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Abstra
tThis paper is devoted to the numeri
al simulation of nonisothermal
rystallization of polymers, whi
h may be modelled as a sto
hasti
birth-and-growth pro
ess. One of the main aims is to develop eÆ-
ient algorithms for the sto
hasti
 simulation of su
h pro
ess pro
ess.We put a spe
ial emphasis on the problem of 
omputing the surfa
edensity of 
rystals, whi
h is an important fa
tor for the me
hani
alproperties of the solidi�ed material.Moreover, an averaged deterministi
 model, designed as an ap-proximation in the 
ase of many small 
rystals (whi
h is very frequentin industrial appli
ations), is presented, and the results of numeri
alsimulations are 
ompared with the 
orresponding simulations of thesto
hasti
 model.1 Introdu
tionThis paper is devoted to the numeri
al simulation of nonisothermal 
rystal-lization of polymers, whi
h is a topi
 of growing interest in material s
ien
eand 
hemistry with many relevant industrial appli
ations. A 
rystallizationpro
ess is in general the superposition of two features, namely nu
leationand growth of 
rystals. While the growth pro
ess may be 
onsidered deter-ministi
 (with normal speed G = G(x; t)), the growth rate, depending upon�MIRIAM and Dipartimento di Matemati
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the temperature �eld), nu
leation o

urs randomly in spa
e and time (thekineti
 parameters being themselves temperature dependent). We will 
on-sider a 
rystallization pro
ess in a bounded domain E � Rd (d = 1; 2; 3) andassume that nu
leation takes pla
e only in the interior of E.We will denote by �t the 
rystalline phase at time t and by �t(X0; T0)a 
rystal born at point X0 at time T0 and freely grown up to time t. In a
rystallization pro
ess with nu
leation events f (Xj; Tj) j 0 � T1 � T2 � : : : g,the 
rystalline phase at time t is given by�t = [Tj<t�t(Xj; Tj): (1.1)Note that be
ause of the sto
hasti
ity of nu
leation, the set �t is sto
hasti
and sin
e in a bounded spa
e-time region it is also 
losed and bounded, itis a random 
ompa
t set (RACS) [19℄. It turns out (
f. [2, 14℄) that on ama
ros
opi
 s
ale the quantity�(x; t) := E[I�t(x)℄ = P (fx 2 �tg); x 2 E; t 2 R+ (1.2)is suitable for the des
ription of the 
rystallization pro
ess in many 
asesrelevant in pra
ti
e. In the simple 
ase of spatially homogenous growth andnu
leation, equations for � (whi
h is then a fun
tion of time only) 
an bederived based upon the approa
hes by Avrami, Kolmogorov and Evans (
f.[1, 12, 16℄). These models yield a good des
ription of isothermal pro
essesand have been investigated frequently in bounded and unbounded domains(
f.[7, 8, 13, 14, 20℄).In many appli
ations also other 
hara
teristi
s of the �nal morphologyare of interest, in parti
ular the interfa
es between the 
rystals (see Figure1), whi
h heavily in
uen
e the me
hani
al properties of the material (
f.[15℄). Be
ause of impingement, at a 
ertain time t of the 
rystallizationpro
ess the available spa
e is randomly divided into 
ells, forming a so 
alled(in
omplete) Johnson-Mehl tessellation [10℄ (the tessellation is in
omplete attime t if some un
rystallized spa
e is still available). In the following �i(y)will denote the time at whi
h a point y 2 Rd is rea
hed by the 
rystal freelygrown (disregarding impingement) from the nu
leus ai = (Xi; Ti). If thepoint is never 
overed by the i-th 
rystal, we formally write �i(y) =1,De�nition 1.1. The 
rystal Ci(t) of the (in
omplete) tessellation, generatedby the nu
leus ai = (Xi; Ti), at the time of observation t is the non-emptyset Ci(t) = fy 2 Rdj�i(y) � t and �i(y) � �j(y) 8j 6= ig:2



Figure 1: The Johnson-Mehl tessellation generated in a polymer 
rystalliza-tion pro
ess in experiment (left) and numeri
al simulation (right).We will denote by Ce(t) the un
rystallized region at time t, i.e.Ce(t) : = fy 2 Rdj�i(y) > t; 8i 2 Ng:In order ro des
ribe rigorously the 
on
ept of \interfa
es" between 
rystals,we introdu
e the de�nition of n-fa
ets (
f. also [10, 21℄):De�nition 1.2. An n-fa
et (0 � n � d) is the non-empty interse
tion be-tween m + 1 
rystals or between m 
rystals and the un
rystallized region,i.e. Fn(t; ak0 ; : : : ; akm) = Ck0(t) \ Ck1(t) \ � � � \ Ckm(t);with m = d� n and k0; : : : ; km 2 N [ feg.Note that in the previous de�nitions d denotes the dimension of the spa
ein whi
h the tessellation takes pla
e, n denotes the dimension of the interfa
eunder 
onsideration, and m + 1 denotes the number of 
rystals involved inthe formation of su
h an interfa
e, if we 
onsider the un
rystallized regionas a parti
ular 
rystal itself. E.g., in the 
ase d = 2, a 2-fa
et is a 
rystal, a1-fa
et is the boundary of a 
rystal and a 0-fa
et is a vertex of a 
rystal (seeFigure 2). 3



