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Abstract

The aim of this paper is to design and to analyze sequential quadratic programming
(SQP) methods as iterative regularization methods for ill-posed parameter identification
problems. We discuss two variants of the original SQP-algorithm, in which an additional
stabilizer ensures the strict convexity and well-posedness of the quadratic programming
problems that have to be solved in each step of the iteration procedure. We show that the
sequential quadratic programming problems are equivalent to stable saddle-point prob-
lems, which can be analyzed by standard methods. In addition, the investigation of these
saddle-point problems offers new possibilities for the numerical treatment of the identifi-
cation problem compared to standard numerical methods for inverse problems.

One of the resulting iteration algorithms, called Levenberg-Marquardt SQP method, is
analyzed with respect to convergence and regularizing properties under an appropriate
choice of the stopping index depending on the noise level. Finally, we show that the
conditions needed for convergence are fulfilled for several important types of applications
and we test the convergence behavior in numerical examples.
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1 Introduction

Since distributed parameters have to be determined from indirect measurements in many
applications that are modeled by partial differential equations, parameter identification has
become an important part of mathematical modeling (cf. e.g. [2, 11, 16, 22, 23] and the ref-
erences therein). The majority of these identification problems is ill-posed, i.e., the parameter
does not depend on the data, which cannot be measured exactly in practice, in a stable way.
Therefore regularization methods have to be used in order to obtain stable approximations of
the solution in presence of data noise. We refer to [13, 29] for an overview of regularization
methods for inverse ill-posed problems.

Classical approaches to the regularization of parameter identification problems are direct
methods such as Tikhonov reqularization (cf. e.g. [9, 14, 15]), which replace the least-squares
problem by a close stable problem. Recently, also the application of iterative reqularization
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methods methods has been investigated (cf. e.g. [20, 21, 27, 28, 37]), where the iteration
followed the feasible path defined by the underlying state equation. We will review this
approach in Section 1.2. Our aim is to design new iterative regularization methods based
on the idea of sequential quadratic programming, which means to minimize a second-order
approximation of the Lagrange functional subject to the linearized state equation in each
iteration step, resulting in a sequence of quadratic programming problems. An overview of
SQP methods will be given in Section 1.3.

An important difference of SQP-type methods to the feasible path approach is that the
equation (1.2) is interpreted as a constraint in the product space X x @ and approximated by
a linearized version in each iteration step. So far, SQP-type method have been used in this
context only as an optimization method for the Tikhonov-functional (cf. [19, 24, 32]), i.e.,
the regularization procedure is independent of the SQP-iteration. Our approach is based on
the paradigm of Levenberg-Marquardt methods, i.e., we will add a stabilizer to the arising
quadratic optimization problem, which penalizes large iteration steps. The regularizing effect
will then come from an appropriate early termination of the iteration procedure, with a
stopping index chosen in dependence of the noise level §.

The paper is organized as follows: In Section 2 we will present two new classes of iterative
regularization methods for parameter identification problems and discuss some of their basic
properties. In Section 3 we will carry out the convergence analysis for a rather general class
of identification problems, before applying our results to some well-studied identification
problems in Section 4. Numerical experiments with typical model problems are presented in
Section 5. Finally, we conclude and discuss possible extensions and variants in Section 6.

1.1 Notations and Definitions

The basic setup of the identification problems to be discussed in this paper is as follows: given
an observation
z = Eu, (1.1)

where F : X — Z is a bounded linear operator, we want to identify the parameter ¢ € Qoq C Q
in the underlying equation

e(an) = (12)

where ¢ : X x Q — Y is a continuous nonlinear operator. In this setup we assume that
@@ and Z are Hilbert spaces, that (0,4 is a closed subset of () with nonempty interior and
that X and Y are appropriate Banach spaces. In addition, we assume that the operator e is
homogeneous, i.e,

e(0,0) =0, (1.3)

which is no restriction of generality, since for an arbitrary operator e we can transform (1.2)
into an equivalent equation with homogeneous operator via

é(u, q) = e(u,q) —€(0,0), f=f- e(0,0).

