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AbstractThis paper is devoted to the mathematical analysis and regularization of an iden-ti�cation problem related to non-isothermal crystallization of polymers, which canbe modelled by an initial-boundary value problem for a coupled system of parabolicand hyperbolic partial di�erential equations. The identi�cation problem consists inestimating a material function of temperature, which appears as a nonlinearity inthe equations.Existence and uniqueness of a solution of the direct problem is shown as well asits stability with respect to the parameter. Furthermore, we develop algorithms forthe application of various iterative regularization methods to this particular problem.Their use is justi�ed by verifying the Fr�echet-di�erentiability of the parameter-to-output map, which is needed for their realization. The numerical performance of theiterative methods is compared with respect to speed of convergence, stability ande�ciency.Keywords: Crystallization of Polymers, Iterative Regularization, ParameterIdenti�cation, Coupled Hyperbolic-Parabolic SystemsAMS Subject Classi�cation: 35K20, 35L50, 35 Q80, 35R25, 35R30, 65M30Abbreviated Title: Parameter Identi�cation in Polymer Crystallization1 IntroductionVarious techniques of mathematical modelling have been used to derive reasonable modelsfor non-isothermal crystallization of polymers under typical processing conditions. Theuse of such models is not only the insight into the crystallization process itself they mightprovide, but also the prediction of the structure development and �nal morphology of thesolidi�ed material, which basically determines its mechanical properties (cf. [13]).On a macroscopic scale, non-isothermal crystallization can be modelled by the followingsystem of partial di�erential equations, describing the evolution of the temperature T , the�Industrial Mathematics Institute, Johannes Kepler University Linz, Altenbergerstr. 69, A-4040 Linz,Austria 1



degree of crystallinity � and the mean free surface densities u and v in a domain 
 � Rd(d = 1; 2; 3) and some time interval (0; t�) (cf. [6, 7, 9])@�@t = eG(T )(1� �)u (1.1)@u@t = r:( eG(T )v) + Fd[ eG; eN; T ] (1.2)@v@t = r( eG(T )u) (1.3)c�@T@t = r:(krT ) + @@t(h�); (1.4)in 
� (0; t�), supplemented by the boundary conditionsu+ hv; ni = 0; (1.5)@T@n = �(T � Tout); (1.6)on @
 � (0; t�) and initial values given by� = 0 (1.7)u = 0 (1.8)v = 0 (1.9)T = T 0 (1.10)in 
�f0g, usually with T 0(x) � Tm (melting temperature) for all x 2 
. The source termFd is a nonlinear operator dependent upon the spatial dimension:F1[ eG; eN; T ](x; t) := 2 eN(T (x; t))t (1.11)F2[ eG; eN; T ](x; t) := 2� eG(T (x; t))� eN(T (x; t))� eN(T (x; 0))� (1.12)F3[ eG; eN; T ](x; t) := 4� eG(T (x; t)) tZ0 eG(T (x; s))� eN(T (x; s))� eN(T (x; 0))� ds:(1.13)While many experiments show that the parameters eG (the growth rate) and eN (the nu-cleation rate) depend upon temperature only, all parameters appearing in the heat transfermodel such as the density �, the heat capacity c, the heat conductivity �, the latent heath and the heat transfer coe�cient � may also depend upon the degree of crystallinity (cf.[9]). However, since the variance of most parameters with respect to T and � is ratherlow, we will analyze a simpli�ed model, which avoids some technical complications, butstill includes the essential nonlinearities and thus serves to obtain some insight into theproblem's nature.In the one-dimensional setup we may assume that 
 is the open interval (xL; xR) Thegrowth and nucleation rate are now denoted by a and b and include scaling of the problem.2



For the sake of simplicity we assume most parameters in the heat equation to be constantand neglect the temperature-depence of a, which is certainly a simpli�cation, but stillprovides the basic properties of the system with respect to the parameter b. Eliminating(1.1) and (1.7) we obtain (after simple transformations) the systemTt = (DTx)x + Le� R t0 (au)dsau in 
� I (1.14)ut = (av)x + b(T )t in 
� I (1.15)vt = (au)x in 
� I (1.16)Tn = �(T � T 1) on @
 � I (1.17)u+ hv; ni = 0 on @
 � I (1.18)T = T 0 in 
� f0g (1.19)u = 0 in 
� f0g (1.20)v = 0 in 
� f0g; (1.21)using the abbreviations I := (0; t�) and Q := 
 � I. We will assume that L and � arepositive constants and that there exists a positive real number D0 such that D(x) � D0for all x 2 
, which is a reasonable assumptions upon a model for heat conduction.Besides solving the model equations, an important problem in this context is the iden-ti�cation of the nucleation rate eN (respectively b in the scaled system) from indirect mea-surements, using data about the temperature at the boundary and the �nal degree ofcrystallinity. A �rst algorithm for the stable solution of this inverse problem has beendeveloped in the case of one spatial dimension in [8]; it was based on several assumptionsabout the well-posedness of the 'direct problem', i.e., about the existence and uniquenessof a solution of the model equations and its stable dependence upon the parameter inappropriate function spaces. In this paper we will also study Newton-type methods for thesolution of the inverse problem and rigourously prove well-posedness of the direct problemand other important properties, such as Fr�echet-di�erentiability of the parameter-to-outputmap. This is not only an important theoretical justi�cation, but also yields further infor-mation about the correct choice of norms in the identi�cation problem, which is crucialfor the design of all algorithms. In general, Newton-type methods are expected to befaster than the explicit Landweber iteration, but due to the extremly high computionalcost of computing the derivative and consequently the Newton-matrix together with theslow down caused by the ill-posedness of the problem, it will turn out that this is not thecase for this application.The estimation of the material function b is a parameter identi�cation problem in asystem of partial di�erential equations (cf. [2, 10, 19] for a general reference on this topic);the majority of such problems are ill-posed, i.e., the solution does not depend on thedata in a stable way. Due to this inherent instability, regularization methods have to beused in order to obtain stable approximations (cf. e.g. [14]). Our aim in this work isto apply iterative regularization methods to the identi�cation problem and to investigatetheir convergence behaviour with respect to stability and e�ciency. The numerical resultswill show that faster methods do not necessarily perform better if the problem is ill-posed.3



