
Modelling of Polymer Crystallizationin Temperature FieldsMartin Burger� Vincenzo Capasso� Gerhard Eder�� Industrial Mathematics Institute, Johannes Kepler Universit�at Linz, Altenbergerstr.69, 4040 Linz, Austria.� MIRIAM, Dipartimento di Matematica, Universit�a di Milano, Via Saldini 50, 20133Milano, Italy. On leave at Industrial Mathematics Institute, Johannes Kepler Universit�atLinz.� Institute of Chemistry, Johannes Kepler Universit�at Linz, Altenbergerstr. 69, 4040Linz, Austria. AbstractThis paper is devoted to the mathematical modelling of polymer crystallizationprocesses in a bounded region under heat transfer conditions, i.e. in time-dependenttemperature �elds. A stochastic model in a general setup is developed based onthe theory of marked point processes, and a hybrid model on a macroscopic scale isderived using expected values.The stochastic modelling part is supplemented by a detailed discussion of therelevant parameters and their dependence upon temperature. In the special case ofone-dimensional crystallization a system of partial di�erential equations describingthe evolution of temperature and of the degree of crystallinity is derived.1 IntroductionCrystallization processes generally can be viewed as a superposition of at least two pro-cesses, a nucleation process describing the time and location of spots in the material wherecrystals start to grow, and a growth process of the nucleated crystals. Sometimes also athird process due to the improvement of the crystalline structure of the crystals, calledsecondary crystallization, is of importance.With most polymers when crystallizing from the quiescent melt, the growth mechanismof the crystallites can be viewed as a deterministic process leading to so-called spheruliteswhose radial growth rates are independent of their individual radii, but usually quitestrongly dependent upon the (local) temperature. In the special case of spatially homoge-nous growth, which is the case when temperature variations within the material can be1



ignored, one gets ball shaped crystals centered in the point of nucleation. The radius ofsuch a spherulite at time of observation t reads, if nucleation occurred at time s � t:r(t; s) = tZs G(� )d� (1.1)with G(t) being the time-dependent radial growth rate. The corresponding volume is givenby v(t; s) = 4�3 r(t; s)3: (1.2)Nucleation processes are much more di�cult to observe directly with experiments.Morphologies of fully crystallized samples after spatially homogeneous cooling show thatthe assumption of Poissonian distribution is often valid. Under this condition the followingkinetic equation for the degree of conversion � has been derived by Kolmogorov [16]:�(t) = 1 � e� tR0 �(s)v(t;s)ds; (1.3)with �(t) the time-dependent nucleation rate describing the appearance of nuclei per unitof volume and time in the melt starting from time t = 0.If the additional assumption is made, that G is a function of the (changing) temperature,which usually is the case in polymer melts, i.e.G(t) = eG(T (t)); (1.4)the time dependence of G is uniquely connected to the time dependence of T . As it iswell-known, the growth speed as a function of temperature is a bell-shaped curve showinga maximum somewhere between the equilibrium melting point and the glass-transitiontemperature, reaching zero at both ends (cf.[24]).If temperature gradients are not negligible, one gets non-homogeneous nucleation andnon-homogeneous growth. Possible relations between the nucleation rate �eld �(x; t) andthe temperature �eld T (x; t) will be discussed in Chapter 2. For the growth process thesituation becomes more complicated, since the local growth rate as given by the followingadaptation of equation (1:4) G(x; t) = eG(T (x; t)) (1.5)in general leads to non-spherical shapes of crystallites. In a �rst-order theory with respectto temperature gradients it has been shown that one gets spherical crystallites again,whose centers, however, do not coincide with the points of nucleation and whose radii growfaster when compared with crystallites whose neighbourhood follows the same temperaturehistory as that of the point of nucleation (cf.[11, 12, 21]).2