Figure 2: Examples of an in
omplete Johnson-Mehl tessellation and n-fa
etsin two spatial dimensions.For a Borel set B one 
an de�ne the mean 
ontent of n-fa
ets at time tin B as�d;n(t; B) = 1(m+ 1)!E 24 6=Xak0 ;:::;akm �n(B \ Fn(t; ak0; : : : ; akm))35 ; (1.3)where �n is the n-dimensional Hausdor� measure and the symbol 6= denotesthat the nu
lei ak0 ; : : : ; akm must be distin
t. If the measure �d;n(t; �) isabsolutely 
ontinuous with respe
t to the d-dimensional Lebesgue measure�d (for suÆ
ient 
onditions see [9℄), then there exists a density (i.e. theRadon-Nikodym derivative of �d;n with respe
t to �d) 
d;n(t; x) su
h that forall Borel sets B in Rd �d;n(t; B) = ZB 
d;n(t; x)dx: (1.4)De�nition 1.3. The fun
tion 
d;n(t; x) de�ned by (1.4) is 
alled lo
al meandensity of n-fa
ets of the (in
omplete) tessellation at time t .If the birth-and-growth pro
ess that generates the tessellation is spatiallyhomogeneous (whi
h means in our 
ase that the temperature �eld is 
onstant4



in spa
e), the density 
d;n(t; x) does not depend on the spatial lo
ation x (
f.[21℄ for a detailed dis
ussion of this 
ase).In the following we dis
uss problems related to the numeri
al simulationof a sto
hasti
 model for heterogeneous growth in presen
e of a spatiallyvarying temperature �eld and the 
omparison with a deterministi
 modelobtained under the assumption that nu
leation is mu
h faster than growth,so that averaging is possible based on a multiple s
ale idea. Both models havebeen introdu
ed and des
ribed in detail by the authors (
f. [2, 4, 5℄), we willgive a short exposition in Se
tion 2. The problem of simulation is dis
ussedin
luding various aspe
ts in Se
tions 3 and 4. In the latter we will put spe
ialemphasis on the problem of 
omputing the density of interfa
es of 
rystals(
d;d�1, for d = 1 and d = 2). We will �nally 
on
lude and dis
uss someopen problems related with the numeri
al simulation and optimal 
ontrol ofnonisothermal 
rystallization in Se
tion 6.2 Mathemati
al ModellingIn the following we will review the development of mathemati
al models fornonisothermal 
rystallization in a sto
hasti
 as well as in a deterministi
setup. The sto
hasti
ity of the 
rystallization pro
ess is 
aused by the ran-domness of the nu
leation events, the standard model for nu
leation is anheterogeneous Poisson-pro
ess in spa
e and time (with rate � = �(x; t), 
f.e.g. [2, 4℄). In an experimental situation, where heterogeneities are 
ausedonly by the heat transfer in the material, the nu
leation rate 
an be modelledas a temperature-dependent material fun
tion (
f. [2, 14℄) of the form�(x; t) = ��t eN(T (x; t)) + _N(T (x; t)): (2.1)This assumption is due to experimental observations whi
h show thatnu
leation events are mainly 
aused by 
ooling (athermal nu
leation), but inmany materials still some rare nu
leations may be observed when the 
oolingis stopped (i.e. when �T�t = 0) at a temperature between the melting and theglass transition point. Sin
e the term _N , responsible of nu
leation without
ooling (thermal nu
leation) is mu
h smaller than the term eN in general, werestri
t our attention to the 
ase _N = 0 in the following, but we note that allmodels and methods may be adapted easily to the more general 
ase (2.1).5



