromsu
h indire
t measurements inverse doping problems.Besides the di�erent types of data we shall also treat some important limiting 
ases, whi
harise from the original problem as asymptoti
s for 
ertain parameters tending to zero su
h asthe so-
alled 
ase of zero spa
e 
harge or the unipolar drift-di�usion equations. In addition,we shall investigate an interesting spe
ial 
ase for a P � N -diode, where the doping pro�leis assumed a-priori to be a pie
ewise 
onstant fun
tion. The quantity to be identi�ed in thisappli
ation is the jump between the two regions, in whi
h the doping pro�le is 
onstant, theso-
alled P-N jun
tion.The paper is organized as follows. In Se
tion 2 we review the stationary drift-di�usionequations and its basi
 properties. The inverse doping problems for the drift-di�usion equa-tions are presented in Se
tion 3, where we also dis
uss the mathemati
al stru
tures 
orre-sponding to 
ertain kinds of data and analyze asso
iated operators as well as the 
orrespond-ing parameter-to-output maps.Se
tion 4 is devoted to the question of identi�ability, whi
h is treated in a spe
ial 
ase,namely unipolarity. This allows us to develop very strong analogies to the well-known te
h-nique of ele
tri
al impedan
e tomography and to 
arry over 
orresponding uniqueness results.In Se
tion 5 we investigate another interesting spe
ial 
ase, namely the identi�
ation of apie
ewise 
onstant doping pro�le in a p-n diode. Although this problem 
an be interpretedas a spe
ial 
ase of re
onstru
ting a general doping pro�le, it has many spe
ial features thatrequire a spe
i�
 treatment. In parti
ular we 
an 
onsider a smaller set of data for thissubproblem, sin
e we have restri
ted the shape of the doping pro�le. The main feature ofthis inverse problem be
omes the re
onstru
tion of the 
urve that marks the dis
ontinuity ofthe pro�le, a problem whi
h is rather related to so-
alled inverse boundary problems (
f. e.g.[3, 5, 10℄) or the inverse 
ondu
tivity problem with one measurement (
f. e.g. [24, 35, 4℄).Indeed, s
aling limits of the drift-di�usion equations will lead exa
tly to su
h problems.Due to the instability of the inverse doping problem, regularization methods have to beused to obtain stable approximations of the solution, whi
h will be dis
ussed in Se
tion 6. Wefo
us on iterative regularization methods, whi
h we brie
y review and dis
uss with respe
tto typi
al features in the appli
ation to the inverse doping problem. One of these features isthe most-likely exponential ill-posedness of the problem, whi
h enfor
es a spe
ial treatmentin the 
onvergen
e analysis and in
uen
es strongly the rate of 
onvergen
e we may expe
t.Another aspe
t of the inverse doping problem is its large s
ale, whi
h enfor
es to pay parti
ularattention to the eÆ
ien
y of the methods used for its numeri
al solution.In a numeri
al example 
on
erned with a p-n diode, we test the behavior of the Landweberiteration for the inverse doping problem in Se
tion 7. Finally, we present 
on
lusions and givea perspe
tive on future work in Se
tion 8.



32 The Stationary Drift-Di�usion EquationsThe stationary drift-di�usion equations are a 
oupled system of nonlinear partial di�erentialequations for the ele
trostati
 potential V , the ele
tron density n and the hole density pdiv(�srV ) = q(n� p� C) in 
 (Poisson equation)div(Dnrn� �nnrV ) = R in 
 (ele
tron 
ontinuity equation)div(Dprp+ �pprV ) = R in 
 (hole 
ontinuity equation),where the domain 
 � Rd (d = 1; 2; 3) represents the semi
ondu
tor devi
e. Here �s denotesthe semi
ondu
tor permittivity, q the elementary 
harge, �n and �p are the ele
tron andhole mobility, Dn and Dp are the ele
tron and hole di�usion 
oeÆ
ients. R denotes there
ombination-generation rate, whi
h generally depends on n and p. We assume that R is ofthe standard form R = F (n; p; x)(np� n2i ); (2.1)where F is a nonnegative smooth fun
tion, whi
h holds e.g. for the frequently used Sho
kley-Read-Hall rate RSRH = np� n2i�p(n+ ni) + �n(p+ ni)or the Auger re
ombination-generation rateRAU = (Cnn+Cpp)(np� n2i ):This system is supplemented by homogeneous Neumann boundary 
onditions on a part�
N (open in �
) of the boundary. On the remaining part �
D (with positive (d � 1)-dimensional Lebesgue-measure), the following Diri
hlet 
onditions are imposed:V (x) = VD(x) = U(x) + Vbi(x) = U(x) + UT ln�nD(x)ni � on �
Dn(x) = nD(x) = 12 �C(x) +qC(x)2 + 4n2i� on �
Dp(x) = pD(x) = 12 ��C(x) +qC(x)2 + 4n2i� on �
D;where ni is the intrinsi
 
arrier density, UT the thermal voltage and U is the applied potential.A standard assumption about the mobilities and di�usion 
oeÆ
ients are the Einsteinrelations: Dn = �nUT ; Dp = �pUT ; (2.2)whi
h enables the transformation into the so-
alled Slotboom variables u and v de�ned byn = C0Æ2eV=UT u; p = C0Æ2e�V=UT v; (2.3)where Æ2 = niC0 with a typi
al value C0 for the doping pro�le, whi
h is also s
aled by C0. Inorder to obtain a 
ompletely dimensionless system, we use the s
aled length xL , where L is atypi
al length for the devi
e and repla
e the mobilities by~�n = UTL �n and ~�p = UTL �p:



4 2 THE STATIONARY DRIFT-DIFFUSION EQUATIONSThe assumptions that �s is 
onstant and the res
aling of the potential to VUT now yield thesystem �2�V = Æ2(eV u� e�V v)�C in 
 (2.4)divJn = Æ4Q(u; v; V; x)(uv � 1) in 
 (2.5)divJp = �Æ4Q(u; v; V; x)(uv � 1) in 
 (2.6)Jn = ~�nÆ2eVru in 
 (2.7)Jp = �~�pÆ2e�Vrv in 
 (2.8)where �2 = �sUTqC0L2 and Q is de�ned via the relation F (n; p; x) = Q(u; v; V; x). The newvariables Jn and Jp are the s
aled ele
tron and hole 
urrent densities; the above mixed for-mulation seems to be natural for 
ases where one is interested in these quantities, sin
e it
ontains them expli
itly. In addition, the mixed formulation has advantages for the 
onstru
-tion of numeri
al methods to solve the drift-di�usion equations and to determine the 
urrentdensities (
f. [8℄ for further details). Unless spe
i�ed otherwise, we shall set Æ to 1 and writeagain �n=p instead of ~�n=p in the sequel.The Diri
hlet boundary 
onditions 
an be written asV = U + Vbi = U + ln� 12Æ2 (C +pC2 + 4Æ2)� on �
D (2.9)u = e�U on �
D (2.10)v = eU on �
D: (2.11)On the remaining part �
N = �
 � �
D, the homogeneous Neumann 
onditions 
an beformulated in terms of Jn and Jp, i.e.,�V�� = 0 on �
N (2.12)Jn:� = 0 on �
N (2.13)Jp:� = 0 on �
N (2.14)We note that the mobilities �n and �p generally depend on the ele
tri
 �eld strength, i.e,on jrV j in a realisti
 model. Su
h a dependen
e 
ould be in
orporated in our subsequentanalysis. However, sin
e the te
hni
al details one has to deal with in this general 
ase donot 
ontribute to the understanding of inverse doping problems and their solution, we willassume that �n and �p are positive 
onstants in the following, but we note that analogousmathemati
al results 
an be obtained if the mobilities are smooth fun
tions of x, uniformlybounded away from 0 in 
.2.1 Existen
e and Regularity of SolutionsWe �rst re
all a fundamental result of existen
e of weak solutions; for the doping pro�le wewill assume C 2 D := � C 2 L2(
) j C � C � C a.e. in 
 	 (2.15)for some 
onstants C;C 2 R.



2.1 Existen
e and Regularity of Solutions 5Proposition 2.1. [40, Theorem 3.3.16℄ Let K � 1 be 
hosen su
h that1K � uD(x); vD(x) � K; 8 x 2 �
D: (2.16)For any C 2 D, the boundary value problem (2.4)-(2.14) admits a weak solution(V; u; v; Jn; Jp) 2 H1(
)3 � L2(
)2 � L2(
)2;whi
h satis�es minn 1K ; ln� 12KÆ2 (C +pC2 + 4Æ4)�o � V (x) (2.17)� max�K;UT ln� K2Æ2 (C +qC2 + 4Æ4�� (2.18)1K � u(x) � K (2.19)1K � v(x) � K (2.20)for almost all x 2 
.For additional regularity of solutions we need the following assumption on the domain 
and the parts 
D and 
N of its boundary, whi
h we will use in the remainder of the paper:Assumption 2.2. The solution w of�w = f in 
 (2.21)w = g on �
D (2.22)�w�� = 0 on �
N (2.23)satis�eskwkW 2;p(
) � 
 �kfkLp(
) + kgkW 2� 1p ;p(�
D)� for all f 2 Lp(
); g 2W 2� 1p ;p(�
D) (2.24)for p = 32 and p = 2.The regularity 
lass obtained for the solution is H2 for the ele
tri
 potential as well as forthe equivalents of the ele
tron and hole densities in Slootboom variables. We note that thisalso implies (n; p) = (eV u; e�V v) 2 H2(
)2:Theorem 2.3. [38, Theorem 3.3.1℄ Under the above assumptions every weak solution (V; u; v)of (2.4)-(2.14) satis�es (V; u; v) 2 H2(
)3:The uniqueness of a solution 
an be shown only for small applied voltages, i.e., if U issuÆ
iently small in the norm of L1(�
D) \H 32 (�
D).Theorem 2.4. Let kUkL1(�
)+ kUkH 32 (�
D) be suÆ
iently small, then the solution (V; u; v)of (2.4)-(2.14) is unique in H1(
)3.