In practice one has to deal with data z° that are corrupted by noise instead of the exact
data; we assume that the observation error is bounded by

lz— 2’|z <6, (1.4)
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where z = E4 such that there exists a § € Qg With

e(u,q) = f. (1L.5)

The general notation for state (u), parameter (¢) and Lagrangian variable (\) in this paper
will be as follows: unless further noticed, (u, g, \) and (¢, o, 1) denote arbitrary elements of the
spaces X, @ and Y*, the pair (i, §) denotes an exact solution of the parameter identification
problem (as introduced above), and (ug, gr, \k) € X X @ x Y* denotes the actual iterate.

Note that under typical conditions, parameter identification problems in equations of the
form (1.2) are ill-posed, i.e., an arbitrarily small error in the data z can lead to an arbitrarily
large deviation in the reconstructed parameter ¢q. In presence of noise, a solution of the
equation Fu = z° need not exist, and therefore one has to consider the corresponding normal
equation respectively the least-squares problem

l||Eu —z[|—  min (1.6)
2 (4,0) EX XQad

subject to (1.2). Because of the ill-posedness of the problem, a direct application of standard

SQP-type methods to this least-squares problem is not possible, since the quadratic problems

arising in each of the iteration steps are most likely ill-posed. Therefore we will present and

analyze a new SQP-type approach in this paper, which leads to stable quadratic subproblems

due to an additional penalty term in the parameter space.

1.2 TIterative Regularization on Feasible Paths

Iterative regularization methods are usually formulated for operator equations of the form
F(q) =2, (1.7)

where F' : () — Y is a continuous nonlinear operator. All common iterative regularization
methods use Fréchet-derivatives of F'; they can be divided into two different classes, namely
explicit methods such as steepest descent methods (cf. [37]) or the Landweber iteration (cf.
e.g. [21, 42, 43))

Ge+1 = @k — wF' ()" (F(qi) — 2°), (1.8)

with appropriately chosen damping parameter w > 0, and implicit methods such as Newton-
type (cf. e.g. [12, 20, 27]) or Quasi-Newton methods (cf. e.g. [28, 39])

Br(ars1 — @) = —F'(qr)* (F(ak) — 2°), (1.9)

where By, is a stable approximation of the Gauss-Newton matrix F'(qx)*F'(gx)-

The regularizing effect of an iterative regularization method comes from the early termi-
nation of the iteration procedure, where the stopping index is chosen in dependence of the
noise level § and the noisy data z°. We refer to the survey paper by Engl and Scherzer [17]
for an overview of iterative regularization methods.

The application of iterative regularization methods to parameter identification problems
is usually based on a feasible-path approach, i.e., the state equation is eliminated and the
resulting parameter-to-output map is the concatenation of the parameter-to-state map ¢ — u
and the observation operator £. A numerical disadvantage of this method is the possibly large
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number of state equations that have to be solved during the iteration procedure. E.g., for the
Landweber iteration, each iteration enforces the evaluation of the operator F' and the adjoint
of its derivative F'(qr)*. This means that one has to solve the state equation and a related
equation for the adjoint, which is basically of the same effort (cf. e.g. [21]). A Newton-type
method usually yields a reasonable approximation of the solution in less iterations than an
explicit method, but the effort in each step of the iteration is higher, since many evaluations
of F'(qr) are needed, each one of similar effort as the solution of the state equation. For
some parameter identification problems, numerical investigations even show that the overall
numerical effort for standard Newton-type methods is not lower than the one for the ’slower’
Landweber-iteration (cf. e.g. [6, 7]).

A method of particular interest in the following is the Levenberg-Marquardt method (cf.
[20]), which is of the form (1.9) with

By, = F'(qx)"F'(qr) + axl, o € R, (1.10)

Hanke [20] showed that the Levenberg-Marquardt method is locally convergent if the nonlin-
earity condition

17(q) — F(q) — F'(9)(G — o)l < el —qll |1F(q) — F(q)ll, (1.11)

with some constant ¢ € RY, is fulfilled for all ¢, ¢ in a neighborhood of a solution. In the
presence of noise, local convergence is obtained if the stopping index is chosen according to
the generalized discrepancy principle, i.e.,

1F(qr.) = 2llz <76 <||F(a) = 2Nz, Yk <k, (1.12)

with appropriate 7 > 1.

