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Abstract

This paper is devoted to the mathematical analysis and regularization of an iden-
tification problem related to non-isothermal crystallization of polymers, which can
be modelled by an initial-boundary value problem for a coupled system of parabolic
and hyperbolic partial differential equations. The identification problem consists in
estimating a material function of temperature, which appears as a nonlinearity in
the equations.

Existence and uniqueness of a solution of the direct problem is shown as well as
its stability with respect to the parameter. Furthermore, we develop algorithms for
the application of various iterative regularization methods to this particular problem.
Their use is justified by verifying the Fréchet-differentiability of the parameter-to-
output map, which is needed for their realization. The numerical performance of the
iterative methods is compared with respect to speed of convergence, stability and
efficiency.
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1 Introduction

Various techniques of mathematical modelling have been used to derive reasonable models
for non-isothermal crystallization of polymers under typical processing conditions. The
use of such models is not only the insight into the crystallization process itself they might
provide, but also the prediction of the structure development and final morphology of the
solidified material, which basically determines its mechanical properties (cf. [13]).

On a macroscopic scale, non-isothermal crystallization can be modelled by the following
system of partial differential equations, describing the evolution of the temperature 7', the
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degree of crystallinity ¢ and the mean free surface densities u and v in a domain 2 C R?
(d =1,2,3) and some time interval (0,¢,) (cf. [6, 7, 9])

9~
5 =G0~ &u (1.1)
% = V.(G(T)v) + F,G,N,T] (1.2)
ov ~

5 = V(G(Dw) (1.3)
cp%—f = V.(kVT) + %(h&), (1.4)

in 2 x (0, ¢,), supplemented by the boundary conditions

u+ (v,n) =0, (1.5)
L a(T T, (L6)

on 90 x (0,t,) and initial values given by

¢ = (1.7)
u = 0 (1.8)
v = 0 (1.9)
T = T° (1.10)

in Q x {0}, usually with 7%(z) > T,,, (melting temperature) for all z € Q. The source term
Fg is a nonlinear operator dependent upon the spatial dimension:

FG, N, T)(z,t) = 2N(T(z,t)), (1.11)

BIG N, T)(z,t) = 27G(T(x,1)) (N(T(x,t))—N(T(x,o))) (1.12)

t

RGN, T)(x,t) = 47G(T(z,1)) / G(T(z,s)) (N(T(a:,s))—N(T(:r,O))) ds(1.13)

0

While many experiments show that the parameters G (the growth rate) and N (the nu-
cleation rate) depend upon temperature only, all parameters appearing in the heat transfer
model such as the density p, the heat capacity c, the heat conductivity «, the latent heat
h and the heat transfer coefficient @ may also depend upon the degree of crystallinity (cf.
[9]). However, since the variance of most parameters with respect to 7' and ¢ is rather
low, we will analyze a simplified model, which avoids some technical complications, but
still includes the essential nonlinearities and thus serves to obtain some insight into the
problem’s nature.

In the one-dimensional setup we may assume that €2 is the open interval (zr,zg) The
growth and nucleation rate are now denoted by a and b and include scaling of the problem.
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For the sake of simplicity we assume most parameters in the heat equation to be constant
and neglect the temperature-depence of a, which is certainly a simplification, but still
provides the basic properties of the system with respect to the parameter b. Eliminating
(1.1) and (1.7) we obtain (after simple transformations) the system

T, = (DT,), + Le  Jo(@)ds gy in Qx I (1.14)
uy = (av), + b(T); in Qx I (1.15)
vy = (au), in QxI (1.16)
T,=a(T-T" on 02 x I (1.17)
u+(v,n) =0 on 99 x I (1.18)
T=T1° in Q x {0} (1.19)
u=0 in Q x {0} (1.20)
v=0 in Q x {0}, (1.21)

using the abbreviations I := (0,¢,) and Q := Q x I. We will assume that L and « are
positive constants and that there exists a positive real number Dy such that D(z) > Dy
for all z € €2, which is a reasonable assumptions upon a model for heat conduction.

Besides solving the model equations, an important problem in this context is the iden-
tification of the nucleation rate N (respectively b in the scaled system) from indirect mea-
surements, using data about the temperature at the boundary and the final degree of
crystallinity. A first algorithm for the stable solution of this inverse problem has been
developed in the case of one spatial dimension in [8]; it was based on several assumptions
about the well-posedness of the ’direct problem’, i.e., about the existence and uniqueness
of a solution of the model equations and its stable dependence upon the parameter in
appropriate function spaces. In this paper we will also study Newton-type methods for the
solution of the inverse problem and rigourously prove well-posedness of the direct problem
and other important properties, such as Frechet-differentiability of the parameter-to-output
map. This is not only an important theoretical justification, but also yields further infor-
mation about the correct choice of norms in the identification problem, which is crucial
for the design of all algorithms. In general, Newton-type methods are expected to be
faster than the explicit Landweber iteration, but due to the extremly high computional
cost of computing the derivative and consequently the Newton-matrix together with the
slow down caused by the ill-posedness of the problem, it will turn out that this is not the
case for this application.

The estimation of the material function b is a parameter identification problem in a
system of partial differential equations (cf. [2, 10, 19] for a general reference on this topic);
the majority of such problems are ill-posed, i.e., the solution does not depend on the
data in a stable way. Due to this inherent instability, regularization methods have to be
used in order to obtain stable approximations (cf. e.g. [14]). Our aim in this work is
to apply iterative regularization methods to the identification problem and to investigate
their convergence behaviour with respect to stability and efficiency. The numerical results
will show that faster methods do not necessarily perform better if the problem is ill-posed.



We will proceed as follows: in Section 2 the direct initial-boundary value problem
(1.14)-(1.21) will be analyzed. The various norms and function spaces which are used
there are defined and explained in detail in [23, 24].

In Section 3 the inverse problem of identifying the nucleation rate b will be formulated
in a mathematical way in the context of #ll-posed problems. It can be interpreted as the
solution of an ill-posed nonlinear operator equation involving the so-called parameter-to-
output map. Properties of this map, which are needed for the design of stable solution
algorithms for the identification problem are analyzed in Section 4.

Section 5 is devoted to the realization of Newton-type regularization methods for this
complicated inverse problem and the development of efficient numerical algorithms. We
finally present numerical results and conclusions in Section 6.