Crystal growth 
an be modelled as a deterministi
 pro
ess; the evolutionof the indi
ator fun
tion f j of the 
rystal �j is determined by the nonlinearinitial-value problem�f j�t +Gjrf jj = 0 in Rd � (Tj;1) (2.2)�f j�t = Æ(:�Xj) in Rd � fTjg; (2.3)where Xj and Tj are lo
ation and time of the birth of the 
rystal (
f. [4, 26℄)and G denotes the normal speed of growth (the growth rate). An experi-mentally veri�ed model for the growth rate is pure temperature-dependen
e,i.e., G(x; t) = eG(T (x; t)): (2.4)The experimental results for eG in the 
ase of isota
ti
 Polypropylene areshown in Figure 4. The indi
ator fun
tion f = I�t is determined by theindi
ator fun
tions f j viaf(x; t) = 1� YTj�t(1� f j(x; t)): (2.5)The above 
onsiderations allow to 
ompute a realization of the sto
hasti

rystallization pro
ess if the temperature �eld is known. The temperature Tis determined by the standard heat equation together with a sour
e arisingfrom the latent heat, whi
h is released in the moment of phase 
hange and
auses and immediate raise of temperature, more pre
isely(�
T )t = r:(�rT ) + (hI�t)t in E �R+ (2.6)T = T 1 on �E �R+ (2.7)T = T 0 in E � f0g; (2.8)where equation (2.6) has to be understood in a weak sense. Here � denotesthe density, 
 the heat 
apa
ity, � the heat 
ondu
tivity, and h the latentheat.This heat transfer model is a random di�erential equation, sin
e all pa-rameters depend upon the random variable I�t. A dire
t 
onsequen
e isthe sto
hasti
ity of the temperature, whose evolution also depends upon the
hange of the 
rystalline phase. The 
omplete sto
hasti
 model of the 
rys-tallization pro
ess is given by the random di�erential equations (2.2)-(2.8)together with the Poisson pro
ess f(Xj; Tj)g.6



In many industrial appli
ations 
ooling is strong, whi
h implies togetherwith the s
ale of eN (varying from around 106 m�1 in R1 up to around 1016m�3 in R3) that the number of nu
lei is very large. Vi
eversa, the growthrate is quite small (below 10�5 ms�1) and 
onsequently we may expe
t manysmall 
rystals. The typi
al s
ale of the heat transfer problem is given byxT =r�0t0�0
0 (2.9)where t0 is the length of the 
onsidered time interval, �0, �0 and 
0 are typi
als
ales for �, � and 
. The typi
al s
ale for the growth of a nu
leus is givenby xG = G0t0; (2.10)where G0 is a typi
al value for the growth rate G. In pra
ti
al appli
ations itturns out that xT � xG, whi
h is due to the fa
t that 
rystal growth is veryslow, whereas heat 
ondu
tion is rather fast. This means that there existtwo signi�
ant s
ales for the stystem, i.e.� A mi
ros
ale (of size xG) for growth.� A ma
ros
ale (of size xT ) for heat 
ondu
tion.The s
ale of real interest in polymer pro
essing is a mesos
ale between xTand xG, whi
h is suÆ
iently small with respe
t to the mesos
ale so thattemperature may be 
onsidered approximately 
onstant at that s
ale, butlarge enough with respe
t to the mi
ros
ale so that it 
ontains a large numberof 
rystals. On su
h a mesos
ale the des
ription by an averaged deterministi
model (
f. [2, 4, 5℄) is possible, des
ribing the evolution of �, u, v and T ,whi
h represent averaged quantities for the 
rystallinity fun
tion, the freesurfa
e densities of the 
rystals and the temperature. The resulting system
onsists of deterministi
 partial di�erential equations given by���t = eG(T )(1� �)u (2.11)�u�t = r:( eG(T )v) + Fd[ eG; eN; T ℄ (2.12)�v�t = r( eG(T )u) (2.13)�T�t = 1�
r:(krT ) + h
 ���t ; (2.14)7



in 
� (0; t�), supplemented by the boundary 
onditionsu+ vTn = 0; (2.15)�T�n = �(T � T 1); (2.16)on �
 � (0; t�) and initial values given by� = 0 (2.17)u = 0 (2.18)v = 0 (2.19)T = T 0 (2.20)in 
�f0g, usually with T 0(x) � Tm (melting temperature) for all x 2 
. Thesour
e term Fd is a nonlinear operator dependent upon the spatial dimension;it is just the expe
ted value of the rate of surfa
e produ
tion by the 
rystals,more pre
isely (if eN(T 0) = 0, 
f. [4, 5℄)F1[ eG; eN; T ℄(x; t) := 2 ��t eN(T (x; t)) (2.21)F2[ eG; eN; T ℄(x; t) := 2� eG(T (x; t)) eN(T (x; t)) (2.22)F3[ eG; eN; T ℄(x; t) := 8� eG(T (x; t)) tZ0 eG(T (x; s)) eN(T (x; s))ds: (2.23)3 Numeri
al Methods for the AveragedModelAn algorithm for the numeri
al approximation of the averaged model (2.11)-(2.20) has been proposed by the authors (
f. [5℄) and analyzed with respe
tto 
onvergen
e (
f. [6℄). The basi
 idea of this algorithm is to performan expli
it time step in the hyperboli
 part of the system together with animpli
it step in the heat equation, whi
h yields a de
oupling and partiallinearization in ea
h time step. In semidis
rete form, this strategy for thehyperboli
 part reads�j+1 = �j + � j(1� �j) eG(T j)uj (3.1)uj+1 = vj + � j�r( eG(T j)vj) + Fd[ eG;Nt; T j℄� (3.2)vj+1 = wj + � j�r( eG(T j)uj)�: (3.3)8



