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Regularized data-driven 
onstru
tionof fuzzy 
ontrollersM. BURGER�, J. HASLINGERy U. BODENHOFERy, and H.W. ENGLzRe
eived Mar
h 24, 2002Abstra
t | This paper is devoted to the mathemati
al analysis and the numeri
alsolution of data-driven 
onstru
tion of fuzzy 
ontrollers. We show that for a spe
ial
lass of 
ontrollers (so-
alled Sugeno 
ontrollers), the design problem is equivalentto a nonlinear least squares problem, whi
h turns out to be ill-posed. Therefore weinvestigate the use of regularization in order to obtain stable approximations of thesolution. We analyze a smoothing method, whi
h is 
ommon in spline approximation,as well as Tikhonov regularization with respe
t to stability and 
onvergen
e.In addition, we develop an iterative method for the regularized problems, whi
h usesthe spe
ial stru
ture of the problem and test it in some typi
al numeri
al examples.We also 
ompare the behavior of the iterations for the original and the regularizedleast squares problems. It turns out that the regularized problem is not only morerobust but also favors solutions that are interpretable easily, whi
h is an important
riterion for fuzzy systems.1. INTRODUCTIONFundamentally, the idea of fuzzy sets and systems, dated ba
k to Zadeh [34, 35℄,is to provide a mathemati
al model that 
an present and pro
ess vague, impre-
ise and un
ertain knowledge. It has been modeled on human thinking andthe ability of humans to perform approximate reasoning, so that pre
ise andyet signi�
ant statements 
an be made on the behavior of a 
omplex system.�Numeri
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2 Regularized data-driven 
onstru
tion of fuzzy 
ontrollersSu

essful appli
ations of fuzzy logi
 
ontrol in
lude automati
 train operationsystems, elevator 
ontrol, temperature 
ontrol, power plant 
ontrol, fuzzy re-frigerators, washing ma
hines, et
. The main advantage of fuzzy 
ontrollers in
omparison with other adaptive systems like neural networks is the linguisti
interpretability of the 
ontroller.1.1. Fuzzy ControlBasi
ally, a fuzzy logi
 
ontroller 
onsists of three 
omponents [1, 7, 17℄:1. The rules, i.e. a verbal des
ription of the relationships usually of a formas the following (n is the number of rules):if x is Ai then u is Bi (i = 1; : : : ; n)2. The fuzzy sets (membership fun
tions), i.e. the semanti
s of the vagueexpressions Ai, Bi used in the rules. More pre
isely (
f. [2℄): Given auniverse of dis
ourse X a fuzzy subset A of X is 
hara
terized by itsmembership fun
tion �A : X ! [0; 1℄where for x 2 X the number �A(x) is interpreted as the degree of mem-bership of x in the fuzzy set A.3. An inferen
e ma
hine, i.e. a mathemati
al methodology for pro
essing agiven input through the rule base. The general inferen
e pro
ess pro
eedsin three (or four) steps: �rst the fuzzi�
ation, then the inferen
e itself, the
omposition and �nally the (optional) defuzzi�
ation.In the following we assume that a reasonable inferen
e s
heme|a Sugeno 
on-troller [30℄, where the output membership fun
tions are 
risp values|is given.For a 
omplete de�nition of a Sugeno 
ontroller, see Se
tion 2.There are still two 
omponents left whi
h have to be spe
i�ed in order todesign a fuzzy 
ontroller|the rules and the fuzzy sets. Re
ent e�ort has been
on
entrated on developing new te
hniques whi
h may be able to design themembership fun
tions and rule base automati
ally from measured data. Ge-neti
 algorithms have played a spe
ial role in fuzzy 
ontrol design as well asmethods treating fuzzy systems as arti�
ial neural networks to adjust member-ship fun
tions using ba
k propagation. For referen
es see the arti
le of Tan andHu [31℄. Also 
lassi
al optimization algorithms, su
h as the method of steepestdes
ent have been applied in tuning small and medium sized 
ontrollers.Under the quite natural assumptions that produ
t is used as fuzzy inferen
erule, summation as the 
omposition s
heme, and 
enter of gravity as the de-fuzzi�
ation method, the tuning of a Sugeno 
ontroller redu
es to �tting a setof data f(xi; yi)gi=1;:::;m by a linear 
ombination of membership fun
tions inthe least squares sense, i.e. seeking a solution of the minimization problemmXi=1 �yi � nXj=1 �jbj(xi; t)�2 = min(�;t); (1.1)
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tions and � = (�1; �2; : : : ; �n)> the
oeÆ
ients. The 
on
rete shape of the membership fun
tions depends on theknot sequen
e t, whi
h is also in
luded in the optimization pro
edure. Therefore,the minimization problem (1.1) is nonlinear.Among the wide range of possible membership fun
tions for Sugeno 
on-trollers, we will 
on
entrate on two di�erent kinds: trapezoidal and B-splinemembership fun
tions, �rstly for the one-dimensional 
ase (see Se
tion 2). Themore general 
lass of B-spline membership fun
tions for Sugeno 
ontrollers, in-
luding the often used triangular membership fun
tions, were proposed in Zhangand Knoll [36℄. We mention that in a more abstra
t setting su
h approxima-tions have been introdu
ed as abstra
t splines by Sard [20℄ and generalized byGroets
h [12℄.1.2. Ill-posedness and regularizationAssuming for the moment that the knot sequen
e t is �xed, we end up with alinear least squares problemky �B(t)�k2=2 = min� ; (1.2)where B(t) := (bj(xi; t))i=1;:::;m; j=1:::;n is the so-
alled observation matrix.(1.2) has a unique solution, if and only if the observation matrix B has full rankwhi
h is equivalent to the|in approximation theory well-known|S
hoenberg-Whitney 
ondition [6℄. In our 
ase, we also have to take into a

ount data errors.Usually, the data y is the result of measurements 
ontaminated by noise. Often,the exa
t position xi of the measurement is only known approximately, i.e. weget a set of noisy data (x
 ; yÆ) with error bounds 
 and Æ. Then, (1.2) belongsto the 
lass of ill-posed problems and we have to use regularization te
hniquesto obtain a stable solution to our problem.In the 
ase of linear ill-posed problems, the regularization theory is verywell developed [8℄. It is shown by a simple example in Se
tion 2, that the fullnonlinear minimization problem (1.1) is indeed ill-posed in the sense that so-lutions do not ne
essarily depend on the data in a 
ontinuous way. Generally,the theory for nonlinear ill-posed problems (
f. [8℄, Chapter 10) involves morete
hni
al problems as the linear 
ase. The 
ase of an ill-posed nonlinear leastsquares problem, where no "attainability assumption" is ful�lled, is even more
ompli
ated and by far not so well developed [3℄. As a 
hara
teristi
 of ourproblem is that it is linear in one set of variables (the 
oeÆ
ients �) and non-linear in the set of free knots t, we 
ite [24℄, where the problem of regularizingan operator 
onsisting of a linear and nonlinear part is 
onsidered in a moreabstra
t framework.We note that an analogous ill-posed problem arises in the problem of fun
tionapproximation with neural networks. In this 
ase the problem is also givenby (1.2), the basis fun
tions are usually of the formbj(x;a; b) = �(a>j x+ bj); (1.3)



