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tThis paper is 
on
erned with the mathemati
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oupling of the sto
hasti
 birth and growthpro
ess of 
rystallization (Avrami-Kolmogorov-Evans theory) with the evolution equation fortemperature via enthalpy.Later we provide 
onditions upon s
ales and parameters, under whi
h averaging at amesos
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 type, modelling the evolution of volume and surfa
edensities of 
rystals 
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1 Introdu
tionA 
rystallization pro
ess is in general the superposition of two features, namely nu
leation andgrowth of 
rystals. While the growth pro
ess may be 
onsidered deterministi
 (with speed G =G(x; t), the growth rate), nu
leation o

urs randomly in spa
e and time. We will 
onsider a
rystallization pro
ess in a bounded domain E � Rd (d = 1; 2; 3) and assume that nu
leationtakes pla
e only in the interior of E with some rate � = �(x; t) (nu
leation rate). In pra
ti
e onemust also expe
t boundary nu
leation (
f. [9℄), whi
h is negle
ted almost 
ompletely in literatureso far. Nevertheless we note that the approa
h presented here might also be adapted for the 
aseof boundary nu
leation, whi
h will be an important future task.In general, we will denote by �t the 
rystalline phase at time t and by �t(x0; t0) a 
rystal bornat point x0 at time t0 and freely grown up to time t. In a 
rystallization pro
ess with nu
leationevents f (Xj ; Tj) j 0 � T1 � T2 � : : : g, the 
rystalline phase is given by�t = [Tj<t�Tj ;where �tj denotes the 
rystal born at time Tj at Xj (again freely grown up to time t). It hasturned out (
f. [2, 8, 10℄) that on a ma
ros
opi
 s
ale the quantity�(x; t) := E[I�t (x)℄ = P (x 2 �t); x 2 E; t 2 R+is suitable for the des
ription of the 
rystallization pro
ess.In the simple 
ase of spatially homogeneous growth and nu
leation rate, equations for � 
anbe derived based upon the approa
hes by Avrami, Kolmogorov and Evans (
f. [1, 11, 13℄). Thesemodels yield a good des
ription of isothermal pro
esses and have been investigated frequently inbounded and unbounded domains (
f.[4, 5, 9, 10, 14℄).We develop a model for heterogeneous growth based upon experimentally veri�ed prin
iplesin Se
tion 2. By using this growth model we 
an derive the 
rystallization kineti
 equations forarbitrary growth and nu
leation rates, whi
h are given fun
tions of time and spa
e. This derivationuses a generalization of the 
lassi
al theory by Avrami, Kolmogorov and Evans, the main tool beingthe 
ausal 
one. This theory 
annot be extended easily to the 
ase of intera
tion with temperature,sin
e the 
ausal 
one 
annot be de�ned in a deterministi
 way if the temperature �eld is random.In Se
tion 5.3 we provide a formal derivation of the deterministi
 system by an approximation atdi�erent s
ales. A rigorous derivation will be left to subsequent work (
f. [7℄).2 Growth of a nu
leus in an heterogeneous FieldThe 
lassi
al Kolmogorov-Avrami-Evans theory for isothermal 
rystallization heavily used the fa
tthat 
rystals are of spheri
al shape if the growth rate is 
onstant, the same is true if the growth2



rate depends upon time only. In the 
ase of heterogeneous growth, i.e., if the growth rate Gdepends on spa
e and time, the shape of a polymeri
 
rystal (before impingement) is no longer aball 
entered in the origin of growth. In the 
ase of a growth rate with 
onstant gradient it hasbeen veri�ed experimentally that the growing nu
leus is the union of lines (the growth lines) whi
hlead to growth in minimal time (
f.[17℄). This prin
iple 
an be adapted for the 
ase of arbitrarygrowth rates (
f.[18℄).Assumption 2.1 (Minimal-time Prin
iple). A nu
leus grows from its origin to any otherpoint su
h that the needed time is minimal.The minimal-time prin
iple is obviously satis�ed for homogeneous growth, sin
e there thegrowth lines are just straight lines, whose union forms the shape. The growth of a nu
leus in R2between its origin (x0; y0) and another point (x1; y1) due to Assumption 2.1 may be formulatedas follows: t1 = min(x;y;�)subje
t to _x(t) = G(x(t); y(t); t) 
os �(t) t 2 (t0; t1)_y(t) = G(x(t); y(t); t) sin �(t) t 2 (t0; t1)x(t0) = x0; y(t0) = y0x(t1) = x1; y(t1) = y1The ne
essary �rst order 
onditions for this 
ontrol problem (
f.e.g.[12℄) lead to the followingequation for the 
ontrol variable �:_� = hrG(x; y; t); (� sin �; 
os�)T iFor the growth of a nu
leus in R3 we obtain the 
ontrol problemt1 = min(x;y;�;�)subje
t to _x(t) = G(x(t); y(t); z(t); t) 
os�(t) 
os �(t)_y(t) = G(x(t); y(t); z(t); t) sin �(t) 
os �(t)_z(t) = G(x(t); y(t); z(t); t) sin �(t)x(t0) = x0; y(t0) = y0; z(t0) = z0x(t1) = x1; y(t1) = y1; z(t1) = z13