2 The direct initial-boundary value problem

In this section we will prove existence and uniqueness of a solution of the initial-boundary
value problem (1.14)-(1.21) using fixed point arguments. This analysis will be carried out
in different steps: first we investigate separately the parabolic and hyperbolic part of the
system in Sections 2.1 and 2.2, in Section 2.3 we finally put the solution operators of these
two problems together and transform (1.14)-(1.21) to an equivalent fixed point problem. It
will turn out that the resulting nonlinear operator is contractive for small terminal time t,,
which allows to obtain the desired result by an application of Banach’s fixed point theorem.

2.1 The parabolic equation

We first consider the problem of solving the parabolic equation for given u and v (respec-
tively w), which allows us to focus on the linear part of this equation. Thus, we start with
a standard result about the solution of linear parabolic initial-boundary value problems of
the form

T, = (DT,). + f in QI (2.1)
T, =a(T -T" on 02 x I .
T=T1° in Q x {0}. (2.3)

for which the following standard result holds:

Lemma 2.1. [24, p.37] Let f € L2(Q), T° € HY(Q), T' € H>i(Q x I). Then there
exists a solution T € H*'(Q) of (2.1)-(2.3), which is unique in H*(Q), and a constant
co (dependent only on Q) such that

0 1
||THH271(Q) < Co (HT HHl(Q) + HT HH%v%(aQXD + ||fHL2(Q)) : (2.4)
This result enables the definition of the affinely-linear solution operator
.72 2,1
f — T.



The solution of the nonlinear boundary value problem (1.14), (1.17), (1.19) for given u and
v can be written as the concatenation of S; with the nonlinear operator

Nli D(Nl) — Lz(Q)

(au)ds (26)

(u,v) — e ko au,
where

D(N) :={ (u,v) € L=(I,L*(Q)) x L=(I,L*()) | ve = (au), }. (2.7)

Although v does not appear explicitely in the definition of N7, we write Nj(u,v), since we
will see below that the appropriate norm of N; will depend upon u as well as on v.

Lemma 2.2. Let (u,v) € D(N;), then w = fot(au) ds € L*(Q) with

||w||L°°(Q) < plts ||a||L°°(Q) ||U||Loo(1,L2(n)) + ||v||L°°(I,L2(Q)))7 (2.8)
where u is the norm of the embedding operator from H'(Q) into L*°(£2).

Proof. We immediately obtain

t t
W, = / (au),ds = / veds = v € L(I, L*(Q)).
0 0

Thus, w € L®(I, H*(2)) and because of the continuous embedding H'(Q) — L*(2) we
obtain w € L*(Q) with

||w||L°°(Q) e ||w||L°°(I,H1(Q))

— sup ([ Jute0f + |v(a:,t>|2)%

(b Nlall ooy 1wl poe 1 L2y + 1Vl e (2,.22(02)))

IN

0

This result about the smoothness of w is crucial for estimating the L?-norm of the
nonlinear operator N:

Lemma 2.3. Let (u,v) € D(N;) and (@,7) € D(N;) with norms bounded by C. Then the
estimate

[Ni(u,0) = Ni(@ )| 20 < 1t ©) (||u = Ul poor 20y F 10 — EHLOO(I,LZ(Q)))(ZQ)
with
1(t0,C) = ol g V- (C 4+ Dermsleli 1€ 210

holds. Furthermore, N1(0,0) = 0 holds.



Proof. Employing the triangle inequality we have

[NV (u, v) = Ni(@, 0)[ 12 < (e = )auHLZ(Q) + |le ™ a(u (2.11)

Dl 2

and a straight-forward estimate using the monotonicity of the exponential function yields

He’wa(u ﬂ)HLz(Q) < HewaLoo(Q) el ooy lu = Tl g2 g

< @ laf pu gy llu = all g
< ||a||L°°(Q) Vet mexblelie o)t)¢ lu — ﬂ“Loo(I,Lz(Q)) (2.12)

for the second term. The first term may be estimated by

—w

(e — eiw)auHLz(Q) < e - einLW(Q) ol @) 1ull z2(qy

Since the exponential function is continuously differentiable, the mean value theorem im-
plies

D T < sup e fu(et) — ()
s€w(z,t),w(z,t)]
S ema.x(”wHLW(Q)yHEHL‘X’(Q)) |’LU(.T, t) - E(x, t)|
< epmax(blallio@t)C |4y (2, t) — W(x, t)]

for almost all (z,t) € @, and thus,
(67 = e ™)au]| g < llallpm(g Cet el @
(HU — HHLOO(I,LZ(Q)) + ||’U — E“LOO([,LZ(Q))) (214)

Inserting (2.12) and (2.14) into (2.11) yields (2.9).
The additional result A7(0,0) = 0 is obvious. O

Now we are able to apply the various results to the solution of (1.14), (1.17), (1.19)
with given u and v:

Proposition 2.4. Let (u,v) € D(N;) and (w,v) € D(N;) with norms bounded by C. Then
T = S (N (u,v)) and T = Si(N1(w,v)) satisfy

0 1
1Ty < o (1Tl + 17 Lt domen) +
coci(te, C) (||u||L°°(I,L2(Q)) + ||U||Loo(1,L2(9))) (2.15)
HT - THHz,l(Q) S COCl(t*a C) (“u - ﬂ“LOO(I,Lz(Q)) + ||U - EHLOO(I,LZ(Q))) (216)

Proof. The assertions follow directly from Lemma 2.1 and Lemma 2.3. O



2.2 The hyperbolic equations

Now we turn to the problem of solving the hyperbolic initial-boundary value problem
(1.15), (1.16), (1.18), (1.20), (1.21) for given T'. Since the remaining system is linear, we
first show well-posedness of the corresponding linear problem, namely

u = (av), + g in Qx I (2.17)
v = (au)y + h in Qx I (2.18)
u+ (v,n) =0 on 9Q x I (2.19)
u=0 in Q x {0} (2.20)
v=20 in  x {0}, (2.21)

where a is supposed to fulfill the following

Assumption 2.5. Let, in the remainder of this section, a > 0, a € WH*(Q), f,g € L*(Q)
and

(llagl| o + 1)t. < 1. (2.22)

The system (2.17)-(2.21) is an almost standard hyperbolic problem as e.g. in [30], but
there are two unusual effects that require a special treatment. First of all, the boundary
condition does not fit into the usual form, which is rather a technical than a conceptual
problem, and secondly we do not want to assume that a is bounded away from zero uni-
formly, which is not realistic for practical applications. A consequence of the latter is that
we cannot expect (u,v) to be a classical solution, but only weak solution in L*(Q).