We will proceed as follows: in Section 2 the direct initial-boundary value problem(1.14)-(1.21) will be analyzed. The various norms and function spaces which are usedthere are de�ned and explained in detail in [23, 24].In Section 3 the inverse problem of identifying the nucleation rate b will be formulatedin a mathematical way in the context of ill-posed problems. It can be interpreted as thesolution of an ill-posed nonlinear operator equation involving the so-called parameter-to-output map. Properties of this map, which are needed for the design of stable solutionalgorithms for the identi�cation problem are analyzed in Section 4.Section 5 is devoted to the realization of Newton-type regularization methods for thiscomplicated inverse problem and the development of e�cient numerical algorithms. We�nally present numerical results and conclusions in Section 6.2 The direct initial-boundary value problemIn this section we will prove existence and uniqueness of a solution of the initial-boundaryvalue problem (1.14)-(1.21) using �xed point arguments. This analysis will be carried outin di�erent steps: �rst we investigate separately the parabolic and hyperbolic part of thesystem in Sections 2.1 and 2.2, in Section 2.3 we �nally put the solution operators of thesetwo problems together and transform (1.14)-(1.21) to an equivalent �xed point problem. Itwill turn out that the resulting nonlinear operator is contractive for small terminal time t�,which allows to obtain the desired result by an application of Banach's �xed point theorem.2.1 The parabolic equationWe �rst consider the problem of solving the parabolic equation for given u and v (respec-tively w), which allows us to focus on the linear part of this equation. Thus, we start witha standard result about the solution of linear parabolic initial-boundary value problems ofthe form Tt = (DTx)x + f in 
� I (2.1)Tn = �(T � T 1) on @
 � I (2.2)T = T 0 in 
� f0g: (2.3)for which the following standard result holds:Lemma 2.1. [24, p.37] Let f 2 L2(Q), T 0 2 H1(
), T 1 2 H 12 ; 14 (@
 � I). Then thereexists a solution T 2 H2;1(Q) of (2.1)-(2.3), which is unique in H1;0(Q), and a constantc0 (dependent only on 
) such thatkTkH2;1(Q) � c0 �

T 0

H1(
) + 

T 1

H 12 ; 14 (@
�I) + kfkL2(Q)� : (2.4)This result enables the de�nition of the a�nely-linear solution operatorS1 : L2(Q) ! H2;1(Q)f 7! T: (2.5)4



The solution of the nonlinear boundary value problem (1.14), (1.17), (1.19) for given u andv can be written as the concatenation of S1 with the nonlinear operatorN1 : D(N1) ! L2(Q)(u; v) 7! e� R t0 (au)dsau; (2.6)where D(N1) := � (u; v) 2 L1(I; L2(
))� L1(I; L2(
)) j vt = (au)x 	 : (2.7)Although v does not appear explicitely in the de�nition of N1, we write N1(u,v), since wewill see below that the appropriate norm of N1 will depend upon u as well as on v.Lemma 2.2. Let (u; v) 2 D(N1), then w = R t0 (au) ds 2 L1(Q) withkwkL1(Q) � �(t� kakL1(Q) kukL1(I;L2(
)) + kvkL1(I;L2(
))); (2.8)where � is the norm of the embedding operator from H1(
) into L1(
).Proof. We immediately obtainwx = Z t0 (au)xds = Z t0 vtds = v 2 L1(I; L2(
)):Thus, w 2 L1(I;H1(
)) and because of the continuous embedding H1(
) ,! L1(
) weobtain w 2 L1(Q) withkwkL1(Q) � � kwkL1(I;H1(
))= supt2I �Z
 jw(x; t)j2 + jv(x; t)j2� 12� �(t� kakL1(Q) kukL1(I;L2(
)) + kvkL1(I;L2(
)))This result about the smoothness of w is crucial for estimating the L2-norm of thenonlinear operator N1:Lemma 2.3. Let (u; v) 2 D(N1) and (u; v) 2 D(N1) with norms bounded by C. Then theestimatekN1(u; v)�N1(u; v)kL2(Q) � c1(t�; C)�ku� ukL1(I;L2(
)) + kv � vkL1(I;L2(
))�(2.9)with c1(t�; C) := kakL1(Q)pt�(C + 1)e�max(1;kakL1(Q)t�)C (2.10)holds. Furthermore, N1(0; 0) = 0 holds. 5



Proof. Employing the triangle inequality we havekN1(u; v)�N1(u; v)kL2(Q) � 

(e�w � e�w)au

L2(Q) + 

e�wa(u� u)

L2(Q) ; (2.11)and a straight-forward estimate using the monotonicity of the exponential function yields

e�wa(u� u)

L2(Q) � 

e�w

L1(Q) kakL1(Q) ku� ukL2(Q)� ekwkL1(Q) kakL1(Q) ku� ukL2(Q)� kakL1(Q)pt�e�max(1;kakL1(Q)t�)C ku� ukL1(I;L2(
)) (2.12)for the second term. The �rst term may be estimated by

(e�w � e�w)au

L2(Q) � 

e�w � e�w

L1(Q) kakL1(Q) kukL2(Q) :Since the exponential function is continuously di�erentiable, the mean value theorem im-plies ��e�w(x;t) � e�w(x;t)�� � sups2[w(x;t);w(x;t)] es jw(x; t)� w(x; t)j� emax(kwkL1(Q);kwkL1(Q)) jw(x; t)� w(x; t)j� e�max(1;kakL1(Q)t�)C jw(x; t)� w(x; t)jfor almost all (x; t) 2 Q, and thus,

(e�w � e�w)au

L2(Q) � kakL1(Q) Ce�max(1;kakL1(Q)t�)C�ku� ukL2(Q) + kv � vkL2(Q)� (2.13)� kakL1(Q)pt�Ce�max(1;kakL1(Q)t�)C�ku� ukL1(I;L2(
)) + kv � vkL1(I;L2(
))� (2.14)Inserting (2.12) and (2.14) into (2.11) yields (2.9).The additional result N1(0; 0) = 0 is obvious.Now we are able to apply the various results to the solution of (1.14), (1.17), (1.19)with given u and v:Proposition 2.4. Let (u; v) 2 D(N1) and (u; v) 2 D(N1) with norms bounded by C. ThenT = S1(N1(u; v)) and T = S1(N1(u; v)) satisfykTkH2;1(Q) � c0 �

T 0

H1(
) + 

T 1

H 12 ; 14 (@
�I)� +c0c1(t�; C)�kukL1(I;L2(
)) + kvkL1(I;L2(
))� (2.15)

T � T

H2;1(Q) � c0c1(t�; C)�ku� ukL1(I;L2(
)) + kv � vkL1(I;L2(
))� (2.16)Proof. The assertions follow directly from Lemma 2.1 and Lemma 2.3.6