In practice, crystallization processes occur almost always under non-isothermal condi-tions. That means that in a mathematical description the equation of heat conduction(including a heat source term due to the release of latent heat of crystallization) must besolved simultaneously with equations describing the kinetics of crystallization. Moreover,due to the low thermal conductivity of polymers, the latent heat of crystallization and theusually quite high exterior cooling rates as occurring in polymer processing, also tempera-ture gradients can be of decisive importance. Thus the assumption of spatial homogeneityof the crystallization kinetics as used in the derivation of model (1:3) often contradicts thesituation which one faces in industrial applications.2 Mathematical Modelling2.1 Nucleation ModelsWhereas with polymers the modelling of the local crystallite growth as given by equation(1.5) with some material function eG is quite well established at least in those cases whichare accessible to direct experimental investigation, the situation is not as straightforwardwith nucleation. Already Avrami [1, 2, 3] discussed a few special cases for isothermalcrystallization after an ideal quench. If one assumes in such a situation that the nucleationrate is given by a negative exponential distribution with respect to the time coordinatewith some (constant) mean activation time � and number of potentially activable nucleiNV , one has �(t) = NV� e� t� (2.1)and G = Gc = const. for t � 0.In this case one gets for the degree of crystallization and the number of observablecrystallites per unit of volume�(t) = 1� e�8�NV G3c�3e4(�t=�) (2.2)and Nc(t) = NV t=�Z0 e�u�8�NV G3c�3e4(�u)du; (2.3)where e4(z) = 1Pi=4 zii! is an exponential rest series.The following limiting cases of � = �c = const (corresponding to � >> t) and � =NV �0(t), where �0 is the Dirac function concentrated at t = 0 (corresponding to � ! 0)are of particular importance. They lead in the �rst case to�(t) = 1 � e��3 �G3ct4 (2.4)3



and Nc(t) = 14 � 3�3�G3�14 
�14 ; �3�G3t4� (2.5)with the incomplete gamma function 
(a; x) = R x0 e�tta�1dt. In the second limiting caseone obtains �(t) = 1� e� 4�3 NV G3c t3 (2.6)and Nc(t) = NV : (2.7)The most obvious way for modelling the nucleation rate under non-isothermal condi-tions would be the assumption �(x; t) = e�(T (x; t))) (2.8)with some material function e�. This model reduces for isothermal crystallization afterquenching to equations (2.4) and (2.5). However, experimentally one �nds with manydi�erent polymers, that under these conditions usually the latter model as given by equa-tion (2.6) and (2.7) is valid. In addition, the number of spherulites NV is often found tobe a strong function of the temperature, to which the sample had been quenched. Thestraightforward corresponding generalization for this case reads:�(x; t) = ddt eN(T (x; t)) = d eNdT (T (x; t))@T@t (x; t) (2.9)with some material function eN , which gives in view of equation (2.9) exactly the numberof crystallites after isothermal crystallization following a jump in temperature to T .A more general representation of �(x; t) can be given in terms of an activation timespectrum (cf. [9]), in analogy to the well-known relaxation time spectrum of viscoelasticitytheory. In fact, at least three mechanisms can be expected, viz. thermal, athermal andheterogenous nucleation, where in the latter case various types of active centers can beexpected on a solid particle (edges, holes, crystal surfaces). In such a description one has:�(x; t) =Xi Niai(x; t); with ai(x; t) = 1~�i(T (x; t))e� R t�1 ds~�i(T (x;s)) : (2.10)However, such an equation is quite useless in practice, since it contains too many parameterwhich could never be determined experimentally.One practicable way being consistent with experimental results is the assumption of avariety of activation temperatures Ti, one for every type of nucleation, and to simplify equa-tion (2.10) by replacing the various terms ai(x; t) by Dirac functions concentrated around4