6 2 THE STATIONARY DRIFT-DIFFUSION EQUATIONS2.2 The Linearized ProblemIn the following we shall analyze a linearized version of the system (2.4)-(2.14) in a quitegeneral form, whi
h allows to apply the results of this se
tion to linearizations with respe
tto several parameters. The boundary value problem under investigation here is the formallinearization of the drift-di�usion equations at the state (V; u; v) with respe
t to variations inthe doping pro�le and in the boundary data:�2�V̂ = (eV u+ e�V v)V̂ + eV û� e�V v̂ + f1 in 
 (2.25)div (�neVrû) = �div (�neV V̂ru) +Q(u; v; V; x)(uv̂ + ûv)+Q0(u; v; V; x):(û; v̂; V̂ )(uv � 1) + f2 in 
 (2.26)div (�pe�Vrv̂) = div (�pe�V V̂rv) +Q(u; v; V; x)(uv̂ + ûv)+Q0(u; v; V; x):(û; v̂; V̂ )(uv � 1) + f3 in 
 (2.27)V̂ = g1 on �
D (2.28)û = g2 on �
D (2.29)v̂ = g3 on �
D (2.30)�V̂�� = 0 on �
N (2.31)�û�� = 0 on �
N (2.32)�v̂�� = 0 on �
N ; (2.33)with given fun
tions gi 2 H 32 (�
D); fi 2 L2(
); i = 1; : : : ; 3and (V; u; v) 2 H2(
)3, and unknowns (V̂ ; û; v̂). By Q0(u; v; V; x) we denote the ve
tor(�Q�u ; �Q�v ; �Q�V ). We shall show that this system has a unique solution (V̂ ; û; v̂) if the appliedvoltage U is suÆ
iently small, where the bound on U is independent of fi and gi. In the fol-lowing we will always assume that the re
ombination-generation term Q is suÆ
iently smoothand satis�es Q(u; v; V; x) � 0; 8 (u; v; V; x) 2 R+ �R+ �R� 
 (2.34)whi
h holds for all standard re
ombination-generation models (
f. [40℄).We start with some preliminary results 
on
erning the single equations (2.25), (2.26)(2.27), respe
tively:Lemma 2.5. For given û and v̂, the boundary value problem (2.25), (2.28), (2.31) has aunique solution V̂ 2 H2(
) and there exist 
ontinuous linear operatorsP : H1(
)2 ! H2(
)S1 : L2(
)! H2(
)T1 : H 32 (�
D)! H2(
);su
h that V̂ = P (û; v̂) + S1f1 + T1g1: (2.35)



2.2 The Linearized Problem 7Moreover, there exists a 
onstant 
1 > 0 (dependent on 
, �
D and � only) su
h that theoperator norm of P is bounded by kPk � 
1ekV kL1(
) : (2.36)Proof. The assertion follows from the standard theory of linear ellipti
 equations (
f. [26℄).Now we turn our attention to the linearized 
ontinuity equations (2.26) and (2.27), whi
hwill be analyzed in the following lemma:Lemma 2.6. For given V̂ 2 H2(
), the 
oupled boundary value problem (2.26), (2.27), (2.29),(2.30),(2.32), (2.33) has a unique solution (û; v̂) 2 H1(
)2 and there exist 
ontinuous linearoperators R : H1(
)! H1(
)2S2 : L2(
)2 ! H1(
)2T2 : H 12 (�
D)2 ! H1(
)2;su
h that (û; v̂) = RV̂ + S2(f2; f3) + T2(g2; g3): (2.37)Proof. We rewrite the 
oupled boundary-value problem in its weak formulation, whi
h 
onsistsof �nding a pair (û; v̂) 2 H1(
)2, with boundary values given by (2.29) and (2.30), whi
hsatis�es A(û; v̂;�;  ) = hf; (�;  )i; 8 (�;  ) 2 V0; (2.38)where V0 is the subspa
e of elements in H1(
)2 with vanishing boundary values on �
D. Thebilinear form A and the right-hand side f are de�ned byA(û; v̂;�;  ) = h�neVrû;r�i+ h�pe�Vrv̂;r i+ hQ(uv̂ + ûv); �+  i+hQuû+Qvv̂(uv � 1); �+  ihf; (�;  )i = hf2; �i+ hf3;  i � hQV V̂ (uv � 1); � +  i;where h:; :i denotes the s
alar produ
t on L2(
). Sin
e we have f 2 H�1(
)2, it suÆ
es toshow that A is a 
ontinuous and 
oer
ive bilinear form on H10 (
) by the Lax-Milgram lemma.The 
ontinuity 
an be shown by standard estimates and in order to verify the 
oer
ivity weestimateA(�;  ;�;  ) = �pheVr�;r�i+ �nhe�Vr ;r i + hQ(�+  ); (� +  )i+hQ((v � 1)� + (u� 1) ); � +  i+ h(Qu�+Qv )(uv � 1); � +  i� minf�n; �pge�kV kL1(
)(kr�k2 + kr k2)� jhQ((v � 1)�+ (u� 1) ); � +  i+ h(Qu�+Qv )(uv � 1); �+  ij ;where we have used the nonnegativity of Q. Sin
e u! 1 and v ! 1 in L1(
) as U ! 0 (
f.[40℄), for any � > 0 the estimatejhQ((v � 1)�+ (u� 1) ); � +  i+ h(Qu�+Qv )(uv � 1); � +  ij � �(k�k2 + k k2)holds for U suÆ
iently small. With the Poin
ar�e inequality we obtainA(�;  ;�;  ) � �minf�n; �pge�kV kL1(
) � �� (kr�k2 + kr k2)and another appli
ation of the Poin
ar�e inequality yields 
oer
ivity for U suÆ
iently small.



8 2 THE STATIONARY DRIFT-DIFFUSION EQUATIONSUsing the preliminary results about the de
oupled equations of the linearized system, weare now able to prove a regularity and stability result for the 
omplete linear initial-valueproblem (2.25)-(2.33).Theorem 2.7. Let U be suÆ
iently small, then there exists a unique solution(V̂ ; û; v̂) 2 H2(
)3of the 
oupled boundary value problem (2.25)-(2.33), whi
h depends 
ontinuously on the fun
-tions fi, gi, i = 1; 2; 3 in the 
orresponding norms.Proof. Using the Lemmas 2.5 and 2.6 we may transform the system (2.25)-(2.33) into a linearproblem of the form V̂ �KV̂ = K0(f1; f2; f3; g1; g2; g3)with the 
ontinuous linear operatorsK : H2(
)! H2(
); K0 : L2(
)3 �H 12 (�
D)2 �H 32 (�
D)! H2(
)de�ned by K := PRK0(f1; f2; f3; g1; g2; g3) := S1f1 + T1g1 + P (S2(f2; f3); T2(g2; g3)):A straight-forward estimate shows that kKk < 1 for U suÆ
iently small and hen
e, theBana
h �xed-point theorem implies the existen
e and uniqueness of a solution V̂ 2 H1(
).Standard ellipti
 regularity theory (
f. [26℄) �nally implies the existen
e and uniqueness of asolution (V̂ ; û; v̂) 2 H2(
)3 of the system (2.25)-(2.33).2.3 The Equilibrium CaseIn the equilibrium 
ase U = 0 further simpli�
ations are possible. Sin
e u and v are identi
allyone on �
D in this 
ase, the unique solution (V; u; v) of (2.4)-(2.14) is given by u = v = 1and by the solution V 0 of the equilibrium Poisson problem�2�V 0 = eV 0 � e�V 0 � C in 
 (2.39)V 0 = Vbi on �
D (2.40)�V 0�� = 0 on �
N : (2.41)The dire
tional derivative of the solution of the model equations (2.4)-(2.14) with respe
tto U in dire
tion h at the point U = 0 is formally given by the solution (V̂ ; û; v̂) of�2�V̂ = eV 0 û� e�V 0 v̂ + (eV 0 + e�V 0)V̂ in 
 (2.42)div ��neV 0rû� = Q0(V 0; x)(û + v̂) in 
 (2.43)div ��pe�V 0rv̂� = Q0(V 0; x)(û + v̂) in 
; (2.44)



9where Q0(V 0; x) := Q(1; 1; V 0). The linearized system is supplemented by the Diri
hlet
onditions V̂ = h on �
D (2.45)û = �h on �
D (2.46)v̂ = h on �
D (2.47)and the Neumann 
onditions�V̂�� = 0 on �
N (2.48)�û�� = 0 on �
N (2.49)�v̂�� = 0 on �
N : (2.50)We note that û and v̂ (as well as Ĵn and Ĵp) do not depend on V̂ and hen
e, if we areinterested in outputs involving û and v̂ only, the equation for V̂ is super
uous.3 Identi�
ation of Doping Pro�lesIn this se
tion we introdu
e 
ertain inverse problems for semi
ondu
tor devi
es and inves-tigate their basi
 properties. For the moment we restri
t our attention to the 
ase 
lose toequilibrium, for whi
h we are able to give a mathemati
ally rigouros treatment be
ause ofknown uniqueness results and the existen
e of derivatives.Our aim is to re
onstru
t a doping pro�le C 2 D from indire
t measurements. Possiblemeasurements in pra
ti
e are the 
urrent 
ow through a 
onta
t �1 (
f. e.g. [38, 44℄), whi
his given by I(�1) = Z�1(Jn + Jp):d� (3.1)and the mean 
apa
itan
e of a 
onta
t (
f. e.g. [33℄), i.e.,Cap(�1) = ddU �Z�1 rV:d�� : (3.2)For the identi�
ation of doping pro�les, the amount of data obtained around equilibrium seemsto be not suÆ
ient in this 
ase, sin
e for ea
h applied voltage one a
tually measures a singlereal number per 
onta
t and the outputs for di�erent (small) applied voltages are strongly
orrelated. Consequently, one 
an only hope to identify a small number of parameters in an a-priorly spe
i�ed model for the doping pro�le (an approa
h 
arried out by Khalil 
f. [33℄), butnot a fun
tional dependen
e. A possible way to over
ome this problem is to 
onsider 'globaldata', i.e., also measurements far away from equilibrium. However, besides existen
e proofs,the analysis of the drift-di�usion model for large applied voltages is not very well developedand therefore we shall not treat this 
ase here, although we want to point out that this is animportant and 
hallenging problem for future resear
h. Another possibility is to obtain moreinformation by di�erent ways of measuring data; in parti
ular we 
onsider pointwise measure-ments of the 
urrent density and the 
apa
itan
e on a 
onta
t. Under industrial 
onditionsthis seems to be impossible so far, but in a laboratory a pointwise dete
tion 
an be realized.