2.2 The hyperbolic equationsNow we turn to the problem of solving the hyperbolic initial-boundary value problem(1.15), (1.16), (1.18), (1.20), (1.21) for given T . Since the remaining system is linear, we�rst show well-posedness of the corresponding linear problem, namelyut = (av)x + g in 
� I (2.17)vt = (au)x + h in 
� I (2.18)u+ hv; ni = 0 on @
� I (2.19)u = 0 in 
� f0g (2.20)v = 0 in 
� f0g; (2.21)where a is supposed to ful�ll the followingAssumption 2.5. Let, in the remainder of this section, a � 0, a 2 W 1;1(Q), f; g 2 L2(Q)and (kaxk1 + 1)t� < 1: (2.22)The system (2.17)-(2.21) is an almost standard hyperbolic problem as e.g. in [30], butthere are two unusual e�ects that require a special treatment. First of all, the boundarycondition does not �t into the usual form, which is rather a technical than a conceptualproblem, and secondly we do not want to assume that a is bounded away from zero uni-formly, which is not realistic for practical applications. A consequence of the latter is thatwe cannot expect (u; v) to be a classical solution, but only weak solution in L2(Q).The weak formulation of (2.17)-(2.21) is given byhu0; �i+ hav; �xi+ [au; �] = hf; �i (2.23)hv0;  i+ hau;  xi � [au;  ] = hg;  i (2.24)for all �;  2 H1, where hu; vi := Z
 u(x) v(x) dx (2.25)[u; v] := u(xL) v(xL) + u(xR) v(xR) (2.26)and 
 = (xL; xR). In addition we will use the notation juj :=phu; ui in the following.The crucial point in the proof of existence of a solution is the following a-priori estimatefor su�ciently smooth solutionsLemma 2.6. Let u; v 2 H1;1(Q), be a solution of (2.20)-(2.23), thenkuk2L1(I;L2(
)) + kpauk2L2(I;L2(@
)) + kvk2L1(I;L2(
)) � c(kfk2L2(Q) + kgk2L2(Q)) (2.27)7



Proof. Since u and v are su�ciently regular we may choose � = u and  = v. Integrationby parts in (2.24) and addition of (2.23) yieldshu0; ui+ hv0; vi+ haxu; vi+ [au; un] = hf; ui+ hg; viIntegrating on t we deduce12 �juj2 + jvj2�+ tZ0 (haxu; vi+ [au; un]) d� = tZ0 (hf; ui+ hg; vi) d�� 12 t�Z0 �jgj2 + juj2 + jhj2 + jvj2� d�� 12(kgk2L2(Q) + khk2L2(Q)) +t�2 (kuk2L1(I;L2(
)) + kvk2L1(I;L2(
)))On the left hand side we may estimatetZ0 haxu; vi d� � �12 Z t�0 kaxk1 (juj2 + jvj2) dt� �t�2 kaxk1 (kuk2L1(I;L2(
)) + kvk2L1(I;L2(
)))Hence, we conclude(1� (kaxk1 + 1)t�)(kuk2L1(I;L2(
)) + kvk2L1(I;L2(
))) + 2kpauk2L2(I;L2(@
))� kgk2L2(Q) + khk2L2(Q) ;which immediately yields the desired estimate with c = 11�(kaxk1+1)t� .The existence of a weak solution can now be shown by applying a standard Galerkin-method similary to [23, Chapter 6.8], which also implies that the stability estimate (2.27)holds for weak solutions, too. This immediately yields uniqueness of the solution due tothe linearity of the problem. Summing up, we obtain:Proposition 2.7. Let g; h 2 L2(Q). Then problem (2.17) - (2.21) admits a unique weaksolution (u; v) 2 L1(I; L2(
))� L1(I; L2(
)), which satis�eskuk2L1(I;L2(
)) + kpauk2L2(I;L2(@
)) + kvk2L1(I;L2(
)) � c(kgk2L2(Q) + khk2L2(Q)) (2.28)By S2 we will denote the solution operator of the linear hyperbolic problem (2.17) -(2.21), given byS2 : L2(Q)� L2(Q) ! L1(I; L2(
))� L1(I; L2(
))(g; h) 7! (u; v): (2.29)8



The nonlinearity arising in the hyperbolic system is the operatorN2 : H2;1(Q) ! L2(Q)T 7! b(T )t = b0(T )Tt: (2.30)For its analysis we can use realistic a-priori information about the nucleation rate, whichis a function of special shape (cf. [6])Assumption 2.8. In the following we assumeb 2 C1;1b (R) := � f 2 C1(R) j f 0 is Lipschitz continuous and bounded 	 ; (2.31)b = 0 for T � Tmax and b constant for T � 0.For the evaluation of b0(T ) we need the following embedding result:Lemma 2.9. Let 
 � R be bounded and open, then H2;1(Q) ,! C(Q). The norm of theembedding operator will be denoted by �.Proof. From [23, p.19 and p.43] we conclude H2;1(Q) ,! C(I;H1(
)). Together withH1(
) ,! C(
), this yields the assertion.The operator N2 is not globally Lipschitz-continuous, but for the sake of constructinga �xed point equation it su�ces to consider only a bounded subset, de�ned byM := n T 2 H2;1(Q) j kTkH2;1(Q) �M o : (2.32)Lemma 2.10. N2 is a Lipschitz-continuous operator from M� H2;1 to L2(Q), satisfyingN2(0) = 0.Proof. The L2-norm of N2 may be estimated by kb0k1 kTkH2;1(Q), the Lipschitz-continuityfollows from

N2(T )�N2(T )

2L2(Q) � 2 

(b0(T )� b0(T ))Tt

2L2(Q) + 2 

b0(T )(Tt � T t)

2L2(Q)� 2 

b0(T )� b0(T )

2L1(Q) kTtk2L2(Q) + 2 kb0k2C0(R) 

Tt � T t

2L2(Q)� 2 kbk2C1;1 

T � T

2L1(Q) kTtk2L2(Q) + 2 kbk2C1;1(R) 

Tt � T t

2L2(Q)� 2 kbk2C1;1(R) (M� + 1) 

T � T

2H2;1(Q) :Finally, N2(0) = 0 follows obviously from b0(0) = 0.Combining the results about the linear part and the nonlinearity N2 we obtain:Proposition 2.11. Let (u; v) = S2(N2(T ); 0) and (u; v) = S2(N2(T ); 0) with T; T 2 M,then ku� uk2L1(I;L2(
)) + kv � vk2L1(I;L2(
)) � 2c kbk2C1;1 (M� + 1) 

T � T

2H2;1(Q) (2.33)kuk2L1(I;L2(
)) + kvk2L1(I;L2(
)) � 2c kbk2C1;1 (M� + 1)M2 (2.34)Proof. The �rst inequality (2.33) follows immediately by combination of Proposition 2.7and Lemma 2.10. The second estimate (2.34) is a direct consequence of (2.33) with T = 0,since S2(N2(0)) = S2(0) = 0. 9