1.3 Sequential Quadratic Programming

The classical sequential quadratic programming method (also called Lagrange- Newton method)
is applied to general optimization problems of the form

i 1.1
J(z) — min (1.13)

subject to equality and inequality constraints of the form
e(r) =0, and c(z) <0, (1.14)

where the functional J : X — R and the operators e : X — Yi, ¢ : X — Y5 are twice
continuously Frechet-differentiable and < represents an order on the Banach space Y5.

An iteration step of the SQP-method is given by xx11 = xx + y, where y;, is a minimizer
of the quadratic optimization problem

1 .
T(g) + T ()y + 5L£" (285 M, 1) (y,y) — min, (1.15)
Yy
subject to
e(zy) + e (zp)y = 0, 1.16
c(zy) +c(zp)y < 0, 1.17)



1.4 Linear Saddle-Point Problems 5

where £ represents the Lagrangian of the optimization problem (1.13), (1.14) given by
Lz, A\ p) = J(x) + (e(z), A) + (c(), ). (1.18)

In general, the linearized constraints (1.16) and (1.17) might define an empty set of admissible
points, but we will exclude this case in the following motivated by the specific structure of
the underlying state equations under investigation (see Section 2).

An iteration step of the sequential quadratic programming method is well-defined if the
quadratic objective functional in (1.15) is strictly convex on the set defined by the linear
constraints (1.16) and (1.17), which is not obvious for problems with little insight into the
structure of the objective functional and the constraints. However, for certain classes of
problems such as in the optimal control of elliptic or parabolic differential equations, SQP-
methods have been extensively studied and applied with particular numerical success (cf. e.g.
[3, 25, 35, 41]). Frequently used are also two variants of the SQP-method, namely augmented
Lagrangian SQP-methods (cf. e.g. [25, 24, 30]), where a penalty term originating from the
constraint (1.16) is added to the objective functional, and reduced SQP-methods (cf. e.g.
[32, 33, 41]), where (1.16) is eliminated a-priorily.

The convergence analysis of sequential quadratic programming methods is based on the
quadratic well-posedness of the optimization problem (cf. [1, 25, 30, 33] for further details),
which is not satisfied for an ill-posed parameter identification problem. Therefore we will
investigate stabilized versions of the SQP-method, which guarantee the well-posedness of
the quadratic programming problems and converge also for problems without second-order
regularity. Our SQP-approach for parameter identification problems will be introduced in
detail in Section 2.

1.4 Linear Saddle-Point Problems

Using first-order optimality conditions, which are not only necessary but also sufficient for
regular quadratic problems, an iteration step in the sequential quadratic programming method
(disregarding inequality constraints for the moment) can be rewritten as the solution of a
linear saddle-point problem. The solution and numerical approximation of linear saddle-point
problems arising from Lagrangian multipliers have been well-studied over the last decades
after the seminal paper by Brezzi [4]. In the following let U and A be two Hilbert spaces, let
geU* feA*andleta: U xU — Rand b: U x A — R be continuous bilinear forms. Then
a symmetric linear saddle-point problem in variational formulation consists of searching for
a solution (u,\) € U x A of

a(u,v) + b(v, X) = (g,v), Vvel, (1.19)
b(u, ) = (f,n) VpeA. (1.20)

The well-posedness of (1.19), (1.20) can be studied under additional conditions on a and
b, namely the so-called kernel-ellipticity of a,

Ja, €R 2 a(v,v) > agv||F, VoeKl:={veU|bupu=0VYpupcA} (121
and the LBB-condition upon b,

b
Jap €RT : inf sup BLIGYDS > . (1.22)
neh ver [|vllollulla

Under these assumptions, the following classical result can be shown (cf. [4, 5]):
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Theorem 1.1. Let a, b as above, such that (1.21) and (1.22) are satisfied. Then the linear
saddle-point problem (1.19), (1.20) has a unique solution (u,\) € U x A, which depends
continuously on the data (f,g) € A* x U*.

2 The SQP-Approach to Parameter Identification

Following the exposition in Section 1.3, the obvious SQP-approach to parameter identification
problems is to apply the classical method of sequential quadratic programming to the least-
squares problem
YEu—2P > min | (2.1)
2 (u,q)EXXQ
subject to the equality constraint (1.2) and to ¢ € Quq. Since our main focus in this paper
is the treatment of the equality constraint, we will omit the additional constraint g € Q. in
the following.