By the index j we denote the fun
tion at time tj and � j = tj+1 � tj is thej-th time step. For the full dis
retization any appropriate method like Lax'smethod (
f. [22℄) or the Lax-Wendro� method for problems with sour
eterms (
f. [18, 22, 28℄) 
an be used. The stability bound for these methodsis given by the Courant-Friedri
hs-Levy 
ondition (
f. [17, 22℄), i.e.,2(maxG)� � �x: (3.4)Be
ause of the small size of G, this bound is not very restri
tive and stillallows a good performan
e of the algorithm.For the numeri
al approximation of the paraboli
 part one 
an then usestandard dis
retization methods like the Crank-Ni
holson s
heme, sin
e thesour
e in
luding � is known at time t = tj+1. Hen
e, we 
an solve the modelequations eÆ
iently by the following algorithm:Algorithm 3.1 (Numeri
al Solution of the Averaged Model). Set theinitial values �0 = u0 = v0 = 0.for j = 0 to n� 1 do1. Compute Fd[ eG; eN; T j℄.2. Compute uj+1 and vj+1 by an expli
it step for (2.12), (2.13),(2.15).3. Compute �j+1 by an impli
it (with respe
t to u) or expli
it stepin (2.11).4. Solve the heat equation (2.14), (2.16) in [tj; tj+1) using �j+1 and�j for the right-hand side to obtain T j+1.end4 Simulation of the Sto
hasti
 ModelNow we turn our attention to the (eÆ
ient) simulation of the sto
hasti
 model(i.e. (2.6)-(2.7), 
oupled with the sto
hasti
 evolution of the term I�t), whi
h
onsists of three main parts:� Nu
leation, whi
h is the part with intrinsi
 sto
hasti
ity.� Growth of the 
rystals nu
leated at random lo
ations.9



� Heat Condu
tion, whi
h is in
uen
ed by the 
rystalline phase.We will put a spe
ial emphasis on the 
omputation of the boundary den-sities of the 
rystals Æd;d�1, whi
h will be denoted shortly by SV below (thesymbol SV in pla
e of Æd;d�1 is 
ommonly used by some authors [27℄ to denotethe surfa
e density per unit volume of a random set). The mean boundarydensity 
orrespond to the mean number of verti
es of 
rystals per unit length,when d = 1, and to the mean length of boundary segments of 
rystals perunit area, when d = 2.4.1 Nu
leationSin
e the nu
leation rate �(x; t) depends on spa
e and time, the birth ofnew 
rystals may be represented by an inhomogeneous spa
e-time Poissonpro
ess (see e.g. [11, 24℄) having sto
hasti
 intensity � (a
tually �(1� I�t),sin
e 
rystals already 
overed at the time of their birth are not of interest).A standard algorithm for the simulation of su
h pro
esses is the thinningor random sampling method (see [23, p.77℄). This method 
onsists in simu-lating an homogeneous Poisson pro
ess with 
onstant intensity �̂, satisfying�(x; t) � �̂; 8x 2 R; t 2 R+:In a subsequent thinning step a uniformly distributed random variable Ri 2[0; 1℄ is evaluated for ea
h generated point f(xi; ti)g, whi
h is then retainedif Ri > �(xi; ti)=�̂. For our problem it turns out this algorithm enfor
esa very high 
omputational e�ort, sin
e the number of generated points ismu
h larger than the number of points that are �nally kept. Therefore, weuse a di�erent approa
h, taking into a

ount the spatial dis
retization of thedomain E. Suppose we have a de
ompositionE = m[i=1Ei; (4.1)0 = t0 < t1 < : : : < tn = tfinal (4.2)with diam Ei and jtj � tj�1j suÆ
iently small su
h that the intensity of thepro
ess 
an be well approximated by a 
onstant in ea
h spa
e-time 
ylinderEi� (tj; tj�1). Then we 
an simulate the births in the time interval (tj; tj+1)via the following algorithm 10