10 3 IDENTIFICATION OF DOPING PROFILESWith this motivation we 
onsider two possibilities of idealized data, whi
h are given as follows:Voltage-Current Data:Voltage-Current data are given by measurements of the normal 
omponent of the 
urrent den-sity J:� = (Jn+Jp):� on �1 � �
D for all applied voltages U 2 H 32 (�
D) with kUk < r withsome small r > 0. We assume that J:�j�1 2 L2(�1) holds.Capa
itan
e Data:Capa
itan
e data are measurements of the variation of the ele
tri
 
ux in normal outwarddire
tion (�V�� on �1 � �
D) with respe
t to the voltage �, i.e., lims!0 s�1(�V s��� � �V 0�� )j�1 2L2(�1), for all voltages � 2 H 32 (�
D), where V � denotes the solution of the Poisson equationwith U = �.We note that the 
apa
itan
e data de�ned above are just the ones at equilibrium. Alter-natively, one 
ould 
onsider variations around any other applied voltage U and the analysis
ould be 
arried out in an analogous way, provided U is suÆ
iently small. However, sin
e weperform only a preliminary study of the 
apa
itan
e data here, we restri
t ourselves to theequilibrium 
ase.In both 
ases we assume that �1 is a suÆ
iently regular subset of �
D with nonzeromeasure. Unless further noted we shall 
onsider the 
ase of 
urrent measurements, but in aseparate analysis we will also treat 
apa
itan
e measurements. The basi
 property, whi
h weneed, is that for ea
h voltage U (with norm bounded by r suÆ
iently small) as input of thesystem, the 
orresponding output, namely the normal 
urrent density J:� is well-de�ned. Inother words, we have to show that the map U 7! J:� is well-de�ned in appropriate spa
es,whi
h will be the obje
tive of the following subse
tion.3.1 The Voltage-Current MapIn this se
tion we will investigate the voltage-
urrent map, i.e., the relation between theapplied voltage U and the normal 
omponent of the 
urrent density on a part of the boundary.For the moment we �x the doping pro�le C, but sin
e our �nal goal is to investigate thedependen
e of the voltage-
urrent relation on the spe
i�
 
hoi
e of C and to invert thisrelation, we introdu
e a subs
ript for the doping pro�le in our notation. We de�ne thevoltage-
urrent map �C via�C : Br(0) � H 32 (�
D) ! L2(�1)U 7! J:�j�1 ; (3.3)We �rst verify that the nonlinear operator �C is well-de�ned and investigate its smooth-ness properties:Proposition 3.1. For ea
h applied voltage U 2 Br(0) � H 32 (�
D), the 
urrent J:� =(Jn + Jp):� 2 L2(�1) is uniquely de�ned. Furthermore, the map �C is 
ontinuous betweenthese spa
es, 
ontinuously Fr�e
het-di�erentiable on Br(0) and�0C(U)� = �neVD �û�� � �pe�VD �v̂�� +��neVD �u�� + �pe�VD �v��� V̂ ; (3.4)



3.2 Identi�
ation of Doping Pro�les from Full Voltage-Current Data 11where (V̂ ; û; v̂) solves (2.25)-(2.33) withf1 = 0 f2 = 0 f3 = 0g1 = � g2 = �e�VDnD� g3 = eVDpD�: (3.5)Proof. The nonlinear system (2.4)-(2.14) has a unique solution (V; u; v) 2 H2(
)3 and there-fore ru and rv have a tra
e in H 12 � L2(�1). Sin
e V 0 is 
ontinuous on 
, we obtainJ:� = �neVD �u�� � �pe�VD �v�� 2 L2(�1)is well-de�ned and depends 
ontinuously on U . The Fr�e
het-di�erentiability follows froma straight-forward estimate of the residual �C(U + �) � �C(U) � �0C(U)� together withTheorem 2.7.By iterating the above pro
edure we 
an show further regularity of the nonlinear operator�C :Proposition 3.2. The voltage 
urrent map �C is an element of C1(Br(0);L2(�1)).Sket
h of Proof. The n-th derivative is of the form (2.25)-(2.33) with right-hand sides fj andboundary values gj that depend in a Lips
hitz-
ontinuous way on the solution (V; u; v) of thedire
t problem and the �rst n� 1 derivatives. Similar arguments to the proof of Proposition3.1 show that this derivative is a Fr�e
het-derivative of n-th order and 
ontinuous.3.2 Identi�
ation of Doping Pro�les from Full Voltage-Current DataIn the following we treat the identi�
ation of doping pro�les in a rather general setup. Arealisti
 set of data is to measure for given Uj with kUjk = 1 the outputsf �C(tUj) j j = 1; : : : ; N; t 2 [0; r) g :In pra
ti
al appli
ations, the fun
tions Uj are pie
ewise 
onstant on the 
onta
ts. The am-plitude t of an applied voltage 
an be varied almost 
ontinuously in an experiment, whi
h isthe motivation for our spe
i�
 
hoi
e of the data set.The 
ontinuity of �C implies in parti
ular that the map t 7! �C(tUj) is 
ontinuous for�xed Uj and therefore�C(:Uj) 2 C(0; r;L2(�1)) ,! L2(0; r;L2(�1)) = L2((0; r) � �1):Sin
e it seems more realisti
 to bound the measurement error in an L2-norm than in a strongernorm we 
onsider the data asY := (�C(:Uj))j=1;:::;N 2 L2((0; r) � �1)N : (3.6)To apply the standard theory for inverse problems, we write the identi�
ation problem inthe abstra
t form F (C) = Y; (3.7)where Y are the given data and C is the parameter to be identi�ed, in our 
ase the dopingpro�le. In order to transform our identi�
ation problem into the form (3.7), we have to de�ne



12 3 IDENTIFICATION OF DOPING PROFILESthe parameter-to-output map F , whi
h maps the input of the system (the parameter C) tothe output Y , on appropriate fun
tion spa
es. As the domain of the operator we 
hooseD := � C 2 L2(
) j C � C � C a.e. in 
 	 (3.8)for appropriate upper and lower bounds C and C. This 
hoi
e of the domain is motivatedby the existen
e results for the drift-di�usion equations, whi
h show that for t kUjk < r (rsuÆ
iently small) and C 2 D a unique solution exists and therefore, the mapF : D ! L2((0; r)� �1)NC 7! (�C(:Uj))j=1;:::;N (3.9)is well-de�ned.Proposition 3.3. The parameter-to-output map F is well-de�ned by (3.9) and Fr�e
het-di�erentiable on D.Proof. The well-de�nedness follows immediately from Proposition 3.1, whi
h shows that forea
h doping pro�le C 2 D, the voltage-
urrent map is well-de�ned and therefore there existsa unique output ve
tor Y .In order to show Fr�e
het-di�erentiability of F it suÆ
es to show the di�erentiability of themap C 7! (V; u; v) 2 H2(
)3 for �xed Uj , sin
e the di�erentiability of the map (V; u; v) 7!J:�j�1 has already been shown in the analysis of the voltage-
urrent map. The derivative(V̂ ; û; v̂) of the drift-di�usion equations with respe
t to a variation Ĉ of the doping pro�leis given by the solution of (2.25)-(2.33) with gi = 0, f1 = �Ĉ and f2 = f3 = 0. Hen
e,the derivative with respe
t to the doping pro�le exists and depends 
ontinuously on Ĉ byTheorem 2.7. An estimate of the remainder, whi
h shows that the derivative is Fr�e
het, 
anbe 
arried out in a similar way as in the proof of Proposition 3.1.3.3 Identi�
ation from Redu
ed Voltage-Current DataSin
e the voltage-
urrent map 
an in general be de�ned only in a neighborhood of U = 0 dueto possible hysteresis e�e
ts for large applied voltage (
f. e.g. [40℄), it seems reasonable to
onsider the problem of identifying the doping pro�le from the linearization of the voltage-
urrent map at U = 0. The advantage of this is that the Poisson equation and the 
ontinuityequations de
ouple as we shall see below and therefore the 
omplexity of the problem redu
essigni�
antly.The derivative in dire
tion � is given asSC� := �0C(0)� = ��neVbi �û�� � �pe�Vbi �v̂��� j�
D ; (3.10)where (û; v̂) is the solution of the boundary-value problemdiv ��neV 0rû� = Q0(V 0; x)(û + v̂) div ��pe�V 0rv̂� = Q0(V 0; x)(û+ v̂) in 
 (3.11)û = �� v̂ = � on �
D(3.12)�û�� = 0 �v̂�� = 0 on �
N :(3.13)