Due to the ill-posedness of the original problem, a minimizer of the quadratic programming
problem (1.15)-(1.17) needs not exist and if one exists, it might not depend on the data in a
stable way. Thus, it seems a good choice to add stabilizing terms analogous to Newton-type
methods to the objective functionals arising in each step of the iteration. This results in the
following iteration method:

Method 1 (Iteratively Regularized Sequential Quadratic Programming Method).
Let (ug,qo, No) € X X Q@ xY™* be a given initial value and let (8¢ )ren be a bounded sequence of
positive real numbers. The method of iteratively reqularized sequential quadratic programming
(IRSQP) consists of the iteration procedure

(U1, @t 1> Met1) = (Thy Tpo» Ak (2.2)

where (@, qj) is the minimizer of the quadratic programming problem

1 Bk .
“NEu — 2|2 + ZE g — 2+>\,” , — U, q — 5 om . 2.3
2|| u— 2|7 9 lq QkHQ (Nes € (ur, qr) (v — ug, ¢ — qr)°) (u,q)El)r(IXQ (2.3)

subject to the linear constraint

e(ug, qr) + €' (uk, q) (u — ug, g — qr) = f, (2.4)
and ) is the corresponding Lagrange-multiplier.

Note that the IRSQP-method involves second order derivatives of the operator e, which
are usually ignored by iterative methods for least-squares problems. Therefore, we define a
variant of Method 1, which takes into account the special structure of the objective functional.

Method 2 (Levenberg-Marquardt Sequential Quadratic Programming Method).
Let (ug,qo) € X X @ be a given initial value and let (5 )ren be a bounded sequence of positive
real numbers. The Levenberg-Marquardt sequential quadratic programming method (LMSQP)
consists of the iteration procedure

(Wt 1, Qrv1) = (Uk, G, (2.5)
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where (uy,q;) € X x @ is the minimizer of the quadratic programming problem

1 Br )
“NEu —2°|% 4+ Zillg — i3 —  m 2.6
51 =217 + 5 lla — allg o (2.6)

subject to the linear constraint

e(uk, ) + € (uks i) (v — ug, ¢ — qi) = f- (2.7)

An important question is the well-definedness of the iteration procedures for the IRSQP
and the LMSQP method, i.e., the existence and uniqueness of the minimizers of (2.3), (2.4)
and (2.6), (2.7), respectively. Another important property for an iterative regularization
method is the stable dependence of the iterates on the previous iterates and on the data. We
will investigate these questions in the following sections.

2.1 Well-Posedness of the Quadratic Programming Problems

In the following we will verify the well-posedness of the quadratic programming problems
(2.3), (2.4) and (2.6), (2.7) under reasonable assumptions on the equation operator e.

In typical applications, the equation (1.2), respectively its linearization, admits a unique
solution with respect to the state, i.e.,

eu(t,q)™! 1Y — X exists and is a continuous linear operator for all (u,q) € X x Q. (2.8)

Proposition 2.1. Let e be continuously Fréchet-differentiable, let (2.8) hold and let B > 0.
Then the quadratic programming problem (2.6), (2.7) has a unique solution (T, q;) € X X Q,
which is also the only local minimum.

Proof. We reformulate (2.6), (2.7) in terms of v = u—uy, and s = g—q. The set of constraints
is then given by

M ={ (v,s) | € (ug, qr)(v,s) = f —e(ur,qr) },

which is a closed, convex and nonempty set, because €' (ug, g) is a continuous linear operator
and

(7)07 30) = (eu(ukaqk)il(f - e(uk,qk)),O) €M,
which is due to (2.8). Since the objective functional

1 Br
Ji(v,5) := §||EU + Euy, — 2||% + 7”5”%

is convex on M, the main theorem of convex optimization (cf. [44, Thm.47.C]) implies the
existence of a solution as well as the convexity and closedness of the solution set.
Now let € € (0,1) and (v;, ;) € M for i = 1,2, then a straight-forward estimate yields

Ji(evy + (1 — €)vg,es1 4+ (1 — €)s2) < € (v1,51) + (1 — €)Jp (v, 52) — e(1 — €)||s1 — s2|*.
Since (2.8) implies