Algorithm 4.1 (Generation of births in the time interval (tj; tj+1) ).for i = 1 to m do1. Compute �ij : = R tj+1tj REi �(x; t)dxdt.2. Generate a random number Pi, Poisson distributed with intensity �ij.This number represents the number of 'virtual' births in the i�th spa
e
ell of the dis
retization.3. generate Pi independent random numbers U1; : : : ; UPi having uniformdistribution in the 
ell Ei. These numbers represent the lo
ations ofthe new 'virtual' nu
lei in the 
ell Ei.4. 
he
k if the new 'virtual' nu
lei are already 
overed by the 
rystallinephase: if yes delete them, otherwise add them to the set of nu
lei.endNote that if we are not interested in the evolution of the interfa
es betweentwo 
rystals, but only in the evolution of the 
rystallinity, we may disregardthe e�e
ts of impingement and do not need to perform Step 4 in the previousalgorithm. Indeed, a new 'virtual' 
rystal that is inside another one will nevergrow out of it [11, 24℄. Hen
e, the indi
ator fun
tion I�t does not 
hangebe
ause of the presen
e of the new 'virtual nu
lei inside the 
rystalline phase.4.2 GrowthTogether with the nu
leation, we have to simulate the growth of the 
rystalsand their intera
tion with heat transfer.In spatial dimension one, a 
rystal �k nu
leated at (Xk; Tk) is an interval[
k; dk℄, the evolution of the boundary is determined byddt
k(t) = �G(
k(t); t); ddtdk(t) = G(dk(t); t); (4.3)with inital values 
k(Tk) = dk(Tk) = Xk. Hen
e, an obvious way to 
omputethe growth of a single 
rystal is to apply a numeri
al s
heme to the nonlinearordinary di�erential equations (4.3). Sin
e the time steps and the in
rementsin G are usually very small in realisti
 simulations, even an expli
it methodyields reasonable results. Hen
e, if impingement is disregarded and we areinterested only in the evolution of I�t, the growth 
an be 
omputed a

ordingto the following algorithm: 11



Algorithm 4.2 (Growth of m one-dimensional 
rystals in the timeinterval (tj; tj+1) without impingement).for k = 1 to m do1. If Tk 2 (tj; tj+1) set 
k = dk = Xk and s = Tk. Else, set s = tj if Tk < tjand s = tj+1 if Tk > tj+1.2. Compute (or approximate) the growth rate at the boundary points ofthe k�th 
rystal [
k; dk℄:G1 = G(T (
k; s)); G2 = G(T (dk; s))3. Update the boundary points by
k = 
k �G1(tj+1 � s); dk = dk +G2(tj+1 � s):endOf 
ourse, also more advan
ed s
hemes for the numeri
al integration of(4.3) 
an be used in Algorithm 4.2, and the algorithm 
an in prin
iple alsobe 
arried over to higher dimensions, where systems of ordinary di�erentialequations 
an be derived for the evolution of ea
h point on the boundary andthe a

ording outer normal (
f. [4, 6℄), but then an additional dis
retizationof the boundary of a 
rystal has to be performed (
f. [6℄).If we are interested also in the e�e
ts of impingement, e.g. monitoring theevolution of the interfa
e densities, Algorithm (4.2) has several disadvantages.Obviously, in one spatial dimension, one 
an 
he
k if two 
rystals �j and �kinterse
t by simply 
omparing 
k with dj and dk with 
j, but if we want to�nd all interfa
es this method is 
omputationally expensive. Therefore italso seems ne
essary to derive a faster numeri
al method for the simulationof growth, whi
h allows to tra
e the interfa
es eÆ
iently also in higher spatialdimensions.The 
lue for su
h a method seems to be a 
hange from the Lagrangianperspe
tive indu
ed by 4.3 to an Eulerian approa
h, i.e., we �x lo
ations inspa
e and wat
h the 
rystals arriving. We use this Eulerian viewpoint for a'pixel 
olouring' te
hnique, i.e., we assign a number (respe
tively a 
olour)to ea
h 
rystal and then assign this number (
olour) to the spatial lo
ations(pixels) 
overed by the 
rystal. More pre
isely, we �x a spatial grid (usually�ner than the grid on whi
h the temperature is assigned, be
ause of the12



larger s
ale of heat 
ondi
tion with respe
t to growth) in the domain E andat every time step we 
he
k for ea
h grid point if it is inside a 
rystal (whi
his the 
ase if there exist a grid point of radial distan
e less than G�t); if yeswe assign the number of the 
rystal to this point (respe
tively 
olour it). Anadditional speed-up 
an be a
hieved by marking those grid points, whi
h areat the boundary of a 
rystal and 
omputing the growth only there (all thepoints in the interior of a 
rystal do not provide additional information).If we have Kj marked pixels at time tj (i.e. the ones whi
h are 
olouredand at the boundary of a 
rystal), then we simulate the growth in a timestep (tj; tj+1) in the following wayAlgorithm 4.3 (Growth in a time interval (tj; tj+1) with impinge-ment).for k = 1 to Kj do1. Compute the growth rate at the pixel pk: Gk = G(T (pk; tj))2. Compute the radius asso
iated with the pixel pk: �rk = Gk(tj+1 � tj)3. For every pixel p in
luded in a disk 
entered at pk having radius �rkdo� if p is not in the 
rystalline phase (un
oloured), assign tp p thesame number of pk (
olouring), mark p and 
ompute the approx-imate time at whi
h it is 
aptured by pk: �k = jjp�pkjjGk .� if p is already inside a 
rystal (i.e. it has been 
aptured at atime �) and marked 
ompute the time at whi
h is 
aptured by pk:�k = jjp�pkjjGk . If �k < � , assign to p the number (
olour) of pk .4. Unmark pixel pk.endWe note that Step 3 ensures that every pixel assumes the 
olour of the�rst 
rystal by whi
h is rea
hed, independently from the order of examinationof the marked pixels and of the 
hosen time step. The a