2.3 Well-posedness of the direct problemUsing the preliminary results about its parabolic and hyperbolic part we are now able toinvestigate the complete nonlinear problem (1.14)-(1.21) as a �xed point equation. Withthe above notations we may write T = S1(N1(u; v)) (2.35)(u; v) = S2(N2(T ); 0); (2.36)which we may also consider as a �xed point equation for T , sinceT = P(T ) := S1(N1(S2(N2(T ); 0))): (2.37)All the assumptions on the parameter and the maximal length of the time intervalneeded are summarized inAssumption 2.12. In the following we always chooseM := 2c0 �

T 0

H1(
) + 

T 1

H 12 ; 14 (@
�I)� (2.38)with t� such that2c0c1(t�; C)C �M with C =p2(M� + 1) kbkC1;1 M: (2.39)Furthermore, let the Assumptions 2.5 and 2.8 be satis�ed.We note that besides the smoothness required for the coe�cients a and b, Assumption2.12 holds for small �nal time t�. It seems that in a practical setup the bound upon t�is still large enough for a typical process. If a result for a longer time interval is desiredone may apply a similar technique successively to the intervals (t�; 2t�), (2t�; 3t�), which isavoided here for the sake of simplicity.Lemma 2.13. The operator P is contractive and maps M to itself.Proof. Combining the Propositions 2.4 and 2.11 we obtainkP(T )kH2;1(Q) � M2 + c0c1(t�; C)C � M2 + M2 =Mand 

P(T )� P(T )

H2;1(Q) � c0c1(t�; C) CM 

T � T

H2;1(Q) � 12 

T � T

H2;1(Q) :Now we are in position to prove our main result:Theorem 2.14. Problem (1.14)-(1.21) admits a unique solution(u; v; T ) 2 L1(I; L2(
))� L1(I; L2(
))�M:Proof. We have seen above that solving (1.14)-(1.21) for T is equivalent to solving the�xed-point equation (2.37). In Lemma (2.13) we have shown that P maps M into itselfand is contractive, hence Banach's �xed point theorem (cf. [12, Thm.7.1]) implies theexistence and uniqueness of a solution T 2 M. For known T , the pair (u; v) is givenuniquely by (2.36). 10



3 The inverse problemThe identi�cation of the nucleation rate b in (1.14)-(1.21) can be interpreted as the solutionof the nonlinear operator equationF (b) = y� := (T ��; ���); (3.1)where the noisy data are perturbations ofT� = T j��I; � � @
 (3.2)�� = �(t�) = 1� e� R t�0 (au)ds: (3.3)F denotes the implicitely de�ned operatorF : D(F ) � H�([z1; z2]) ! L2(I � �)� L2(
)b 7! �Tbj��I ; 1� e� R t�0 (aub)ds� ; (3.4)where H�([z1; z2]) is a Sobolev space of order � on the su�ciently large temperature interval[z1; z2] and (ub; vb; Tb) denotes the solution of (1.14)-(1.21) for the particular parameter b.Theorem 2.14 guarantees existence and uniqueness of (ub; vb; Tb), in Section 4 we will alsoshow that the trace-type map(ub; vb; Tb) 7! (Tbj��I ; 1� e� R t�0 (aub)ds)is well-de�ned and thus F is well-de�ned, too. In practice, it is not possible to measure T�and �� exactly, but only perturbed data T �� and ��� with noise bound

y � y�

 = 

T� � T ��

L2(��I) + 

�� � ���

L2(
) � �: (3.5)Since the problem (3.1) is most likely ill-posed (and numerical results con�rm instabil-ities), we employ regularization methods to obtain stable approximations of the solution.The most famous direct method is Tikhonov regularization, which would consist in mini-mizing the functional J��(b) = 

F (x)� y�

2 + � kb� b�k2 ; (3.6)where b� represents an a-priori guess of the solution. Stability, convergence and convergencerates for this method as � ! 0 applied to nonlinear problems have been shown by Seidmanet al. [28] and Engl et al. [15]. One obtains convergence to the solution by of minimaldistance to b� as � ! 0 for appropriate choice of � = �(�; y�). In practice, the minimizationof J�� is not a simple task, since it can have many local minima, which stop any minimizationprocedure.A natural alternative are iterative regularization methods (since iterative methods areusually employed for the minimization problem arising in Tikhonov regularization anyway),where the main regularizing e�ect comes from an appropriate early termination of the11



iteration procedure. A popular method of choosing the stopping index k� = k(�; y�), whichis easy to implement, is the so-called generalized discrepancy principle:

F (b�k�)� y�

 � �� < 

F (b�k)� y�

 ; 0 � k < k�; (3.7)with appropriately chosen � > 1. The basic idea behind this principle is that due to noisein the data one should not distinguish between solutions which yield a residual less than�. Thus, the iteration procedure can be stopped at the �rst time, where the residual is ofthe order of the noise level.Since all common iterative methods use derivatives of F , continuity and Fr�echet-di�erentiability of F is a fundamental requirement for their well-de�nedness and conver-gence. In the following we sum up some of the most important methods (see [16] for adetailed overview):� The Landweber iteration is an explicit method de�ned byb�k+1 = b�k � !F 0(b�k)�(F (b�k)� y�); (3.8)where ! is an appropriate damping factor that has to satisfy ! kF 0(b)k < 1 in a su�-ciently large neigbourhood of the starting value. Convergence for nonlinear problemshas been shown by Hanke et al. [18] (see also [3, 26, 27]) under the conditionsby 2 B�(b0) (3.9)

F (b)� F (b)� F 0(b)(b� b)

 � � 

F (b)� F (b)

 ; b; b 2 B�(b0) (3.10)� > 2 1+�1�2� > 2: (3.11)As for any other regularization method, convergence rates can only be shown underadditional smoothness assumptions, so-called source conditions. In this case thesource condition by � b0 = F 0(by)w; (3.12)where by is the solution of minimal distance to b0, and a slightly stronger conditionthan (3.10) imply 

b�k� � by

 = O(p�) (3.13)k� = k�(�; y�) = O(��1): (3.14)� The Levenberg-Marquardt method (LM) is the implicit iterationb�k+1 = b�k � (F 0(b�k)�F 0(b�k) + �kI)�1F 0(b�k)�(F (b�k)� y�); (3.15)which is equivalent to computing b�k+1 as the minimizer of

F (b�k)� y� + F 0(b�k)(b� b�k)

2 + �k 

(b� b�k)

2 = minb : (3.16)12



Convergence of this method has been shown by Hanke [17] under the additionalconditions by 2 B�(b0) (3.17)

F (b)� F (b)� F 0(b)(b� b)

 � C 

b� b

 

F (b)� F (b)

