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Abstract

This paper is devoted to the mathematical modelling of polymer crystallization
processes in a bounded region under heat transfer conditions, i.e. in time-dependent
temperature fields. A stochastic model in a general setup is developed based on
the theory of marked point processes, and a hybrid model on a macroscopic scale is
derived using expected values.

The stochastic modelling part is supplemented by a detailed discussion of the
relevant parameters and their dependence upon temperature. In the special case of
one-dimensional crystallization a system of partial differential equations describing
the evolution of temperature and of the degree of crystallinity is derived.

1 Introduction

Crystallization processes generally can be viewed as a superposition of at least two pro-
cesses, a nucleation process describing the time and location of spots in the material where
crystals start to grow, and a growth process of the nucleated crystals. Sometimes also a
third process due to the improvement of the crystalline structure of the crystals, called
secondary crystallization, is of importance.

With most polymers when crystallizing from the quiescent melt, the growth mechanism
of the crystallites can be viewed as a deterministic process leading to so-called spherulites
whose radial growth rates are independent of their individual radii, but usually quite
strongly dependent upon the (local) temperature. In the special case of spatially homoge-
nous growth, which is the case when temperature variations within the material can be



ignored, one gets ball shaped crystals centered in the point of nucleation. The radius of
such a spherulite at time of observation t reads, if nucleation occurred at time s < ¢:

t

r(t,s) = /G(T)dT (1.1)
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with G(t) being the time-dependent radial growth rate. The corresponding volume is given

by
v(t,s) = ?r(t,s)g‘. (1.2)

Nucleation processes are much more difficult to observe directly with experiments.
Morphologies of fully crystallized samples after spatially homogeneous cooling show that
the assumption of Poissonian distribution is often valid. Under this condition the following
kinetic equation for the degree of conversion ¢ has been derived by Kolmogorov [16]:

a(s)v(t,s)ds

((t)=1—c¢ , (1.3)

Ot o+

with a(t) the time-dependent nucleation rate describing the appearance of nuclei per unit
of volume and time in the melt starting from time ¢ = 0.

If the additional assumption is made, that G is a function of the (changing) temperature,
which usually is the case in polymer melts, i.e.

G(t) = G(T(t)), (1.4)

the time dependence of G is uniquely connected to the time dependence of T'. As it is
well-known, the growth speed as a function of temperature is a bell-shaped curve showing
a maximum somewhere between the equilibrium melting point and the glass-transition
temperature, reaching zero at both ends (cf.[24]).

If temperature gradients are not negligible, one gets non-homogeneous nucleation and
non-homogeneous growth. Possible relations between the nucleation rate field a(z,t) and
the temperature field T'(z,t) will be discussed in Chapter 2. For the growth process the
situation becomes more complicated, since the local growth rate as given by the following
adaptation of equation (1.4)

G(z,t) = G(T(z,t)) (1.5)

in general leads to non-spherical shapes of crystallites. In a first-order theory with respect
to temperature gradients it has been shown that one gets spherical crystallites again,
whose centers, however, do not coincide with the points of nucleation and whose radii grow
faster when compared with crystallites whose neighbourhood follows the same temperature
history as that of the point of nucleation (cf.[11, 12, 21]).



In practice, crystallization processes occur almost always under non-isothermal condi-
tions. That means that in a mathematical description the equation of heat conduction
(including a heat source term due to the release of latent heat of crystallization) must be
solved simultaneously with equations describing the kinetics of crystallization. Moreover,
due to the low thermal conductivity of polymers, the latent heat of crystallization and the
usually quite high exterior cooling rates as occurring in polymer processing, also tempera-
ture gradients can be of decisive importance. Thus the assumption of spatial homogeneity
of the crystallization kinetics as used in the derivation of model (1.3) often contradicts the
situation which one faces in industrial applications.