the times when the sample temperature T reaches the respective activation temperaturesduring cooling. In other words, the activation times ~�i, which are all in�nite at the meltingpoint, jump from in�nite to zero one by one, when their activation temperature is reached,i.e. ~�i = � 1 if T > Ti0 if T � Ti (2.11)It may be noted that for athermal nucleation this model can be particularly realisticbecause of the fact that growth starts in this type of nucleation around frozen-in 
uctua-tions as soon as their �xed size becomes critical during cooling. Equation (2.11) directlyleads to the nucleation model as given by equation (2.9) witheN(T ) =Xj NjI(�1;Tj)(T ): (2.12)Without further argumentation, such an approximation has been proposed by Van Krevelen[23].2.2 The Stochastic Model of the Crystallization ProcessCrystallization of polymers can be modelled using birth-and-growth stochastic processes.At some temperature below the melting point crystals appear in the amorphous phasestochastically in time and space (nucleation process), and immediately start growing untilparts of their surfaces hit some other neighboring crystallite (impingement), thus formingpart of a contact interface.We assume that the nucleation process is modelled as a stochastic spatially markedpoint process (MPP) on the underlying probability space (
;F ; P ),N = 1Xj=1 �(Tj;Xj); (2.13)where Tj is the time of occurrence of the j-th nucleation and Xj denotes the space locationof the j-th nucleus. Tj is a random variable valued in R+ and Xj is random variable valuedin a Borel set E � Rd, d = 1; 2; 3. We shall denote by B+ the �-algebra of Borel sets inR+, and by C the �-algebra of Borel sets in E.For any t 2 R+ and x 2 E, �(t; x) denotes the Dirac measure on B+ � C, such that forany B 2 B+ and C 2 C,�(t; x)(B;C) = � 1 if t 2 B and x 2 C0 otherwise . (2.14)As a consequence, N is an integer-valued random measure on B+ � C. The randomvariable N(A) counts the number of nucleation events in the region A 2 B+ � C of time-space, i.e., N(A) = card f j j (Tj;Xj) 2 A g: (2.15)5



Its randomness derives from the randomness of the nucleation events (Tj;Xj). The (deter-ministic) measure de�ned by the expected values�(A) := E[N(A)]; A 2 B+ � C; (2.16)is known as the intensity measure of N .The process f Nt := N([0; t] � E) j t 2 R+ g is the (underlying) counting process ofN ; for any t 2 R+ it counts the number of all nucleation events up to time t. Given theunderlying probability space (
;F ; P ), we assume that for every ! 2 
, the trajectoryt 2 R+ 7! N(t; !) 2 Nis cadlag (right continuous with left limits), nondecreasing (piecewise constant) and simple(with jumps of size one).By f Ft j t 2 R+ g we denote the natural �ltration (history) of the processFt := �(N([0; t]� C; 0 � s � t; C 2 C): (2.17)Under usual (general) assumptions on the process N , it can be shown [5] that a real-valuedrandom measure � on B+ � C exists, such that� For all C 2 C: t 7! �([0; t]� C) is Ft-predictable.� For all A 2 B+ � C : E[�(A)] = �(A) = E[N(A)].The random measure � is called the stochastic intensity of the MPP N . Under the usualassumptions on N , � has the following representation:�(dt� dx) = E[N(dt� dx)jFt�]; (2.18)so that �(dt� dx) = E[N(dt� dx)]= E[E[N(dt� dx)jFt�]]= E[�(dt� dx)] (2.19)The stochastic intensity of the underlying counting process f Nt j t 2 R+ g will begiven by e�(dt) := �(dt� E) = ZE �(dt � dx): (2.20)It represents the nucleation rate in time referred to the whole available space E. A modelfor our crystallization process is speci�ed by the stochastic intensity � of the MPP N .Let us denote by �t the random closed set (RACS) that describes the region in Eoccupied by the crystalline phase, up to time t 2 R+ (cf. [6]). As a consequence of thediscussion in Section 2.1 we can assume that�(dt� dx) = �(x; t)(1� I�t� (x))dxdt; (2.21)6