whi
h leads to the ne
essary 
onditions_�(t) = hrG(x(t); y(t); z(t); t); (� sin �(t); 
os�(t); 0)T i_�(t) = hrG(x(t); y(t); z(t); t); (� 
os�(t) sin �(t);� sin�(t) sin �(t); 
os �(t))T iBy eliminating the angles we may dedu
e a se
ond order ODE for the growth lines given byddt � _xG(x; t)� = �rG(x; t) +�rG(x; t); _xG(x; t)� _xG(x; t) ; (1)where x denotes the ve
tor (x; y)T in R2 and (x; y; z)T in R3, respe
tively.The 
rystal at time t is now given as the union of all growth lines, i.e.�t0 = f x(�) j x solves (1);x(t0) = x0; � 2 (t0; t) g:Ea
h growth line is determined uniquely by its derivative at initial time, whi
h may be written as_x(t0) = G(x0; t0)n0;where n0 is an arbitrary ve
tor in Rd with kn0k = 1. Thus, we may introdu
e a parametrizationfor the 
rystal based on the initial dire
tion, namely, in R2�t0 = f x(�; 
) j � 2 (t0; t); 
 2 [0; 2�) g; (2)where x(�; 
) denotes the solution of (1) with initial valuesx(t0) = x0;_x(t0) = G(x0; t0)(
os 
; sin 
)T ;and in R3 �t0 = f x(�; 
1; 
2) j � 2 (t0; t); 
1 2 [0; 2�); 
2 2 [��2 ; �2 ℄ g; (3)where x(�; 
1; 
2) denotes the solution of (1) with initial valuesx(t0) = x0;_x(t0) = G(x0; t0)(
os 
1 
os 
2; sin 
1 
os 
2; sin 
2)T :Equation (1) yields a des
ription of 
rystal growth based on growth lines, whi
h are 
omputedindependently. The parametrizations introdu
ed in (2) or (3) also provide another view upon thegrowing nu
leus. For the sake of simpli
ity we 
on
entrate on the 
ase of a 
rystal in R2, butsimilar reasoning is possible in higher dimensions. By �xing the time t we obtain the set��t0 = f x(t; 
) j 
 2 [0; 2�) g;4



whi
h is 
alled the growth front. In the following we will dedu
e equations for the 
rystal growthusing information about the surfa
e ��t0 and its normal ve
tor, whi
h will be denoted by n(t; 
).Let x0(t; 
) denote the derivative of x with respe
t to 
. Then k _xk2 = G(x; t)2 impliesh _xG; ��tx0i = hrG;x0i:Multiplying (1) with x0 yieldsh ��t _xG;x0i = �hrG;x0i+ hrG; _xG ih _xG;x0i;and by 
ombining these equations we obtain the initial-value problem��t h _xG;x0i = p(t)h _xG;x0i; (4)h _xG;x0it=0 = 0; (5)where p(t) := hrG; _xGi. Sin
e we may suppose that _x and x are known as the solutions of (1)we may interpret (4), (5) as an equation for the fun
tion h _xG ;x0i, where 
 is �xed now. If p(t) issuÆ
iently smooth we may 
on
lude that the homogeneous initial-value problem (4), (5) has onlythe the trivial solution, i.e.,h _xG;x0i(t; 
) = 0; 8 t � t0; 8 
 2 [0; 2�):Sin
e _xG is a unit ve
tor this immediately implies that _xG is just the normal ve
tor of the growthfront.Consequently, we rewrite Equation (1) as the �rst-order system_x(t; 
) = G(x(t; 
); t)n(t; 
); (6)_n(t; 
) = �rG(x(t; 
); t) + hrG(x(t; 
); t);n(t; 
)in(t; 
); (7)whi
h 
learly shows that the growth is determined by the a
tual normal dire
tion of the growthfront as well as by the growth rate and its gradient. The initial values are given byx(t0; 
) = x0; (8)n(t0; 
) = (
os 
; sin 
)T :In R3 equation (6) may be dedu
ed in an analogous way by di�erentiating with respe
t toboth angles separately, hen
e System (6), (7) still remains valid. The initial 
onditions are givenby (8) and by n(t0; 
) = (
os 
1 
os 
2; sin 
1 
os 
2; sin 
2)T :As opposed to the original minimal-time prin
iple, the derivated System (6), (7) needs onlyinformation about the shape of the 
rystal at the a
tual time, but not about the history of growth.Hen
e, this des
ription seems to be suitable not only for the 
ase of growth in a given �eld, butalso for growth in intera
tion with an evolving �eld.5