3.4 Identi�
ation of Doping Pro�les from Capa
itan
e Measurements 13and V 0 is the solution of the equilibrium problem (2.39)-(2.41).The linear operator SC maps H 32 (�
D) to L2(�1), it is 
ontinuous and 
ompa
t as wewill show in the following Lemma:Lemma 3.4. The linear operator SC is bounded and 
ompa
t.Proof. Standard variational and regularity arguments imply that (û; v̂) 2 H2(
)2 depends
ontinuously on the input k�kH 32 (�
D) and hen
e, the boundedness and 
ompa
tness of SCfollow dire
tly from the 
ompa
tness of the tra
e mapsû 7! �û�� j�
D and v̂ 7! �v̂�� j�
Dfrom H2(
) to L2(�
D).We note that in the pro
ess of 
omputing �0C(0) from the given data �C in B�(0), datahave to be di�erentiated, whi
h is an ill-posed step in prin
iple, but sin
e we know that �Cis smooth and we 
an give bounds on the derivatives (see Proposition 3.2), this part of theproblem be
omes well-posed (by 
ompa
tness).Contrary to the 
ase of full data, the solution V = V (C) of the Poisson equation 
anbe 
omputed a-priori now, sin
e it is independent of �. The remaining problem (3.11)-(3.13) is quite similar to the problem in ele
tri
al impedan
e tomography (also 
alled inverse
ondu
tivity problem, 
f. e.g. [15, 34℄ and the referen
es quoted there), where the aim is toidentify the 
ondu
tivity a = a(x) in the equation�div (aru) = f (3.14)from a measurement of the Diri
hlet-to-Neumann map, whi
h maps the applied voltage uj�
 tothe ele
tri
al 
ux a�u�� j�
, where u is the ele
tri
 potential. The linearized voltage-
urrent mapSC , whi
h appears in our appli
ation maps the Diri
hlet data for u and v to the sum of theirNeumann data. Hen
e, this identi�
ation problem for doping pro�les in semi
ondu
tor devi
es
an be seen as the 
ounterpart of ele
tri
al impedan
e tomography for 
ommon 
ondu
tingmaterials.If we assume that the full data are given by (3.6), we 
an 
ompute redu
ed data asZ := (SCUj)j=1;:::;N 2 L2(�1)N : (3.15)This allows to de�ne the parameter-to-output map for redu
ed data asG : D � L2(
) ! L2(�1)NC 7! (SCUj)j=1;:::;N : (3.16)The well-de�nedness and di�erentiability of the nonlinear operator G 
an be shown in ananalogous way to Proposition 3.33.4 Identi�
ation of Doping Pro�les from Capa
itan
e MeasurementsIn this se
tion we 
onsider the inverse doping problem for semi
ondu
tor devi
es with 
apa
-itan
e measurements. Similar to the 
ase of redu
ed voltage-
urrent data, we 
an 
omputethe 
apa
itan
e as TC� = �V̂�� j�1 ; (3.17)



14 3 IDENTIFICATION OF DOPING PROFILESwhere V̂ solves �2�V̂ = �eV 0 + e�V 0� V̂ + eV 0 û� e�V 0 v̂: (3.18)V 0 is the potential in the equilibrium problem (2.39)-(2.41) and (û; v̂) is the solution of(3.11)-(3.13). In addition, V̂ satis�es the boundary 
onditionsV̂ = � on �
D (3.19)�V̂�� = 0 on �
N : (3.20)Sin
e we have seen in the previous se
tions that the map � 7! (û; v̂) 2 H2(
)2 is well-de�nedan 
ontinuous, we obtain the well-de�nedness and 
ontinuity of the 
apa
itan
e map TC asa dire
t 
onsequen
e, sin
e the solution V̂ depends 
ontinuously on the boundary data andon û and v̂, whi
h appear in the right-hand side. Similar to Lemma 3.4 we 
an show thefollowing preliminary result:Lemma 3.5. The linear operator TC : H 32 (�
D)! L2(�1) is bounded and 
ompa
t.More realisti
 data in this 
ase are measurements of~Z := (TCUj)j=1;:::;N 2 L2(�1)N ; (3.21)for given Uj with kUjk = 1, and the 
orresponding parameter-to-output map is de�ned byH : D � L2(
) ! L2(�1)NC 7! (TCUj)j=1;:::;N : (3.22)The parameter-to-output map H in this 
ase is well-de�ned and Fr�e
het-di�erentiable, whi
hfollows immediately from the well-de�nedness of the tra
e-type map V 7! �V�� j�1 and the proofof Proposition 3.3, where the di�erentiability of the map C 7! V 2 H2(
) has been veri�ed.3.5 The Limit of Zero Spa
e ChargeAn important limiting 
ase of the drift-di�usion equations is the limit of zero spa
e 
harge,whi
h means in mathemati
al terms that � ! 0. We now want to dis
uss some propertiesof the parameter-to-output maps in this limit. It has been shown that a solution (V; u; v) 2L1(
)3 still exists (
f. [37, 40℄) for the redu
ed problem, but there is no additional regularitystatement on the potential V .One observes that 
apa
itan
e measurements might not be possible for � = 0, sin
ethe normal derivative of the potential V may not be well-de�ned in this 
ase, unless Cis suÆ
iently smooth. However, this diÆ
ulty 
ould be over
ome by restri
ting the set ofadmissible doping pro�les, su
h that a normal derivative of C exists on �1, e.g. we 
ould
hoose C 2 H2(
). In the above setup we may still 
onsider the voltage-
urrent map for� = 0, sin
e we still have a normal derivative of u and v. The main problem in this 
ase isthat without further regularity on C we 
an only guarantee (u; v) 2 H1(
)2 and thereforeJ:� 2 H� 12 (�1). However, if rC 2 Lp(
) with p � 6 one 
an show by similar reasoning tothe proof of regularity results for the drift-di�usion equation that the redu
ed voltage-
urrentmap exists and maps 
ontinuous to L2(�1).



15The Poisson equation at equilibrium redu
es in this 
ase to the algebrai
 relation sinhV =2C and therefore we 
an rewrite the linearized 
ontinuity equations in the formdiv (�narû) = q(a; x)(û+ v̂) (3.23)div (�pa�1rv̂) = q(a; x)(û+ v̂); (3.24)with a = a(C) = ear
sinh(2C); q(a; x) = Q(1; 1; ln(a); x); (3.25)and hen
e, we 
an reformulate the inverse problem as the identi�
ation of the 
ondu
tivitya in (3.23), (3.24) from the redu
ed voltage-
urrent map. From the knowledge of a we 
anthen easily re
onstru
t C = 12 sinh(lna).4 Identi�ability: The Unipolar CaseIn this se
tion we want to investigate the problem of identi�ability, i.e., we treat the questionwhether the data determine the doping uniquely. In the most general setup we 
annot givean answer to this problem, but we are able to show the identi�ability of the doping pro�lefrom redu
ed voltage-
urrent data in the unipolar 
ase, i.e., if p = 0 or, equivalently, v = 1.In addition, we assume that there is no re
ombination-generation, i.e., Q = 0, whi
h seemsreasonable in this 
ase 
lose to equilibrium. Sin
e the basi
 stru
ture of the problem is notdi�erent in the bipolar 
ase, this suggests the assertion that the doping pro�le is identi�ablealso in the bipolar 
ase. Sin
e all information on the redu
ed data set is also 
ontained in thefull data, this would imply identi�ability in the general 
ase, too.For redu
ed voltage-
urrent data given on the whole boundary �
, the inverse problem
onsists of identifying the parameter C in the system�2�V 0 = eV 0 � e�V 0 � C in 
 (4.1)div �eV 0rû� = 0 in 
 (4.2)V 0 = Vbi on �
 (4.3)from the Diri
hlet-to-Neumann map ûj�
 7! �û�� j�
. We note that sin
e V 0 = Vbi is known on�
 we 
an repla
e the 
urrent data J = �neV 0 �û�� dire
tly by the Neumann data �û�� .In order to investigate the question of identi�ability, we split the problem into two parts:�rst, the potential V (respe
tively eV ) 
an be identi�ed from the Diri
hlet-to-Neumann mapfor the density u and as the se
ond step we 
onsider the identi�
ation of C from V in (4.1).We rewrite the �rst step as the identi�
ation of the 
ondu
tivity 
 in the ellipti
 equationdiv (
ru) = 0: (4.4)For this problem, a uniqueness result has been shown by Na
hman in two dimensions:Theorem 4.1. [41, Theorem 1℄ let 
 � R2 be a bounded Lips
hitz domain and let 
i 2L1(
) \W 2;p(
) (i = 1; 2) for some p > 1 with positive lower bound. Then the equality ofthe Diri
hlet-to-Neumann maps�i : H 12 (�
) ! H� 12 (�
)u 7! �u�� (4.5)for the solutions u of (4.4) implies 
1 = 
2.



16 5 PIECEWISE CONSTANT PROFILES: THE P-N DIODEThis result 
an be used to prove the identi�ability of the doping pro�le in the unipolar
ase:Theorem 4.2. Let 
 � R2 be a bounded Lips
hitz domain and let �1 = �
D = �
, then fortwo doping pro�les C1 and C2 in D, the equality SC1 = SC2 implies C1 = C2.Proof. Proposition 2.1 and Theorem 2.3 imply that for ea
h C 2 D the 
orresponding solutionV of (4.1) is bounded below and satis�es V 2 H2(
). Therefore the fun
tion 
 := eV isstri
tly positive and satis�es 
 2 L1(
) be
ause of V 0 2 L1(
). Furthermore we haver
 = eV 0rV 0 2 L2(
)2 andr2
 = eV 0 �r2V 0 +rV 0(rV 0)T � 2 L2(
)2�2(note that due to the embedding H2(
) ,! W 1;4(
) we have rV 0(rV 0)T 2 L2(
)2�2), andhen
e, 
 2 H2(
). Consequently, all assumptions of Theorem 4.1 are satis�ed and hen
e, thepotential V 0 2 H2(
) is uniquely determined by the redu
ed voltage-
urrent map SC . Then,(4.1) gives the uniqueness of C.We note that due to a result by Brown and Uhlmann [9℄ the identi�ability result for theinverse 
ondu
tivity problem (Theorem 4.1) 
an be extended to 
ondu
tivities in W 1;p(
),p > 2. This result is of parti
ular interest for the 
ase of zero spa
e 
harge (� = 0) inthe unipolar drift-di�usion equations and allows to show the identi�ability of doping pro�lesC 2 L1(
) \W 1;p(
) also there.We note that the identi�ability results are strongly dimension-dependent. In the one-dimensional 
ase the data obviously do not suÆ
e, whereas the parameter is well-determinedin two dimensions as we have seen above. The analysis of the inverse 
ondu
tivity problemin dimension d � 3 (
f. [50℄) shows that the identi�
ation problem is even overdetermined inhigher dimensions.Stability estimates for the inverse 
ondu
tivity problem in two dimensions 
an hardlybe found in literature, the few existing results su
h as the ones by Sun [49℄ use very re-stri
tive assumptions on the 
ondu
tivity, whi
h 
ontradi
t the situation for inverse dopingproblems. However, the results in the three-dimensional 
ase (
f. e.g. [1℄), where the problemis overdetermined, already show severe ill-posedness and therefore one 
an argue that thetwo-dimensional 
ase is also severely ill-posed.Identi�ability in the 
ase of 
apa
itan
e measurements 
annot be shown by analogy to well-investigated inverse problems, sin
e it the system 
annot be de
oupled in this 
ase. A similarproblem arises also for voltage-
urrent data in the bipolar 
ase, where the 
ontinuity equationsare still 
oupled. Sin
e identi�ability of parameters in systems of di�erential equations is ahardly investigated topi
, we will leave this problem as a 
hallenging task for future resear
h.5 Pie
ewise Constant Pro�les: The P-N DiodeIn the following we shall fo
us on the simplest-
ase of a semi
ondu
tor devi
e, namely thep-n diode. This spe
ial devi
e has two Ohmi
 