where �(x; t) is the mean number of new nuclei produced per unit volume and unit timeat (x; t) 2 E � R+. This means that the nucleation itself is independent of the actualcrystalline phase �t�.If we denote by�(x; t) := E[I�t(x)] = P (x 2 �t); x 2 E; t 2 R+ (2.22)the crystallinity function, the intensity measure of the nucleation process N is given by�(dt� dx) = E[N(dt� dx)]= E[�(x; t)(1� I�t� (x))dxdt]= �(x; t)(1� �(x; t))dxdt: (2.23)The average number of nuclei per unit volume born up to time t 2 R+ at x 2 E will begiven by Nc(x; t) = tZ0 �(x; � )(1� �(x; � ))d�: (2.24)On the other hand, the stochastic intensity will be given bye�(dt) = ZE �(x; t)(1� I�t� (x))dxdt= �ZE��t �(x; t)dx�dt: (2.25)At any time t 2 R+ the space-region �t � E occupied by the crystalline phase is arandom closed set (cf.[6]) on the probability space (
;A; P ). A RACS �t is completelycharacterized by its hitting function T�t de�ned on the compact sets of E byT�t(K) = P (�t \K 6= ;);K � E;K compact: (2.26)In particular for K = fxg, x 2 E, it gives the crystallinity functionT�t(fxg) = P (�t \ fxg 6= ;)= P (x 2 �t)= E[I�t(x)]= �(x; t): (2.27)If we denote by �t(Tj;Xj) the crystal born at (random) time Tj 2 R+ and (random)location Xj 2 E, freely grown up to time t � Tj, the overall crystallized region of E isgiven by �t = [Tj�t�t(Tj;Xj): (2.28)7



From the de�nition the degree of crystallinity at (x; t) 2 E �R+ is given by�(x; t) = P (x 2 �t)= P (9 j 2 N : x 2 �t(Tj;Xj)): (2.29)Viceversa, the probability that a point x 2 E is not occupied by the crystalline phase upto time t 2 R+ is given bypx(t) = 1 � �(x; t)= P (x =2 �t)= P (8 j 2 N : x =2 �t(Tj;Xj)): (2.30)A useful concept for evaluating the crystallinity �(x; t) (and the survival probability px(t))is given by the following de�nition:De�nition 2.1. The causal cone of a point (x; t) 2 E � R+ is the space-time regionA(x; t) 2 B+ � C in which at least one nucleation has to take place such that point x iscovered by the crystalline phase by time t:A(x; t) := f (y; s) 2 E �R+ j x 2 �t(y; s) g: (2.31)If we assume that (cf.[7])P (x =2 �t) = P (A(x; t) \ N = ;) (2.32)then �(x; t) = 1 � px(t) = 1 � P (x =2 �t)= 1 � e��0(A(x;t)); (2.33)where �0(A(x; t)) = E[N(A(x; t)) j �t \A(x; t) = ;]= Z ZA(x;t)�(y; s)(1 � I;(x))dyds= tZ0 �ZE(x;t;s)�(y; s)dy� ds (2.34)with E(x; t; s) is de�ned byE(x; t; s) = f y 2 E j (y; s) 2 A(x; t) g (2.35)= f y 2 E j x 2 �t(y; s) gRemark 2.2. It can be shown (cf.[7]) that assumption (2.32) holds whenever the growthrate G(x; t) is a function of location and absolute time t 2 R+, as a consequence of anexistence and uniqueness theorem applied to the growth lines of a crystal. In particular itholds whenever G is a function of the temperature T (x; t) and no memory- or age-e�ectsare present in the growth of crystals. 8
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Figure 1: Causal cone in the case of constant growth rate in E = R1.2.3 Growth Rates and Causal ConeIn the classical theory by Kolmogorov (1.3) the causal cone had a very special structure, inwhich the quantity in the exponent, i.e. Vex(t) = � ln(1� �(t)) usually called the extendedvolume fraction, is also equal to the volume fraction at time t � 0 of all the crystals (born upto time t in the absence of impingement. In the case of space-heterogeneity this is obviouslynot true, because the causal cone of a point x is now determined by the growth of nucleiborn at locations with possibly di�erent evolution of the growth rate. Nevertheless theequations for the homogenous case are often used for nonisothermal applications withoutany changes. Almost all recent models for non-isothermal crystallization neglect the useof growth and nucleation properties at di�erent locations which may in
uence the localquantity �(x; t), so the evolution of � is described by ODEs or integro-di�erential equationsin time.Let us denote by v(x; t) := �0(A(x; t))= tZ0 ZE(x;t;s)�(y; s)dyds; (2.36)so that the degree of crystallinity is given by�(x; t) = 1 � e�v(x;t): (2.37)This is an extension of the so-called Kolmogorov-Avrami-Evans formula (cf.[1, 2, 3, 15, 16]).9