The weak formulation of (2.17)-(2.21) is given by

(', ¢) + (av, u) + aw, 8] = (f,9) (2.23)
(v, 9) + (au, ¥s) — [au,y] = (g,¢) (2.24)

for all ¢,¢ € H', where

(u,v) = /ﬂu(x) v(x) dx (2.25)
[u,v] = w(zp) v(zy) + u(zr) v(zg) (2.26)

and Q = (zp,zg). In addition we will use the notation |u|:= /(u,u) in the following.
The crucial point in the proof of existence of a solution is the following a-priori estimate
for sufficiently smooth solutions

Lemma 2.6. Let u,v € HY(Q), be a solution of (2.20)-(2.23), then

2 2 2 2
||U||Loo(I,L2(Q)) + ||\/Eu||%2(I,L2(89)) + ||v||L°°(I,L2(Q)) < C(“fHLZ(Q) + ||g||L2(Q)) (2.27)



Proof. Since u and v are sufficiently regular we may choose ¢ = u and 1 = v. Integration
by parts in (2.24) and addition of (2.23) yields

(W' u) + (V' v) + (azu,v) + [au,un] = (f,u)+ (g,v)

Integrating on t we deduce

t

% (|u|2 + |v|2) + / ((azu,v) + [au,un]) dr = /((f, u) + (g,v)) dr

0

s
1
< [ (ol o) ar
0
1 2 2
< §(||g||L2(Q) + ||h||L2(Q)) +

* 2 2
5(“““1:00(1,1:2(9)) + vl zeo(r,r2(y)

On the left hand side we may estimate

t

1 t*
[t ar = =5 [Tl Gl + o) a
0

T 2 2
) @[ o (||U||Loo(I,L2(n)) + ||v||L°°(I,L2(Q)))

Y

Hence, we conclude

2 2

(1 = (laelloo + D) (lullpeo (1 r2(0y) + IVlzeor,r2(0)) + 2)lVaullZar 2200
2 2

< ||g||L2(Q) + ||h||L2(Q) )

which immediately yields the desired estimate with ¢ = W O

The existence of a weak solution can now be shown by applying a standard Galerkin-
method similary to [23, Chapter 6.8], which also implies that the stability estimate (2.27)
holds for weak solutions, too. This immediately yields uniqueness of the solution due to
the linearity of the problem. Summing up, we obtain:

Proposition 2.7. Let g,h € L*(Q). Then problem (2.17) - (2.21) admits a unique weak
solution (u,v) € L*°(I, L*(Q)) x L*®(I, L*(Q)), which satisfies
ull e (1 p20)) + IVaul| 22,200y + 101701220y < €Ulallzzgg) + 1Bll72)  (2:28)
By S, we will denote the solution operator of the linear hyperbolic problem (2.17) -
(2.21), given by
Sy LAQ) x L*(Q) — L=(I,L*(Q)) x L=(I,L*(Q))

(g,h) — (u,v). (2.29)



The nonlinearity arising in the hyperbolic system is the operator
Noo H*MQ) — L*(Q)
T — b(T), =V(T)T;.

For its analysis we can use realistic a-priori information about the nucleation rate, which
is a function of special shape (cf. [6])

(2.30)

Assumption 2.8. In the following we assume
be C,'(R):={ f € C'(R) | f'is Lipschitz continuous and bounded }, (2.31)
b=0for T > T,,., and b constant for 7" < 0.
For the evaluation of &'(T") we need the following embedding result:

Lemma 2.9. Let Q C R be bounded and open, then H*'(Q) — C(Q). The norm of the
embedding operator will be denoted by k.

Proof. From [23, p.19 and p.43] we conclude H*Y(Q) — C(I,H*(Q2)). Together with
H'(Q) — C(Q), this yields the assertion. O

The operator N, is not globally Lipschitz-continuous, but for the sake of constructing
a fixed point equation it suffices to consider only a bounded subset, defined by

M = { T € H*(Q) | Tl a1y < M } (2.32)
Lemma 2.10. N, is a Lipschitz-continuous operator from M C H*! to L*(Q), satisfying
N2 (0) =

Proof. The L*-norm of N5 may be estimated by |||l 7]l y2.(q), the Lipschitz-continuity
follows from

V() = Mo(T) [0y < 21F(T) = ¥ TN 20y + 216 @ =T |20
< 2 P(T) 0 (D)}, lth||Lz<Q+z||b'nco<R LR
< 2 |bflEnn |7 = Tl | Tellig) + 2 1818 gey |72 - TtHLZ(Q)
< 2||b||20171(R) (M“+1)HT_TH22J(Q)

Finally, NV5(0) = 0 follows obviously from ¥ (0) = 0. O

Combining the results about the linear part and the nonlinearity N, we obtain:

Proposition 2.11. Let (u,v) = Sy(N3(T),0) and (u,v) = So(N2(T),0) with T, T € M,
then

2 12

| — u||L°°(I,L2(Q)) +[lv— UHLoo(I,LZ(n)) < 2 ||b||011 (Mr +1) HT THH21 (2.33)
2 2

el oy + N0l erizgay < 2 lbl13an (M + 1)02 (2.34)

Proof. The first inequality (2.33) follows immediately by combination of Proposition 2.7
and Lemma 2.10. The second estimate (2.34) is a direct consequence of (2.33) with 7" = 0,
since Sz(Nz(O)) == 82(0) =0. O



2.3 Well-posedness of the direct problem

Using the preliminary results about its parabolic and hyperbolic part we are now able to
investigate the complete nonlinear problem (1.14)-(1.21) as a fixed point equation. With
the above notations we may write

T = S (WN(u,v)) (2.35)
(u,v) = S(N2(T),0), (2.36)

which we may also consider as a fixed point equation for 7', since
T = P(T):=8(N(S:(N:(T),0))). (2.37)

All the assumptions on the parameter and the maximal length of the time interval
needed are summarized in

Assumption 2.12. In the following we always choose

M i= 260 (| T s gy + |17 (2.38)

HHl( H%’%((‘?QXI))

with £, such that

2¢oc1(te, C)C < M with C = \/2(Mk + 1) ||b]| ;1.1 M. (2.39)
Furthermore, let the Assumptions 2.5 and 2.8 be satisfied.