(v1 — v2) = —ey(uk, qr) ‘e (uk, ) (81 — $2), V (viy83) € M,i= 1,2,
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we have s; = s9 only if (vq,s1) = (ve, s2). Thus,
Ji(evr + (1 — €)vg, €51 + (1 — €)s2) < eJg(v1,51) + (1 — €)Jg(v2, 52)

for all € € (0,1) and all distinct points (v;,s;) € M, i = 1,2, i.e., the functional Jj is strictly
convex. Hence, from the main theorem of convex optimization we may conclude that there
exists a unique global minimum and no further local minima. O

Proposition 2.2. Let e be twice continuously Fréchet-differentiable, let (2.8) hold and let

B> 2 max {1, lew(ue, )~ eqlups a) 12} 1Nl Ile (ur, gl (2.9)

Then the quadratic programming problem (2.3), (2.4) has a unique solution (g, q;) € X X Q,
which is also the only local minimum.

Proof. As in the proof of Proposition 2.1, we write the quadratic programming problem (2.3),
(2.4) in terms of (v, s). The arising objective functional

1 Ok 1
Tel0,) = 5180 + Bug = 2% + “E sl + 5 O, € (ks 1) (0,5)2)
is twice continuously Freéchet-differentiable with

Ti (0,8)(p,0)* = | Bollz + Brllollg + Ak, € (ur, a) (0, 0)?)
> Billole = IXellz= lle” tun, aw)ll (lellx + llollg)

for all (p,0) € X x @ and all (v,s) € M, where M is defined as in the proof of Proposition
2.1. Now let (¢ +v,s+0) € M, i.e.,

¢ (uk, qr) (¢, 0) = 0,
then (2.8) implies that
lellx < New(ur, ar) ™ eq(ur, ai)ll ol
Hence, we obtain that
T (v,8)(p,0)% >

Ok . _ _
(—’“ min {1, lew (ug, g) e (e g) |2} — A%

7%

L (gl ) (el + ol

for all (v,s) € M, (v+¢,s + o) € M, which implies with (2.9) the strict convexity of Jj on
M (cf. [44, p.48]) and the assertions follow as in the proof of Proposition (2.1). O

Note that condition (2.9) is a restriction for the choice of fj in the IRSQP-method, but
it does not exclude the possibility of §; tending to zero, since we may expect that Ay — 0 if
the method converges to a solution of the identification problem.

So far we have not discussed the Lagrangian of the problem and the arising first-order
optimality conditions, which are not only necessary but also sufficient under the assumptions
of Propositions 2.1 and 2.2, respectively, since the objective functionals are strictly convex.
We will treat this problem in the following section.
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2.2 The Karush-Kuhn-Tucker System
Based on the standard theory of convex optimization, we can formulate the Lagrangian of
the problems (2.3), (2.4) and (2.6), (2.7) as
) — l _ 2 & o 2 Q " _ 2
L(u,g;2) = FlBu—2lz + 5 la = arllg + 5 O, ¢ (wr, au) (w — uk, 4 = q1)°)
+(A, € (uk, qr) (u — ug, g — qi) + e(ug, ge) — f), (2.10)

where 17 = 1 in the case of the IRSQP-method and 1 = 0 for the LMSQP-method. The solu-
tions (g, Gx, A\x) of the quadratic programming problems are saddle points of the Lagrangian
Ly (cf. [44, p. 392ff]), i.e.,

ﬁk(ﬂkaaka >\) < ﬁk(ﬂkaqkaxk) < ﬁk(quan)a v (ana >‘) € X x Q X Y*a (211)
and satisfy the optimality condition

where L) denotes the Fréchet-derivative of £; in X x Q x Y™*.
In order to rewrite (2.12) as a linear system for (u, ¢, A), the so-called Karush-Kuhn-Tucker
system, we define the following operators

K,: X =Y, Kiu = ey(ug, qp)u, YueX (2.13)
L,:Q —Y, Lyqg=eq(uk,qp)qg, VqgeX (2.14)
Mp: X —» X*, (M, v) = (equ(ur, i) (u,v), \g), VY (u,v) € X? (2.15)
Ni:Q— QF, (Nkay s) = (eqq(ur, ar)(g: ), Ak)s ¥ (g,8) € Q (2.16)
Py X = Q7 (Peu, q) = (equ(uk, k) (g, u), Ak)y ¥V (u,q) € X X Q. (2.17)