2.1 Examples of Growing CrystalsFor a �rst simulation of 
rystal growth in an heterogeneous �eld we used a typi
al paraboli
temperature pro�le (i.e., the solution of the heat equation without sour
e term) and data for thegrowth rate obtained by measurements of i-PP (
f. [15℄). The results are presented in Figure2, whi
h shows the growth front in the �rst time steps. The deviation from the spheri
al shapeobviously in
reases with time, nevertheless the 
rystals still remain 
onvex and do not produ
eexoti
 shapes.3 The Causal Cone Approa
hA 
lassi
al way of dedu
ing model equations on a ma
ros
opi
 s
ale is based on the investigationof the 
ausal 
one A(x; t), i.e., the set of all points y and times s, su
h that nu
leation at y attime s would lead to 
overage of x at time t. The probability �(x; t) that the point x is 
overed attime t (whi
h is the same as the expe
ted value E[I�t(x)℄) is substituted by the probability thatno nu
leation o

urs in the 
ausal 
one.This approa
h was su

essfully applied in the 
ase of 
rystallization leading to the Avrami-Kolmogorov-Evans equation (
f.[1, 11, 13℄). Re
ently, this approa
h has been generalized to het-erogeneous 
rystallization (
f.[2, 8℄). The growth rate G and the nu
leation rate � are usuallytreated as a given �eld, their kind of temperature-dependen
e being introdu
ed a-posteriori. Inthe 
ase of non-isothermal 
rystallization, this is a very deli
ate point, sin
e growing 
rystals in-
uen
e temperature and thus the growth rate. This problem will be dis
ussed in detail in thefollowing se
tion.3.1 The Stru
ture of the Causal ConeIt has been shown (
f.[2, 8℄) that the degree of 
rystallinity � satis�es�(x; t) = 1� e�w(x;t)w(x; t) = tZ0  ZE(x;t;s) �(y; s)dy! dswith E(x; t; s) de�ned by E(x; t; s) = f y 2 E j (y; s) 2 A(x; t) g= f y 2 E j x 2 �t(y; s) gif the 
ondition P (x =2 �t) = P (no nu
leation o

urs in A(x; t)) (9)6



is satis�ed. In order to verify (9), we have to show that any nu
leation in the 
ausal 
one leads to
overage independent of the 
rystalline phase at that time. More pre
isely, we have to show thateven if (x1; t1) 2 A(x; t) is already 
overed by another 
rystal, the point x will be 
overed at timet. This 
an be done by 
omparing two 
rystals - the one already existing before (born at (x0; t0)and denoted by �t0) and the (virtual) new-born 
rystal �t1 (see Figure 2). We show that the laterborn will always stay 'inside' the other one. De�ning the 
one of in
uen
e byI(x0; t0) := f (x; t) j x 2 �t0 g;we 
an express this statement mathemati
ally in the following Lemma:Lemma 3.1. If (x1; t1) 2 I(x0; t0), then I(x1; t1) � I(x0; t0).Proof. Suppose I(x1; t1) 6� I(x0; t0). Then there exist t � t1 and ~t > t su
h that�t1 � �t0�s1 6� �s0; 8 s 2 (t; ~t):For all points x 2 ��t0 \ ��t1, the normal with respe
t to both 
rystals must have the samedire
tion, be
ause otherwise there would exist a point ex in �t1 ��t0. By investigating the growthline y0 from (x0; t0) to (x; t) and the growth line y1 from (x1; t1) to (x; t), the equality of thenormal ve
tor implies y0(t) = x = y1(t)_y0(t) = G(x; t)n = _y1(t)Sin
e y0 and y1 satisfy the se
ond-order ODE (1), the uniqueness of the Cau
hy-problem (forsuÆ
iently smooth G) implies y0(s) = y1(s) for all s � t. Hen
e, the 
rystal born at (x1; t1) 
annever grow beyond the boundary of the 
rystal born at (x0; t0), i.e.,�s1 � �s0; 8 s � t1;a 
ontradi
tion.Lemma 3.1 
an be applied to any situation, where the growth rate G(x; t) is a given �eldindependent of the a
tual 
rystalline phase, e.g. in the 
ase of a nonhomogenous material, whereG = G(x). In the 
ase of a really non-isothermal situation, this is not true anymore, sin
e Gdepends upon temperature and the temperature depends upon the 
rystalline phase. Espe
ially,two growing nu
lei 
annot be 
ompared as in Lemma 3.1, sin
e both in
uen
e temperature and
onsequently, their growth is driven by di�erent growth rates. In a situation like that, eventhe 
ausal 
one 
annot be de�ned independent of the pro
ess anymore, be
ause of the reasons7