4 Regularized data-driven 
onstru
tion of fuzzy 
ontrollerswith aj 2 RN and bj 2 R. The so-
alled a
tivation fun
tion � is usually 
hosento be a sigmoidal fun
tion, i.e., a monotone and pie
ewise 
ontinuous fun
tionon R, whi
h satis�es limt!�1�(t) = 0 limt!1 �(t) = 1:Similar to our problem in fuzzy 
ontrol, the minimization is performed withrespe
t to the weights and also with respe
t to the parameters aj and bj onwhi
h the output depends in a nonlinear way. The main di�eren
e is that inthe approximation with neural networks one is not interested in the behaviorof the parameters aj and bj , sin
e they do not have a parti
ular meaning, butone rather wants to a
hieve 
onvergen
e of the approximating output fn :=Pnj=1 �jbj(x;a; b) to the fun
tion from whi
h the samples yi are taken. Forthis reason the results obtained in the sequel 
annot be transferred dire
tly toneural networks, but there are several te
hniques that 
ould be 
arried overto that �eld in future work. For further details we refer the reader to themonograph by Bishop [4℄ and also to [5, 10, 28℄.In the following (Se
tion 3) we investigate smoothing|a stabilization ap-proa
h 
ommonly used in the area of spline approximation|whi
h is only aregularization method under the severe restri
tion of additional 
onstraints onthe free knots. Then, we investigate 
lassi
al Tikhonov regularization. We de-velop existen
e, stability, and 
onvergen
e results without any restri
tions asin the 
ase of smoothing. Finally, in Se
tion 5 numeri
al experiments verifytheoreti
al results obtained in Se
tion 4. It turns out, that Tikhonov regular-ization gives the best results with respe
t to stability and interpretability offuzzy 
ontrollers.1.3. Approximation properties of Sugeno 
ontrollersIt has been shown by several authors [16, 32, 15℄, that fuzzy 
ontrollers areuniversal approximators in the sense that it is possible to 
onstru
t su
h rulebases that approximate uniformly any 
ontinuous fun
tion de�ned on a 
om-pa
t subset of Rm with arbitrary a

ura
y. Proofs are based upon the Stone|Weierstrass Theorem and purely existential in nature. From a pra
ti
al|fuzzy
ontrol oriented|point of view, these theorems su�er from the fa
t that thenumber of rules in the base is not bounded, in addition to that even the sup-ports of the terms in the rules are not bounded (e.g. Gaussian membershipfun
tions).As already mentioned, the tuning of a Sugeno 
ontroller redu
es to a data�tting problem by a linear 
ombination of membership fun
tions. From a purelymathemati
al point of view, we now let both the number of membership fun
-tions and data points tend to in�nity and examine the approximation power.We 
onsider the 
ase of B-spline membership fun
tions, where a wide range of
onvergen
e results exists [6, 27℄.We 
an approximate a large 
lass of fun
tions arbitrarily well by splines ofa �xed order if we are willing to use many knots. The order of approximationattainable will in
rease with the smoothness of the 
lass of fun
tions being



M. Burger, J. Haslinger, U. Bodenhofer, and H.W. Engl 5approximated. Additionally, substantial gains in the rate of 
onvergen
e 
an bea
hieved when using the knots as free parameters that 
an be adjusted to theparti
ular fun
tion being approximated (
f. [27℄, Chapters 6-7).2. OPTIMIZATION OF SUGENO CONTROLLERS2.1. Basi
 de�nitions of Sugeno 
ontroller and membership fun
tionsIf we look at a Sugeno 
ontroller from the point of view of mappings whi
hassign to ea
h 
risp observation a 
risp value (ve
tor) in the output spa
e, i.e.,there is a fun
tion Fs : X ! Rdo asso
iating to ea
h input x its 
orrespondingoutput y, it is possible to 
onstru
t an expli
it formula substituting the fuzzy
ontrol system 
ompletely.De�nition 2.1. Let X be an input spa
e, let A1; A2; : : : ; An be normalizedfuzzy subsets of X with P�Ai(x) > 0 for all x 2 X , and f1; f2; : : : ; fn befun
tions from X to Rdo , and 
onsider the rulebase (i = 1; 2; : : : ; n)if x is Ai then u = fi(x).Then the Sugeno 
ontroller de�nes the following input-output fun
tion Fs :X ! Rdo Fs(x) =X�Ai(x) fi(x).X�Ai(x): (2.1)In the following we 
onsider the spe
ial 
ase, that for i = 1; 2; : : : ; n the fun
-tions fi are 
onstant, that is fi(x) � �i. In a �rst step, we restri
t ourselves tothe one-dimensional 
ase, i.e., a single input-single output 
ontroller. However,for the output variable this is no restri
tion. If the number of output variablesis higher than one, it 
an easily be shown [15℄ that in every 
ase it is possible tode
ompose the 
ontroller into as many independent 
ontrollers as many outputvariables we have.Among the 
lass of membership fun
tions, we 
onsider �rst the 
lassi
altrapezoidal ones. Let the knot sequen
e t = ftig, wherea = t1 � t2 � ::: � t2n�1 � t2n = b (2.2)be a partition of the universe of an input variable de�ned over [a; b℄, 
orrespond-ing to n linguisti
 terms. Then the mathemati
al formulation of the trapezoidalmembership fun
tions bj (j 2 f2; : : : ; n� 1g) is as follows:bj(x; t) :=8>>><>>>: (x� t2j�2)=(t2j�1 � t2j�2) if x 2 (t2j�2; t2j�1)1 if x 2 [t2j�1; t2j ℄(�x+ t2j+1)=(t2j+1 � t2j) if x 2 (t2j ; t2j+1)0 otherwisewith appropriate de�nitions for j = 1 and j = n (Figure 1).
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Figure 1. Trapezoidal membership fun
tionsNow we turn to the more general 
lass of B-spline membership fun
tions forSugeno 
ontrollers. Assume that x is an input variable of a Sugeno 
ontrollerthat is de�ned on the interval [a; b℄. Given a sequen
e of ordered knots t = ftig,where t1 = : : : = tk = a < tk+1 � ::: � tn < b = tn+1 = : : : = tn+k (2.3)let bj;k denote the j-th normalized B-spline basis fun
tion of order k for theknot sequen
e t. For an exa
t de�nition see e.g. [6℄. The 
omplete knots
onsist of two parts, the interior knots that lie within the universe of dis
ourse,and extended knots that are generated at both ends of the universe for a uni�edde�nition of B-splines (leading to the so-
alled marginal linguisti
 terms in [36℄).From the point of view of fuzzy 
ontrol, B-splines have some properties su
has positivity, lo
al support, and partition of unity Pnj=1 bj;k(x; t) = 1 whi
hqualify them well as membership fun
tions.2.2. Tuning of Sugeno 
ontrollers asan ill-posed least squares problemAssume (x;y) is a set of so-
alled training data, where x = (x1; x2; : : : ; xm)> isthe training data ve
tor, and y = (y1; y2; : : : ; ym)> the desired output for x. Itfollows immediately from (2.1), and the partition of unity (2.1), that designinga Sugeno 
ontroller from training data, is then equivalent to the least squaresproblem mXi=1 �yi � nXj=1 �jbj(xi; t)�2 = min((�1;�2;:::;�n);t)2Rn�[a;b℄`; (2.4)where (bj)j=1;:::;n is one of the membership fun
tions introdu
ed above. The
on
rete shape of the membership fun
tions is determined by the `-dimensionalknot ve
tor t. ` represents the number of free knots.
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onsider data errors in y and x, i.e.,instead kx� x
k`2 � 
 (2.5)ky � yÆk`2 � Æ; (2.6)where kxk`2 :=pPmi=1 x2i denotes the usual `2 norm.The following example shows that the problem of �nding a minimum to (2.4)is ill-posed, even if we have 
omplete information about the fun
tion f , fromwhi
h the samples y are taken.Example 2.1. Let n = 2; k 2 N, k � 2, a = tk1 = 0, tk2 = k�3 andtk3 = 2k�3, tk4 = b = 1, and 
hoose �k1 = k, �k2 = 0. The fuzzy membershipfun
tions b1 and b2 are de�ned byb1(x; t) = 8><>: 1 if x � t2(t3 � x)(t3 � t2) if t2 < x < t30 if t3 � x (2.7)b2(x; t) = 1� b1(x; t): (2.8)Then fk = �k1b1(x; tk) + �k2b2(x; tk) 
onverges to zero in L2([0; 1℄), but �k hasno bounded subsequen
e. Hen
e, the optimization problem is unstable withrespe
t to perturbations in the data.In the remainder of the paper we will assume that the fun
tions bj satisfythe Lips
hitz-estimatejbj(x; t)� bj(~x; t)j � Ljx� ~xj; 8 x; ~x; 8t 2 [a; b℄`with some nonnegative real 
onstant L.3. SMOOTHINGIn the following we investigate a 
ommon stabilization approa
h for spline ap-proximation (
f e.g. [23℄), whi
h 
onsists of repla
ing (2.4) bymXi=1 �yi � nXj=1 �jbj(xi; t)�2 + ���� nXj=1 �jbj( � ; t)���2Hk(
) = min(�;t); (3.1)where j � jHk(
) denotes the norm or seminorm in the Sobolev spa
e Hk(
).Espe
ially in 
lassi
al approximation theory, this spline smoothing problem isoften 
onsidered, where the smoothing term 
hara
terizes the smoothness of thespline (
f. [6℄ for �xed knots). It should be mentioned that in pra
ti
al appli-
ations, the smoothness of the 
ontroller output is one of the most importantdesign requirements.