We note that besides the smoothness required for the coefficients a and b, Assumption
2.12 holds for small final time ¢,. It seems that in a practical setup the bound upon ¢,
is still large enough for a typical process. If a result for a longer time interval is desired
one may apply a similar technique successively to the intervals (¢, 2t,), (2t., 3t.), which is
avoided here for the sake of simplicity.

Lemma 2.13. The operator P is contractive and maps M to itself.

Proof. Combining the Propositions 2.4 and 2.11 we obtain
M
2

M M
H,P(T)HHZJ(Q) S ? + CoCl(t*,C)C S — + =M

2
and

C = 1 =
@ < 1t O 77 1T =T aig) < S 1T = Tl nasqy-

HP(T) - P(T)HHz,l
Now we are in position to prove our main result:
Theorem 2.14. Problem (1.14)-(1.21) admits a unique solution
(u,v,T) € L=(I, L*(R)) x L>=(I, L*(Q)) x M.

Proof. We have seen above that solving (1.14)-(1.21) for T is equivalent to solving the
fixed-point equation (2.37). In Lemma (2.13) we have shown that P maps M into itself
and is contractive, hence Banach’s fixed point theorem (cf. [12, Thm.7.1]) implies the
existence and uniqueness of a solution 7' € M. For known T, the pair (u,v) is given
uniquely by (2.36). O
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3 The inverse problem

The identification of the nucleation rate b in (1.14)-(1.21) can be interpreted as the solution
of the nonlinear operator equation

F(b) =y = (T¢, £), (3.1)

where the noisy data are perturbations of
Tr = T|rxr, r'con (3.2)
£ = £(t) =1—e Jo'eds, (3.3)

F' denotes the implicitely defined operator

F: D(F)C H'([z1,2]) — LI x T) x L*(Q)

b — (Tb|1"><I, 1—e” fg*(‘”"’)ds) ) (3:4)

where H"([z1, z2]) is a Sobolev space of order 7 on the sufficiently large temperature interval
21, 29 and (up, vp, T) denotes the solution of (1.14)-(1.21) for the particular parameter b.
Theorem 2.14 guarantees existence and uniqueness of (up, vy, T}), in Section 4 we will also
show that the trace-type map

(uba Up, Tb) = (Tb|1"><1, 1—e" fo*(aub)ds)

is well-defined and thus F' is well-defined, too. In practice, it is not possible to measure Tt
and &, exactly, but only perturbed data 7} and & with noise bound

H@/ - yﬁH - HTP - TléHLz(Fxl) + ‘ o) = 6. (3.5)

L2(

Since the problem (3.1) is most likely ill-posed (and numerical results confirm instabil-
ities), we employ regularization methods to obtain stable approximations of the solution.
The most famous direct method is Tikhonov reqularization, which would consist in mini-
mizing the functional

Te(6) = || F(e) — || + o |lb - 0|, (3.6)

where b* represents an a-priori guess of the solution. Stability, convergence and convergence
rates for this method as 6 — 0 applied to nonlinear problems have been shown by Seidman
et al. [28] and Engl et al. [15]. One obtains convergence to the solution b' of minimal
distance to b* as § — 0 for appropriate choice of & = a(8, y%). In practice, the minimization
of J¢ is not a simple task, since it can have many local minima, which stop any minimization
procedure.

A natural alternative are iterative regularization methods (since iterative methods are
usually employed for the minimization problem arising in Tikhonov regularization anyway),
where the main regularizing effect comes from an appropriate early termination of the
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iteration procedure. A popular method of choosing the stopping index k, = k(6, y®), which
is easy to implement, is the so-called generalized discrepancy principle:

[F () — o'l < 76 < [[F (b)) —y°

with appropriately chosen 7 > 1. The basic idea behind this principle is that due to noise
in the data one should not distinguish between solutions which yield a residual less than
0. Thus, the iteration procedure can be stopped at the first time, where the residual is of
the order of the noise level.

Since all common iterative methods use derivatives of F', continuity and Frechet-
differentiability of F' is a fundamental requirement for their well-definedness and conver-
gence. In the following we sum up some of the most important methods (see [16] for a
detailed overview):

e The Landweber iteration is an explicit method defined by
Vi = U — wF'(0)"(F(0}) — v°), (3-8)

where w is an appropriate damping factor that has to satisfy w ||F'(b)|| < 1 in a suffi-
ciently large neigbourhood of the starting value. Convergence for nonlinear problems
has been shown by Hanke et al. [18] (see also [3, 26, 27]) under the conditions

bt € B,(by) (3.9)
|F®) — F(b) — F'®) (b —b)|| <n||FO) - F®)||,  bbeB,(b) (3.10)
T>2{5L > 2, (3.11)

As for any other regularization method, convergence rates can only be shown under
additional smoothness assumptions, so-called source conditions. In this case the
source condition

b — by = F'(b")w, (3.12)

where b is the solution of minimal distance to by, and a slightly stronger condition
than (3.10) imply

|6, —b'|| = O(V5) (3.13)
ke = k(6,4°) = O(6). (3.14)
e The Levenberg-Marquardt method (LM) is the implicit iteration
bpyr = by — (F'(0)"F'(0)) + one D) T F' (b)) (F(b}) — o), (3.15)
which is equivalent to computing b, as the minimizer of
[F@) —° + F'(0) (b — B)||” + c || (b — 00)||” = min. (3.16)
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Convergence of this method has been shown by Hanke [17] under the additional
conditions

b’ € B,(by) (3.17)
1F®) = F@) - F'O)0-0)| < C[o =[] [F(B) = FO), 5, € By(bo) (3.18)
0<p<g, > (3.19)

So far, no result about convergence rates is available.
The iteratively regularized Gauss-Newton Method (IRGN) is defined by
Vo = b — (F'(62) F'(0g) + o) T (F"(B)"(F'(b;) — %) + an(be — bo)),  (3.20)
with the variational characterization of b}, as the minimizer of
1F @) ="+ F') (0= 8)|* + |5 = bo)II* = min. (3.21)

The only difference to the Levenberg-Marquardt iteration is the choice of the stabi-
lizer, now the prior by is kept fixed during the iteration, which improves the stability
properties during the iteration. This method was first proposed by Bakushinskii [1],
convergence and convergence rates for several choices of the stopping index has been
shown by Kaltenbacher et al. [5, 20, 21| under assumptions on the nonlinearity of F’
similar to (3.10) and (3.18). If a source condition of the form

b' — by = (F"™(b")F' (b)) w, (3.22)

with % < v < 1 is satisfied, local Lipschitz continuity of F’ suffices to prove the
convergence rate

[bF — 8. || = O(6751), (3.23)
respectively
67 = e[| = o(a)
ly — F(b)l| = ofas?)
for the noise-free case.