des
ribed above it always depends on the pattern of the 
rystalline phase via the temperature.Nevertheless, the results obtained by this generalized Avrami-Kolmogorov-Evans theory yield goodapproximations under typi
al 
rystallization 
onditions as we will see in the following se
tion.3.2 Model Equations in the Multi-dimensional CaseAs we have seen in the previous se
tion, the degree of 
rystallinity is given by�(x; t) = 1� e�w(x;t);w(x; t) = tZ0 ZE(x;t;s) �(y; s) dy ds= tZ0 ZE �(x; t; y; s)�(y; s) dy ds;where � is the indi
ator fun
tion of the s-se
tion of the 
ausal 
one of (x; t), more pre
isely�(x; t; y; s) = IE(x;t;s):In the pre
eding paper [2℄ we have dedu
ed the hyperboli
 initial-boundary value problem� 1Gwt�t = (Gwx)x + 2� in E �R+;wt +Gwn = 0 on �E �R+;w = wt = 0 in E � f0g; (10)in the 
ase of E � R1 by applying a method of 
hara
teristi
s upon �. In the following, we willdedu
e similar model equations in the multidimensional 
ase, making use of Equations (6), (7).Sin
e the solution x(t; 
) of (6), (7) represents the surfa
e on whi
h the value 1 of the indi
atorfun
tion is propagated, � satis�es �t +Ghr�; �i = 0hr�; �?i = 0h�; �i = 1for t > s, with initial values �(x; t; y; t) = 0 for x 6= y�(x; t; x; s) = 1 for t > s:In the above equations, � = �(x; t; y; s) represents the outer normal of the 
ausal 
one with respe
tto x. 8



The same te
hnique as applied to the growth of one nu
leus yields�t = G�1�1t = rx:(G�2) +  d�2t = rx(G�1)in Rd, where �1 and �2 may again be interpreted as densities of the boundary of the 
ausal 
oneand  d(x; t) is the fun
tional h 2(x; t); �i := 2� tZ0 �(x; s) ds:for d = 2, respe
tively h 3(x; t); �i := 4� tZ0 G(x; s) sZ0 �(x; �) d� ds:for d = 3.Now we may easily verify that w is a solution of the systemwt = Gu (11)ut = r:(Gv) + h d; �i (12)vt = r(Gu) (13)with homogenous initial values for u, v and w.In a similar way we may also derive the boundary 
onditionu(x; t) + hv(x; t); n(x; t)i = 0; for x 2 �E:(assuming that no boundary nu
leation o

urs), where ��n denotes the normal derivative withrespe
t to �E.It turns out that System (11)-(13) 
an be transformed to the form of (10) if G > 0. We notethat also the higher-dimensional model 
ontains the well-known system of rate equations derivedby S
hneider et al. [16℄ for the spa
e-homogeneous 
ase.4 Intera
tion with Heat TransferIn an experimental situation, where heterogeneities are 
aused only by the heat transfer in thematerial, we may model growth and nu
leation rates as 
ertain temperature-dependent materialfun
tions (
f. [9℄) G(x; t) = eG(T (x; t));�(x; t) = ��t eN(T (x; t)):9