2 Mathematical Modelling

2.1 Nucleation Models

Whereas with polymers the modelling of the local crystallite growth as given by equation
(1.5) with some material function G is quite well established at least in those cases which
are accessible to direct experimental investigation, the situation is not as straightforward
with nucleation. Already Avrami [1, 2, 3] discussed a few special cases for isothermal
crystallization after an ideal quench. If one assumes in such a situation that the nucleation
rate is given by a negative exponential distribution with respect to the time coordinate
with some (constant) mean activation time 7 and number of potentially activable nuclei
Ny, one has
at) = Ny -t (2.1)
T
and G = G, = const. for t > 0.
In this case one gets for the degree of crystallization and the number of observable
crystallites per unit of volume

f(t) -1 e—87rNyG‘2.7'3e4(—t/T) (22)
and
t/T
N,(t) = Ny / gu SNy Gerlea(—u) gy (2.3)
0
where e4(2) = Y j—: is an exponential rest series.

1=4
The following limiting cases of @ = a, = const (corresponding to 7 >> t) and a =
Ny do(t), where & is the Dirac function concentrated at ¢ = 0 (corresponding to 7 — 0)

are of particular importance. They lead in the first case to

£(t) =1 — e~ 396 (2.4)



and

1/33\* (1

with the incomplete gamma function y(a,z) = [

o €t 'dt. In the second limiting case

one obtains
(t) =1 — e TNVG (2.6)

and
N.(t) = Ny. (2.7)

The most obvious way for modelling the nucleation rate under non-isothermal condi-
tions would be the assumption

o(z,t) = &(T(z,1))) (2.8)

with some material function @. This model reduces for isothermal crystallization after
quenching to equations (2.4) and (2.5). However, experimentally one finds with many
different polymers, that under these conditions usually the latter model as given by equa-
tion (2.6) and (2.7) is valid. In addition, the number of spherulites Ny is often found to
be a strong function of the temperature, to which the sample had been quenched. The
straightforward corresponding generalization for this case reads:

a(z,t) = %N’(T(m,t)) - %(T(m,t))%—f(m,t) (2.9)

with some material function N , which gives in view of equation (2.9) exactly the number
of crystallites after isothermal crystallization following a jump in temperature to 7.

A more general representation of a(z,t) can be given in terms of an activation time
spectrum (cf. [9]), in analogy to the well-known relaxation time spectrum of viscoelasticity
theory. In fact, at least three mechanisms can be expected, viz. thermal, athermal and
heterogenous nucleation, where in the latter case various types of active centers can be
expected on a solid particle (edges, holes, crystal surfaces). In such a description one has:

(06 = Y Niau(e, 1), with afa,6) = — oo L= 70D (2.10)
a(z,t) = sa;(x with a;(z,t) = ——————e *~= %l .
? - ? ? ? TZ(T(m7 t))
However, such an equation is quite useless in practice, since it contains too many parameter
which could never be determined experimentally.
One practicable way being consistent with experimental results is the assumption of a

variety of activation temperatures T;, one for every type of nucleation, and to simplify equa-
tion (2.10) by replacing the various terms a;(z,t) by Dirac functions concentrated around
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the times when the sample temperature 7' reaches the respective activation temperatures
during cooling. In other words, the activation times 7;, which are all infinite at the melting
point, jump from infinite to zero one by one, when their activation temperature is reached,
le.

- {oo 7T >1T; (2.11)

"TYl0 fT<T

It may be noted that for athermal nucleation this model can be particularly realistic
because of the fact that growth starts in this type of nucleation around frozen-in fluctua-
tions as soon as their fixed size becomes critical during cooling. Equation (2.11) directly
leads to the nucleation model as given by equation (2.9) with

N(T) = Z NI oory)(T). (2.12)

Without further argumentation, such an approximation has been proposed by Van Krevelen

[23].

2.2 The Stochastic Model of the Crystallization Process

Crystallization of polymers can be modelled using birth-and-growth stochastic processes.
At some temperature below the melting point crystals appear in the amorphous phase
stochastically in time and space (nucleation process), and immediately start growing until
parts of their surfaces hit some other neighboring crystallite (impingement), thus forming
part of a contact interface.