Broyden’s Method for the noise-free case reads,

bt = be— Bl(F ()~ y) (3.24)
Ba = Bty Flb) (3.25)

where s = by.; — bg. In the noisy case, it seems advisable to replace the pseudo-
inverse B,Tc by a stable approximation, e.g. analogously to the iteratively regularized
Gauss-Newton Method. Convergence and convergence rates for Broyden’s Method
applied to inverse problems have been shown by Kaltenbacher [22].
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e Frozen Newton-type Methods are variants of the Levenberg-Marquardt method,
the iteratively regularized Gauss-Newton Method or any other Newton-type method,
based on keeping the Newton-matrix fixed during several iteration steps. For the
iteratively regularized Gauss-Newton Method, the frozen version reads

bhy1 = b, — (F'(bo)"F"(bo) + aud) ™ (F(bo)" (F(b}) — °) + cx(by — bo)) ~ (3.26)

This method has been proposed by Kaltenbacher [4] and has similar properties as
the non-frozen version of the iteration procedure.

We finally note that most of the above methods are affinely invariant and can also be
analyzed under corresponding conditions (cf. [11]).
4 The parameter-to-output map

In the following we examine the continuity properties of the parameter-to-output map F'.
We first note that by using the linear trace operator

Ar: D) x H2(Q) — L*(I xT)

(u,v,T) — T|r (4.1)
and the nonlinear operator
Ari D) x HPH(Q) = Q) )
(u,v,T) = Llimp, =1 — e o7 (amdt,
we may write
F =(A1,A;) oR, (4.3)
where R is the parameter-to-solution map
R: D(F)C H"([z1,2]) — DWN,) x H*Y(Q) C L™(I, L*(Q))* x xH*'(Q) (4.4)

b — (u,v,T).

Since A; is a continuous linear operator (c.f. e.g. [24]), it is also Frechet-differentiable with
Lipschitz-continuous derivative. Thus, it remains to investigate A, and R, we start with
As.

Proposition 4.1. The operator Ay is continuous and Fréchet-differentiable with Lipschitz-
continuous derivative

Ty
Ay(u, v, T)(p, 0, 0) = e~ o (am)et / (ap)dt (4.5)
0
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Proof. Similar to Lemma 2.2 one can show that the function w := fot (au) ds satisfies
w € C(I,L*>*(Q)) with norm depending continuously upon u and v. Hence,

Ay(u,v,T) =1 — e W=t

depends continuously on (u,v,T) in L*=(Q) and consequently in the weaker norm of L?(£2),
too. The Frechet-differentiability of Ay and Lipschitz-continuity of A} follows from a stan-
dard argument using the smoothness of the exponential function, which is the only non-
linear term contained in A,. OJ

Now we turn to the analysis of the implicitely defined operator R. For this reason we
write G(T',b) instead of N3(T'), more precisely we define

G: HM(Q) xCMQ) — D@
(T,0) — b(T); = V(T)T.. (4.6)

Similary we write Q(7T',b) for P(T") with particular parameter b.

As a consequence of the fixed point technique we have used for proving existence and
uniqueness we may conclude almost without further effort the following statement about
the stable dependence upon b:

Theorem 4.2. Let i, be such that Assumption 2.12 is satisfied for b € M, then the
solutions T = Q(T,b) and T = Q(T,b) satisfy an estimate of the form

HT_THHZJ(Q) < ’YM“b_EHC’l(Q)a (47)
for all b,b € M, where v is a positive constant.

Proof. We may estimate
1Q(T,5) = O, D) yargy < 1Q(T8) = OT,H)| yasgy + 1QT.0) = QT B yancey

Under the above assumptions Lemma 2.13 implies that Q(.,b) is Lipschitz-continuous
with module less or equal %, hence

1T = Tllgrq) = HQ(T’_I’) - Q(T’_E)_HH“(Q)
< 2[|o(T,b) — Q(T, b)HHZJ(Q)

Since @ = §; o N} 08, 0 G and because of the Lipschitz-continuity of the operators S;, N;
and Sy, there exists a constant v such that

T =T/ gorigy < WGT,5) = G(T,5)]a2(0)
p— _, p— p—
= 'YH(bI(T) —b (T))Tt“HM(Q)
and since T € M we may further estimate

HT - THHz,l(Q) < 7M||b - EHC'l(Q)
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Finally, we verify the Fréchet-differentiability of the operator Q with respect to the
parameter b; therefore we have to assume b € C#(R) in the following.

Lemma 4.3. The operator G is Frechet-differentiable with partial derivatives
Gr(T,0)8 = V(T)8, +b"(T)0T,
Go(T,b)h = K'(T)T.

If furthermore b € C*'(R), G' is Lipschitz-continuous.

Proof. A straight-forward estimate yields:

IG(T +6,b+ h) — G(T,b) — G (T, b)8 — Go(T, b)||
<NG(T + 6,0+ h) = G(T +0,b) — Go(T, b)R[| + |G(T + 0,b) — G(T',b) — G (T, b)d||
< ||G(T +8,b+h) — G(T +6,b) — Go(T +6,b)h|| +
1Go(T + 6,0)h — Go(T', b)h|| + ||G(T + 6,b) — G(T',b) — Gr(T, )8 -

Since for fixed 7', G is linear and continuous in b, the partial derivative is obviously given
by (4.9) and we may estimate