If we now denote by �(x; t; y; s) := IE(x;t;s)(y) the indicator function of the sectionE(x; t; s), we may rewrite (2.36) asv(x; t) = tZ0 ZE �(x; t; y; s)�(y; s)dyds: (2.38)Since the jump in the indicator function � is propagated with speed G at (y; s) 2E �R+, the function � satis�es the (backward) growth equation@�@s (x; t; y; s) = G(y; s)kry�k(x; y; t; s); x; y 2 E; s; t 2 R+ (2.39)because the growth lines are just the characteristics of the above equation. Equation (2.39)is supplemented by the conditions�(x; t; x; s) = 1; x 2 E; s; t 2 R+; s < t; (2.40)�(x; t; y; t) = 0; x; y 2 E; t 2 R+; x 6= y: (2.41)2.4 Coupling with the Equation of Heat ConductionAs explained in Chapter 1, the equations as derived above have to be coupled with a modelfor the evolution of temperature. Due to the release of latent heat during the crystallizationprocess changes in the crystallinity of the material causes also changes in temperature, i.e.,the time-derivative of � occurs as a source term in the heat equation:@T@t = a�T + hc @�@t in E �R+: (2.42)This equation is already a simpli�cation, because all parameters in the heat equation as theheat capacity, heat di�usivity and the density depend on the temperature and crystallinityor even on the actual morphology. Here we consider this dependence to be a second-ordere�ect. The boundary conditions on T are determined by the kind of cooling. They satisfya Robin-type condition�T (x; t) + @T@n (x; t) = g(x; t) on @E �R+; (2.43)and initial values given by T (x; 0) = T 0(x) in E � f0g; (2.44)with T 0(x) � Tm, where Tm is the thermodynamic melting point temperature.10
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Figure 2: One-dimensional representation of the causal cone in the case of constant growthrate.2.5 Crystallization in One Spatial DimensionA more detailed analysis can be carried out in the one-dimensional case. We shall refer tothis case from now on even though it is di�cult to perform one-dimensional crystallizationin practice (cf.[22]) and its practical importance is quite limited.An ideal one-dimensional experiment could be imagined as crystallization in a �bre,in which the typical nearest neighbour distance of the nuclei is large as compared to thediameter of the �bre. Only in this case the spherulitic crystallization of the polymerappears to be like the crystallization of rodlike crystals. For the heat equation the one-dimensional version of equation (2.42) can be used, if the heat transfer from the �bre to itssurroungdings is negligibly small. This can, in principle, be achieved with an experiment,in which the polymer �bre is enclosed in a glass capillary with very thin walls, which itselfis surrounded by vacuum. In this case heat 
ow, und thus also the temperature gradient,is in the �bre direction.The growth equation (2.39) can now be rewritten as@�@s (x; t; y; s) = G(y; s)@�@y (x; t; y; s) if y < x;@�@s (x; t; y; s) = �G(y; s)@�@y (x; t; y; s) if y > x; (2.45)This system of �rst-order PDEs for � can be transformed into the second-order hyperbolicPDE @�@s = G(y; s)�@�@s = @@y �G(y; s)@�@y� y 2 E; s 2 R+; (2.46)11



with initial and boundary conditions�(x; t; y; t) = 0 x; y 2 E; t 2 R+@�@s (x; t; y; t) = 2�(x� y) x; y 2 E; t 2 R+ (2.47)where E is now a simple interval on the real line R . The function 12� is just a Green'sfunction of the hyperbolic problem. Using the symmetry of the problem one can deducefrom (2.38) that v satis�es@v@s = Gw@w@t = @@x �G(x; t)@v@x�+ 2�(x; t) in E �R+ (2.48)with initial conditions v(x; 0) = 0 in E@v@x(x; 0) = 0 in E: (2.49)By direct computation we obtain the boundary condition@v@t (x; t) +G(x; t)@v@n(x; t) =G(x; t)�w(x; t) + @v@n(x; t)� = 0; on @E �R+; (2.50)which completes the modelling of the evolution equation for the causal cone. If G(x; t) = 0,the evolution equation degenerates to @v@t = 0: (2.51)In the following special case we are considering rates � and G given bymaterial functionseN and eG by the following relations:�(x; t) = max�� @@t � eN(T (x; t))� ; 0� ; (2.52)G(x; t) = eG(T (x; t)): (2.53)The quantity v is related to the degree of crystallinity � via v = � ln(1 � �). Using theserelations together with the one-dimensional heat-equation we end up with the following12