Vi
e versa, the growing 
rystalline phase in
uen
es the heat 
ondu
tion pro
ess in the materialas follows (�
T )t = r:(�rT ) + (hI�t)t in E �R+Tn = �(T � Tout); on �E �R+where again the derivative of the indi
ator fun
tion I�t has to be understood in a weak sense. Here� denotes the density, 
 the heat 
apa
ity, � the heat 
ondu
tivity, � the heat transfer 
oeÆ
ientand h the latent heat released at the moment of phase 
hange.The parameters in the heat equation may depend upon the phase, i.e., if �1; 
1; �1 and �1 denotethe parameters of the 
rystallized material and �2; 
2; �2 and �2 the ones of the non-
rystallized,we may write � =I�t�1 + (1� I�t)�2
 =I�t
1 + (1� I�t)
2� =I�t�1 + (1� I�t)�2� =I�t�1 + (1� I�t )�2 (14)This heat transfer model is a random di�erential equation, sin
e all parameters depend upon therandom variable I�t . A dire
t 
onsequen
e is the sto
hasti
ity of temperature, whose evolutiondepends upon the geometry of the 
rystalline phase.The typi
al s
ale of the heat transfer problem is given byxT =r�0t0�0
0 (15)where t0 is the length of the 
onsidered time interval, �0, �0 and 
0 are typi
al s
ales for �, � and
. The typi
al s
ale for the growth of a nu
leus is given byxG = G0t0; (16)where G0 is a typi
al value for the growth rate G. In pra
ti
al appli
ations it turns out thatxT >> xG, whi
h is due to the fa
t that 
rystal growth is very slow, whereas the heat 
ondu
tionis rather fast. This means that there exist two signi�
ant s
ales in the problem, i.e.� Mi
ros
ale xG for growth.� Ma
ros
ale xT for heat 
ondu
tion.It is a dire
t 
onsequen
e that if one is interested only in lo
al mi
ros
opi
 e�e
ts, temperaturevariations 
an be negle
ted, whereas for a pure ma
ros
opi
 des
ription the growth e�e
ts are notimportant (see Fig.3). The s
ale of real interest in polymer pro
essing is a mesos
ale between xTand xG, whi
h is �ne enough for morphologi
al details without paying attention to ea
h mi
ros
opi

rystal. In the subsequent se
tions we will derive a hybrid model on su
h a mesos
ale.10



5 A Random PDE ModelA di�erent approa
h to the 
omputation of � by 'looking ba
k' via the 
ausal 
one is to investi-gate the 
rystalline phase dire
tly and take expe
ted values later, using the so-
alled method of
hara
teristi
s (
f.[18℄). The aim is to write a di�erential equation for the indi
ator fun
tion ofthe nu
leus, whi
h grows at its boundary with growth rate G. Sin
e the non-
ontinuous indi
atorfun
tion 
annot satisfy su
h an equation in a 
lassi
al sense, 
hara
teristi
s are used.5.1 The evolution of a single 
rystalWe �rst 
onsider the 
rystal �tj born at time t = Tj and point x = Xj , its indi
ator fun
tion willbe denoted by f j . The evolution of f j is determined by the �rst-order PDE (
f.[2℄)f jt +Gkrf jk = 0; (17)for x 2 E, t > Tj with additional 
onditionsf j(x; Tj) =0 for x 6= Xj ;f j(Xj ; t) =1 for t > Tj :We may also 
onsider the same equation for t < Tj with the additional 
ondition f j(Xj ; t) = 0.Equation (17) may be written equivalently asf jt +Grf j � n = 0 (18)rf j � n? = 0n � n = 1;where n is the normal ve
tor of the growth front. As the normal ve
tor multiplied by the growthrate is just _x, we have df jdt (x(t; 
); t) = f jt +rf j � _x = f jt +Grf j � n = 0;i.e., f j is 
onstant along the growth lines.For any smooth fun
tion � = �(x) we have��t ZE f j(x; t)�(x) dx = ��t Z�tj �(x) dx= lim�t!0 1�th Z�t+�tj �(x)dx � Z�tj �(x)dxi= lim�t!0 1�t Z�t+�tj ��tj �(x)dx= lim�t!0 1�t Z��tj �(x)d�(x)G(x; t)�t=Z��tj G(x; t)�(x)d�(x)11



If we 
onsider the 
rystal �tj as an open set, i.e. 1� f j equals 1 on ��tj , this yields��t ZE f j(x; t)�(x) dx = Z��tj (1� f j(x; t))G(x; t)�(x) d�(x):Let us denote by uj the density of the 
rystal surfa
e, that isuj(x; t) dx = �d�1(��tj \ dx)where �d�1 is the Lebesgue measure on Rd�1 . We have thathuj ; �i = ZRd uj(x; t)�(x)dx= Z��tj �(x) d�(x);for any suÆ
iently smooth fun
tion �. We may write, in a weak sense,f jt = (1� f j)Guj : (19)Let the fun
tion v be the density of the surfa
e dire
tion, i.e.vj(x; t) dx = �n(x; t)�d�1(��tj \ dx);so that hvj ; �i = � Z��tj �(x)n(x; t) d�(x):Note that uj and vj satisfy the 
ompatibility 
onditionvj � n = �uj :From Eq.(18) and (19), we obtainGrf j � n = �f jt = (1� f j)Guj = (1� f j)Gvj � n;and we may 
on
lude rf j = (1� f j)vj :With the above de�nitions for uj and vj , we may writef jt =(1� f j)Guj ; (20)rf j =(1� f j)vj : (21)
12