IG(T + 0,0+ h) = G(T +0,b) = Go(T + 0, b)h| 12y = o(l|hl[ 2wy )-
The second term is bounded by
1Go(T + 0,0)h — Go(T, 0)A|l 12
S N(R'(T +6) = W(T)) Tl 2 ) + IR (T + 0)8:l 2 g
< K lhllca gy 101l 2 ) 1T 21 (g) + IRl c2my 1161|210
= o([10ll g2.1(q) + [1Pll o2 () )-
Because of b € CZ(R), for any € > 0 there exists a § > 0 such that for 101l g2y < 6
||g(T + 9, b) - Q(T, b) - gT(T, b)9||L2(Q) -
1('(T + 6) = b (T))(Te + 6:) — b"(T)Ti| 12
< O(T +6) = b(T) = 0" (T)0)| oo ) T2l L2
+ (T +6) = 0'(T))0l| 12

2
< €el|0llrza(g) 1T 21 (q) + K 1Bl o2y 19112 q)
= 0([10]] g21(g))-

Thus, since obviously Gy and G, are continuous linear operators, G is F-differentiable.
The Lipschitz-continuity of G’ under the additional assumption b € C*'(R) follows
from a straight-forward estimate. O
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In a similar way we analyze the second nonlinear operator involved:

Lemma 4.4. The operator Ny is F-differentiable with derivative
t aud ¢ aud !
N (u,v) (@, ¢) = e~ Joaudsgqp — = o a sau/ apds, (4.10)
0

which is also locally Lipschitz-continuous.

Proof. The triangle inequality yields

||N1(U +p,v+7) _Nl(uav) - Nf(U,U)(¢a¢)||L2(Q)

t
< ||e= Jo auds <e_ Jyaeds _ 1 / agods) a(u+ @) +
0 L2(Q)
) t
e Jo ““dsago/ apds
0 L*(Q)
t
t t
< |lae™ Jo auds e~ Joawds 1 / apds u+p +
o) s el
15 t
— |4 auds )
ae Jo apds|| — L .
H ooy Pl | [ ads| - 17(@)

Because of fot apds € L*(Q) and the continuous differentiability of the exponential func-

tion, we may estimate
t 2
= 0 (‘ / apds )
L>(Q) 0 L>(Q)

= O (el r oy * ¥l r.aogey)?)

t
e~ Joaeds _ 1 _ / apds
0

which finally implies the differentiability of Nj. The local Lipschitz-continuity of N can
be shown by a straight-forward estimate. O

Corollary 4.5. The operator Q s Fréchet-differentiable with partial derivatives

Qr(T,0)0 = Si(Ni(82Y(T, h)))S2(Gr (T, h))) (4.11)
(T 0)h = Si(N(82(G(T' 1)))S2(G(T, h)h)). (4.12)

Furthermore, Qp is contractive and, if b € C*Y(R), Qy is local Lipschitz-continuous.

Proof. We have shown above that the operators N; and G are differentiable, and since S;
and S, are continuous linear operators, they are differentiable, too. Thus, we obtain (4.11)
and (4.12) by straight-forward application of the chain rule.

The contractivity of Qr follows from the fact that the norm of the derivative is bounded
by the Lipschitz-constant of the operator, which is less than one due to Lemma 2.13. [
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Theorem 4.6. Let T'(b) denote the solution of the fized point equation for given h, then
the map b +— T(b) is Fréchet-differentiable with derivative

Furthermore, the map h — T'(b)h is locally Lipschitz-continuous if b € C**(R).

Proof. The regularity of I — Qr is a direct consequence of Corollary 4.5 and again Banach'’s
fixed point theorem, and the implicit functions theorem [12, Thm.15.1] implies (4.13).
Local Lipschitz-continuity of h — T"(b)h follows from the contractivity of I — Qp and the
local Lipschitz-continuity of Q. O

Corollary 4.7. The operator R is Fréchet-differentiable and R' is locally Lipschitz-con-
tinuous if b € C*'(R).

Proof. From Theorem 4.6 we know that the assertions hold for the map from b — T'(b).
Because of (2.36) and the differentiability of S, and G the same holds for (u, v), and thus
for the whole operator R. O

Combining all results about R, A; and Ay we obtain the following result about the
parameter-to-output map:

Theorem 4.8. Let n > g, then the parameter-to-output map F is Frechet-differentiable.
The derivative F' is locally Lipschitz-continous if n > %

Proof. A standard embedding result (cf. [23]) yields

B'([1,5]) = Oz, =) in>
H([o1, ) = CM (e, m)) 0> L
Hence, the assertion follows from Proposition 4.1 and Corollary 4.7 together with
F'(b)h = (A1 (R'(b)h), A5 (R(b))R'(b)h). (4.14)

O

5 Iterative Regularization of the Inverse Problem

In this section we sketch the development of numerical algorithms for the iterative regu-
larization methods, which have been stated for abstract operator equations in Section 3,
when applied to the operator F' defined by (3.4).

In any case we have to evaluate the adjoint of F’, when using Landweber-iteration,
and F' itself, when using a Newton-type method. Any of these methods uses the residual
y® — F(b}) and thus, also the nonlinear operator F has to be evaluated. From (4.3)
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we observe that we can evalute the explicitely defined operators A; and A, after having
computed R(b?). The latter is realized by solving the direct problem (1.14)-(1.21) for
b =1}, i.e., we have to solve a nonlinear initial-boundary value problem at each iteration
step.

For the evaluation of F’ we use the operator splitting introduced in (4.14). Again we
can first compute R'(b{)h and then evaluate A; and A),. In Section (4) we have shown that
the derivative R' exists and we have computed it in an abstract way. For the sake of its
numerical computation we will need a more concrete formulation, which can be derived
by linearizing the direct problem around a solution (u,v,T) of (1.14)-(1.21). A straight-
forward calculation shows that the directional derivative (¢,,0) = R'(b)h is determined
as the solution of the linear initial-boundary value problem

6, = (Db,), + Le~ Jy(aw)ds g <¢ — u/ (agb)ds) in Qx I (5.1)
¢r = (a)), + (b'(T)0): + h(T); inQxI (5.2)
Yy = (ag), in QxI (5.3)
0, = ab on 00 x I (5.4)
¢+ (¢Y,n) =0 on 90 x I (5.5)
=0 in Q x {0} (5.6)
$=0 in Q x {0} (5.7)
b =0 in Q x {0}, (5.8)

which has to be solved for given b and (u,v,T) = R(b).

We note that the evaluation of the adjoint F’(b)* involves the solution of an initial-
boundary value problem similar to (5.1)-(5.8); for further details we refer to [8], where
F'(b)* has been computed and used for the realization of the Landweber iteration.