initial-boundary value problem:� = 1 � e�v@T@t = D@2T@x2 + Le�v @v@t@v@t = eG(T )w@w@t = @@x �eG(T )@v@x�+ 2max� @@t � eN (T )� ; 0� in E �R+ (2.54)T (x; 0) = T 0(x)v(x; 0) = 0w(x; 0) = 0 in E (2.55)�T (x; t) + @T@n (x; t) = �T1(x; t)w(x; t) + @v@n(x; t) = 0 on @E �R+ (2.56)We note that eN is a nonincreasing function. Hence, if the temperature is decreasingwhich is the case in practical applications, the maximum is of no importance, becauseeN(T (x; t)) is increasing, i.e. the time derivative of w is nonnegative.In short, from now on, system (2.54) - (2.56) will be called the BCE-Model.2.6 Rate EquationsThe model equation (2.54) turns out to be a generalization of the frequently used rateequations, which were �rst published by Schneider et al. [20] and derived from the classicalKolmogorov theory. Its one-dimensional equivalent with the special modelling of � is givenby @v@t = eG(T )w@w@t = 2max� @@t � eN(T )� ; 0� in E �R+ (2.57)In the case where the spatial variations of eG are small as compared to the variationsof eN in time (i.e. small temperature gradients), this equation is a good approximationof (2.54) - at least in the interior of the domain. The initial-boundary value problem forv resp. � may be interpreted as a singularly perturbed problem. General results aboutsingularly perturbed problems let us expect a 'boundary layer', where the solutions of(2.54) and (2.57) di�er signi�cantly. This can also be seen from the numerical simulationsin Section 4. 13



The di�erences at the boundary can easily be explained using the causal cone approach.In the classical Avrami-Kolmogorov approach the causal cone is the union of balls withradii R ts G(x; � )d� . If the point x is close to the boundary, a big part of such a ball wouldlie outside E. It is possible, however, to derive a generalized Kolmogorov model, whichincludes this e�ect [10]. Also in the BCE-model this e�ect is included, since the causalcone is the union of the sets E(x; t; s) which are always subsets of E.In higher dimensions it is not possible to derive a system of PDEs for � easily, butthe behaviour of the solution is similar. The crucial point in numerical simulation is theapproximation of the integrals RE(x;t;s)�(y; s)dy. If eG is small the domains E(x; t; s) arealso small, thus local linearizations can be used. The results in the one-dimensional casegive the advice to incorporate the speci�c behaviour near the boundary into the simpli�edmodel.The obvious approximation is the use of a localized version of the space-homogenousmodel equation, which reads:v(x; t) = !d tZ�1 �(x; s)0@ tZs G(x; � )d�1Ad ds; (2.58)where !d is the volume of the unit sphere in Rd; d = 1; 2; 3. For the number of existingspherulites per unit volume one has:Nc(x; t) = tZ�1 �(x; s)(1 � �(x; s))ds: (2.59)This means that we approximateZE(x;t;s)�(y; s)dy � �(x; s)jE(x; t; s)j (2.60)� �(x; s)!d0@ tZs G(x; � )d�1Ad ; (2.61)which is reasonable, if the domains E(x; t; s) (or more precisely the growth rates) are smalland if the temperature variation is small.Using a method as originally used by Schneider et al. [20], instead of these equationsan equivalent system of di�erential equations (the rate equations) can be employed, if thefollowing auxiliary function is introduced:'0(x; t) = � ln(1� �(x; t)): (2.62)The di�erential equations obtained read as follows:_'i�1(x; t) = G(t)'i(x; t) (2.63)14