We assume that the nucleation process is modelled as a stochastic spatially marked
point process (MPP) on the underlying probability space (@, F, P),

N = iE(Tj,Xj), (213)

i=1

where Tj is the time of occurrence of the j-th nucleation and X; denotes the space location
of the j-th nucleus. 7} is a random variable valued in R, and X is random variable valued
in a Borel set £ C R?, d = 1,2,3. We shall denote by B, the o-algebra of Borel sets in
R, , and by C the o-algebra of Borel sets in E.

For any t € Ry and ¢ € E, €(t,z) denotes the Dirac measure on B x C, such that for
any B € B, and C €C,

e(t,m)(B,C):{ 1 fteBandze(C

0 otherwise .

(2.14)

As a consequence, N is an integer-valued random measure on B; x C. The random
variable N(A) counts the number of nucleation events in the region A € B, x C of time-
space, 1.e.,

N(A)=card { j | (T3,X;) € A }. (2.15)



Its randomness derives from the randomness of the nucleation events (T}, X;). The (deter-
ministic) measure defined by the expected values

A(A) := E[N(A)], A € B, xC, (2.16)

is known as the intensity measure of N.

The process { N; := N([0,t] x E) | t € Ry } is the (underlying) counting process of
N; for any t € R, it counts the number of all nucleation events up to time . Given the
underlying probability space (2, F, P), we assume that for every w € Q, the trajectory

teR, — N(t,w) eN

is cadlag (right continuous with left limits), nondecreasing (piecewise constant) and simple
(with jumps of size one).
By { i | t € R, } we denote the natural filtration (history) of the process

Fy = o(N([0,£] x C,0 < s < t,C €C). (2.17)

Under usual (general) assumptions on the process N, it can be shown [5] that a real-valued
random measure v on B x C exists, such that

e For all C € C: t — v([0,t] x C) is Fi-predictable.
e Forall Ac By xC: E[v(A)] = A(A) = E[N(A)].

The random measure v is called the stochastic intensity of the MPP N. Under the usual
assumptions on N, v has the following representation:

v(dt x dz) = E[N(dt x dz)|F;-], (2.18)
so that

A(dt x dz) = E[N(dt x da)]
= E[E[N(dt x dz)|F-]]

= Elv(dt x dz)] (2.19)
The stochastic intensity of the underlying counting process { N; | ¢ € R, } will be
given by
v(dt) :=v(dt x E) = / v(dt x dz). (2.20)
E

It represents the nucleation rate in time referred to the whole available space E. A model
for our crystallization process is specified by the stochastic intensity v of the MPP N.

Let us denote by ©f the random closed set (RACS) that describes the region in E
occupied by the crystalline phase, up to time ¢ € R, (cf. [6]). As a consequence of the
discussion in Section 2.1 we can assume that

v(dt x dz) = a(z,t)(1 — Iy, (z))dzdt, (2.21)
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where a(z,t) is the mean number of new nuclei produced per unit volume and unit time
at (z,t) € E x Ry. This means that the nucleation itself is independent of the actual
crystalline phase ©' .

If we denote by

£(z,t) == E[le:(z)] = Pz € ©), z € E,t e R, (2.22)
the crystallinity function, the intensity measure of the nucleation process N is given by
A(dt x dz) = E[N(dt x dz)]
= Ela(z,t)(1 — Ig.-(z))dzdt]
= oafz,t)(1 — &(z,t))dzdt. (2.23)

The average number of nuclei per unit volume born up to time ¢t € R, at z € E will be
given by

t

N(z,t) = /a(m,T)(l —&(z, 7))dr. (2.24)

0

On the other hand, the stochastic intensity will be given by

v(dt) = /Ea(m,t)(l—f(at—(m))dmdt

- (/E_@t a(m,t)dm) dt. (2.25)