Using these operators and the notation Ig for the identity on (), we may conclude that
(U1 — Uk, Qi1 — ks Mk+1) SoOlves the linear system

E*E + nM, np; K; u E*(2° — Euy,)
nPy Belg + 1Ny, Ly q | = 0 : (2.18)
K, Ly, 0 A f—e(ur, qr)

Note that assumption (2.8) implies that K} is a regular operator, while L is not necessarily
invertible.

Finally, we analyze the Karush-Kuhn-Tucker-system (2.18) in the framework of linear
saddle-point problems as defined in Section 1.4. For this sake we define the symmetric bilinear
form a; on (X x Q)? by

ak(u, ¢, 0) = (Bu, Bp) 7 + Bi(q,0)q + n((e, Myu) + (0, Neq + Peu) + (g, Pr))  (2.19)
and the bilinear form b : (X x Q) x Y* = R by
b (u, q; A) = (Kru, A) + (Lgq, ). (2.20)
With the right-hand sides

fe = f—elug,q) €y, (2.21)
g = (E*(2° — Eug),0) € X*xQ, (2.22)
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we can now rewrite the system (2.18) in the standard form

ak(ua q; ¥, U) + bk((pa o; >‘) = (gka ((pa U))a v ((pa U) € X X Qa (223)
bk(ua aq; M) = <fka M)a v e Y™ (224)

Based on the theory introduced in Section 1.4 we can derive a statement on the well-posedness
of the linear saddle-point problem (2.23), (2.24):

Theorem 2.3. Suppose that the assumptions of Proposition 2.1 are satisfied if n = 0 in (2.19)
and that the assumptions of Proposition 2.2 are satisfied if n = 1 in (2.19), respectively. Then
the indefinite system (2.23), (2.24), with the bilinear forms ay and by defined via (2.19), (2.20),
has a unique solution (u,q,\) € X x Q x Y*, which depends continuously on the right-hand
sides fr and gj.

Proof. We first show the kernel-ellipticity (1.21) of a;. Suppose (u,q) € Np,, then u =
—K,;lqu and thus, with n =0 or n = 1 and (2.9), we may deduce that

ag(u, q;u,q) > ,Bkllq!lé — nlle” (wr, qi) 1| M6l (Jull* + 11gl1?)
B . _ _
> (7 min {1, |K, " L[ 7>} — nlle” (ue, ae) 1Ak ) (lull® + 1gl1?)
> e(llull® + 1lql?)

for some € > 0. The LBB-condition (1.22) for by follows from

. be(u, s N) . . be(K7'A000) A2 1
inf  sup T > inf ——F———" = in - > .
2V (yqyexx@ 1w QNI xev= [[KIAIAL xev= K AN~ 1K

Since the continuity of a; and b follows from the continuity of the Frechet-derivatives, The-
orem 1.1 implies the assertion. ]

2.3 The Iteration in the Parameter Space

In the following we consider the behavior of the LMSQP-iteration in the parameter space,
i.e., after elimination of the state u;y; and the Lagrange parameter A1, which is possible
because of the regularity of K}, (see (2.8)). For a better distinction, we denote the updates
of the LMSQP-method by superscript SQP and those of the classical Levenberg-Marquardt
method following the feasible path by superscript F'P.

The updates 2" and A5?” in the LMSQP-method can be computed consecutively from
5QP

q via,
u$r = —K (Lrg®9" = f + e(ur, i) (2.25)
QP = (Kp)T'E* (BuS9 — 2+ Euy) (2.26)
Thus, with the notation G}, := —EK 'L, we may rewrite the optimality condition for the

update ¢°9F as

(Belg + GiGr) ¢°9F = Gi(z — Bup — EK ' (f — e(uk, qr))- (2.27)
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In order to compare the LMSQP-method with the classical Levenberg-Marquardt method
on feasible paths, we assume that (ug,qp) € X x @ solves (1.2). Then we have