 ; b; b 2 B�(b0) (3.18)0 < � < 1C ; � > C� : (3.19)So far, no result about convergence rates is available.� The iteratively regularized Gauss-Newton Method (IRGN) is de�ned byb�k+1 = b�k � (F 0(b�k)�F 0(b�k) + �kI)�1(F 0(b�k)�(F (b�k)� y�) + �k(bk � b0)); (3.20)with the variational characterization of b�k+1 as the minimizer of

F (b�k)� y� + F 0(b�k)(b� b�k)

2 + �k k(b� b0)k2 = minb : (3.21)The only di�erence to the Levenberg-Marquardt iteration is the choice of the stabi-lizer, now the prior b0 is kept �xed during the iteration, which improves the stabilityproperties during the iteration. This method was �rst proposed by Bakushinskii [1],convergence and convergence rates for several choices of the stopping index has beenshown by Kaltenbacher et al. [5, 20, 21] under assumptions on the nonlinearity of Fsimilar to (3.10) and (3.18). If a source condition of the formby � b0 = (F 0�(by)F 0(by))�w; (3.22)with 12 � � < 1 is satis�ed, local Lipschitz continuity of F 0 su�ces to prove theconvergence rate 

by � b�k�

 = O(� 2�2�+1 ); (3.23)respectively 

by � bk

 = o(��n)ky � F (bk)k = o(��+ 12n )for the noise-free case.� Broyden's Method for the noise-free case reads,bk+1 = bk � Byk(F (bk)� y) (3.24)Bk+1 = Bk + hsk; :ikskk2 (y � F (bk)); (3.25)where sk = bk+1 � bk. In the noisy case, it seems advisable to replace the pseudo-inverse Byk by a stable approximation, e.g. analogously to the iteratively regularizedGauss-Newton Method. Convergence and convergence rates for Broyden's Methodapplied to inverse problems have been shown by Kaltenbacher [22].13



� Frozen Newton-type Methods are variants of the Levenberg-Marquardt method,the iteratively regularized Gauss-Newton Method or any other Newton-type method,based on keeping the Newton-matrix �xed during several iteration steps. For theiteratively regularized Gauss-Newton Method, the frozen version readsb�k+1 = b�k � (F 0(b0)�F 0(b0) + �kI)�1(F 0(b0)�(F (b�k)� y�) + �k(b�k � b0)) (3.26)This method has been proposed by Kaltenbacher [4] and has similar properties asthe non-frozen version of the iteration procedure.We �nally note that most of the above methods are a�nely invariant and can also beanalyzed under corresponding conditions (cf. [11]).4 The parameter-to-output mapIn the following we examine the continuity properties of the parameter-to-output map F .We �rst note that by using the linear trace operator�1 : D(N2)�H2;1(Q) ! L2(I � �)(u; v; T ) 7! T j� (4.1)and the nonlinear operator�2 : D(N2)�H2;1(Q) ! L2(
)(u; v; T ) 7! �jt=t� = 1� e� R t�0 (au)dt; (4.2)we may write F = (�1;�2) �R; (4.3)where R is the parameter-to-solution mapR : D(F ) � H�([z1; z2]) ! D(N2)�H2;1(Q) � L1(I; L2(
))2 ��H2;1(Q)b 7! (u; v; T ): (4.4)Since �1 is a continuous linear operator (c.f. e.g. [24]), it is also Fr�echet-di�erentiable withLipschitz-continuous derivative. Thus, it remains to investigate �2 and R, we start with�2.Proposition 4.1. The operator �2 is continuous and Fr�echet-di�erentiable with Lipschitz-continuous derivative �02(u; v; T )(';  ; �) = e� R t�0 (au)dt Z t�0 (a')dt (4.5)14



Proof. Similar to Lemma 2.2 one can show that the function w := R t0 (au) ds satis�esw 2 C(I; L1(
)) with norm depending continuously upon u and v. Hence,�2(u; v; T ) = 1� e�wjt=t�depends continuously on (u; v; T ) in L1(
) and consequently in the weaker norm of L2(
),too. The Fr�echet-di�erentiability of �2 and Lipschitz-continuity of �02 follows from a stan-dard argument using the smoothness of the exponential function, which is the only non-linear term contained in �2.Now we turn to the analysis of the implicitely de�ned operator R. For this reason wewrite G(T; b) instead of N2(T ), more precisely we de�neG : H2;1(Q)� C1;1(Q) ! L2(Q)(T; b) 7! b(T )t = b0(T )Tt: (4.6)Similary we write Q(T; b) for P(T ) with particular parameter b.As a consequence of the �xed point technique we have used for proving existence anduniqueness we may conclude almost without further e�ort the following statement aboutthe stable dependence upon b:Theorem 4.2. Let t� be such that Assumption 2.12 is satis�ed for b 2 M, then thesolutions T = Q(T; b) and T = Q(T ; b) satisfy an estimate of the form

T � T

H2;1(Q) � 
Mkb� bkC1(Q); (4.7)for all b; b 2 M, where 
 is a positive constant.Proof. We may estimate

Q(T; b)�Q(T ; b)

H2;1(Q) � 

Q(T; b)�Q(T ; b)

H2;1(Q) + 

Q(T ; b)�Q(T ; b)

H2;1(Q)Under the above assumptions Lemma 2.13 implies that Q(:; b) is Lipschitz-continuouswith module less or equal 12 , hence

T � T

H2;1(Q) = 

Q(T; b)�Q(T ; b)

H2;1(Q)� 2 

Q(T ; b)�Q(T ; b)

H2;1(Q)Since Q = S1 �N1 � S2 � G and because of the Lipschitz-continuity of the operators S1, N1and S2, there exists a constant 
 such that

T � T

H2;1(Q) � 
kG(T ; b)� G(T ; b)kH2;1(Q)= 
k(b0(T )� b0(T ))T tkH2;1(Q)and since T 2 M we may further estimate