Finally, we turn to the numerical realization of iterative regularization methods re-
stricting our attention to Newton-type methods (cf. [8] for a realization of the Landweber
iteration). A numerical algorithm does not only involve a discretization of the input b and
the output (7T,&,), but also a discretization of the initial-boundary value problems one
has to solve for the evaluation of F' and F’. Thus we start our considerations with an algo-
rithm for the solutions of the systems (1.14)-(1.21) and (5.1)-(5.8). An obvious choice for
the heat equation (1.14) is the classical Crank-Nicholson scheme, which is unconditionally
stable, i.e., the semi-discretization (in time) is given by

) . T+l 4 T3
TP =T7 + (1 — t)) <D <7+>

L)) ven-e (59)

where T7 denotes the temperature at time ¢ = ¢;. Since £/t occurs on the right-hand side

of (5.9) we aim at using an explicit time step for (1.15) and (1.16) to avoid the solution of

a coupled nonlinear system. In the simplest case, the semi-discretization in time reads
W = w4 (tj — t)(av?), + 2(b(T7) — b(T7 1) (5.10)
v = 0l 4 (1 — t) (av?),, (5.11)
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for the spatial discretization Lax’s method can be used, which imposes an acceptable
stability constraint of the form

alAz
2 )

t]'+1 — t]' < (512)
where Az denotes the spatial step size. In order to be consistent with the second-order
method in the heat equation an extension of the Lax-Wendroff scheme for hyperbolic
problems with sources (cf. e.g. [25, 29]) can be used, which is a second-order method
in time under the stability constraint (5.12). This provides an efficient method for the
numerical solution of (1.14)-(1.21) and similary for (5.1)-(5.8). The trace-type operators I'y
and 'y (as well as its derivative) can be realized in a straight-forward way by interpolation
on a time- and spatial grid

T =21 <0, <...< Ty =TR (5.13)
0=t <t1 <...<t,=t,, (5.14)

using splines of order zero or one.

The remaining part in the discretization of the inverse problem is the discretization of
the parameter b in the space H"([z1, 22]), which can be performed using splines s; of order
n on an appropriate grid z; = (1 < (3 < ... < (my = 23, .., we may write

b(z) = Z Bisi(2), (5.15)

and use the s; as the basis in the discrete subspace. For the computation of the Newton-
matrix A = F, , (b3), which is the discretization of F’(b}) this means that we have to

solve the system for each s; (i =1,...,n) and then compute the coefficients of the spline
representation of ©|r and &,. More precisely, under

Tr(t) = Zcisj.(t) (5.16)
&(z) = Zdis?(t), (5.17)

where s§ and s? are the splines centered at ¢; and z;, respectively, Ay is the n x (p + m)-
matrix with entries

(FlR;,p(bk)Sj,sU ifj<p

J

()i = { (DR (b)) Ry (be)si, s 185> p

where R, , and R, , denote the evaluation of R and R’ by numerical solution of the cor-
responding initial-boundary value problems. This means that the allocation of A; needs
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n solutions of the initial-value problem (5.1)-(5.8), which is an enormous computational
effort.

Once Ay, is known, one can easily compute the discrete adjoint of F,, using AT Let
() denote the matrix

(Q)ij = (si, 85)n- (5.18)

Then we have

(Frmp)h, (Tr, €)=

Fvln,n,p(bi)*(TF7 5*)) h>7]7

and thus we may write
Af = Fr (b)) = QAL

m7n7p

where A} denotes the adjoint taken with respect to the discretized H7-norm. Knowing Ay
and A; we can now easily perform a step of the Levenberg-Marquardt or of the iteratively
regularized Newton-method by solving a linear system of dimension n X n.

We finally note that the results of Section 4 imply local convergence of the iteratively
regularized Gauss-Newton method for initial values b°, which satisfy the source condition

bt — 8% = F'(b")*w. (5.19)
We recall that in this case all methods yield the convergence rate

e, — vl = 0 (Vo). (5.20)

if the stopping index is chosen according to (3.7) with appropriate 7.
The adjoint of the operator F(b) can be calculated as follows. First, we observe that
the solution (6, ¢, 1) of the backward problem

0, = —(D6,), + b'(T) in Qx I (5.21)
¢ = (a)), — Le™ Jy(a)ds

te .
+ L/ aufe™ o (@45 g 4 [ge~ Jo(a)dsy, in QxI (5.22)
t

b = (ad). in Q x I (5.23)

~ ~ 1
n = af + D on 90 x I (5.24)
¢ — (¢, n) = on 02 x I (5.25)
=0 in Q x {t,} (5.26)
$=0 in Q x {t.} (5.27)
b =0 in Q x {t.}, (5.28)
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for w = (w1, wy) € L2(0Q x I) x L*(Q), satisfies

D=0 = = [ [ 3t 5h @) do de

_ /Ot* /m 0z, ywy(z,t) do(z) dt
—i—/Qe Ji ()5} (- /Ot*(agb)(a:,s)ds) () dz

(F'(b)h, w) (5.29)
(h, F'(b)*w), (5.30)

where (0, ¢,1) is the solution of the linearized problem (5.1)-(5.8). Thus, to compute
F'(b)*w it remains to find a function f € H"[z, 23], such that

(W(T)e, =B r2@) = () Vb€ H'([21, 22]). (5.31)

If we assume for the moment that the cooling is strong enough such that 73 < 7j < 0 in
Q x I, we can transform the variables to z and 7" and obtain

(WD) =B ey = — / * / 32, R (T(w, )Ty, ) dz dt

T(a:O B
= // d(x, 2)h'(z) dz dx
T(z,tx)
= / / b(x, 2) dzh'(2) dz
z1 Q(z)

where
Qz)={zeQ|Jtel T(z,t)=21}.
By defining
0
g(Z) = _a Q(z ¢(I’, Z) dl’, (532)
fz) = (L3Ly) 'y, (5.33)

where L, is the linear operator that generates the norm in H"([z1, 22)], we obtain the
identity

(R(T)e, =) r2@) = (9,h>L2([zlzz})
= <f h> ([z1,22])