for i = 1; : : : ; d, 'i(�1) = 0 and_'d(x; t) = (d � 1)!d�(x; t) (2.64)which has to be solved simultaneously with the model for the heat transfer given by (2.42)-(2.44). The heat source term in equation (2.42) is given by_�(x; t) = G(x; t)'1(x; t)e�'0(x;t) (2.65)which shows directly the coupling between the kinetic equations and the heat transfer.For the development of the morphology one can use equation (2.59) in its di�erentialform, which reads _Nc(x; t) = �(x; t)e�'0(x;t): (2.66)Equation (2.65) gives a quite natural interpretation of the crystallization process, sayingthat the speed of crystallization is the product of the current growth speed and the freesurface per unit of volume of the crystallites, which is '1(1 � �).In contrast to equation (2.65), the concepts of the isokinetic assumption ([18]) or timeadditivity (e.g.[8]) lead to the very popular form of kinetic equations as expressed by_�(x; t) = F (T (x; t); �(x; t)): (2.67)These models are not able to predict any structure development, since the speed of crys-tallization is determined in this class of models only by the current growth speed and thecurrent degree of conversion, irrespective whether one has a rather �ne grained or a verycoarse grained structure.Very often an even more crude model is used frequently in simulation, i.e. the so-called "enthalpy method" (cf. e.g. [17]). The base of this method is the assumption,that the degree of crystallinity is a pure temperature function, starting from zero at hightemperatures to some constant limiting value at low temperatures:�(t) = e�(T (t)) (2.68)The heat equation (2.42) can be written in this case as:(1 � hcp de�dT (T (t)))@T@t = a�T (2.69)which is a di�usion equation with temperature dependent thermal coe�cients, but withoutheat source term. However, everyone should be warned to use such a description, sinceany solidi�cation kinetics is ignored in this case.3 Parameter Identi�cationIn practice one is interested in identifying kinetic parameters (material functions) frommeasurements of the temperature and observations of the morphology. With some poly-mers it is known from experiments that the assumptions of equations (1.4) and (2.9) arevalid. In this case the identi�cation of the parameters eG and eN , which fully characterizethe crystallization behaviour of the material, is of great importance.15



3.1 Experimental dataMany materials allow direct observation or indirect determination of the growth rate eG(cf.[24, 19]). However, usually one has to cope with heat transfer problems even withstandard experiments (cf.[13]), since small deviations in temperature have big in
uence onthe kinetic parameters, in particular on the growth rate eG. In Figure 3 the growth rateof isotactic polypropylene is reproduced from ref. [19]. The temperature sensitivity in therange of the higher temperatures is about one decade for a change of 12 degrees. Since inthe equations for the degree of crystallinity (cf. subsection 2:1) always the third power ofeG shows up, this means, that an error in the temperature of 4 degrees changes the speed ofcrystallization by a factor 10 (!). Thus, in view of the low heat conductivity of polymers,one has to ensure a very accurate control of the temperature in experimentation. Withother polymers (like e.g. polyethylene) the temperature sensitivity of eG can even be higherthan with polypropylene.The growth rate data in Figure 3 is a compilation of data using quite di�erent exper-imental methods like optical microscopy (high temperature range), optical observation ofthe movement of a crystallization zone in a steep temperature gradient and a light scat-tering technique (intermediate temperature range), and a quite tedious quench experimentusing microtome cuts (full temperature range). Fortunately di�erent grades of isotacticpolypropylene (in a broad range of di�erent molecular weights) show practically no di�er-ence in their growth rates with the exception of grades with very poor tactiticity, which,however, are of no importance in practice.For the nucleation data the situation is more complicated from the experimental pointof view. One is often not able to obtain nucleation data directly from experiments, sinceit is usually not possible to quench samples quickly enough in order to get frozen-in mor-phologies from intermediate states. Due to the low heat conductivity of polymers thiswould only be possible for very thin samples, in which, however, one gets a change of thecrystallization process due to the surfaces (cf. remarks after (2.57)) or due to additionalsurface nucleation, which takes place quite often in practice.Figure 3 shows some nucleation data for an unnucleated isotactic polypropylene, whichis a grade containing no nucleating agents, as one often has in processing to obtain highercrystallization speeds and more favourable �nal mechanical properties of the solidi�edproduct. Here again di�erent experimental methods have been appplied to get these data,which usually can not be determined very accurately. A main reason for this is that onealways has to observe stochastic two-dimensional morphologies in a microtome cut fromwhich nucleation data (for the threedimensional situation) are calculated. In the particularcase which is shown in Figure 3 one has a change of one decade in the number of nuclei per9 degrees change in temperature. This looks less dramatic than with the growth rate, sincein the kinetic equations usually the �rst power of the nucleation rate shows up, in contrastto the third power of the growth rate. However, for an accurate determination of the �nalnumber of spherulites, which is an important quantity for the mechanical properties of asolidi�ed sample, such a temperature sensitivity is quite high. Thus identi�cation of thenucleation data is of special interest. 16