T � T

H2;1(Q) � 
Mkb � bkC1(Q)15



Finally, we verify the Fr�echet-di�erentiability of the operator Q with respect to theparameter b; therefore we have to assume b 2 C2b (R) in the following.Lemma 4.3. The operator G is Fr�echet-di�erentiable with partial derivativesGT (T; b)� = b0(T )�t + b00(T )�Tt (4.8)Gb(T; b)h = h0(T )Tt: (4.9)If furthermore b 2 C2;1(R), G 0 is Lipschitz-continuous.Proof. A straight-forward estimate yields:kG(T + �; b + h)� G(T; b)� GT (T; b)� � Gb(T; b)hk� kG(T + �; b + h)� G(T + �; b)� Gb(T; b)hk + kG(T + �; b)� G(T; b)� GT (T; b)�k� kG(T + �; b + h)� G(T + �; b)� Gb(T + �; b)hk +kGb(T + �; b)h� Gb(T; b)hk+ kG(T + �; b)� G(T; b)� GT (T; b)�k :Since for �xed T , G is linear and continuous in b, the partial derivative is obviously givenby (4.9) and we may estimatekG(T + �; b+ h)� G(T + �; b)� Gb(T + �; b)hkL2(Q) = o(khkC2(R)):The second term is bounded bykGb(T + �; b)h� Gb(T; b)hkL2(Q)� k(h0(T + �)� h0(T ))TtkL2(Q) + kh0(T + �)�tkL2(Q)� � khkC2(R) k�kH2;1(Q) kTkH2;1(Q) + khkC2(R) k�kH2;1(Q)= o(k�kH2;1(Q) + khkC2(R)):Because of b 2 C2b (R), for any � > 0 there exists a � > 0 such that for k�kH2;1(Q) � �kG(T + �; b)� G(T; b)� GT (T; b)�kL2(Q) =k(b0(T + �)� b0(T ))(Tt + �t)� b00(T )TtkL2(Q)� k(b0(T + �)� b0(T )� b00(T )�)kL1(Q) kTtkL2(Q)+ k(b0(T + �)� b0(T ))�tkL2(Q)� � k�kH2;1(Q) kTkH2;1(Q) + � kbkC2(R) k�k2H2;1(Q)= o(k�kH2;1(Q)):Thus, since obviously GT and Gb are continuous linear operators, G is F-di�erentiable.The Lipschitz-continuity of G 0 under the additional assumption b 2 C2;1(R) followsfrom a straight-forward estimate. 16



In a similar way we analyze the second nonlinear operator involved:Lemma 4.4. The operator N1 is F-di�erentiable with derivativeN 01(u; v)(';  ) = e� R t0 audsa'� e� R t0 audsau Z t0 a'ds; (4.10)which is also locally Lipschitz-continuous.Proof. The triangle inequality yieldskN1(u+ '; v +  )�N1(u; v)�N 01(u; v)(';  )kL2(Q)� 



e� R t0 auds�e� R t0 a'ds � 1� Z t0 a'ds� a(u+ ')



L2(Q) +



e� R t0 audsa' Z t0 a'ds



L2(Q)� 


ae� R t0 auds


L1(Q) 



e� R t0 a'ds � 1� Z t0 a'ds



L1(Q) ku+ 'kL2(Q) +


ae� R t0 auds


L1(Q) k'kL2(Q) 



Z t0 a'ds



� L1(Q):Because of R t0 a'ds 2 L1(Q) and the continuous di�erentiability of the exponential func-tion, we may estimate



e� R t0 a'ds � 1� Z t0 a'ds



L1(Q) = O 



Z t0 a'ds



2L1(Q)!= O �(k'kL1(I;L2(
)) + k kL1(I;L2(
)))2� ;which �nally implies the di�erentiability of N1. The local Lipschitz-continuity of N 01 canbe shown by a straight-forward estimate.Corollary 4.5. The operator Q is Fr�echet-di�erentiable with partial derivativesQT (T; b)� = S1(N 01(S2(G(T; h)))S2(GT (T; h)�)) (4.11)Qb(T; b)h = S1(N 01(S2(G(T; h)))S2(Gb(T; h)h)): (4.12)Furthermore, QT is contractive and, if b 2 C2;1(R), Qb is local Lipschitz-continuous.Proof. We have shown above that the operators N1 and G are di�erentiable, and since S1and S2 are continuous linear operators, they are di�erentiable, too. Thus, we obtain (4.11)and (4.12) by straight-forward application of the chain rule.The contractivity of QT follows from the fact that the norm of the derivative is boundedby the Lipschitz-constant of the operator, which is less than one due to Lemma 2.13.17



Theorem 4.6. Let T (b) denote the solution of the �xed point equation for given h, thenthe map b 7! T (b) is Fr�echet-di�erentiable with derivativeT 0(b)h = (I �QT )�1Qb(T; b)h: (4.13)Furthermore, the map h 7! T 0(b)h is locally Lipschitz-continuous if b 2 C2;1(R).Proof. The regularity of I�QT is a direct consequence of Corollary 4.5 and again Banach's�xed point theorem, and the implicit functions theorem [12, Thm.15.1] implies (4.13).Local Lipschitz-continuity of h 7! T 0(b)h follows from the contractivity of I �QT and thelocal Lipschitz-continuity of Qb.Corollary 4.7. The operator R is Fr�echet-di�erentiable and R0 is locally Lipschitz-con-tinuous if b 2 C2;1(R).Proof. From Theorem 4.6 we know that the assertions hold for the map from b 7! T (b).Because of (2.36) and the di�erentiability of S2 and G the same holds for (u; v), and thusfor the whole operator R.Combining all results about R, �1 and �2 we obtain the following result about theparameter-to-output map:Theorem 4.8. Let � > 52 , then the parameter-to-output map F is Fr�echet-di�erentiable.The derivative F 0 is locally Lipschitz-continous if � > 72 .Proof. A standard embedding result (cf. [23]) yieldsH�([z1; z2]) ,! C2([z1; z2]) if � > 52H�([z1; z2]) ,! C2;1([z1; z2]) if � > 72 :Hence, the assertion follows from Proposition 4.1 and Corollary 4.7 together withF 0(b)h = (�1(R0(b)h);�02(R(b))R0(b)h): (4.14)
5 Iterative Regularization of the Inverse ProblemIn this section we sketch the development of numerical algorithms for the iterative regu-larization methods, which have been stated for abstract operator equations in Section 3,when applied to the operator F de�ned by (3.4).In any case we have to evaluate the adjoint of F 0, when using Landweber-iteration,and F 0 itself, when using a Newton-type method. Any of these methods uses the residualy� � F (b�k) and thus, also the nonlinear operator F has to be evaluated. From (4.3)18