Thus, we have found F'(b)*w = f by this construction.
Since ¢ is the solution of a hyperbolic equation we need not expect strong regularity
of ¢ and g defined by (5.32). Nevertheless, if only g € L*([z1, 22]) holds, we obtain f €
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H?([21, 22]) and, in addition, we have to know boundary values for f up to order n — 1.
Hence, the source condition (5.19) is a condition upon the smoothness and upon boundary
values of bf — b°, which means that we have to anticipate nonsmooth parts of the solution
in order to obtain faster convergence. Furthermore, if the interval [z, 23] is chosen such
that for some z € |21, 25|

T(x,t) # z, vV (z,t) € Q x I,

we always have g(z) = 0 at this point. For the source condition (5.19), this is an additional
restriction upon b — %, i.e., either each value in [z1, 23] occurs in the experiment, or we
must know the value of bf a-priori at temperature values that do not occur. In practice,
this problem can often be avoided, since the initial temperature is uniform and the cooling
is so strong that the temperature decreases in a monotone way. Hence, we may choose z; as
the value of the initial temperature and 2; as the minimum of the final temperature at the
boundary, which is measured anyway. By monotonicity principles for parabolic equations
we can claim that all temperatures that occur will be in this range. For further details
about the computation of the adjoint, which is needed for the Landweber iteration, and
about the source condition we refer to [8].

The conditions upon the nonlinearity, needed for a convergence statement about the
algorithm in absence of (5.19) could not be verified, nevertheless the numerical results
indicate the convergence of all methods.

6 Numerical Results and Conclusions

In order to test and compare the behaviour of the different iterative methods, we have
performed numerical simulations using artificial data for 7% and £. The data have been
generated by solving the direct problem on a very fine grid and artificially perturbed with
high-frequency noise. The numerical solution of the inverse problem has been performed
on a different grid, the values of the data there have been obtained by interpolation.
Since we know the exact solution b for these data, we can compute error ||bf — ]|, e.g. in
H?([21, 22]). For Broyden’s method, we start with the Newton-matrix, for the frozen Gauss-
Newton method we perform a restart with the Newton-matrix after every 5 iterations.

The first Figure 1 shows the development of the error for fixed noise level (6§ = 2%
and 6 = 5%) during the Newton-type iterations, i.e., a plot of HbT — biH vs. the iteration
number k. These plots illustrate the behaviour of the methods with respect to convergence
speed and stability. The results confirm the general idea about the iterative regularization
of ill-posed problems: during the first iterations the error decreases, but then starts to
increase again (cf. e.g. [14]). Since the main regularizing effect comes from the choice of a
stopping index, it seems to be of advantage if several iterates are of a 'good quality’, i.e., if
several choices of the stopping index yield an approximate solution with small error. This
means that the curve arising from the plot error vs. iteration number should not be to
steep around the index with minimal error.
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Figure 1: Development of the error ||b — bf|| during the iteration (k) for fixed noise level
6 = 2% (left) and 6 = 5% (right).

Since for all methods, the first step is the same, differences between the methods arise
from the second step on. It turns out that in general, the Levenberg-Marquardt method
(LM) is faster than the iteratively regularized Gauss-Newton method (IRGN) and its frozen
version (Frozen GN), i.e., it reaches the index with minimal error in less iterations, but
as one can observe, the iteratively regularized Gauss-Newton method has better stability
properties, since it produces several iterates with ’acceptable’ error. This means that the
choice of the termination index is more critical for the Levenberg-Marquardt method. A
similar statement holds for Broyden’s method, which is in general slower, but still critical
with respect to the choice of the stopping index.

The behaviour as the noise level tends to zero is illustrated in Figures 2 and 3. The first
shows a plot of the minimal error obtained during the iteration procedure (for fixed noise

level) Hbi*(ﬁ) - bTH vs. the noise level §. Obviously, the stopping index cannot be chosen

by this criteria in practice, since the exact solution is not known in general. Nevertheless,
it turns out, that the discrepancy principle (3.7) with 7 = 1.3 yields the same stopping
index in almost all cases. This can be observed from Figure 3, which shows a plot of the
residual “F(bi*(5)) —y°
out that all Newton-type methods perform similary with respect to the minimal error that
can be achieved, while the Landweber iteration is more successfull for large noise level, but
|6 — ¢, || seems to converge slower as § tends to zero.

The efficiency of the iteration methods can be compared from Figures 4 and 5, which
show the stopping index k. (8) (according to (3.7) with 7 = 1.3) and the number of floating

‘; the resulting curves fit the line r(6) = 1.36 very well. It turns
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Figure 3: Residual at iteration of minimal error

‘F(bi*(a)) - y5H vs. noise level 6.
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Figure 4: Stopping index k. (6) vs. noise level 6.

point operations FlOps(k.(6)) needed until the iteration procedure is stopped, plotted vs.
the noise level 6. Obviously all Newton-type methods need less iterations than the Landwe-
ber iteration, but with much higher effort in each step. For the discretization we used,
the Landweber iteration is almost as efficient as the Levenberg-Marquardt method and the
iteratively regularized Gauss-Newton method. With growing number of nodes (m) in the
discretization this effect becomes stronger, since in one step of the Landweber iteration
only one adjoint initial-boundary value problem has to be solved, while the allocation of
the Newton-matrix requires m? solutions of the linearized initial-boundary value problem.

Finally, the quality of the approximations obtained using different methods is shown in
Figures 6 and 7, which confirm the above statements about the behaviour of the iterative
methods investigated.

A possible conclusion from our results, is that Newton-type methods do not perform
better than Landweber iteration in many cases. Although the number of iterations needed
is much less, the high effort in the allocation of the Newton matrix can lead to a higher
number of floating point operations. Especially for high noise level, the Landweber iteration
proves to be an efficient method, which yields better results than any other method.

Another outcome of our numerical experiments is that frozen Newton-type methods do
not perform much worse than their non-frozen equivalents for this problem; it seems that
F'(b) does not change strongly if b is close to the solution b'. Since the numerical effort
can be reduced significantly, frozen Newton-type method seem to be a good choice.
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the iteration vs. noise level 6.
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Figure 6: Exact solution (dotted) and closest iterates obtained with the iteratively regular-
ized Gauss-Newton method (solid), the Levenberg-Marquardt method (dashed, left) and
Broyden’s method (dash-dotted, right), for noise level 6 = 2%.
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Figure 7: Exact solution (dotted) and closest iterates obtained with the iteratively regu-
larized Gauss-Newton method (solid) and the Landweber iteration (dashed), for noise level
6 = 5% (left) and 6 = 2% (right) .
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