F'(qo)s = —EK; ' Los = Gys, (2.28)
and an iteration step ¢''* for the feasible-path LM-method solves
(BoIg + G§Go) 47 = Gi(z — Eug), (2.29)

which coincides with (2.27) in our particular case, i.e., the iterates ¢; computed with the
LMSQP-method is the same as with the LM-method on the feasible path. The difference of
our SQP approach to the classical method following the feasible path occurs in the second
step of the iteration, since u; is not on the feasible path anymore. If €’ is Lipschitz-continuous,
we only have

SQP FP FP SQP
|u?®” —uf P x = O(ud® —uol|% + 149" — qol3). (2.30)

In general, this causes the operator Gy to be different from F'(qx) during the iteration and
in addition, the right-hand side differs from the one for a feasible path approach, since f —
e(u, qx) need not vanish.

3 Convergence Analysis

In the following we will investigate the convergence behavior and the regularizing properties
of the LMSQP-Method, i.e., we discuss the behavior of the iterates as & — oo as well as
the choice of an appropriate stopping index k, = k,(d,2°) in presence of data noise. We
prove some preliminary properties of the iterative method under rather general conditions,
while the final convergence analysis will be carried out under further restrictions on the
structure of the state equation, which, however, still includes most important applications. We
think that an abstract convergence analysis similar to the one for the Levenberg-Marquardt
method by Hanke [20] could be carried out in principle, but to our impression the variety of
technical conditions, which are needed for such an analysis, would shadow the basic principles.
The problem-adapted convergence analysis for a specific structure corresponds very well to
the objective of this paper, namely to construct a problem-adapted method for parameter
identification problems.
If we denote by e, and fi the error terms

(ks fr) == (up — G, qrx — q), (3.1)

we can rewrite the Karush-Kuhn-Tucker system (2.18) with n =0 as

E*E 0 K} €kl E* (20 — 2)
0 fBrlo Lj Jevr | =1 Bela—a) |, (3.2)
K, L, 0 Ak+1 Tk

where the r, denotes the remainder

i i= e(t, §) — e(ur, qr) + € (uk, ar) (e, fr)- (3.3)

These notations will be used without further notice in the analysis carried out in the subse-
quent sections.
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3.1 Preliminary Results

As for all other iterative regularization methods (cf. [17]), we will need a condition on
the nonlinearity, which allows to prove convergence results; the condition we use will be
summarized in the following:

Assumption 1. Let (2.8) be satisfied for all (u,q) € X X By,(qo) and let (u,q) € B¢(ug) X
B,(qo) be a solution of the parameter identification problem (1.1), (1.2). Defining the re-
mainder r(u, q) by

’)"(u, q) = e(ﬂ, Q) - B(U, Q) - €I(U, Q)(a - uad - Q)a (34)
we assume that there exists a constant y; < 1 such that
1Beu(u,q) " r(u, @)z < villBu—zlz, ¥ (u,9) € X x Bay(qo)- (3.5)

The first fundamental property of an iterative regularization method, namely the well-
posedness of each iteration step has been verified in Section 2, and therefore it only remains
to construct a strategy for the choice of a stopping criterion in presence of noise, i.e., for
0 > 0. For the choice of the stopping index k, depending on the noise level § and the noisy
data 2°, we adapt the generalized discrepancy principle (1.12), which can now be formulated
as

||Euk* — 26“2 <710 < ||Euk — 26“2, Vk<Ek,. (3.6)

For an appropriate choice of 7, this allows us to prove the following monotonicity property of
the iterates:

Lemma 3.1. Let Assumption 1 be fulfilled, let the noise be bounded by (1.4), and assume
that

By (1 Beollz — 8 — en)? + (| follE < 0™ (3.7)
In addition, By is chosen such that By < Br_1 for all kK € N and that
_ Br—1

Y1 = 71 Sup <1, (3.8)
keN \| B

and the stopping index ky is chosen according to the generalized discrepancy principle (3.6)
with _
Y+

T>1+ —,
Y1 (1 —71)