ura
y of the algo-rithm in
reases when the step size in time and the spatial grid size de
rease;obviously they 
annot be 
hosen independently, sin
e one should ensure that13



a 
rystal 
an really rea
h neighbouring grid points in one time step, i.e., if his the typi
al grid size and �t the time step we need at leasth < G0�t;where G0 is a typi
al value of the growth rate.4.3 An Algorithm for the Complete ModelFor the temperature we have to solve an equation of the formTt = div (DrT ) + L ��tI�t: (4.4)The dis
retization 
an be performed in a similar way to the solution of theaveraged model, i.e., by an expli
it step for the sto
hasti
 part and an im-pli
it step for the heat equation (4.4) afterwards. The sour
e term 
an beapproximated by��tI�t(tj) = �f�t (tj) � 1tj � tj�1 [f(tj)� f(tj�1)℄; (4.5)the dis
retized sour
e does not 
ause problems neither in a �nite element nor�nite di�eren
e method. Be
ause of the larger s
ale of heat 
ondu
tion, wepropose to use a 
oarser grid for the heat equation than for the 
omputationof growth. In this 
ase, sin
e the time step is small anyway, also the expli
itEuler method is suitable for this purpose.With the above approximations we 
an simulate the 
omplete pro
ess asfollowsAlgorithm 4.4 (Sto
hasti
 simulation of nonisothermal 
rystalliza-tion). Start with the initial temperature T 0 and set �0 = ;.j = 0: solve the dis
retized version of equation (4.4) with the approximation(4.5) of the sour
e term and f 0(x) = f 1(x) = 0; 8x 2 R to obtain T 1.for j = 1 to n� 1 do1. Approximate the nu
leation rate in [tj; tj+1) by� � eN(T j)� eN(T j�1)tj � tj�1 :14



2. Simulate the nu
leation in E� [tj; tj+1) a

ording to Algorithm 4.1 andadd the new generated nu
lei to �tj+1 .3. Let the (old and new) 
rystals grow until time tj+1 and update �tj+1 .4. Compute the indi
ator fun
tion f j+1(x) = I�tj+1 (x).5. Solve the dis
retized heat equation to obtain T j+1.end4.4 Computation of the surfa
e densityThe surfa
e density of the �nal tessellation 
an be 
omputed in a prepro
ess-ing step. In the one-dimensional 
ase, the surfa
e density 
an be 
omputedeasily from the result of Algorithm 4.3 by 
ounting the number of times thatthere is a 
olour 
hange in the pixels, moving in the interval E from its leftto the right boundary point.In two (or three) spatial dimensions, Algorithm 4.3 provides at every timestep a 2D (or 3D) matrix, in whi
h di�erent integer numbers (representing the
olours) 
orrespond to di�erent 
rystals, usually the empty spa
e 
orrespondsto the number 0. This ve
tor may be easily used to 
ompute the lo
al surfa
edensity of 
rystals SV (x) (i.e. the mean length of sides of 
rystals per unitarea) in a way similar to the one suggested in [25, Chapter VI℄ for digitalimages. For the sake of simpli
ity, we restri
t our exposition to a square gridof pixels on a re
tangular domain in R2, so that every pixel is a small squareof size a. A pixel is on the boundary of a 
rystal only if its 
on�guration isone of the types presented in Figure 3.If a 
oloured pixel is in a situation of type 1, that is it has 3 neighboursof its same 
olour, then it belongs to a side of the 
rystal, and 
ontributes tothe perimeter by a; if the pixel is of type 2, then it belongs to a 
orner or anisthmus and 
ontributes to the perimeter by 2a; in the same way pixels oftype 3 and 4 add 3a and 4a, respe
tively, to the perimeter. Hen
e, for every
rystal Ci(t), the quantityN (j) = number of pixels in the 
rystal Ci(t) of type j; j = 1; 2; 3; 4
an be 
omputed and 
onsequently an estimator of the perimeter Pi of the
rystal is obtained asbPi = aN (1) + 2aN (2) + 3aN (3) + 4aN (4):15