By deriving (20) with respe
t to the spa
e variable and (21) with respe
t to time, we haver(f jt ) =�rf jGuj + (1� f j)r(Guj)=� (1� f j)vjGuj + (1� f j)r(Guj)=(1� f j)(r(Guj)� vjGuj);(rf j)t =� f jt vj + (1� f j)vjt=� (1� f j)Gujvj + (1� f j)vjt=(1� f j)(vjt �Gujvj):For the 
ompatibily 
ondition, uj and vj must satisfyvjt = r(Guj): (22)The time derivative of uj 
an be 
al
ulated as��t huj ; �i = lim�t!0 h Z��t+�tj �(x)d�(x) � Z��tj �(x)d�(x)i= lim�t!0 Z��tj h�(x +Gndt)� �(x)id�(x)= lim�t!0 Z��tj h�(x) +G dtn � r�(x) � �(x)id�(x)=Z��tj G(x; t)n(x; t)r�(x) d�(x)=� hGvj ;r�i=hr � (Gvj); �i;for t > Tj whi
h implies ujt = r � (Gvj) (23)in a distributional sense.In order to extend the equations to the whole time domain t > 0 we examine the time derivativesat t = Tj using ��thuj ; �ijt=Tj = ��t Z��tj �(x; t) d�(x)jt=Tj ; k = 0; 1; 2: (24)Sin
e at time t = Tj , the grain �tj redu
es to the point Xj , we may expand the fun
tion �(x; t)in a neighborhood of (Xj ; Tj), thus obtaining�(x; t) =�(Xj ; Tj) + �t(Xj ; Tj)(t� Tj) +r�(Xj ; Tj) � (x�Xj) + o(t� Tj)=�(Xj ; Tj) + �t(Xj ; Tj)(t� Tj)+r�(Xj ; Tj) �G(Xj ; Tj)n(x; t)(t � Tj) + o(t� Tj):13



By substituting in (24), we have��t huj ; �ijt=Tj = ��t��(Xj ; Tj)j��tj j+ �t(Xj ; Tj)(t� Tj)j��tj j+ o((t� Tj)d)�jt=Tj ;be
ause j��tj j = O((t � Tj)d�1) and, for the isotropy of n around the nu
leus,limt!Tj Z��tj n(x; t)d�(x) = 0:In R1 we have j��tj j = 2 and 
onsequently��t huj ; �ijt=Tj = 2�t(Xj ; Tj):In R2 , j��tj j = 2�r(Xj ; Tj ; t) + o(t� Tj), wherer(Xj ; Tj ; t) = Z tTj G(Xj ; s) dsand thus ��thuj ; �ijt=Tj = 2�G(Xj ; Tj)�(Xj ; Tj):In R3 we have j��tj j = 4�r(Xj ; Tj ; t)2 + o((t� Tj)2), hen
e��t huj ; �i = ��t ��(Xj ; Tj)4�r(Xj ; Tj ; t)2 + o((t � Tj)2)�=4��(Xj ; Tj)r(Xj ; Tj ; t) ��t Z tTj G(Xj ; s)ds+ o(t� Tj)=8��(Xj ; Tj)r(Xj ; Tj ; t)G(Xj ; Tj) + o(t� Tj)and, sin
e r(Xj ; Tj ;Tj) = 0, ��t huj ; �ijt=Tj = 0:With the notation ��thuj ; �i = hGûj ; �iwhere hû; �i = 8��(Xj ; Tj)r(Xj ; Tj ; t)and thus ��thûj ; �ijt=Tj = 8�G(Xj ; Tj)�(Xj ; Tj);we obtain �2�t2 huj ; �ijt=Tj = G(Xj ; Tj) ��t huj ; �ijt=Tj = 8�G(Xj ; Tj)2�(Xj ; Tj):Similar reasoning yields that (22) is satis�ed at t = Tj , without any point sour
e, whi
h is dueto the isotropy of the additional fa
tor n(x; t) at the point of birth of the nu
leus.14