At any time t € R, the space-region ©® C F occupied by the crystalline phase is a
random closed set (cf.[6]) on the probability space (2,.4, P). A RACS ©! is completely
characterized by its hitting function Te: defined on the compact sets of E by

To:(K) = P(0'N K # 0), K C E, K compact. (2.26)

In particular for K = {z}, ¢ € E, it gives the crystallinity function

To:({z}) = PO N{z}#0)
= P(z € 0
= Elle:(z)]
= &(z,t). (2.27)
If we denote by ©(T}, X;) the crystal born at (random) time 7; € R, and (random)
location X; € E, freely grown up to time t > T}, the overall crystallized region of E is
given by
0" = | J 04Ty, X;). (2.28)
T;<t



From the definition the degree of crystallinity at (z,t) € E x Ry is given by
{(z,t) = Plzec0)
= P(H jeN:ze @t(Tj,Xj)). (2.29)
Viceversa, the probability that a point ¢ € E is not occupred by the crystalline phase up
to time t € R is given by
p(t) = 1—¢(z,t)
= P(z ¢ 09
= P(VjeN:zd¢ 0T} X;)). (2.30)
A useful concept for evaluating the crystallinity £(z,t) (and the survival probability p,(t))
is given by the following definition:

Definition 2.1. The causal cone of a point (z,t) € E x Ry is the space-time region
A(z,t) € By x C in which at least one nucleation has to take place such that point z is
covered by the crystalline phase by time ¢:

Az,t):={ (y,s) € Ex R, | z € O'(y,s) }. (2.31)
If we assume that (cf.[7])
P(z ¢ ©%) = P(A(z,t) N N = 0) (2.32)
then
(z,t) = 1-po(t)=1-P(z ¢ O
_ Mol (2.33)
where

Ao(A(z,t)) = E[N(A(z,t)) | e'n A(z,t) = 0]
-// . e9) (1~ Dofe))dds

t

= /(/ a(y,s)dy) ds (2.34)
E(z,t,8)
0
with £(z,t, s) is defined by

E(x,t,s) = {yeE|(y,s)€ Az,t)} (2.35)
= {yeEl2c0(y,s)}

Remark 2.2. It can be shown (cf.[7]) that assumption (2.32) holds whenever the growth
rate G(z,t) is a function of location and absolute time ¢ € R, as a consequence of an
existence and uniqueness theorem applied to the growth lines of a crystal. In particular it
holds whenever G is a function of the temperature T'(z,t) and no memory- or age-effects
are present in the growth of crystals.
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Figure 1: Causal cone in the case of constant growth rate in £ = R!.

2.3 Growth Rates and Causal Cone

In the classical theory by Kolmogorov (1.3) the causal cone had a very special structure, in
which the quantity in the exponent, i.e. V,(t) = —In(1—£(t)) usually called the extended
volume fraction, is also equal to the volume fraction at time ¢ > 0 of all the crystals (born up
to time ¢ in the absence of impingement. In the case of space-heterogeneity this is obviously
not true, because the causal cone of a point z is now determined by the growth of nuclei
born at locations with possibly different evolution of the growth rate. Nevertheless the
equations for the homogenous case are often used for nonisothermal applications without
any changes. Almost all recent models for non-isothermal crystallization neglect the use
of growth and nucleation properties at different locations which may influence the local
quantity £(z,t), so the evolution of ¢ is described by ODEs or integro-differential equations
in time.
Let us denote by

v(z,t) =

Ao(A(z, 1))
= //8( t )a(y,s)dyds, (2.36)

so that the degree of crystallinity is given by
E(z,t) =1 — e(@8), (2.37)

This is an extension of the so-called Kolmogorov-Avrami-Evans formula (cf.[1, 2, 3, 15, 16]).