onta
ts at �1 and �0 = �
D � �1 (see Figure1), with applied potential U(x) = � U for x 2 �10 for x 2 �
D � �1 : (5.1)
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Figure 1: Two-dimensional 
ross se
tion of a p-n diode.The domain is split into two subregions P and N with C > 0 in P and C > 0 in N . The
urve � between these regions is usually 
alled p-n jun
tion.Furthermore we restri
t our attention to pie
ewise 
onstant doping pro�les, i.e. the dopingpro�le 
an be written as C = 
1�P + 
2�N ; (5.2)with real 
onstants 
1 > 0 and 
2 < 0, where �P and �N denote the indi
ator fun
tions of thedomains P and N . Due to this restri
tion of the doping pro�le, the quantity to be identi�edis now the 
urve � that separates the regions P and N and possibly the two real numbers
1 and 
2. Sin
e this a-priori assumption on the doping pro�le redu
es the 
omplexity of theidenti�
ation problem, it is possible to restri
t the data, too. Instead of measuring the whole
urrent-voltage map one 
an also 
onsider the identi�
ation from a single measurement, whi
his often the 
ase in pra
ti
e, sin
e the input voltage U is kept 
onstant over ea
h 
onta
t.5.1 Restri
tion of the DataWe assume that we 
an measure the normal 
omponent of the 
urrent on a part of theboundary for ea
h applied voltage in a small ball around U = 0, i.e., we knowIC(U) := JU :�j�1 ; 8 jU j < r; (5.3)with r > 0, �1 � �
D and � the outer normal on �1. In (5.3), JU = JUn + JUp , where(V U ; uU ; vU ; JUn ; JUp ) is the solution of (2.4)-(2.14) with applied voltage (5.1). The subs
riptC indi
ates that IC is the out
ow 
urrent for a parti
ular doping pro�le C.For all C 2 L1(
), IC(U) is a fun
tion on �1 for ea
h U 2 (�r; r) and sin
e for suÆ
ientlysmall r, the solution of the dire
t problem is unique, the ve
tor-valued fun
tion I : U 7!JU :�j�1 is well-de�ned on the real interval (�r; r); furthermore we haveIC 2 C1(�r; r;L2(�1)): (5.4)Similar to the restri
tion of the voltage-
urrent data to the linearization around equilib-rium in Se
tion 3.3, we 
an also use redu
ed data in this parti
ular 
ase. For this sake we



18 5 PIECEWISE CONSTANT PROFILES: THE P-N DIODEhave to determine the derivative of IC at U = 0 with respe
t to U , whi
h exists sin
e IC issuÆ
iently smooth and is given bygC := dICdU (0) = ��neV 0 �û�� � �pe�V 0 �v̂��� j�1 (5.5)where (û; v̂) is the solution of the boundary-value problemdiv ��neV 0rû� = Q0(V 0; x)(û+ v̂) div ��pe�V 0rv̂� = Q0(V 0; x)(û+ v̂) in 
 (5.6)û = �1 v̂ = 1 on �0(5.7)û = 0 v̂ = 0 on �
D � �0(5.8)�û�� = 0 �v̂�� = 0 on �
N :(5.9)and V 0 is the solution of the equilibrium problem (2.39)-(2.41). The linearization at thepoint U = 0 is just a fun
tion on �1, we will 
all gC the redu
ed output 
urrent. As a dire
t
onsequen
e of (5.4) we obtain that gC(t) = SC(t��0) 2 L2(�1) for all C 2 D.5.2 Setup of the Inverse ProblemFor the redu
ed data, the inverse problem 
onsists in identifying the doping pro�le C of theform (5.2) from the knowledge of gC . For this sake we de�ne the parameter-to-output mapM : D(M) ! L2(�1)(
1; 
2;�) 7! g
1�P+
2�N : (5.10)The parameter-to-output map assigns to ea
h admissible parameter (C respe
tively (
1; 
2;�))the resulting output (gC) that 
orresponds to the type of data. Hen
e, the inverse problemis just the (approximate) solution of the nonlinear operator equationM(
1; 
2;�) = gÆ ; (5.11)where gÆ represents a noisy observation of the redu
ed output 
urrent.We note that M is the 
on
atenation of the maps (
1; 
2;�) 7! 
1�P (�) + 
2�N(�) andC 7! gC , where N(�) and P (�) are the two subregions separated by �.5.3 Limiting CasesIn the following we 
onsider limiting 
ases of parameters in the drift-di�usion equations (2.4)-(2.14), now in the 
ase of a p-n diode, where further simpli�
ations are possible. Of parti
ularinterest is now the 
ase of zero spa
e 
harge (� = 0), for whi
h the equation (2.39) simpli�esto an algebrai
 relation between the potential V and the doping pro�le C. In this 
ase we
an 
ompute V = ar
sinh C2 expli
itly and therefore we may rewrite the problem as theidenti�
ation of a fun
tion V of the form V = a+ b�N in (5.6)-(5.9), wherea = ar
sinh 
12 ; b = ar
sinh 
22 � ar
sinh 
12 :
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General Problem 

         Low Injection 

Inverse Boundary Problem

Unipolar

Inverse Conductivity Problem

Zero Space Charge 

Piecewise Constant Potential

Figure 2: Limiting 
ases and 
orresponding inverse problems.In the following we will investigate two sub
ases, �rst the one with low inje
tion and laterthe unipolar 
ase. It will turn out that the �rst leads to an inverse boundary problem, whilethe se
ond 
an be redu
ed to the inverse 
ondu
tivity problem with a single measurement.5.3.1 Zero Spa
e Charge and Low Inje
tionThe 
ase of zero spa
e 
harge and low inje
tion means to let �rst tend �! 0 and then Æ ! 0in (2.4)-(2.6), whi
h 
auses in parti
ular the re
ombination-generation term to vanish. It hasbeen shown by S
hmeiser [43℄ that the arising limiting problem for u and v has a uniquesolution 
lose to equilibrium, whi
h is given byu = � 1 + (eU � 1)û in PeU in N (5.12)v = � e�U + (1� e�U )v̂ in N1 in P ; (5.13)where (û; v̂) solve �div � �njCjrû� = 0 in P (5.14)û = 1 on � (5.15)û = 0 on �1 (5.16)�û�� = 0 on �
N \ �P (5.17)and �div ��pC rv̂� = 0 in N (5.18)v̂ = 1 on � (5.19)v̂ = 0 on �0 (5.20)�v̂�� = 0 on �
N \ �N: (5.21)



20 5 PIECEWISE CONSTANT PROFILES: THE P-N DIODEFor 
onstant �n, �p and pie
ewise 
onstant doping pro�le, the fun
tions û and v̂ just solveLapla
e equations in P and N , respe
tively. The 
urrent is given byJ = (eU � 1) �njCjrû (5.22)and hen
e, in this limiting 
ase the redu
ed data 
ontain exa
tly the same information aboutthe doping pro�le as the 
omplete set of data.Assuming that we know C on �
, for the identi�
ation of the jun
tion � it suÆ
es to
onsider the fun
tion w = û� 1. Then w solves the problem��w = 0 in P (5.23)w = 0 on � (5.24)w = �1 on �1 (5.25)�w�� = d on �P � � (5.26)with d = 0 on �
N \ �P and d = jCj�n gC on �1. In this 
ase the problem of identifyingthe jun
tion � 
an then be interpreted as an inverse boundary problem similar to the ones
onsidered by Beretta et. al. [3, 6℄ for pure Neumann or pure Diri
hlet 
onditions. In these
ases it is known that the problem is exponentially ill-posed, i.e., an error of order � in theboundary values leads to an error of order jln �j�� for some � 2 R+ in the re
onstru
tion ofthe domain P even under strong a-priori assumptions on �.The identi�ability result shown by Beretta et. al. [3℄ 
an be extended to the 
ase of mixedboundary data in the following way:Theorem 5.1 (Identi�ability). Let w and w be two solutions of (5.23)-(5.26) with 
orre-sponding jun
tions � and ~� suÆ
iently smooth and su
h that �1 � P \ ~P . Then the equalityof Diri
hlet and Neumann values on �1 implies � = ~�.Proof. Let z = w � w, then z has homogeneous Neumann and Diri
hlet values on �1 andsatis�es �z = 0 in P \ ~P . Hen
e, the uniqueness of the Cau
hy problem for ellipti
 equationsand analyti
 
ontinuation for harmoni
 fun
tions implies z = 0 in the 
losure of P \ ~P . Sin
eeither w = 0 or w = 0 on �(P\ ~P )��
, we obtain w = w = 0 on �(P\ ~P )��
. Suppose P� ~Phas positive Hausdor� measure. Then, sin
e w satis�es homogeneous boundary 
onditionson �(P � ~P ) and �w = 0 in P � ~P , we dedu
e w = 0 in P � ~P . The unique 
ontinuationof harmoni
 fun
tions implies then w = 0 in P and 
onsequently also w = 0 on �1, whi
h
ontradi
ts the Diri
hlet boundary 
ondition (5.25). I.e., P � ~P has Hausdor� measure 0 andin an analogous way we show that ~P � P is of zero measure. Thus, we obtain � = ~�.5.3.2 Zero Spa
e Charge and UnipolarityAs explained in Se
tion 4, we have p = 0 respe
tively v = 0 in the unipolar 
ase, without lossof generality we assume that Æ = 1. In this 
ase the dire
t problem redu
es to�div ((a+ b�N )rû) = 0 in 
 (5.27)û = 0 on �1 (5.28)û = 1 on �0 (5.29)�û�� = 0 on �
N : (5.30)