Figure 3: A pixel and its 4 neighbours. If the 
entral pixel is 
oloured, it ison a boundary of a 
rystal only if not all its neighbours have its same 
olour.Then the situations reported in the pi
ture may o

ur
16



Thus, at a �xed time t of observation, the sto
hasti
 length of interfa
es ina spatial region A may be estimated bybS(A) = 12(aNA(1) + 2aNA(2) + 3aNA(3) + 4aNA(4))NA(j) denoting the number of pixels of type j (j = 1; 2; 3; 4) in the regionA; the 1=2 fa
tor is due to the fa
t that every boundary is 
ounted twi
e.The lo
al sto
hasti
 surfa
e density eSV (x) at time t, i.e. the density of (seeformula 1.3) e�2;1(t; �) = 12 6=Xak0 ;ak1 �1(� \ F1(t; ak0 ; ak1));may then be approximated byeSV (x) � bSV (x) = bS(Ax)�2(Ax)where Ax is a region 
entered at x and suÆ
iently small to 
onsider eSV
onstant in Ax, and �2(Ax) is the area of Ax. In order to obtain the meansurfa
e density SV (x) = E(eSV (x)), i.e. the density of 1-fa
ets �2;1, manysto
hasti
 simulations under the same 
onditions should be performed, whi
hyields a sample bS1V (x); : : : ; bSnV (x); SV (x) 
en now be approximated by theempiri
al mean SV (x) � SV (x) = 1n nXi=1 SiV (x):5 Numeri
al ResultsFor numeri
al experiments we used data from isota
ti
 Polypropylene (i-PP),Referring to the notations of equation (2.6), the quantities h; �; 
; k have beenassumed to be 
onstant and equal in the amorphous and in the 
rystallinephase, sin
e their variability for i-PP is relatively small. Thus, equations(2.6)-(2.7) may be rewritten asTt = D�T + L(I�t)t in E �R+ (5.1)T = Tout; on �E �R+; (5.2)17
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Figure 4: Growth rate ~G(T ) (left) and nu
leation rate ~N(T ) (right) as afun
tion of temperature Twith D = 0:5 m2=se
 and L = 50oC, whi
h 
orrespond to mean values ofexperimental data.For the nu
leation and growth rate we used 
urves �tted to experimentaldata from [24℄ of the formeG(T ) = 10y(T ); eN(T ) = 10z(T )where y is a pie
ewise quadrati
 and z is a pie
ewise linear spline (see Figure4). All algorithms have been implemented with the S
ienti�
 Computing ToolMATLAB, whi
h was also used for the image analysis and visualization ofresults.5.1 Numeri
al Results in R1The results of a one-dimensional sto
hasti
 simulation are shown in Figure5. The simulation has been performed starting from a uniform temperatureof 130ÆC in the whole domain E = (0; 1) at time t = 0 and suddenly 
oolingthe boundary points to 80ÆC. The result 
learly shows the strong e�e
ts ontemperature due to the release of latent heat and due to the small di�usion
oeÆ
ient. The peaks in the temperature pro�le are 
aused by new nu
le-ations; they are smoothed in time be
ause of di�usion. If the temperature iskept only slightly below the melting point, the in
rease of temperature due18



to the phase 
hange may even stop the growth of nu
leated 
rystals. Thisis evident if we take into a

ount impingement in the simulation, obtainingthus results as shown in Figures 6 and 7. In Figure 7 the 
ones of in
uen
eof 
rystals are plotted, i.e., the spa
e-time region o

upied by ea
h grow-ing 
rystal. It 
an be seen that already before two 
rystals hit ea
h other,their growth is almost stopped for a 
ertain time be
ause of the in
rease oftemperature and the 
onsequent de
rease of the growth rate.A 
omparison of the results obtained from the sto
hasti
 model (2.6) andfrom the deterministi
 system (2.11)-(2.14), is shown in Figure 8. To 
omparethe two models, 100 sto
hasti
 simulations, independent but with the sameparameters, have been performed. The 
rystallinity at time t has then been
omputed by averaging, both in spa
e and time, of the indi
ator fun
tionI�t 
omputed in ea
h sto
hasti
 simulation. The result is 
ompared withthe 
orrespondent 
rystallinity obtained by the deterministi
 model (left);the same averaging pro
edure is applied to the temperature �eld, too. Theplot of the deterministi
 (solid) and averaged sto
hasti
 quantities (dashed),shows good agreement in general, in parti
ular for the degree of 
rystallinity.The results for temperature shows that the deterministi
 model seems torea
t more slowly to 
hanges in the sour
e term.We imposed a ratio between the nu
leation rate � and the growth rate~G of the order of 103 (in many pra
ti
al examples it is mu
h larger). It
an be seen from the pi
tures that already with this relatively small ratiobetween the two quantities the numeri
al results are quite similar. Due tothe averaging arguments based on the law of large numbers we expe
t animprovement for in
reasing nu
leation rate, but so far we were not able torealize su
h a 
ase in reasonable 
omputational time.5.2 Numeri
al Results in R2A two-dimensional numeri
al experiment was performed on a re
tangle, withthe same data for the parameters as in the one-dimensional 
ase. We 
ooledthe sample starting from a uniform temperature of 120ÆC and then 
oolingthe boundary with 
onstant speed �T�t j�E = 0:5ÆCs�1. The results are shownin Figure 9, the behaviour is similar to the one-dimensional example; most
rystals nu
leate 
lose to the boundary, while the temperature in the interioris too high for signi�
ant nu
leationFigure 10 shows the result of an edge dete
tion with a MATLAB imageanalysis tool, applied to the results of the simulation, whi
h was able to iden-19
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Figure 5: Evolution of the indi
ator I�t (left) and of the temperature �eld(right) in a 1D sto
hasti
 simulation with growth 
omputed disregardingimpingement. 20