8 Regularized data-driven 
onstru
tion of fuzzy 
ontrollersHowever, one 
an easily show by an adaptation of Example 2.1 that theminimization problem (3.1) is ill-posed itself and thus, this minimization is nota regularization method. So, in addition we impose the 
onstraintstj+1 � tj � �; j = 1; : : : ; `� 1; (3.2)whi
h are ne
essary to remove the possible instabilities 
aused by two equal oralmost equal knots.For notational simpli
ity, we do not bother with multiple knots at the end ofthe intervals (
f. the de�nition of the knot sequen
es (2.2), (2.3)). We will showthat (3.1) subje
t to (3.2) is a well-posed problem and its solution will 
onvergeto a minimizer of the original problem with the additional 
onstraint (3.2) for�xed � and appropriately 
hosen � ! 0 as 
; Æ ! 0. However, we 
annot show
onvergen
e as �! 0, whi
h is a serious disadvantage.Now we turn our attention to the stabilized problem (3.1) supplementedby (3.2). For the sake of simpli
ity we restri
t our analysis to the 
ase of
 = (0; 1), trapezoidal fun
tions bj and the H1-norm de�ned bykuk2H1(
) = Z
 �juj2 + jruj2� dxas the stabilizer. Obviously, the number of inner grid points must be even in this
ase to ensure that the output equals one in the intervals (0; t1) and (t`; 1). Thenumber of basis fun
tions is then given by n = 2̀+1. We note that a similar butte
hni
ally mu
h more 
ompli
ated reasoning is possible for other spline basisfun
tions, but the te
hni
al details would shadow the basi
 
on
epts. Therefore,they are omitted here.The stabilizing term 
an be transformed to a bilinear expression in terms ofthe variable � via


 nXj=1 �jbj(:; t)


2H1(
) = �>A(t)� +�>B(t)�; (3.3)where the symmetri
, positive de�nite matri
es A(t) and B(t) are de�ned byA(t) = � Z 10 bi(x; t)bj(x; t) dx�i;j=1;:::;n (3.4)B(t) = � Z 10 b0i(x; t)b0j(x; t) dx�i;j=1;:::;n: (3.5)Now we de�ne a new grid sj , whi
h does not in
lude the intervals (t2j ; t2j+1),on whi
h b0i = 0 for all i, more pre
isely,s1 = t1; sj+1 = sj + t2j � t2j�1; j = 1; : : : ; `=2: (3.6)This allows us to �nd an equivalent de�nition for the matrix B(t):



M. Burger, J. Haslinger, U. Bodenhofer, and H.W. Engl 9Lemma 3.1. Let f�jgj=1;:::;`=2 denote the usual pie
ewise aÆnely linear�nite elements on the grid fsjgj=1;:::;`=2, i.e.,�j j(si;si+1) is aÆnely linear ; �j(si) = Æij ;8 i; j;where Æij denotes the Krone
ker delta symbol. Then the matrix ~B(t) de�nedby ~B(t) = � Z �0i(s)�0j(s) ds�i;j=1;:::;`=2equals B(t) de�ned by (3.5). Furthermore, the matrix A(t) 
an be representedin the form A(t) = � Z �i(s)�j(s) ds�i;j=1;:::;`=2 +A0(t); (3.7)where A0(t) is a positive semide�nite matrix.Proof. Sin
e b0j = 0 on (t2i; t2i+1) for all i, j and b0j(x; t) = �0j(Si(x)) on(t2i�1; t2i), where Si is the unique transformation of the form Si(x) = x + �ithat maps (t2i�1; t2i) onto (si; si+1) we obtainZ 10 b0i(x; t)b0j(x; t) dx = Z �0i(s)�0j(s) dsand 
onsequently ~B(t) = B(t).An analogous argument yields the de
ompositionA(t) = � Z �i(s)�j(s) ds�i;j=1;:::;n + � Z(0;1)�S bi(s)bj(s) ds�i;j=1;:::;n;where S = [(t2i�1; t2i). We now de�ne A0(t) as the se
ond term in the previousidentity and sin
ebi(s)bj(s) = (1 if i = j; s 2 (t2i�2; t2i�1)0 else for s 2 (0; 1)� S ;A0 is a diagonal matrix with nonnegative entries and therefore positive semidef-inite.To 
arry out the stability analysis we will use the following result adaptedfrom stability estimates in �nite element theory:Lemma 3.2. For ea
h 
0 > 0 there exists a positive real number 
1 su
hthat for all t satisfying infj2f1;:::;`�1gftj+1 � tjg � 
0=`, the estimatenXj=1 �2j � 
1`


 nXj=1 �jbj(x; t)