Obviously (22) and (23) hold for 0 < t < Tj with homogeneous initial values at t = 0, sin
eboth distributions are equal to zero in this region.Hen
e, we have shown that in a distributional sense, in Rd d = 1; 2,8<: ujt = r:(Gvj)vjt = r(Guj) t > Tj8<: ujt = Sdjvj = 0 t = Tj (25)8<: uj = 0vj = 0 t � Tjwhere Sdj is the generalized fun
tion de�ned byhSdj ; �i = ��t huj ; �ijt=Tj :In R3 , (25) has to be repla
ed by8<: ujtt = r:(Gvj)tvjt = r(Guj) t > Tj8>>><>>>: ujtt = GS3jujt = 0vj = 0 t = Tj (26)8<: uj = 0vj = 0 t � Tjwhere S3j is the generalized fun
tion de�ned byhSdj ; �i = ��t hûj ; �ijt=Tj :5.2 The evolution of the union of the 
rystalsBased on the equations for f j we may dedu
e a system for the indi
ator fun
tion f of the whole
rystalline phase in order to investigate the 
rystallization pro
ess dire
tly and take expe
tedvalues later.Let f(x; t) := I�t(x), f j(x; t) := I�tTj (x), then1� f(x; t) = YTj<t(1� f j(x; t));sin
e f equals 0 if and only if all f j are 0. 15



De�ning the sum of densities u =XTj<tujv =XTj<t vjwe may write ft =XTj<t f jt Yk 6=j(1� fk)=XTj<t(1� f j)Guj Yk 6=j(1� fk)=GXTj<tuj YTk<t(1� fk) = G(1� f)uand, similarly, rf = (1� f)v:As an immediate 
onsequen
e of the fa
t that u and v are linear superpositions of the fun
tionsuj and vj , respe
tively, the quantities u and v 
an be 
omputed dire
tly by solving, for E � Rd ,d = 1; 2, ut = r � (Gv) + XTj=tSdjvt = r(Gu) in E � R+ (27)u+ hv; ni = 0 on �E � R+u = 0v = 0 in E � f0g:For E � R3 , Equations (27) be
omeutt = r � (Gtv) +r � (Gvt) + XTj=tGSdjvt = r(Gu) in E � R+ (28)The distributions u and v are of spe
ial interest by themselves, sin
e they provide additionalinformation about the morphology of the material, e.g.the total surfa
e of nu
lei in a domain Bin the absen
e of impingement is given byZB u dx := hu; IBi = XTj<tZ��tj IB(x)d�(x) = XTj<t �d�1(��tj \ B):The expe
ted value of u is just the mean free metri
 density, whi
h has been introdu
ed in [6℄ asone of the most important measures for the morphology of the �nal material.16



5.3 AveragingBy 
oupling with temperature we obtain, in R1 and R2 the system8>>>>>><>>>>>>: ft = eG(T )(1� f)uvt = r( eG(T )u)ut = r:( eG(T )v) +PTj=t Sdj(�
T )t = r:(�rT ) + (hf)t in E � R+ (29)8<: u+ hv; ni = 0Tn = �(T � Tout) on �E � R+8>>>>>><>>>>>>: f = 0u = 0v = 0T = T 0 in E � f0g;whose sto
hasti
ity is 
aused by the sour
es Sdj only (we obtain an analogous system in R3 ,
oupling (28) with the temperature).At this point, by the remarks made in Se
.4, we may 
onsider a multiple s
ale approa
h, inorder to obtain a deterministi
 system from (29).At the level of the mesos
ale, it makes sense to 
onsider a region B small enough that thespa
e variation of temperature inside B may be denied and su
h that there is a suÆ
iently highnumber of \small" 
rystals in B, so that a law of large numbers allows the approximationXXj2B XTj�tSdj � Eh XXj2B XTj�tSdj i; (30)i.e. we may approximate the sour
e term by its expe
ted value, whi
h is the mean rate of surfa
eprodu
tion.In Equation (29), at ea
h time t, there is the 
ontribution of the nu
lei born exa
tly at thattime. But at every time t, the probability of birth of a nu
leus is zero, so that for a rigorousinterpretation of (29), we need to use an integral version of it and introdu
e the approximation in