Figure 6: Result of a 1D sto
hasti
 simulation with growth 
omputed withthe \pixel 
olouring" te
hnique. The bla
k zones are empty.tify the 
rystal boundaries without diÆ
ulties. The generated morphology istypi
al for an experiment with boundary 
ooling, where there are many �negrains 
lose to the boundary and few larger ones inside. In Figure 11 theestimated sto
hasti
 surfa
e density bSV , 
omputed at time 9s, is plotted. Itsmean SV (x) 
omputed on 50 simulations is plotted in Figure 12.6 Con
lusions and Open ProblemsAbove we have shown how nonisothermal 
rystallization 
an be simulatedeither by a sto
hasti
 or a deterministi
 approa
h. While the deterministi
model is based on an approximation that works only under 
ertain 
ondi-tions (many small 
rystals), the sto
hasti
 simulation is expe
ted to yieldreasonable results in any 
ase. Although the numeri
al e�ort 
ould be re-du
ed signi�
antly by Algorithm 4.3 with respe
t to the �rst approa
h, it isstill very expensive too perform numeri
al experiments, in parti
ular in R3.The improvement of the methods used for 
omputing as well as a rigorousmathemati
al analysis are open problems for future work.We note that real 
hemi
al experiments of the same kind 
ould be per-formed in a lab, by using thin sli
es of polymeri
 material, and 
ooling themvia a thermostat to 
ontrol the temperature in the whole sli
e. The dis-advantage of this te
hnique is that interfa
es are often not 
learly visiblefrom mi
ros
ope images of the 
rystallized material, in parti
ular when thenumber of generated 
rystals is very large. Instead it is rather simple to dis-tinguish and measure the length of the interfa
es generated by the simulator,by using some edge dete
tor or image analizer. In pra
ti
al appli
ations, theapproximation by the simulator are mu
h smaller than the information that21
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Figure 8: Evolution of the 
rystallinity (on the left) and of the mean tem-perature (on the right) in the sto
hasti
 and the deterministi
 models. Thesolid lines are the solutions of the deterministi
 model, the dashed lines arethe means of the sto
hasti
 simulations.23



TIME=5 sec

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1
110

120

130

140

150

160

170

180

x

TIME=5 sec

y
T

e
m

p
e

ra
tu

re

TIME=7 sec

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1
110

120

130

140

150

160

170

180

190

x

TIME=7 sec

y

T
e

m
p

e
ra

tu
re

TIME=9 sec

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1
110

120

130

140

150

160

170

180

190

x

TIME=9 sec

y

T
e

m
p

e
ra

tu
re

Figure 9: Evolution of the 
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Figure 10: Edge dete
tion in the last image of Figure 9 (using a MATLABedge dete
tion tool)
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Figure 11: estimate of the sto
hasti
 surfa
e density bSV , 
omputed at timet = 9se
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Figure 12: estimated mean surfa
e density SV (x), 
omputed at time t = 6se
averaging ŜV (x) over 50 simulations
an be extra
ted from a pi
ture of a real 
rystallized sample. Hen
e, thisis a typi
al example in whi
h simulated data may e�e
tively substitute theexperimental ones.Another problem related to the simulation of nonisothermal 
rystalliza-tion is the optimal 
ontrol of the pro
ess. In order to obtain good me
han-i
al properties of the solidi�ed material, a uniform grain size distributionis desired. As we have seen in our numeri
al experiments, a simple 
oolingstrategy will not yield this result. Therefore, one wants to �nd a temperatureT 1 = T 1(x; t) in the boundary 
ondition�T�n = �(T � T 1) (6.1)su
h that the densities of the interfa
es or the 
rystal sizes are as mu
huniform as possible.A
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