21The measurement is given by gC = (a+ b)�n �û�� on �1. This problem is usually 
alled inverse
ondu
tivity problem, it is well-known that it is exponentially ill-posed, too. In this 
aseonly lo
al identi�ability 
an be shown. (
f. [4, 24, 35℄), i.e., the parameters are determineduniquely by the data only in a suÆ
iently small neighborhood of a solution. Global uniqueness
an be shown only for severe and rather unrealisti
 restri
tions on the parameter, e.g. if thejun
tion is a 
losed inner 
urve and the en
losed set is a 
onvex polyhedron (
f. [24℄).6 Regularization of the Inverse ProblemIn this se
tion we dis
uss the stable solution of the inverse doping problems. In the pre
edingse
tions we have seen that the doping pro�le does not depend on the data in a stable way,in some spe
ial 
ases we found that it is severely ill-posed, e.g. for the unipolar problemor the limit of zero spa
e 
harge and low inje
tion dis
ussed in Se
tion 5.3.1, where onlylogarithmi
 or even doubly logarithmi
 stability estimates hold for the identi�
ation problemunder reasonable smoothness 
onditions.We shall denote the exa
t data by Y and the noisy data by Y Æ and assume that the dataerror is bounded by 


Y � Y Æ


 � Æ: (6.1)The parameter-to-output map will be denoted by F in the following, whi
h allows us to writeall inverse doping problems in the abstra
t formF (C) = Y Æ: (6.2)Due to the ill-posedness of the inverse problem and the fa
t that one has noise in the data
aused by measurement errors, one 
annot use a standard iterative method for the solutionof equation (6.2), sin
e this would lead to a strong ampli�
ation of the noise. For impli
itmethods like the 
lassi
al Gauss-Newton iterationF 0(Ck)�F 0(Ck)(Ck+1 �Ck) = �F 0(Ck)�(F (Ck)� Y Æ) (6.3)one 
annot even guarantee the well-de�nedness of the iteration pro
edure, sin
e the inverseof F 0(Ck)�F 0(Ck) need not exist and if it exists, it may be unstable. Therefore so-
alledregularization methods have to be used in order to obtain a stable approximation to thesolution of equation (6.2) also in the presen
e of noise. A 
lassi
al and popular methodis Tikhonov regularization, where a regularized solution CÆ� is a minimizer over D of thefun
tional C 7! 


F (C)� Y Æ


2 + � kC � C�k2L2(
) (6.4)with � > 0 
hosen in dependen
e of the noise level Æ and possibly also of the noisy data Y Æ.The fun
tion C� 2 D, whi
h appears in the se
ond part of the fun
tional in (6.4) is a givenprior, su
h that a-priori information about the solution 
an be in
orporated. If the solutionof (6.2) for exa
t data is not unique, the se
ond term will favor the one with minimal distan
eto the prior C�. Although a 
omprehensive 
onvergen
e analysis is available (
f. [18, 19, 46℄),Tikhonov regularization has the serious disadvantage that one has to determine a globalminimizer of the fun
tional in (6.4), whi
h is in general not 
onvex for nonlinear problemsand might have many lo
al minima, whi
h presents numeri
al diÆ
ulties. However, Tikhonov



22 6 REGULARIZATION OF THE INVERSE PROBLEMregularization has been applied with some su

ess to ele
tri
al impedan
e tomography (
f.[17, 42℄) and might therefore be of interest for inverse doping problems, too.An alternative to Tikhonov regularization are iterative regularization methods, where themain regularizing e�e
t 
omes from an early termination of the iteration pro
edure. The stop-ping index k� is 
hosen dependent on the noise; a well-investigated and easy implementablerule for the 
hoi
e of k� is the so-
alled generalized dis
repan
y prin
iple a

ording to whi
hk� should be 
hosen su
h that


F (Ck�)� Y Æ


 � �Æ < 


F (Ck)� Y Æ


 ; 8 k < k�; (6.5)for appropriately 
hosen � > 1. The motivation for this prin
iple is that one has no 
riterionto 
ompare the quality of iterates yielding a residual less than the noise level, sin
e also theexa
t solution might yield a residual of this order, and therefore one should stop the iterationthe �rst time the residual is of the same size as the noise level. Possibly the simplest iterativeregularization method is the so-
alled Landweber iterationCÆk+1 = CÆk � F 0(CÆk)�(F (CÆk)� Y Æ); (6.6)a rather slow but stable �xed-point iteration. The 
onvergen
e analysis of this method withthe generalized dis
repan
y prin
iple as the stopping rule has been 
arried out by Hanke et.al. [28℄; the type of 
onvergen
e we 
an expe
t is 
onvergen
e of Ck to a solution C of (6.2)in the 
ase of exa
t data. In presen
e of noise, the 
onvergen
e result is CÆk� ! C as Æ ! 0,i.e., the regularized approximations 
onverge to a solution as the noise level tends to zero.If the solution of (6.2) is nonunique, then C will be the solution of minimal distan
e to theinitial value C0.Faster iterative methods are modi�
ations of the Gauss-Newton iteration su
h as theLevenberg-Marquardt iteration (
f. [27℄)CÆk+1 = CÆk � (F 0(CÆk)�F 0(CÆk) + �kI)�1F 0(CÆk)�(F (CÆk)� Y Æ); (6.7)or the iteratively regularized Gauss-Newton method (
f. [7, 32℄)CÆk+1 = CÆk � (F 0(CÆk)�F 0(CÆk) + �kI)�1 �F 0(CÆk)�(F (CÆk)� Y Æ) + �k(CÆk � C0)� ; (6.8)with �k > 0. Both are based on a Tikhonov-type stabilization of the linearized problem(6.3), where the prior is CÆk for the Levenberg-Marquardt iteration and C0 for the iterativelyregularized Gauss-Newton method. Due to the �xed prior in the latter it is ne
essary that �ktends to zero with in
reasing iteration index k, while for the Levenberg-Marquardt methodthis parameter 
ould also be 
hosen 
onstant during the iteration.The 
onvergen
e analysis of Newton-type methods shows that we may expe
t to be fasterthan the Landweber iteration, sin
e the number of iterations needed until the stopping 
riteriais satis�ed is lower. However, this advantage is often 
ompensated by a higher e�ort in ea
hiteration step, whi
h will be explained in the next Se
tion. For a more detailed exposition ofiterative regularization methods for inverse problems we refer to [16, 18, 20℄.6.1 Iterative Regularization of Inverse Doping ProblemsFor the appli
ation of iterative regularization to inverse doping problems we need the �rstderivative of the parameter-to-output map and its adjoint. For the sake of simpli
ity we



6.1 Iterative Regularization of Inverse Doping Problems 23restri
t ourselves to the 
ase of redu
ed voltage-
urrent data, but an analogous treatment ispossible for all other 
ases, too.In order to 
ompute the derivative of the parameter-to-output map G, we denote by(ûj ; v̂j) the solution of (3.11)-(3.13) with parti
ular Diri
hlet value � = Uj . The formallinearization of (3.11)-(3.13) with respe
t to a variation of C in dire
tion h is the systemdiv ��neV (r�j + �rûj)� = Q0(V; x)(�j +  j) + �Q00(V )�� (ûj + v̂j) in 
 (6.9)div ��pe�V (r j � �rv̂j)� = Q0(V; x)(�j +  j) + �Q00(V )�� (ûj + v̂j) in 
 (6.10)�j =  j = 0 on �
D (6.11)��j�� = � j�� = 0 on �
N : (6.12)for (�;  ), where � is the solution of the linearized equilibrium problem�2�� = (eV + e�V )� � h in 
 (6.13)� = 0 on �
D (6.14)���� = 0 on �
N : (6.15)The linearization of the nonlinear operator G 
an now be written in terms of (�j ;  j) asG0(C)h : L2(
) ! L2(�1)Nh 7! �Z 0j�j=1;:::;N ; (6.16)where Z 0j is the output of the pair (�j ;  j), i.e.,Z 0j = ��neV �j � �pe�V  j� j�1 : (6.17)We note that � does not appear expli
itly in the output Z 0j be
ause it satis�es a homogeneousDiri
hlet boundary 
ondition on �
D � �1 and therefore the variation of the output withrespe
t to V in dire
tion � is zero.The above 
omputation of the derivative of G0(C) shows that we have to solve �rst thelinearized equilibrium problem (6.13)-(6.15) to obtain the map h 7! � and then solve the Nellipti
 systems (6.9)-(6.12), whi
h yields the se
ond step � 7! f(�j ;  j)gj=1;:::;N . Finally, wehave to evaluate the tra
e-type map (6.17) for ea
h of the N solution pairs to obtain theoutput (Z 0j)j=1;:::;N .This means that the use of a Newton-type method for the solution of the inverse dopingproblem would 
ause an enormous numeri
al e�ort in ea
h iteration step, sin
e we have toevaluate the derivative of the parameter-to-output map G several times in order to assemblethe Newton matrix. Therefore we turn our attention to the Landweber iteration in thefollowing, where it suÆ
es to evaluate the adjoint of G0(C) on
e in ea
h iteration step andwhere one does not need to solve a linear system of large s
ale as in the Newton step. Sin
ethe evaluation of the adjoint is usually even of less e�ort than the evaluation of G0(C) itself,the Landweber iteration is often more eÆ
ient than a Newton-type iteration although thenumber of iterations needed is mu
h higher. This statement holds in parti
ular for large s
aleproblems and has been 
on�rmed by the results for some identi�
ation problems in pra
ti
alappli
ations (
f. e.g. [11, 12, 13℄).The 
omputation of the adjoint of the derivative, whi
h is needed for an implementationof the Landweber iteration will be explained in detail in Se
tion 7.
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eIn order to obtain 
onvergen
e rates of regularization methods for inverse problems, addi-tional assumptions on the solution, so-
alled sour
e 
onditions, are needed. Classi
al sour
e
onditions are of the form9 w : C � C0 = (F 0(C)�F 0(C))�w (6.18)for the solution C of (6.2) and some � > 0. Su
h sour
e 
onditions are abstra
t smoothness
onditions on the di�eren
e between the solution and the initial guess C0, where the degreeof smoothness in
reases with �. However, for exponentially ill-posed problems su
h as inverses
attering or impedan
e tomography, su
h 
onditions turned out to be by far too restri
tive,in many 
ases not even analyti
ity of C � C0 is suÆ
ient (
f. [30, 31℄ for further details).Therefore, so-
alled logarithmi
 sour
e 
onditions have been introdu
ed to obtain reasonablesmoothness 
onditions. A logarithmi
 sour
e 
ondition is of the form9 w : C � C0 = f�(F 0(C)�F 0(C))w; (6.19)where the fun
tion f� is de�ned byf�(t) = � (ln e� ln t)�� for 0 < t < 10 else (6.20)for some � > 0. It has been shown that under 
ondition (6.19) the rate result