If we now denote by x(z,t,4,5) := Ig(wss)(y) the indicator function of the section
E(z,t,s), we may rewrite (2.36) as

v(z,t) = //Ex(m,t,y,s)a(y,s)dyds. (2.38)

Since the jump in the indicator function x is propagated with speed G at (y,s) €
E x Ry, the function x satisfies the (backward) growth equation

8X(

E J),t,y,S) = G(y,s)”vyxﬂ(m,y,t,s), T,y c E,S,t c R-I— (239)

because the growth lines are just the characteristics of the above equation. Equation (2.39)
is supplemented by the conditions

x(z,t,z,s) = 1, z€ E,s,teR;,s<t, (2.40)
x(z,t,y,t) = 0, zyecEtecR,z#y. (2.41)

2.4 Coupling with the Equation of Heat Conduction

As explained in Chapter 1, the equations as derived above have to be coupled with a model
for the evolution of temperature. Due to the release of latent heat during the crystallization
process changes in the crystallinity of the material causes also changes in temperature, i.e.,
the time-derivative of £ occurs as a source term in the heat equation:

oT hO€ .
e alAT + P im ExR,. (2.42)

This equation is already a simplification, because all parameters in the heat equation as the
heat capacity, heat diffusivity and the density depend on the temperature and crystallinity
or even on the actual morphology. Here we consider this dependence to be a second-order
effect. The boundary conditions on 7' are determined by the kind of cooling. They satisfy
a Robin-type condition

aTl(z,t)+ Z—T(m,t) =g(z,t) on OE x Ry, (2.43)
n

and initial values given by
T(z,0) = T°z) in E x {0}, (2.44)

with 7°(z) > T, where T, is the thermodynamic melting point temperature.
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Figure 2: One-dimensional representation of the causal cone in the case of constant growth
rate.

2.5 Crystallization in One Spatial Dimension

A more detailed analysis can be carried out in the one-dimensional case. We shall refer to
this case from now on even though it is difficult to perform one-dimensional crystallization
in practice (cf.[22]) and its practical importance is quite limited.

An ideal one-dimensional experiment could be imagined as crystallization in a fibre,
in which the typical nearest neighbour distance of the nuclei is large as compared to the
diameter of the fibre. Only in this case the spherulitic crystallization of the polymer
appears to be like the crystallization of rodlike crystals. For the heat equation the one-
dimensional version of equation (2.42) can be used, if the heat transfer from the fibre to its
surroungdings is negligibly small. This can, in principle, be achieved with an experiment,
in which the polymer fibre is enclosed in a glass capillary with very thin walls, which itself
is surrounded by vacuum. In this case heat flow, und thus also the temperature gradient,
is in the fibre direction.

The growth equation (2.39) can now be rewritten as

:a (z,t,y,s) = Gy, )B—)Z( y,s) ify<e, (2.45)

a—x(mty,s):—G(y, y( LY 75) ify>m7

This system of first-order PDEs for x can be transformed into the second-order hyperbolic
PDE

ax) ye E,scRy, (2.46)

11



with initial and boundary conditions

X(m,t,y,t):0 m,yEE,t€R+
Ox 2.47
as(matayat)zzé‘(m_y) m,yEE,t€R+ ( )

where E is now a simple interval on the real line R . The function %X is just a Green’s
function of the hyperbolic problem. Using the symmetry of the problem one can deduce
from (2.38) that v satisfies

? = Guw
s
Oow 0 Ov mE xRy (2.48)
with initial conditions
v(z,0)=0 inE
29(2,0)=0 in E. (2.49)

Ov Ov
G(z,t) (w(af:,t) + g—v(m,t)) = 0, on 0E xR, (2.50)
n

which completes the modelling of the evolution equation for the causal cone. If G(z,t) = 0,
the evolution equation degenerates to

Ov

_ Inthefollowing special case we are considering rates a and G given by material functions
N and G by the following relations:

o(z,t) = max (—%(ﬁ(T(m,t))),O), (2.52)
G(z,t) = G(T(w,t)). (2.53)

The quantity v is related to the degree of crystallinity ¢ via v = —In(1 — £). Using these
relations together with the one-dimensional heat-equation we end up with the following

12



initial-boundary value problem:

E=1—-¢"

a_T — aZ_T + L —v@

8t oz ¢ Bt

% _ ~(T)'w in ExRy (2.54)

‘?9_1: = % (@(T)S—Z) + 2max (% (M (1)) ,0)

T(z,0) = T°(z)

v(z,0) =0 in £ (2.55)
w(z,0) =0
aTl(z,t) + Z—T(m,t) = aTi(z,t)
oo on 0E x R, (2.56)
w(z,t) + a—n(m,t) =0

We note that N is a nonincreasing function. Hence, if the temperature is decreasing
which is the case in practical applications, the maximum is of no importance, because
N(T(z,t)) is increasing, i.e. the time derivative of w is nonnegative.

In short, from now on, system (2.54) - (2.56) will be called the BCE-Model.

2.6 Rate Equations

The model equation (2.54) turns out to be a generalization of the frequently used rate
equations, which were first published by Schneider et al. [20] and derived from the classical
Kolmogorov theory. Its one-dimensional equivalent with the special modelling of a is given

by

% = G(T)w
bw 9/~ in E x R, (2.57)
T 2 max (a (N(T)) ,0)

In the case where the spatial variations of G are small as compared to the variations
of N in time (i.e. small temperature gradients), this equation is a good approximation
of (2.54) - at least in the interior of the domain. The initial-boundary value problem for
v resp. & may be interpreted as a singularly perturbed problem. General results about
singularly perturbed problems let us expect a 'boundary layer’, where the solutions of
(2.54) and (2.57) differ significantly. This can also be seen from the numerical simulations
in Section 4.
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The differences at the boundary can easily be explained using the causal cone approach.
In the classical Avrami-Kolmogorov approach the causal cone is the union of balls with
radii f: G(z,7)dr. If the point z is close to the boundary, a big part of such a ball would
lie outside E. It is possible, however, to derive a generalized Kolmogorov model, which
includes this effect [10]. Also in the BCE-model this effect is included, since the causal
cone is the union of the sets £(z,t,s) which are always subsets of E.

In higher dimensions it is not possible to derive a system of PDEs for £ easily, but
the behaviour of the solution is similar. The crucial point in numerical simulation is the
approximation of the integrals fg(z,t,s) a(y,s)dy. If G is small the domains &(z,t,s) are
also small, thus local linearizations can be used. The results in the one-dimensional case
give the advice to incorporate the specific behaviour near the boundary into the simplified
model.

The obvious approximation is the use of a localized version of the space-homogenous
model equation, which reads:

¢ ¢ d

v(m,t):wd/a(m,s) /G(m,T)dT ds, (2.58)

— o0 8

where wy is the volume of the unit sphere in R, d = 1,2,3. For the number of existing
spherulites per unit volume one has:

t

N.(z,t) = /a(m,s)(l —€&(z, s))ds. (2.59)

— o0

This means that we approximate

/ aly,s)dy ~ alz,s)|E(z,t,s) (2.60)
E(z,t,8)

£ d

a(z, s)wq /G(m,T)dT , (2.61)

8

Q

which is reasonable, if the domains £(z,¢, s) (or more precisely the growth rates) are small
and if the temperature variation is small.

Using a method as originally used by Schneider et al. [20], instead of these equations
an equivalent system of differential equations (the rate equations) can be employed, if the
following auxiliary function is introduced:

po(,t) = —In(1 — £(z, ). (2.62)
The differential equations obtained read as follows:
Sbi—l(m: t) = G(t)%(ma t) (263)

14



fori=1,...,d, p;(—00) =0 and
ba(z,t) = (d — Vwga(z,t) (2.64)

which has to be solved simultaneously with the model for the heat transfer given by (2.42)-
(2.44). The heat source term in equation (2.42) is given by

£(z,t) = Gz, t)p1(z,t)e (2.65)

which shows directly the coupling between the kinetic equations and the heat transfer.
For the development of the morphology one can use equation (2.59) in its differential
form, which reads

N.(z,t) = a(z,t)e @), (2.66)

Equation (2.65) gives a quite natural interpretation of the crystallization process, saying
that the speed of crystallization is the product of the current growth speed and the free
surface per unit of volume of the crystallites, which is ¢;(1 — £).