2H1(
) (3.8)holds.
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onstru
tion of fuzzy 
ontrollersProof. Lemma 3.1 and (3.3) yield the identity


 nXj=1 �jbj(x; t)


2H1(
) = �>��+ �>A0(t)� � �>��;where � = � Z ��i(s)�j(s) + �0i(s)�0j(s)� ds�i;j=1;:::;n:A standard argument from �nite-element theory (
f. [29℄) implies that theminimal eigenvalue of the symmetri
 matrix � is bounded below by 
1`, where 
1depends only on 
0=2, whi
h is a lower bound for the length of the interval(s1; sn).Now we are able to show that the stabilized problem 3.1 is well-posed, i.e.,a minimizer exists and the dependen
e of the minimizers on the data is stable(in a set-valued way), whi
h is expressed in the following propositions:Proposition 3.1 [Existen
e of a minimizer℄. For all y 2 Rm and x 2 [0; 1℄mthere exists a minimizer of (3.1), if � > 0 and � > 0.Proof. Sin
e a minimizer must yield an output less or equal than the onefrom � = 0, we may add the additional 
onstraint (using Lemma 3.2, � = 
0=`and the notation C = 
1=
0) nXj=1 �2j � C�� mXi=1 y2i :The resulting set of admissible points is 
ompa
t in Rn � R` and sin
e theobje
tive fun
tional is 
ontinuous, the existen
e of a minimizer follows from astandard prin
iple in optimization.Proposition 3.2 [Stability℄. Let � > 0, � > 0, yk ! y and xk ! x. Thenthe a

ording sequen
e of minimizers of (3.1) has a 
onvergent subsequen
e andthe limit of every 
onvergent subsequen
e is a minimizer of (3.1).Proof. As in the proof of Proposition 3.1 we obtain the estimatenXj=1 j�kj j2 � C�� mXi=1 jyki j2:Consequently, the sequen
e (�k; tk) is bounded, whi
h implies the existen
eof a 
onvergent subsequen
e. Let (�k` ; tk`) be a 
onvergent subsequen
e withlimit (�; t), then the 
ontinuity of the obje
tive fun
tional together with thede�nition of (�k; tk) implies that (�; t) is a minimizer of (3.1).Finally, we want to investigate the question of 
onvergen
e of minimizers ofthe regularized problem as the noise level (
; Æ) and the regularization param-eter � tend to zero. Of 
ourse, it would be of interest to let � tend to zero,
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ase one 
annot guarantee that the minimizers are uniformlybounded.Theorem 3.1 [Convergen
e under 
onstraints℄.. Let � > 0 be �xed, let(
k; Æk) be a monotone sequen
e 
onvergent to (0; 0) and let (x
k ; yÆk ) be a
orresponding data sequen
e satisfying (2.5), (2.6) with (
; Æ) = (
k; Æk). More-over, let the regularization parameter �k be 
hosen su
h that�k ! 0; maxf
k; Ækg=�k ! 0:If a minimizer of (2.4) with exa
t data exists, then ea
h sequen
e of minimizers(�k; tk) of (3.1), (3.2) with noisy data (x
k ; yÆk ) and � = �k has a 
onvergentsubsequen
e and the limit of ea
h 
onvergent subsequen
e is a minimizer of theleast squares problem (2.4) subje
t to (3.2).Proof. Let (�̂; t̂) be a minimizer of the problem with exa
t data, then thede�nition of (�k; tk) impliesmXi=1 �yÆki � nXj=1 �kj bj(x
ki ; tk)�2 + �k �C nXj=1(�kj )2� mXi=1 �yÆki � nXj=1 �kj bj(x
ki ; tk)�2 + �k(�k)>[A(tk) +B(tk)℄�k� mXi=1 �yÆki � nXj=1 �̂jbj(x
ki ; t̂)�2 + �k�̂>[A(t̂) +B(t̂)℄�̂� mXi=1 �yi � nXj=1 �̂jbj(xi; t̂)�2 + 
1(Æk + Lk�̂k`1
k) + 
2�k nXj=1 �̂2jfor some 
onstants 
1, 
2. The noisy residual 
an be estimated bymXi=1 �yÆki � nXj=1 �kj bj(x
ki ; tk)�2� mXi=1 �yi � nXj=1 �̂jbj(xi; t̂)�2 � 
1(Æk + Lk�kk`1
k);and hen
e,X(�kj )2 � 
1C��k (2Æk + L[k�̂k`1 + k�kk`1 ℄
k) + 
2C� X �̂2j :Finally, with the standard estimate k�kk`1 � pnk�kk`2 we 
on
lude thatX(�kj )2 � 
1C� �4 Æk�k + 2Lk�̂k`1 
k�k �+ L2 
21C2�2 �
k�k �2 + 2
2C� X �̂2j ;