C � CÆk�


 = O �(� ln Æ)��� (6.21)k� = O�(� ln Æ)�2�Æ2 � (6.22)holds for the Landweber iteration with stopping index 
hosen a

ording to the generalizeddis
repan
y prin
iple (6.5) (
f. [16, Theorem 2.8 and Lemma A.6℄).Sin
e for our inverse problems, we 
an at best expe
t logarithmi
 stability estimates underreasonable smoothness 
onditions (
f. Se
tions 4 and 5), logarithmi
 sour
e 
onditions andhen
e logarithmi
 
onvergen
e rates will have to be expe
ted for Landweber iteration.7 Numeri
al SolutionIn this se
tion we want to dis
uss the numeri
al solution of the inverse doping problem ina parti
ular appli
ation. As an obvious starting example we 
onsider the p-n diode in thelimiting 
ase of zero spa
e 
harge and low inje
tion as dis
ussed in Se
tion 5.3.1, restri
tingourselves to the important 
ase 
 � R2. The geometry of the diode is a square with lengthL = 10�4m. The 
onta
t �1, at whi
h the measurement of the 
urrent density is taken, islo
ated at the top of the devi
e and has a length of 2:5 � 10�5m; the se
ond 
onta
t is atthe bottom and ranges over the full length of 10�4 (see Figure 3). The doping pro�le to bere
onstru
ted is of the form C = � �C0 in P;C0 in N; (7.1)where the P-region is the quarter of a 
ir
le with radius r = 5 � 10�5m, whose 
enter islo
ated at the left upper 
orner of the devi
e (see Figure 3). We want to identify the 
urve� separating the P - and N -region. The material parameters we use are taken from sili
on atroom temperature and listed in Table 1.
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Figure 3: Geometry of the p-n diode with the 
onta
ts �0 and �1 and the jun
tion �.

Parameter Symbol ValuePermittivity �s 10�10 AsV�1m�1Elementary 
harge q 10�19 AsThermal voltage UT 2:5 � 10�2 VIntrinsi
 density ni 1016 m�3Ele
tron mobility �n 10�1 m2V�1s�1Hole mobility �p 10�1 m2V�1s�1Table 1: Material parameters for sili
on.



26 7 NUMERICAL SOLUTION7.1 Parameterization of �We assume that the domain P is star-shaped with respe
t to the left upper 
orner point ofthe devi
e, the 
urve � 
an be parameterized in this 
ase by� = n r(�)(
os �;� sin �) j � 2 [0; �2 ℄ o ; (7.2)where r denotes the distan
e of the point on the 
urve from the left 
orner on top of thedevi
e. In a �rst numeri
al example we therefore try to identify the fun
tion r 2 H1([0; �=2℄)from voltage-
urrent measurements in the 
ase of low inje
tion and zero spa
e 
harge. Afterappropriate res
aling, we 
an repla
e the 
urrent density data by �û�� j�1 , where û is the solutionof the boundary value-problem (5.14)-(5.17).The parameter-to-output map 
an be de�ned also in terms of the parameterization r, i.e.,F : H1([0; �=2℄) ! L2(�1)r 7! �û�� j�1 ; (7.3)where û is the solution of the Lapla
e-equation (5.14) in P supplemented by the boundary
onditions (5.15)-(5.17). The evaluation of the parameter-to-output map for a 
ertain r
onsists in solving the Lapla
e equation in the domain P (r) with the boundary 
urve �(r)de�ned via (7.2) and subsequent evaluation of the normal derivative �û�� on the 
onta
t �1.The derivative of this map is given byF 0(r)� = �w�� j�1 ; (7.4)where w is the solution of the boundary value problem��w = 0 in P (r) (7.5)w = ��rrû:x on �(r) (7.6)w = 0 on �1 (7.7)�w�� = 0 on �
N \ �P (r) (7.8)We want to re
onstru
t r using the Landweber iterationrÆk+1 = rÆk � F 0(rÆk)�(F (rÆk)� gÆ); (7.9)where gÆ are the (noisy) measurements for �û�� on �1. The numeri
al implementation of theLandweber iteration enfor
es the evaluation of the forward operator F , whi
h was des
ribedabove, and the evaluation of the adjoint F 0(r)�h. In order to 
ompute the latter we de�ne anadjoint problem by ��w� = 0 in P (r) (7.10)w� = 0 on �(r) (7.11)w� = h on �1 (7.12)�w��� = 0 on �
N \ �P (r): (7.13)



7.1 Parameterization of � 27By applying Gauss' Theorem and inserting the equations for w and w� we obtainhF 0(r)�; hi = Z�1 �w�� h d� = Z�1 �w�� w� d�= ZP (r)(rw:rw� � (�w)w�) dx� Z�(r) �w�� w� d�= �ZP (r)w�w� dx+ Z�(r) w�w��� d�= �Z�(r) �r (x:rû)�w��� d�:Be
ause of d�d� =p _r(�)2 + r(�)2;we may perform a 
hange of variables in the last integral to dedu
ehF 0(r)�; hi = �Z �20 �rû:(
os �;� sin �)�w��� p _r2 + r2 d�:We note that so far we have formally 
omputed the adjoint with respe
t to the s
alar produ
tof L2([0; �=2℄), whi
h is given byF 0(r)�L2h = �rû:(
os �;� sin �)�w��� p _r2 + r2: (7.14)Sin
e it involves the derivative _r of r with respe
t to �, whi
h need not exist on L2([0; �=2℄),it is well-de�ned only for r 2 H1([0; �=2℄). To 
omplete the derivation of the adjoint inH1([0; �; 2℄), we only need to apply the adjoint of the embedding operator from L2([0; �=2℄)to H1([0; �=2℄). I.e., the adjoint F 0(r)� is given by F 0(r)�h = f , where f 2 H10 ([0; �; 2℄) solvesd2fd�2 � f = rû:(
os �;� sin �)�w��� p _r2 + r2; (7.15)sin
e h�; F 0(r)�hiH1 = Z �20 �d�d� dfd� + � f� d�= Z �20 ���d2fd�2 + f� d�;and the last term equals hF 0(r)�; hi due to (7.15) and the above derivation of the adjoint inL2([0; �=2℄).As one observes from (7.10)-(7.13), the main part in the evaluation of the adjoint is tosolve a system that di�ers from the forward problem only by 
hanges in the right-hand side.Therefore we 
an use the same solvers and the same meshing for the forward and the adjointproblems. The remaining part of 
omputing the term (7.14) 
an be realized with smallextra e�ort, sin
e the solutions û and w� of the forward and the adjoint problems have been
omputed anyway.