we observe that we can evalute the explicitely de�ned operators �1 and �2 after havingcomputed R(b�k). The latter is realized by solving the direct problem (1.14)-(1.21) forb = b�k, i.e., we have to solve a nonlinear initial-boundary value problem at each iterationstep.For the evaluation of F 0 we use the operator splitting introduced in (4.14). Again wecan �rst compute R0(b�k)h and then evaluate �1 and �02. In Section (4) we have shown thatthe derivative R0 exists and we have computed it in an abstract way. For the sake of itsnumerical computation we will need a more concrete formulation, which can be derivedby linearizing the direct problem around a solution (u; v; T ) of (1.14)-(1.21). A straight-forward calculation shows that the directional derivative (�;  ; �) = R0(b)h is determinedas the solution of the linear initial-boundary value problem�t = (D�x)x + Le� R t0 (au)dsa��� u Z t0 (a�)ds� in 
� I (5.1)�t = (a )x + (b0(T )�)t + h(T )t in 
� I (5.2) t = (a�)x in 
� I (5.3)�n = �� on @
 � I (5.4)�+ h ; ni = 0 on @
 � I (5.5)� = 0 in 
� f0g (5.6)� = 0 in 
� f0g (5.7) = 0 in 
� f0g; (5.8)which has to be solved for given b and (u; v; T ) = R(b).We note that the evaluation of the adjoint F 0(b)� involves the solution of an initial-boundary value problem similar to (5.1)-(5.8); for further details we refer to [8], whereF 0(b)� has been computed and used for the realization of the Landweber iteration.Finally, we turn to the numerical realization of iterative regularization methods re-stricting our attention to Newton-type methods (cf. [8] for a realization of the Landweberiteration). A numerical algorithm does not only involve a discretization of the input b andthe output (T�; ��), but also a discretization of the initial-boundary value problems onehas to solve for the evaluation of F and F 0. Thus we start our considerations with an algo-rithm for the solutions of the systems (1.14)-(1.21) and (5.1)-(5.8). An obvious choice forthe heat equation (1.14) is the classical Crank-Nicholson scheme, which is unconditionallystable, i.e., the semi-discretization (in time) is given byT j+1 = T j + (tj+1 � tj)�D�T j+1 + T j2 �x�x + �j+1 � �j; (5.9)where T j denotes the temperature at time t = tj. Since �j+1 occurs on the right-hand sideof (5.9) we aim at using an explicit time step for (1.15) and (1.16) to avoid the solution ofa coupled nonlinear system. In the simplest case, the semi-discretization in time readsuj+1 = uj + (tj+1 � tj)(avj)x + 2(b(T j)� b(T j�1) (5.10)vj+1 = vj + (tj+1 � tj)(avj)x; (5.11)19



for the spatial discretization Lax's method can be used, which imposes an acceptablestability constraint of the form tj+1 � tj < a�x2 ; (5.12)where �x denotes the spatial step size. In order to be consistent with the second-ordermethod in the heat equation an extension of the Lax-Wendro� scheme for hyperbolicproblems with sources (cf. e.g. [25, 29]) can be used, which is a second-order methodin time under the stability constraint (5.12). This provides an e�cient method for thenumerical solution of (1.14)-(1.21) and similary for (5.1)-(5.8). The trace-type operators �1and �2 (as well as its derivative) can be realized in a straight-forward way by interpolationon a time- and spatial grid xL = x1 < x1 < : : : < xm = xR (5.13)0 = t1 < t1 < : : : < tp = t�; (5.14)using splines of order zero or one.The remaining part in the discretization of the inverse problem is the discretization ofthe parameter b in the space H�([z1; z2]), which can be performed using splines si of order� on an appropriate grid z1 = �1 < �2 < : : : < �m = z2, i.e., we may writeb(z) = mXi=1 �isi(z); (5.15)and use the si as the basis in the discrete subspace. For the computation of the Newton-matrix Ak = F 0m;n;p(b�k), which is the discretization of F 0(b�k) this means that we have tosolve the system for each si (i = 1; : : : ; n) and then compute the coe�cients of the splinerepresentation of �j� and ��. More precisely, underT�(t) = pXj=1 cisIj(t) (5.16)��(x) = mXj=1 dis
j (t); (5.17)where sIj and s
j are the splines centered at tj and xj, respectively, Ak is the n� (p+m)-matrix with entries(Ak)ji = � h�1R0n;p(bk)sj; sIji if j � ph�02(Rn;p(bk))R0n;p(bk)si; s
j i if j > p ;where Rn;p and R0n;p denote the evaluation of R and R0 by numerical solution of the cor-responding initial-boundary value problems. This means that the allocation of Ak needs20



n solutions of the initial-value problem (5.1)-(5.8), which is an enormous computationale�ort.Once Ak is known, one can easily compute the discrete adjoint of F 0m;n;p using ATk . LetQ denote the matrix (Q)ij = hsi; sji�: (5.18)Then we have hF 0m;n;p(b�k)h; (T�; ��)i = (cT ; dT )Ak�= ((cT ; dT )AkQ�1)Q�= h(cT ; dT )AkQ�1(si(:))i=1;::: ;n; hi�= hF 0m;n;p(b�k)�(T�; ��); hi�;and thus we may write A�k := F 0m;n;p(b�k) = Q�1ATk ;where A�k denotes the adjoint taken with respect to the discretized H�-norm. Knowing Akand A�k we can now easily perform a step of the Levenberg-Marquardt or of the iterativelyregularized Newton-method by solving a linear system of dimension n� n.We �nally note that the results of Section 4 imply local convergence of the iterativelyregularized Gauss-Newton method for initial values b0, which satisfy the source conditionby � b0 = F 0(by)�w: (5.19)We recall that in this case all methods yield the convergence rate

b�k� � by

 = O �p�� ; (5.20)if the stopping index is chosen according to (3.7) with appropriate � .The adjoint of the operator F 0(b) can be calculated as follows. First, we observe thatthe solution (~�; ~�; ~ ) of the backward problem~�t = �(D~�x)x + b0(T )~�t in 
� I (5.21)~�t = (a ~ )x � Le� R t0 (au)dsa~�+ L Z t�t au~�e� R �0 (au)dsd� + Lae� R t0 (au)dsw2 in 
� I (5.22)~ t = (a~�)x in 
� I (5.23)~�n = �~� + 1Dw1 on @
� I (5.24)~�� h ~ ; ni = 0 on @
� I (5.25)~� = 0 in 
� ft�g (5.26)~� = 0 in 
� ft�g (5.27)~ = 0 in 
� ft�g; (5.28)21



for w = (w1; w2) 2 L2(@
 � I)� L2(
), satis�eshh(T )t;�~�iL2(Q) = � Z t�0 Z
 ~�(x; t) @@th(T (x; t)) dx dt= Z t�0 Z@
 �(x; t)w1(x; t) d�(x) dt+ Z
 e� R t�0 (au)(x;s)ds�� Z t�0 (a�)(x; s)ds�w2(x) dx= hF 0(b)h; wi (5.29)= hh; F 0(b)�wi; (5.30)where (�; �;  ) is the solution of the linearized problem (5.1)-(5.8). Thus, to computeF 0(b)�w it remains to �nd a function f 2 H�[z1; z2], such thathh(T )t;�~�iL2(Q) = hh; fiH�([z1;z2]) 8 h 2 H�([z1; z2]): (5.31)If we assume for the moment that the cooling is strong enough such that Tt � T0 < 0 in
� I, we can transform the variables to x and T and obtainhh(T )t;�~�iL2(Q) = � Z t�0 Z
 ~�(x; t)h0(T (x; t))Tt(x; t) dx dt= Z
 Z T (x;0)T (x;t�) ~�(x; z)h0(z) dz dx= Z z2z1 Z
(z) ~�(x; z) dxh0(z) dz;where 
(z) = f x 2 
 j 9 t 2 I : T (x; t) = z g :By de�ning g(z) := � @@z Z
(z) ~�(x; z) dx; (5.32)f(z) := (L��L�)�1g; (5.33)where L� is the linear operator that generates the norm in H�([z1; z2)], we obtain theidentity hh(T )t;�~�iL2(Q) = hg; hiL2([z1;z2])= hf; hiH�([z1;z2]):Thus, we have found F 0(b)�w = f by this construction.Since ~� is the solution of a hyperbolic equation we need not expect strong regularityof ~� and g de�ned by (5.32). Nevertheless, if only g 2 L2([z1; z2]) holds, we obtain f 222