In contrast to equation (2.65), the concepts of the isokinetic assumption ([18]) or time
additivity (e.g.[8]) lead to the very popular form of kinetic equations as expressed by

E(z,t) = F(T(z,t),&(z,t)). (2.67)
These models are not able to predict any structure development, since the speed of crys-
tallization is determined in this class of models only by the current growth speed and the
current degree of conversion, irrespective whether one has a rather fine grained or a very
coarse grained structure.

Very often an even more crude model is used frequently in simulation, i.e. the so-
called ”enthalpy method” (cf. e.g. [17]). The base of this method is the assumption,
that the degree of crystallinity is a pure temperature function, starting from zero at high
temperatures to some constant limiting value at low temperatures:

£(t) = (7)) (2.68)
The heat equation (2.42) can be written in this case as:

(1-%%@(1&)))2—? = aAT (2.69)

which is a diffusion equation with temperature dependent thermal coeflicients, but without
heat source term. However, everyone should be warned to use such a description, since
any solidification kinetics is ignored in this case.

3 Parameter Identification

In practice one is interested in identifying kinetic parameters (material functions) from
measurements of the temperature and observations of the morphology. With some poly-
mers it is known from experiments that the assumptions of equations (1.4) and (2.9) are
valid. In this case the identification of the parameters G and j\?, which fully characterize
the crystallization behaviour of the material, is of great importance.
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3.1 Experimental data

Many materials allow direct observation or indirect determination of the growth rate G
(cf.[24, 19]). However, usually one has to cope with heat transfer problems even with
standard experiments (cf.[13]), since small deviations in temperature have big influence on
the kinetic parameters, in particular on the growth rate G. In Figure 3 the growth rate
of isotactic polypropylene is reproduced from ref. [19]. The temperature sensitivity in the
range of the higher temperatures is about one decade for a change of 12 degrees. Since in
the equations for the degree of crystallinity (cf. subsection 2.1) always the third power of
G shows up, this means, that an error in the temperature of 4 degrees changes the speed of
crystallization by a factor 10 (!). Thus, in view of the low heat conductivity of polymers,
one has to ensure a very accurate control of the temperature in experimentation. With
other polymers (like e.g. polyethylene) the temperature sensitivity of G can even be higher
than with polypropylene.

The growth rate data in Figure 3 is a compilation of data using quite different exper-
imental methods like optical microscopy (high temperature range), optical observation of
the movement of a crystallization zone in a steep temperature gradient and a light scat-
tering technique (intermediate temperature range), and a quite tedious quench experiment
using microtome cuts (full temperature range). Fortunately different grades of isotactic
polypropylene (in a broad range of different molecular weights) show practically no differ-
ence in their growth rates with the exception of grades with very poor tactiticity, which,
however, are of no importance in practice.

For the nucleation data the situation is more complicated from the experimental point
of view. One is often not able to obtain nucleation data directly from experiments, since
it 1s usually not possible to quench samples quickly enough in order to get frozen-in mor-
phologies from intermediate states. Due to the low heat conductivity of polymers this
would only be possible for very thin samples, in which, however, one gets a change of the
crystallization process due to the surfaces (cf. remarks after (2.57)) or due to additional
surface nucleation, which takes place quite often in practice.