28 7 NUMERICAL SOLUTIONThe dis
retization of the problem is performed in two steps; �rst we dis
retize the bound-ary � via linear splines, whi
h 
onne
t the 
orner points(r(�j)(
os �j;� sin �j))j=0;:::;M ;where 0 = �0 < �1 < : : : < �M = �2 is an appropriate dis
retization of the parameter �.The se
ond step is to assemble a triangular mesh on the 
orresponding domain P (r), onwhi
h we use linear 
onforming �nite elements to solve the Lapla
e equation with boundary
onditions (5.15)-(5.17) to obtain û and with boundary 
onditions (7.11)-(7.13) to obtain thesolution w of the adjoint problem. The remaining parts of evaluating the output �û�� j�1 andthe update in rk 
an be performed by standard methods on the one-dimensional manifolds �1and �. We note that the assembly of a new mesh in ea
h iteration step leads to 
onsiderablenumeri
al e�ort. A possible alternative would be a transformation of the mesh from theprevious domain P (rk�1) to the new domain P (rk), but this 
an lead to triangles that do notsatisfy the standard regularity 
onditions for a �nite element mesh.7.2 Numeri
al ResultsFor the numeri
al simulation of the inverse boundary problem for the equation (5.14)-(5.17),we used two di�erent types of data:1. For a test of our re
onstru
tion algorithm and numeri
al investigations of the stability weuse data generated using dire
tly the model (5.14)-(5.17) perturbed by arti�
ial noise,but with a di�erent dis
retization than in the re
onstru
tion algorithm in order to avoid'inverse 
rimes', whi
h would amount to generate data and to solve the problem in thesame �nite-dimensional subspa
e, thus eliminating the ill-posedness in an inappropriateway.2. For a veri�
ation that the re
onstru
tion of the jun
tion via the redu
ed model (5.14)-(5.17) 
an su

essfully repla
e the re
onstru
tion via the full drift-di�usion model, weuse data generated by solving the drift-di�usion equations su
h that the limiting 
on-ditions on the parameters are satis�ed, i.e.,�; Æ << 1 and �2 log(Æ�2) << 1 (7.16)(
f. [40℄). Sin
e the methods and dis
retizations for generating the data and for solvingthe inverse problem are 
ompletely di�erent, this obviously 
annot 
ause inverse 
rimes.Our goal is to 
on�rm that for the solution of the inverse problem with the redu
edmodel, the data from the drift-di�usion model are of the same quality as noisy datafrom the redu
ed model.For all test 
ases we used the Landweber iteration with the numeri
al algorithms des
ribedabove.Data from the Redu
ed ModelFor the data from the redu
ed model we used a s
aling of the doping pro�le of the sizeC0 = 1020m�3, whi
h is a realisti
 size for sili
on diodes. The output 
urrent density, whi
hhas been generated by solving the redu
ed model (5.14)-(5.17), is perturbed by arti�
ial noise
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Figure 4: Evolution of the error between re
onstru
tion and exa
t jun
tion during the iter-ation, for Æ = 2:5% (above left), Æ = 5% (above right), Æ = 7:5% (below left) and Æ = 10%(below right). The stopping index obtained with the generalized dis
repan
y prin
iple ismarked by a 
ir
le.
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Figure 5: Evolution of the residual during the iteration, for Æ = 2:5% (above left), Æ = 5%(above right), Æ = 7:5% (below left) and Æ = 10% (below right). The stopping index obtainedwith the generalized dis
repan
y prin
iple is marked by a 
ir
le.
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Figure 6: Re
onstru
tion using noisy data from the redu
ed model for noise levels Æ = 2:5%(left) and Æ = 10% (right) 
ompared to the exa
t jun
tion (dotted).of high frequen
y, whi
h allows to verify the regularization behavior sin
e we know the sizeof Æ. In parti
ular, this allows to 
hoose the stopping index a

ording to the generalizeddis
repan
y prin
iple (6.5), for whi
h we 
hose a �xed parameter � .We dis
uss the behavior of the Landweber iteration for di�erent noise levels, in parti
ularfor Æ = 2:5%, Æ = 5% ,Æ = 7:5% and Æ = 10%, whi
h is shown in Figures 4-6. The evolutionof the error between the exa
t jun
tion � and the jun
tion �k obtained during the Landweberiteration is shown in Figure 4, one observes that the error is de
reasing signi�
antly fartherin the 
ase of less noise. In addition, the instability, whi
h 
auses the error to in
reaseafter some iterations, o

urs later in the 
ase of smaller noise level (see Figure 4), whi
h isa typi
al e�e
t for (severely) ill-posed problems. The residual 

F (rÆk)� gÆ

 has a similarbehavior during the iteration, with the di�eren
e that it always de
reases (although very slowafter some iterations). This 
on�rms the usual prin
iple of 
hoosing the stopping index nota

ording to the 
hange of the residual or the approximations in two 
onse
utive steps as forwell-problems, but by the generalized dis
repan
y prin
iple (6.5), whi
h only uses the a
tualsize of the residual 
ompared to the noise level.The quality of the re
onstru
tions is shown in Figure 6, they 
learly depend strongly onthe noise level, whi
h 
an be observed by a 
omparison of the re
onstru
tion for Æ = 2:5%and Æ = 10%. The re
onstru
ted jun
tion for 2:5% is mu
h 
loser to the exa
t one than theone with 10% and appears to be more regular, whi
h is another 
onsequen
e of smaller noiselevels. We will see below that similar e�e
ts appear if data generated with the drift-di�usionmodel are used.Data from the Drift-Di�usion ModelFor the data generated with the drift-di�usion model, we used a well-known exponential�tting s
heme for the 
ontinuity equations, whi
h is based on a dis
retization of the saddle-point formulation by mixed �nite elements (
f. [8℄ for further details). We used two dopingpro�les of the same shape, but of di�erent sizes, namely C0 = 1020m�3 and C0 = 1021m�3;the applied voltage was U = 0:3V . We note that in this 
ase we need not 
ompute the data



32 7 NUMERICAL SOLUTIONC0 �2 Æ2 �2 log(Æ�2)1020m�3 2:5 � 10�5 10�4 10�41021m�3 2:5 � 10�6 10�5 1:25 � 10�5Table 2: Parameter values for the di�erent sizes of the doping pro�le.
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onstru
tion and exa
t jun
tion during the itera-tion, for C0 = 1020m�3 (left) and C0 = 1021m�3 (right)gC by numeri
al di�erentiation (as one would have to in general), sin
e the fun
tions u andû are related by (5.12), i.e., we have�û�� j�1 � 1eU � 1 �u�� j�1in the 
ase of \small spa
e-
harge" and low inje
tion (whi
h we 
onsider here).The resulting values of the parameters � and Æ are given in Table 2; the output forthese 
ases of parameters 
an also be interpreted as two di�erent 
ases of noisy data for theredu
ed model. Sin
e the 
hara
teristi
 parameter values (�2 and �2 log(Æ�2)) are smallerin the se
ond setup, the approximation of the redu
ed model to the drift-di�usion equationsshould be better in this 
ase and therefore we 
an interpret it as the 
ase with 'smaller noiselevel' for the redu
ed model. This interpretation is very well 
on�rmed by the numeri
alresults shown in Figures 7-9. Figure 7 shows the evolution of the error between the exa
tjun
tion and the re
onstru
tion during the iteration pro
edure; one observes that in the 
aseof larger C0 the error de
reases over a longer period, whi
h usually indi
ates less noise (seealso Figure 4) and therefore 
on�rms the interpretation of small � and Æ (respe
tively largeC0) as small noise level for the redu
ed model. In addition, the minimal error obtained in these
ond 
ase is signi�
antly smaller, whi
h is a typi
al feature for re
onstru
tions with smallernoise level.Figure 8 shows the evolution of the residual kF (rk)� gk during the iteration, whi
h isfarther de
reasing in the 
ase of larger C0 and therefore 
on�rms the interpretation of lowernoise. Finally, the re
onstru
tions that yield the smallest residual are shown in Figure 9, one
an observe that their visual quality is not of the same quality as for the ones in Figure 6 with
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omparison with the result obtained with 10% noise indi
ates that the'arti�
ial' noise 
aused by the use of the redu
ed model in the re
onstru
tion is below thislevel.8 Con
lusions and Future WorkThe framework for inverse doping problems developed above yields a variety of 
hallengingsubproblems and mathemati
al questions. The spe
ial 
ases obtained from s
aling limits fallinto better investigated 
lasses of inverse problems; they are known to be diÆ
ult to solveand to be severely ill-posed. The more general 
ases are even more 
omplex and therefore alot of future work will be ne
essary on this topi
.The theoreti
al and numeri
al results indi
ate that the amount of the data used here seemsto be really ne
essary to identify doping pro�les and therefore approa
hes using less informa-tion are most likely not able to yield reasonable re
onstru
tions. On the other hand, using thisamount of data we have obtained good numeri
al results in spite of the (also demonstrated)ill-posedness of the problem. Possibly the kind of data we use for the identi�
ation 
an beobtained also under industrial 
onditions in the near future due to the strong te
hnologi
alprogress in this area. In addition to our investigations 
lose to equilibrium it would be ofinterest to explore possible data far away from equilibrium, whi
h in
ludes many importanttheoreti
al and numeri
al problems that have not been solved so far.A wide �eld for future work is the development of numeri
al methods for inverse dopingproblems 
onsidered in this paper and the appli
ation to more advan
ed semi
ondu
tor de-vi
es, in parti
ular to MOSFETs (
f. [40℄ for a detailed des
ription). We have solved only aspe
ial 
ase of lower 
omplexity, but already there we en
ountered an inverse problem, whosenumeri
al solution required a 
onsiderable e�ort. Hen
e, spe
ial fo
us should be laid on theeÆ
ien
y of the numeri
al solution methods. On the other hand, one prefers re
onstru
tionalgorithms, where existing solvers for the drift-di�usion equations 
an be used as bla
k-boxmethods, sin
e their development is very time-
onsuming due to the many non-standard te
h-
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Figure 9: Re
onstru
tion using data from the full drift-di�usion model for C0 = 1020m�3(left) and C0 = 1021m�3 (right) 
ompared to the exa
t jun
tion (dotted).niques that are ne
essary for good numeri
al approximations. It is not obvious at present ifboth 
riteria 
an be satis�ed by a solution method for inverse doping problems or for optimal
ontrol problems related to the drift-di�usion model, where analogous numeri
al methods areneeded (
f. [29℄).Another interesting problem for the future work is the identi�
ation of doping pro�les inthe transient drift-di�usion equations, whi
h 
onsist of the 
oupled ellipti
-paraboli
 system0 = div(�srV )� q(n� p� C) in 
� (0; T )�n�t = div(Dnrn� �nnrV ) in 
� (0; T )�p�t = div(Dprp+ �pprV ) in 
� (0; T )supplemented by appropriate initial and boundary 
onditions. In this 
ase data 
an eitherbe measured during a time interval (0; T ) or at the �nal time T . For the transient problem,global existen
e and uniqueness results are available (
f. [25, 45℄) as well as results about thelinearized problem (
f. [39℄) and hen
e, the voltage-
urrent map is well-de�ned for arbitraryapplied voltages, whi
h is a theoreti
al advantage over the stationary 
ase.A
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