H2�([z1; z2]) and, in addition, we have to know boundary values for f up to order � � 1.Hence, the source condition (5.19) is a condition upon the smoothness and upon boundaryvalues of by � b0, which means that we have to anticipate nonsmooth parts of the solutionin order to obtain faster convergence. Furthermore, if the interval [z1; z2] is chosen suchthat for some z 2 [z1; z2] T (x; t) 6= z; 8 (x; t) 2 
� I;we always have g(z) = 0 at this point. For the source condition (5.19), this is an additionalrestriction upon by � b0, i.e., either each value in [z1; z2] occurs in the experiment, or wemust know the value of by a-priori at temperature values that do not occur. In practice,this problem can often be avoided, since the initial temperature is uniform and the coolingis so strong that the temperature decreases in a monotone way. Hence, we may choose z2 asthe value of the initial temperature and z1 as the minimum of the �nal temperature at theboundary, which is measured anyway. By monotonicity principles for parabolic equationswe can claim that all temperatures that occur will be in this range. For further detailsabout the computation of the adjoint, which is needed for the Landweber iteration, andabout the source condition we refer to [8].The conditions upon the nonlinearity, needed for a convergence statement about thealgorithm in absence of (5.19) could not be veri�ed, nevertheless the numerical resultsindicate the convergence of all methods.6 Numerical Results and ConclusionsIn order to test and compare the behaviour of the di�erent iterative methods, we haveperformed numerical simulations using arti�cial data for T �� and ���. The data have beengenerated by solving the direct problem on a very �ne grid and arti�cially perturbed withhigh-frequency noise. The numerical solution of the inverse problem has been performedon a di�erent grid, the values of the data there have been obtained by interpolation.Since we know the exact solution by for these data, we can compute error 

by � b�k

, e.g. inH2([z1; z2]). For Broyden's method, we start with the Newton-matrix, for the frozen Gauss-Newton method we perform a restart with the Newton-matrix after every 5 iterations.The �rst Figure 1 shows the development of the error for �xed noise level (� = 2%and � = 5%) during the Newton-type iterations, i.e., a plot of 

by � b�k

 vs. the iterationnumber k. These plots illustrate the behaviour of the methods with respect to convergencespeed and stability. The results con�rm the general idea about the iterative regularizationof ill-posed problems: during the �rst iterations the error decreases, but then starts toincrease again (cf. e.g. [14]). Since the main regularizing e�ect comes from the choice of astopping index, it seems to be of advantage if several iterates are of a 'good quality', i.e., ifseveral choices of the stopping index yield an approximate solution with small error. Thismeans that the curve arising from the plot error vs. iteration number should not be tosteep around the index with minimal error. 23
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Figure 1: Development of the error 

b�k � by

 during the iteration (k) for �xed noise level� = 2% (left) and � = 5% (right).Since for all methods, the �rst step is the same, di�erences between the methods arisefrom the second step on. It turns out that in general, the Levenberg-Marquardt method(LM) is faster than the iteratively regularized Gauss-Newton method (IRGN) and its frozenversion (Frozen GN), i.e., it reaches the index with minimal error in less iterations, butas one can observe, the iteratively regularized Gauss-Newton method has better stabilityproperties, since it produces several iterates with 'acceptable' error. This means that thechoice of the termination index is more critical for the Levenberg-Marquardt method. Asimilar statement holds for Broyden's method, which is in general slower, but still criticalwith respect to the choice of the stopping index.The behaviour as the noise level tends to zero is illustrated in Figures 2 and 3. The �rstshows a plot of the minimal error obtained during the iteration procedure (for �xed noiselevel) 


b�k�(�) � by


 vs. the noise level �. Obviously, the stopping index cannot be chosenby this criteria in practice, since the exact solution is not known in general. Nevertheless,it turns out, that the discrepancy principle (3.7) with � = 1:3 yields the same stoppingindex in almost all cases. This can be observed from Figure 3, which shows a plot of theresidual 


F (b�k�(�))� y�


; the resulting curves �t the line r(�) = 1:3� very well. It turnsout that all Newton-type methods perform similary with respect to the minimal error thatcan be achieved, while the Landweber iteration is more successfull for large noise level, but

by � b�k�

 seems to converge slower as � tends to zero.The e�ciency of the iteration methods can be compared from Figures 4 and 5, whichshow the stopping index k�(�) (according to (3.7) with � = 1:3) and the number of 
oating24
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Figure 4: Stopping index k�(�) vs. noise level �.point operations F lOps(k�(�)) needed until the iteration procedure is stopped, plotted vs.the noise level �. Obviously all Newton-type methods need less iterations than the Landwe-ber iteration, but with much higher e�ort in each step. For the discretization we used,the Landweber iteration is almost as e�cient as the Levenberg-Marquardt method and theiteratively regularized Gauss-Newton method. With growing number of nodes (m) in thediscretization this e�ect becomes stronger, since in one step of the Landweber iterationonly one adjoint initial-boundary value problem has to be solved, while the allocation ofthe Newton-matrix requires m2 solutions of the linearized initial-boundary value problem.Finally, the quality of the approximations obtained using di�erent methods is shown inFigures 6 and 7, which con�rm the above statements about the behaviour of the iterativemethods investigated.A possible conclusion from our results, is that Newton-type methods do not performbetter than Landweber iteration in many cases. Although the number of iterations neededis much less, the high e�ort in the allocation of the Newton matrix can lead to a highernumber of 
oating point operations. Especially for high noise level, the Landweber iterationproves to be an e�cient method, which yields better results than any other method.Another outcome of our numerical experiments is that frozen Newton-type methods donot perform much worse than their non-frozen equivalents for this problem; it seems thatF 0(b) does not change strongly if b is close to the solution by. Since the numerical e�ortcan be reduced signi�cantly, frozen Newton-type method seem to be a good choice.26
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Figure 5: Number of 
oating point operations F lOps(k�(�)) needed until termination ofthe iteration vs. noise level �.
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