3.2 Identi�cation of Nucleation and Growth RatesUnder suitable conditions, the model equation (2.37)-(2.44) in the time-interval I = (0; t�)and the special modelling of � and G as in (2.52), (2.53), admits a unique solution forgiven eN and eG, and thus the parameter-to-output mapsF : D(F) ! L2(I)� L2(
) � L2(
)eN 7! (T j�; �jt=t�;�jt=t�) (3.1)and G : D(G) ! L2(I)� L2(
)� L2(
)eG 7! (T j�; �jt=t�): (3.2)may be de�ned.The problem of estimating the nucleation rate may now be interpreted as the solutionof the operator equation F( eN) = (T �B; ���) (3.3)and similary, the identi�cation of the growth rate is equivalent to solvingG( eG) = (T �B; ���) (3.4)The error of the measurement is denoted by �. Due to the ill-posedness of the identi�cationproblem it is necessary to use a regularization method such as Landweber-iteration (cf.[14]).More details about the solution of the inverse problem for the one-dimensional case, i.e.,parameter identi�cation in the system (2.54) - (2.56) are given in [4].4 Numerical Simulation of Crystallization processesFor the numerical simulation of a one-dimensional crystallization process with real data wesuppose that crystallization occurs in a cylindric sample of 1 mm length and a diameterof 20 �m. This corresponds to isothermal experiments carried out by Schulze and Wilbert(cf.[22]) in a sample of similar size. The temperature range is chosen between 80� C and130� C, where data about growth and nucleation rates for i-PP are accessible (cf.[19], seeFigure 3). The di�usion coe�cient is given by a = 10�7 m2s�1, the temperature 
ux onthe boundary is determined such that one achieves a cooling rate of around 10 Ks�1, whichis rather fast compared to typical DSC-experiments, but serves to demonstrate the speciale�ects arising in the non-isothermal situation. The data for the latent heat is given byL = hc = 50 K.A comparison of the results computed using the BCE-model (2.54)- (2.56) in Figure 4and the ones of the Avrami-Kolmogorov model, which may be seen as the correspondingreduced equation in Figure 5 shows that the evolution of the temperature in the sample is17



80 90 100 110 120 130 140 150 160
−10

−9.5

−9

−8.5

−8

−7.5

−7

−6.5

−6

−5.5

−5

T

lo
g

(G
)

80 85 90 95 100 105 110 115
12.5

13

13.5

14

14.5

15

15.5

16

16.5

17

T

lo
g

(N
)Figure 3: Measured values for eG (in m=s) and eN [m�3] in logarithmic scale as functionsof temperature T [�C].

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
80

85

90

95

100

105

110

115
temperature

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
degree of crystallinity

Figure 4: Temperature (in C) and degree of crystallinity after 2, 4, 6, 8 and 10 seconds asfunctions of the dimensionless �bre coordinate x as computed with model (2.54).18
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Figure 5: Temperature (in C) and degree of crystallinity after 2, 4, 6, 8 and 10 seconds asfunctions of the dimensionless �bre coordinate x as computed with the classical Avrami-Kolmogoro� model.
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not a�ected signi�cantly by the speci�c choice of the crystallization kinetic equation, whilethe in
uence of the latent heat can be seen clearly, especially between 6 and 8 seconds. Asexpected, the simpli�ed Avrami-Kolmogorov model (2.58) leads to signi�cant deviationsin a boundary layer, which is due to the fact that it does not take into account the e�ectof boundary impingement.The last Figure 6 shows the evolution of the degree of crystallinity for �xed locationx close to the boundary of 
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