12 Regularized data-driven 
onstru
tion of fuzzy 
ontrollerswhi
h implies lim supX(�kj )2 � 2
2C� X �̂2j :Thus, the sequen
e (�kj ; tk) is bounded and therefore there exists a 
onvergentsubsequen
e. The fa
t that the limit of a 
onvergent subsequen
e is a minimizerof (2.4) follows fromlim sup mXi=1 �yÆki � nXj=1 �kj bj(x
ki ; tk)�2 � mXi=1 �yi � nXj=1 �̂jbj(xi; t̂)�2:4. TIKHONOV REGULARIZATIONIn this se
tion we investigate a di�erent approa
h to the regularization of theleast squares problem (2.4), namely the 
lassi
al Tikhonov regularization in theparameter spa
e Rn � R` , it 
onsists of minimizing the fun
tionalmXi=1 �yÆi � nXj=1 �jbj(x
i ; t)�2 + �1 nXj=1 �2j + �2 X̀j=1(tj � t�j )2 = min(�;t) (4.1)for appropriately 
hosen �1 and �2 (in dependen
e of Æ and yÆ), where t� is aprior for t, e.g. the uniform grid points. In this 
ase we 
an show 
onvergen
efor appropriate 
hoi
e of �1 ! 0 as the noise level tends to zero even for �2 = 0,whi
h is due to the 
ompa
tness of the set of admissible ftig.We restri
t our attention again to the 
ase 
 = (0; 1), but we note that themethod and all proofs 
an be 
arried out in the same way (but with ve
tors tj).In the general theory (
f. e.g. [3, 8, 9℄), the existen
e of a minimizer of problem(4.1) 
an be shown if �1 > 0 and �2 > 0. In our spe
ial 
ase, the positivity of these
ond regularization parameter �2 is not ne
essary to guarantee the existen
e,sin
e we have the additional information that the parameters ti are 
ontainedin the 
ompa
t set 
:Proposition 4.1 [Existen
e of a minimizer℄. For all y 2 Rm and x 2 [0; 1℄mthere exists a minimizer of (4.1), if �1 > 0.Proof. As in the proof of Proposition 3.1 it suÆ
es to show that the set ofadmissible � 
an be restri
ted to a 
ompa
t set by an a-priori estimate. Againfrom a 
omparison with the output fun
tional at the point � = 0, we may
on
lude that a minimizer (�; t) of (4.1) must satisfynXj=1 �2j � 1�1 mXi=1 jyÆi j2:
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onvergen
e analysis of Tikhonov regulariza-tion with respe
t to the perturbation in the output y 
an be 
arried over dire
tlyfrom [9, 25℄. Sin
e we are also interested in perturbations in the positions x, weneed some modi�
ations, whi
h we will prove in the following:Proposition 4.2 [Stability℄. Let �1 > 0, yk ! y and xk ! x. Then thea

ording sequen
e of minimizers (�k; tk) of (4.1) has a 
onvergent subsequen
eand the limit of every 
onvergent subsequen
e is a minimizer of (4.1).Proof. Again we 
ompare the value of the obje
tive fun
tional a
hieved at(�k; tk) for the data xk and yk with the one a
hieved with (0; tk) and obtainthe a-priori estimate nXj=1 �2j � 1�1 mXi=1 jyki j2:Sin
e yk ! y, the right-hand side is uniformly bounded as k ! 1 and there-fore the set of minimizers is bounded, whi
h implies the existen
e of a weakly
onvergent subsequen
e.By standard te
hniques (as in [25℄) one 
an show that a 
onvergent subse-quen
e (without restri
tion of generality (�k ; tk) itself and limit ( ��; �t )) satis�esmXi=1 �yi � nXj=1 ��jbj(xi; �t)�2 + �1 nXj=1 ��2j + �2 X̀j=1(�tj � t�j )2� mXi=1 �yi � nXj=1 �jbj(xi; t)�2 + �1 nXj=1 j�j j2 + �2 X̀j=1(tj � t�j )2for all admissible (�; t) and thus, the limit is again a minimizer of (4.1).The 
onvergen
e result in this 
ase holds for the full problem (2.4), not onlyfor a 
onstrained version:Theorem 4.1 [Convergen
e℄. Assume that a minimizer of problem (4.1)exists. Moreover, let (
k; Æk) be a sequen
e 
onverging to (0; 0) and denoteby (�k ; tk) the a

ording sequen
e of minimizers of (4.1) with data (x
 ;yÆ),satisfying (2.5), (2.6). Then (�k; tk) has a 
onvergent subsequen
e and the limitof every 
onvergent subsequen
e is a minimizer of (4.1) with exa
t data (x;y)if the regularization parameters satisfy�k1 ! 0; �k2 ! 0; maxf
k; Ækg=�k1 ! 0; 9� > 0 : �k1=�k2 � �: (4.2)Proof. By similar reasoning to the proof of Theorem 3.1 we 
an dedu
ethat lim supX(�kj )2 �X �̂2j + lim sup �k2�k1 X(t̂j � t�j )2for a minimizer (�̂; t̂) of (2.4). The remaining steps of the proof are the sameas for Theorem 3.1.