17



(30): ZB�(x; t)u(x; t) dx = ZB �(x; 0)u(x; 0) dx+ Z t0 ZB r � ( eG(T )v(x; s))�(x; s) dx ds+ XTj�t XXj2BhSdj ; �i�ZB �(x; 0)u(x; 0) dx+ Z t0 ZB r � ( eG(T )v(x; s))�(x; s) dx ds+Eh XTj�t XXj2BhSdj ; �ii�ZB �(x; 0)u(x; 0) dx+ Z t0 ZB r � ( eG(T )v(x; s))�(x; s) dx ds+ Z t0 ZB Fd[ eG; e�; T (x; s)℄ dx ds: (31)More pre
isely, for a test fun
tion �(x; t) smooth enough and s.t. �(x; t) = 0 on �B,XXj2B XTj�thS1j ; �i �Eh XXj2B XTj�t 2�t(Xj ; Tj)i=Z t0 ZB 2�(x; s)�t(x; s) dx ds=� 2 Z t0 ZB �t(x; s)�(x; s) dx dsXXj2B XTj�thS2j ; �i �Eh XXj2B XTj�t 2�G(Xj ; Tj)�(Xj ; Tj)i=2� Z t0 ZB �(x; s)G(x; s)�(x; s) dx dtXXj2B XTj�tG(Xj ; Tj)hS3j ; �i �Eh XXj2B XTj�t 8�G2(Xj ; Tj)�(Xj ; Tj)i=8� Z t0 ZB �(x; s)G2(x; s)�(x; s) dx dsSo we have that the sour
e terms in (31) are de�ned byF1[ eG; e�; T ℄(x; t) :=� 2e�(T (x; t))tF2[ eG; e�; T ℄(x; t) :=2� eG(T (x; t))e�(T (x; t))F3[ eG; e�; T ℄(x; t) :=8� eG2(T (x; t))e�(T (x; t)):In (31), all randomness is eliminated and we obtain a nonlinear initial-boundary value problem
18



for a system of one paraboli
 and one hyperboli
 equation:���t = eG( eT )(1� �)eu (32)�eu�t = r:( eG( eT )ev) +Fd[ eG; e�; eT ℄ (33)�ev�t = r( eG( eT )eu) (34)��t (
� eT ) = r:(kr eT ) + ��t (h�); (35)in E � R+ , E 2 Rd , d = 1; 2, supplemented by the boundary 
onditionseu+ hev; ni = 0; (36)� eT�n = �( eT � Tout); (37)on �E � R+ and initial values given by � =0 (38)eu =0 (39)ev =0 (40)T =T 0 (41)in E � f0g, usually with T 0(x) � Tm for all x 2 E. In order to express the essential di�eren
ebetween the (generalized) fun
tions f , u, v and T and their equivalents in the averaged equationswe now write �, eu, ev and eT .In R3 , introdu
ing the variable ~w = �~u�t , the system be
omes���t = eG( eT )(1� �)eu�eu�t = ew� ew�t = r � ( ��t eG( eT )ev) +r � ( eG( eT ) ��tev) +F3[ eG; e�; eT ℄�ev�t = r( eG( eT )eu)��t (
� eT ) = r:(kr eT ) + ��t (h�):The parameters 
; �; k; h are 
onsequently averaged by substituting � to I�t in (14).For a rigorous derivation of (33) as a limit of a suitable sto
hasti
 
ounterpart, the reader isreferred to [7℄.6 Con
lusionsWe have seen that the Avrami-Kolmogorov-Evans theory is appli
able to any 
rystallization pro-
ess, where the growth and nu
leation rates are arbitrary fun
tions of time and temperature, but19



independent of the a
tual 
rystalline phase. If the rates depend upon the a
tual pattern of the
rystalline phase by some reason, e.g. be
ause of intera
tion with temperature, the theory fails,sin
e the 
ausal 
one 
annot be de�ned anymore as a deterministi
 region. Nevertheless, the resultsobtained that way yield a good approximation under typi
al 
onditions, whi
h is 
on�rmed by thealternative dire
t approa
h presented in Se
tion 5, whi
h 
leary shows the averaging in
luded inthe model using the di�erent s
ales of the pro
ess. In addition, the dire
t approa
h seems to bemore 
exible for other situations, like age-dependent growth, too.We note that the averaging pro
edure presented in this paper was only qualitative, a quantita-tive estimation of the error made by using the averaged model seems to be an important task forfuture work. Together with this estimate, one might also examine other possible simpli�
ations ofthe model, sin
e perturbations of the same order as the model error 
an obviously be disregarded,too. Espe
ially the terms in
luding spatial derivatives with the 'small' fa
tor G might possibly bedisregarded.Another important task for future investigations will be the identi�
ation of model parametersfrom temperature measurements and phase observations in (32)-(41). In the past, this problemhad been treated only in the 
ase of one-dimensional 
rystallization (
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Figure 
aptionsFigure 1: Crystal shapes in a typi
al temperature �eld.Figure 2: Two hitting 
rystals in the situation of Lemma 3.1.Figure 3: S
hemati
 representation of the s
ales in polymer 
rystallization.
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