Figure 3 shows some nucleation data for an unnucleated isotactic polypropylene, which
is a grade containing no nucleating agents, as one often has in processing to obtain higher
crystallization speeds and more favourable final mechanical properties of the solidified
product. Here again different experimental methods have been appplied to get these data,
which usually can not be determined very accurately. A main reason for this is that one
always has to observe stochastic two-dimensional morphologies in a microtome cut from
which nucleation data (for the threedimensional situation) are calculated. In the particular
case which is shown in Figure 3 one has a change of one decade in the number of nuclei per
9 degrees change in temperature. This looks less dramatic than with the growth rate, since
in the kinetic equations usually the first power of the nucleation rate shows up, in contrast
to the third power of the growth rate. However, for an accurate determination of the final
number of spherulites, which is an important quantity for the mechanical properties of a
solidified sample, such a temperature sensitivity is quite high. Thus identification of the
nucleation data is of special interest.
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3.2 Identification of Nucleation and Growth Rates

Under suitable conditions, the model equation (2.37)-(2.44) in the time-interval I = (0, ¢*)
and the special modelling of a and G as in (2.52), (2.53), admits a unique solution for
given N and G, and thus the parameter-to-output maps

F:D(F) — LAI) x I*(Q) x I*(Q) (3.1)
N = (T|r,&le=t., Ale=t.) ‘
and
G:D(G) — L’(I)x L*(Q) x L*(Q)
G (TIr,élze.): 2

may be defined.
The problem of estimating the nucleation rate may now be interpreted as the solution
of the operator equation

F(N) = (T5,€) (3.3)
and similary, the identification of the growth rate is equivalent to solving
G(G) = (T3,€) (3.4)

The error of the measurement is denoted by §. Due to the ill-posedness of the identification
problem it is necessary to use a regularization method such as Landweber-iteration (cf.[14]).
More details about the solution of the inverse problem for the one-dimensional case, i.e.,
parameter identification in the system (2.54) - (2.56) are given in [4].

4 Numerical Simulation of Crystallization processes

For the numerical simulation of a one-dimensional crystallization process with real data we
suppose that crystallization occurs in a cylindric sample of 1 mm length and a diameter
of 20 pm. This corresponds to isothermal experiments carried out by Schulze and Wilbert
(cf.[22]) in a sample of similar size. The temperature range is chosen between 80° C and
130° C, where data about growth and nucleation rates for i-PP are accessible (cf.[19], see
Figure 3). The diffusion coefficient is given by a = 107 m?
the boundary is determined such that one achieves a cooling rate of around 10 Ks™!, which
is rather fast compared to typical DSC-experiments, but serves to demonstrate the special

s7! the temperature flux on

effects arising in the non-isothermal situation. The data for the latent heat is given by

L="%=50K.
A comparison of the results computed using the BCE-model (2.54)- (2.56) in Figure 4
and the ones of the Avrami-Kolmogorov model, which may be seen as the corresponding

reduced equation in Figure 5 shows that the evolution of the temperature in the sample is
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Figure 3: Measured values for G (in m/s) and N [m~3] in logarithmic scale as functions
of temperature T' [°C].
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Figure 4: Temperature (in C') and degree of crystallinity after 2, 4, 6, 8 and 10 seconds as
functions of the dimensionless fibre coordinate z as computed with model (2.54).
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Figure 5: Temperature (in C') and degree of crystallinity after 2, 4, 6, 8 and 10 seconds as
functions of the dimensionless fibre coordinate x as computed with the classical Avrami-
Kolmogoroff model.
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Figure 6: Evolution of the degree of crystallinity during the first 10 seconds near the
boundary (solid) and in the middle of the sample (dotted), computed with model (2.54)
(left) and the Avrami-Kolmogoroff model (right).

19



not affected significantly by the specific choice of the crystallization kinetic equation, while
the influence of the latent heat can be seen clearly, especially between 6 and 8 seconds. As
expected, the simplified Avrami-Kolmogorov model (2.58) leads to significant deviations
in a boundary layer, which is due to the fact that it does not take into account the effect
of boundary impingement.

The last Figure 6 shows the evolution of the degree of crystallinity for fixed location
z close to the boundary of 2 and in the middle of the sample. Since the active cooling
takes place at the boundary, the evolution of £ in the middle of the sample is delayed. A
comparison of both models shows again that there is no significant difference between the
solutions in a certain distance from the boundary, while the simplified model predicts a
faster increase of ¢ near the boundary.
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