14 Regularized data-driven 
onstru
tion of fuzzy 
ontrollersFinally, we want to investigate the rate of 
onvergen
e of the regularized so-lutions as Æ ! 0. For this sake we need additional smoothness of the parameter-to-output map, whi
h we will de�ne and analyze in the following Lemma:Lemma 4.1. Let bj 2 C([0; 1℄`+1) for all j 2 f1; : : : ; ng, then the nonlinearparameter-to-output operator F de�ned byF : Rn � [0; 1℄` ! Rm(�; t) 7! �Pnj=1 �jbj(xi; t)�i=1;:::;m (4.3)is 
ontinuous. Moreover, if the partial derivatives �bj=�tk exist and are 
on-tinuous fun
tions for all j 2 f1; : : : ; ng, k 2 f1; : : : ; `g, then F is 
ontinuouslyFr�e
het-di�erentiable with partial derivatives���k F (�; t) = (bk(xi; t))i=1;:::;m (4.4)��tk F (�; t) = � nXj=1 �j �bj�tk (xi; t)�i=1;:::;m: (4.5)If the partial derivatives above are all Lips
hitz-
ontinuous, then F 0 is Lips
hitz-
ontinuous, too.For 
onvergen
e rates, we restri
t our attention to the 
ase of 
 = 0, whi
h
orresponds to an impli
it assumption that errors in the input variables 
anbe transformed to errors in the output variables. Of 
ourse, this may be asevere restri
tion, but so far it is the only one enabling the appli
ation of thestandard theory of Tikhonov regularization. As usual for ill-posed problems,the 
onvergen
e 
an be arbitrarily slow in general (
f. e.g. [21℄), rates 
an onlybe a
hieved under additional 
onditions on the solution. A standard 
onditionof this kind is the sour
e 
ondition9 w 2 Rm : ( ��; �t� t�) = F 0( ��; �t)�w; (4.6)whi
h is an abstra
t smoothness 
ondition. The adjoint of the operator F 0de�ned in (4.3) is given byF 0(�; t)�(u; v) = 0B� Pni=1 bk(xi; t)uiPni=1Pmj=1 �j �bj�tk (xi; t)vi1CA (4.7)Theorem 4.2 [Rate of 
onvergen
e℄. Let yÆ 2 Rm satisfy (2.6) and let�0; t0 be a solution of minimal distan
e (in the produ
t spa
e `2 � `2) to theprior (0; t�). Furthermore, let the metri
 proje
tion of the exa
t data y ontoR(F ) be unique and equal the proje
tion of R(F ) \ B�(F (�0; t0)). Finally,let bj 2 C1;1([0; 1℄) and denote by LF the resulting Lips
hitz-
onstant of F 0 inBr(�0; t0) due to Lemma 4.1. If (4.6) holds withLF kwk`2 < 1; (4.8)
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hoi
e �1 = �2 � pÆ yieldsk(�Æ ��0; tÆ � t0)k`2�`2 = O(pÆ); (4.9)where (�Æ ; tÆ) denotes the solution of (4.1) with noisy data yÆ .The assertion follows by an appli
ation of Theorem 3.7 in [3℄.Remark 4.1. It is 
lear that the sour
e 
ondition is a severe restri
tion ifm < n+ `, sin
e the set of parameters that 
an ful�ll the sour
e 
ondition is alower-dimensional manifold. However, the 
ase of m � n + ` usually arises inpra
ti
al appli
ations and thus, the sour
e 
ondition is mainly an assumption onthe regularity of the distribution of the parameters tk with respe
t to the gridpoints. To illustrate this, we 
onsider the 
ase of 
ubi
 B-splines on the unitinterval, where the free knots are given by t2; :::; : : : ; tn�1 and we have t1 = 0and tn = 1. Suppose that the following 
ondition is ful�lled:8 k 2 f1; : : : ; n� 1g 9 i1(k); i2(k) xi1(k); xi2(k) 2 (tk; tk+1);then we 
an set wi = 0 for all i =2 fi1(k); i2(k)gk2f1;:::;n�1g and write thesour
e 
ondition as a system for (wi1(1); wi2(1); : : : ; wi1(n�1); wi2(n�1)), whi
his an upper-diagonal system of size 2n� 2� 2n� 2. Sin
e the diagonal entriesare all nonzero (note that xi1(k) and xi2(k) are in the interior of the interval(tk; tk+1), there exists a unique solution. Hen
e, the sour
e 
ondition (4.6) issatis�ed and (4.8) holds if in addition k�k and kt� t�k are suÆ
iently small.5. NUMERICAL SOLUTION OFTHE REGULARIZED PROBLEMIn this se
tion we want to verify theoreti
al results obtained above by numeri-
al experiments. The des
ription of the optimization algorithm|a generalizedGauss|Newton like method|follows S
h�utze [22, 23℄.5.1. Des
ription of the optimization algorithmThe 
ommon 
hara
teristi
 of both the primal nonlinear least squares prob-lem (2.4) as well as the regularized problems (3.1), (3.2) and (4.1) is that theyare linear in one set of variables (the 
oeÆ
ients �) but nonlinear in the setof free knots t. In the un
onstrained 
ase su
h semi-linear separable problemswere �rst analyzed in detail by Golub/Pereyra [11℄. Later Parks [19℄ treatedgeneral 
onstrained nonlinear problems of this type.Consider the following semi-linear least squares problem with linear inequal-ity 
onstraints:min�;t fkG(t)�� y(t)k2 j Ct � h; t 2 [0; 1℄`; � 2 Rng (5.1)representing (3.1), (3.2) with appropriately 
hosen regularized observation ma-trix G 2 Rm+p;n , (p = n � k in 
ase of (3.1), p = n + ` for (4.1)) ve
tor of
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tion of fuzzy 
ontrollers
oeÆ
ients � 2 Rn and data ve
tor y 2 Rm . The 
onstraints (3.2) on the knotpositions are expressed equivalently in matrix formulation. In the 
ase of (4.1)we do not in
lude the inequality 
onstraints.The linear subproblemmin� fkG(t)�� y(t)k2 j � 2 Rng (5.2)
an be solved easily for �xed t, e.g. by redu
ing G to upper triangular form bya series of Givens rotations, leading to the minimum norm solution�(t) = Gy(t)y(t): (5.3)where Gy(t) is the pseudoinverse of G(t). It follows that the original separableproblem 
an be writtenmint fkG(t)Gy(t)y(t) � y(t)k2 j t 2 [0; 1℄`g (5.4)whi
h is now a nonlinear least squares problem in the free knots t only.Golub and Pereyra [11℄ showed that under natural assumptions whi
h guar-antee the 
ontinuity of the pseudoinverse, the redu
tion is feasible in the sensethat the 
hange from minimizing the full problem to minimizing the redu
edproblem does not add any 
riti
al points and does not ex
lude the solution ofthe original problem. Su
h a natural assumption is that the rank of the ma-trix G(t) is 
onstant on an open neighborhood whi
h 
ontains the solution. The
onstant rank assumption, even the full rank assumption on G(t) is satis�ed inthe 
ase of the regularized problem (4.1) and (3.1) together with (3.2).Sin
e G(t)Gy(t) is the orthogonal proje
tor on the range of G(t), algorithmsbased on (5.4) are often 
alled variable proje
tion algorithms. A variable pro-je
tion algorithm using a Gauss|Newton method applied to the redu
ed prob-lem (5.4) was used to solve the original least squares problem. The Gauss|Newton method is based on a sequen
e of linear approximations of the residuum.If t� denotes the 
urrent approximation, then a 
orre
tion p� is 
omputed as asolution to the quadrati
 problemminp fk[I �G(t� )Gy(t�)℄y(t�) + J(t�)pk2 j p 2 R`g: (5.5)with J the Ja
obi matrix of R(t) := [I � G(t)Gy(t)℄y(t) evaluated at t� . Ifthe Ja
obian has full rank then (5.5) has a unique solution p� whi
h de�nes thenew approximate t�+1 = t� + p� : (5.6)The Gauss|Newton method 
an be generalized to 
onstrained problems. Asear
h dire
tion p� is then 
omputed as a solution tominp fkR(t�) + J(t�)pk2 j C(t + p) � h; p 2 R`g (5.7)by �rst transforming (5.7) by Householder re
e
tions into a least distan
e prob-lem and �nally using an a
tive set strategy for solving the resulting nonnegativeleast squares problem [18℄.
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omputed. Expressionsfor the derivatives of B-splines with respe
t to its knots 
an be found, e.g.in [22℄, the formulas for the Fr�e
het derivative of an orthogonal proje
tor in [11℄.Alternatively the derivatives 
an be approximated by �nite di�eren
es. Then ladditional least squares problems have to be solved in ea
h 
omputation ofthe derivative. However, in our 
ase, the (regularized) observation matrix G isbanded, so that the 
osts of realizing the linear algebra involved are relatively
heap.The undamped generalized Gauss-Newton method 
onverges only lo
allyand for small residual problems. In order to globalize the method, a Armijo|Goldstein line sear
h has been implemented. To be robust the algorithm mustemploy stabilizing te
hniques for the Gauss|Newton steps when the Ja
obian Jis nearly rank de�
ient. This is done by applying a Levenberg|Marquardtmethod.Jupp [14℄ referred to the potentially high number of lo
al extrema for freeknot least squares problems. Not surprisingly, the lo
al minimum to whi
hthe optimization algorithm 
onverges heavily depends on the starting knot se-quen
e t0. Hen
e, the generalized Gauss|Newton method is rerun several timeswith equally distributed random starting values.5.2. Results for �xed error levelsIn the following we 
ompare the results of re
onstru
ting an a-priori givenfun
tion from noisy measurements taking into a

ount spline approximation,smoothing and Tikhonov regularization. The exa
t data values are perturbedwith uniformly distributed random noise. In these examples we show that reg-ularization both leads to stable fun
tion approximations as well as stable fuzzysets and 
onsequent values. In the last example we take a more 
areful lookonto 
onstru
ting an interpretable fuzzy 
ontroller.In the �gures, the starting knot sequen
es for the redu
ed free knot optimiza-tion problem are marked with � whereas the lo
ations of the resulting (lo
al)optimal knots are labeled with �. The noisy data are represented by dots, thesolid line represents the 'optimal' spline approximation.In the tables, we 
ompare the residuals r0;0 and r
;Æ for exa
t and noisydata, i.e. r
;Æ := h mXi=1 �yÆi � nXj=1 �
;Æj bj(x
i ; t
;Æ)�2i1=2 (5.8)where �
;Æ and t
;Æ denote the solutions to the (regularized) optimization prob-lems with noisy data.Example 5.1. The �rst example deals with the re
onstru
tion of the fun
-tion f1(x) := 10x=(1 + 100x2) x 2 [�2; 2℄ (5.9)(see Figure 2), a fun
tion already 
onsidered in [13℄ and [22℄ in the 
ontext ofspline approximation and smoothing.
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onstru
tion of fuzzy 
ontrollersTable 1. Example 1: Results for di�erent solution strategiesApproximation Smoothing Tikhonov reg.r0;0 4.99659 0.55853 0.52923r
;Æ 0.16833 0.59593 0.59760k�k`2 8.19528 0.56305 0.60057kt� t�k`2 1.11397 0.83290 0.41486Table 2. Example 1: Starting and optimized knot sequen
est0 = t� -1.566 -1.111 -0.667 -0.222 0.222 0.667 1.111 1.556Appr. -1.803 -1.012 -0.192 -0.032 -0.030 0.069 1.405 1.705Smoothing -1.872 -0.788 -0.226 -0.224 0.186 0.190 1.037 1.802Tikhonov -1.563 -1.120 -0.711 -0.237 0.062 0.288 1.126 1.558
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Figure 2. Example 1: The fun
tion 10x=(1 + 100x2) and noisy data (left) andraw approximation with 11 quadrati
 B-splines (right; " = 0:001)
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Figure 3. Example 1: Re
onstru
tion with 11 quadrati
 B-splines with smooth-ing (left; k = 1, � = 0:06, " = 0:001) and Tikhonov regularization(right;�1 = 0:4, �2 = 0:4)
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issa as well as the data values are perturbed with uniformlydistributed random noise. The perturbations of the 40 data samples are within alevel of 5% and 12%, respe
tively leading to noise levels 
 = 0:364 and Æ = 0:199.For the re
onstru
tion 11 B-splines of order 3 (quadrati
 splines) are used. Theoptimization algorithm for the 8 free knots is started with an equidistant knotsequen
e.When approximating f1 without in
luding any smoothing terms, the result-ing fun
tion is rather arbitrary (
f. Figure 2, right); in most 
ases the opti-mization pro
edure breaks down. The S
hoenberg|Whitney 
ondition is notsatis�ed for the knot sequen
es in the iterative optimization pro
ess, the systemmatrix be
omes singular. In smoothing some positions of the optimized knotsequen
e nearly 
oin
ide. However, the minimal distan
e requirement betweenknots stabilizes the 
al
ulations. In Tikhonov regularization knots are quiteseparated due to the 
hoi
e of t�.When 
omparing residuals for exa
t data, Tikhonov regularization gives bet-ter results than smoothing, and of 
ourse, mu
h better results than approxima-tion without applying any regularization te
hnique. But Tikhonov regulariza-tion also gives better results with regard to the linguisti
 interpretability of theresulting fuzzy 
ontroller, as we will see in the next example.Example 5.2. Similar to the paper of Setnes et.al. [26℄ we want to 
onstru
ta transparent rule-based model from noisy data measurements 
onsidering thespe
tral data fun
tionf2(x) := 12 e�(x�4:8)(x�5:8)=0:7 � 12e�(x+3:5)2 + 0:8x; x 2 [�10; 10℄ (5.10)(
f. Figure 4, left). By using inputs x uniformly distributed in [�10; 10℄ 50samples of f2(x) were obtained and then disturbed with uniformly distributednoise within a noise level of 10% (Æ =9.5804, maximal error =2.0398).When 
onstru
ting a Sugeno 
ontroller from measurements, the questionon the optimal number of rules or equivalently knots arises. In the 
ontextof spline approximation and smoothing, S
h�utze [22℄ proposes a knot removalstrategy leading to a nearly optimal number of knots. However, we just �x thenumber of rules to be equal to eight. A

ordingly, the universe of dis
ourse issplit into eight fuzzy sets interpretable linguisti
ally as negative big, negativemedium, negative small, negative very small, positive very small, positive small,positive medium and positive big. To be interpretable easily, the shape of themembership fun
tions is 
hosen to be triangular.Figure 4 and Figure 5 show the results for approximation, smoothing andTikhonov regularization of the noisy data problem. Although the residuum issmaller for approximation than for smoothing and Tikhonov regularization (Ta-ble 3), only the later su

eeds in 
onstru
ting an interpretable fuzzy 
ontrollersin
e knots are separated appropriately. In approximation and smoothing knotsof the optimized sequen
e nearly 
oin
ide (Table 4) leading to questionable andnot linguisti
ally interpretable membership fun
tions (Figure 4, right and Fig-ure 5, lower parts). For Tikhonov regularization t� is 
hosen to be equidistant
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onstru
tion of fuzzy 
ontrollersTable 3. Example 2: Results for di�erent solution strategiesApprox Smoothing Tikhonovr0;0 12.0859 14.6041 14.5291r
;Æ 12.3130 14.7508 16.9215k�k`2 32.6938 25.8770 22.7836kt� t�k`2 4.1379 4.4046 1.8854Table 4. Example 2: Starting and optimized knot sequen
est0 = t� -7.143 -4.286 -1.429 1.429 4.286 7.143Appr. -5.585 -2.661 -2.608 3.999 5.658 5.668Smoothing -5.372 -3.119 -2.399 4.215 4.346 4.655Tikhonov -7.124 -3.718 -0.989 2.790 5.354 7.354Table 5. Sugeno 
ontroller identi�ed from noisy dataRule: Ante
edent Consequentsingleton Consequent labelR1 : If x is Negative Big then y = �7:605 Negative MediumR2 : If x is Negative Medium then y = �5:025 Negative MediumR3 : If x is Negative Small then y = �11:063 Negative BigR4 : If x is Negative very Small then y = �0:460 Negative very SmallR5 : If x is Positive very Small then y = 1:367 Positive very SmallR6 : If x is Positive Small then y = 15:095 Positive BigR7 : If x is Positive Medium then y = 4:968 Positive MediumR8 : If x is Positive Big then y = 7:682 Positive Medium
−10 −8 −6 −4 −2 0 2 4 6 8 10

−15

−10

−5

0

5

10

15

20

25

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

x

d
e

g
re

e
 o

f 
m

e
m

b
e

rs
h

ip

membership functions

−10 −8 −6 −4 −2 0 2 4 6 8 10
−20

−10

0

10

20

30

Figure 4. Spe
tral data fun
tion f2 and noisy measurements (left) and rawapproximation with 8 triangular membership fun
tions (right; k = 1, " = 0:01)



M. Burger, J. Haslinger, U. Bodenhofer, and H.W. Engl 21
−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

x

d
e

g
re

e
 o

f 
m

e
m

b
e

rs
h

ip

membership functions

−10 −8 −6 −4 −2 0 2 4 6 8 10
−20

−10

0

10

20

30

−10 −8 −6 −4 −2 0 2 4 6 8 10
−20

−10

0

10

20

30

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

x

d
e

g
re

e
 o

f 
m

e
m

b
e

rs
h

ip

membership functions

Figure 5. Approximation with 8 triangular membership fun
tions with smooth-ing (left; k = 1, � = 0:01, " = 0:01) and Tikhonov regularization (right;�1 = �2 = 0:5)Table 6. Consequent values for two di�erent noisy data sets-8.190 -4.879 -11.067 5.506 -0.842 19.804 5.124 7.751Appr. -8.362 -3.800 -15.577 -1.186 1.505 18.874 2.065 15.428-8.648 -4.307 -13.382 -1.380 -0.110 19.405 5.758 7.280Tikhonov -8.268 -3.984 -14.710 -0.716 -0.291 21.700 4.100 7.595within the underlying interval. The linguisti
 fuzzy model 
onstru
ted fromTikhonov regularization is given in Table 5.Furthermore, we demonstrate that Tikhonov regularization leads not onlyto stable output fun
tions but also to stable and well-interpretable fuzzy setsand 
onsequent values as opposed to raw approximation. The 
al
ulations weredone with 50 data samples perturbed with random noise within a 2 % level formeasurement lo
ations and an 8 % level for output values. Two su
h noisy datasets were generated. Figure 6 and Table 6 show that Tikhonov regularizationleads to 
onsequent values and fuzzy membership fun
tions, whi
h 
oin
ide quitewell for the two di�erently perturbed data sets, whi
h is not the 
ase withoutregularization and demonstrates that Tikhonov regularization is a powerful toolin the numeri
al optimization of fuzzy 
ontrollers.5.3. Results for error level tending to zeroAgain, we 
onsider the re
onstru
tion of the fun
tion f1 (
f. (5.9), Figure 2)and try to validate the 
onvergen
e properties stated in Theorem 4.2. We take90 data samples equidistant in [�2; 2℄ and perturb the y-values with uniformlydistributed random noise up to a noise level of 20 % (maximal error = 0.0986,maximal Æ = 0:5226). 15 B-splines of order 5 a
t as membership fun
tions inTikhonov regularization. It is easily shown that the assumptions of Theorem 4.2are satis�ed.The residuum for the least squares approximation of the exa
t data is equalto 0.004322. The resulting knot sequen
e
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Figure 6. Optimized fuzzy membership fun
tions for two di�erent noisy datasets with raw approximation (left) and Tikhonov regularization(right; �1 =0:5, �2 = 20)
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Figure 7. k�Æ��k`2 and ktÆ�t�k`2 vs. Æ (left) and residuum kF (�Æ; tÆ)�yÆk`2of Tikhonov regularized approximation to noisy data vs. noise level (right)t = f�1:2665; �0:7356; �0:1896; �0:0351; �0:0350;0:0349; 0:0350; 0:1896; 0:7355; 1:2656gis taken as the prior t�. The regularization parameters are 
hosen a

ording tothe theory (�1 = �2 = O(pÆ) ), where one has to take into a

ount appropriateequilibration of the two parameters. Figure 7 (left) shows the `2 di�eren
e of the
oeÆ
ients and knots obtained from exa
t data vs. noisy data. It is noti
eablethat the di�eren
e between the knot sequen
es is nearly 
onstant or even de
lineswith in
reasing Æ, whi
h 
ould be explained by the in
reased weighting of the �2term in the obje
tive fun
tional. The `2 di�eren
e of the 
oeÆ
ients is quitewell in agreement with the theory. Finally, in Figure 7 (right) the residuumof the Tikhonov regularized approximation to noisy data is plotted against theerror level Æ.



M. Burger, J. Haslinger, U. Bodenhofer, and H.W. Engl 236. EXTENSIONS AND OPEN PROBLEMSWe have seen in the pre
eding se
tions that regularization leads to stable ap-proximations of the minimizers and, in addition, improves the interpretabilityof the arising fuzzy systems, be
ause grid points are separated. So far, we haverestri
ted our analysis to a one-dimensional situations, but multi-dimensionalproblems arise in many appli
ations. Under the assumptions of the previous se
-tions, the input-output fun
tion Fs of a Sugeno 
ontroller with d-dimensionalinput variable is given byFs(x1; x2; : : : ; xd)= �j1;j2;:::;jd n1Xj1=1 n2Xj2=1 : : : ndXjd=1 bj1(x1; t1) � bj2(x2; t2) � : : : � bjd(xd; td):Fs represents a d-dimensional tensor produ
t spline. However, the results onTikhonov regularization 
an be 
arried over to a multi-dimensional situationwithout many modi�
ations (ex
ept with respe
t to notation). In the 
ase ofsmoothing the 
hange to higher dimensions is more diÆ
ult, sin
e it is notobvious how the singular values of the system matrix 
an be estimated forarbitrary parameters t.Sin
e our analysis seems to be a novel approa
h to the optimization of fuzzysystems, there are still open problems 
onne
ted to it, whi
h might be of im-portan
e for appli
ation. In parti
ular we want to mention the so-
alled gener-alization error (
f. [33℄), whi
h means the error of the approximator at pointsx =2 fxigi=1;:::;m. A desirable property of the approximators would be 
onver-gen
e to the fun
tion from whi
h the samples are taken, as the number of gridpoints m tends to in�nity. However, su
h a 
onvergen
e result 
an be obtainedonly if also n!1, whi
h is often not desirable for fuzzy systems. Neverthelessa meaningful approximation should yield boundedness (and smallness) of theerror as m!1.If the grid is regular enough one 
ould 
onsider the 
ase h! 0, where h is areal number su
h that jxi � xi�1j < h for all i, whi
h allows a rather standarddeterministi
 analysis. For more irregular distributions of sampling points, oneshould use di�erent 
on
epts su
h as sto
hasti
 models for the lo
ations. Thiswill be one of our main items for future resear
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