(3.9)
then qi, € Ba,(qo) and the estimates

(1Bextillz = 0)2 + Bill frsalll + Brllarsr — ailly < (nllBexllz +6) + Bell fella (3.10)

and
By (1Beksillz — 6)° + 1 frsrlld < Bty (1Bekllz — 6)* + |1 £xll5 (3.11)

hold for all k < k.
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Proof. Assume that g, € Bo,(qo). Then, with (3.2) and
Moyt = —(Ki) " EY(Bugyy — 2°),
we deduce the identity

2| Eei1ll + Bl fos1llo + Bellart1 — alld
=2||Eexs1ll7 + Bell fully + 28k (frr1s Gt — k)
=2(2" — 2, Beg1)z + Bl fullgy + 2(Bups1 — 2°, EK 'r(ug, qi)) z-

Using (1.4) and (3.5) we obtain the estimate
| Eer i1l — 20l Bersallz + Bkl fesa b + Brllarsr — arlld
< 2v16||Begllz + Vil Eexll% + Brll £ llg

which implies (3.10) by adding 62 on both sides. (3.11) follows from dividing (3.10) by B
and the fact that

Br—1
B

for k < k. and 7 satisfying (3.9).
Finally, an inductive proof using (3.11) and (3.7) shows that g, € B2,(qo) and the above
estimates hold for all k < k.. O

(| Eexllz +6) <7l Bexll 2 + }6 <||Eex|lz — 6.
1

In Lemma 3.1, we have deduced a property of the iterates for all £k < k.. A reasonable
choice of the stopping index is expected to yield a finite index k, if the noise level is positive.
For the generalized discrepancy principle we shall show in the following Lemma that this
property holds:

Lemma 3.2. Under the assumptions of Lemma 5.1, the discrepancy principle yields a finite
stopping index k,(0,2°) if 6 > 0 and T is chosen according to (3.9).

Proof. Noticing that 77 > 7; under the assumptions of Lemma 3.1, we may conclude from
(3.10) that there exists a positive real number € such that

e0” + B (Ml Bersillz +0)° + 1 fii iy < B (il Bekllz +6)? + |Lfull,

if (3.9) holds. Hence, we may conclude that
ked” < By (Tl Beollz + 6)° + [ foll,

for all k£ < k,, which implies the finiteness of k.. O

3.2 Convergence for Exact Data

Now we turn our attention to the convergence analysis in the case of exact data, i.e., for
d = 0. In this case we will show that the pair (gx,u) converges to a solution of the parameter
identification problem as k — oo.

We start with summing up the assumptions on e needed for our analysis:
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Assumption 2. In addition to Assumption 1, assume that e is of the form
e(u,q) = A(u) + N(u,q), ¥ (u,q) € X xQ, (3.12)

with continuously Fréchet-differentiable (nonlinear) operators A: X - Y and N : X x Q —
Y, such that
N(u,.) € L(Q,Y), Vue X. (3.13)

Moreover, we assume that A and N satisfy the nonlinearity conditions
1Bew(u,q) A ()wlly <yl Bwlly, ¥ (u,v,w,q) € Bac(uo)® x X x Byp(qo),  (3.14)
and
HEeu(u,q)*lNu(v,s)wHy < y||[Bw|y, V (u,v,w,q,s) € B%(uo)2 x X X B2p(q0)2, (3.15)
for some positive constants 2 and 3.

Lemma 3.3. Let Assumption 2 be satisfied. Then the estimates

1Eeu(u,q) ™" (A(v) — A(w))ly
1Eeu(u, )™ (N (v, 5) = N(w,s))|ly

Y2/ E(v —w)lly, (3.16)

<
< BlE@—w)ly, (3.17)
hold for all (u,v,w,q,s) € Ba¢(ug)® x B2y(qo)?.

Proof. Since A is continuously Fréchet-differentiable, we obtain with (3.14) and the mono-
tonicity of integration that

1
|Eeu(u,q)  (A(v) — A(w))|ly < /0 |Eeu(u,q) (A" (w + t(v — w)) (v — w)]ly dt
1
< [ B = w)ly dt =l B0 =)y
The second estimate (3.17) can be deduced from (3.15) in an analogous way. O

Theorem 3.4 (Convergence for Exact Data). Let Assumption 2 and (3.7) be fulfilled.
Furthermore, let § = 0 and let By be chosen such that Bx < By for all k € N and that (3.8)
is satisfied. Then the sequence of iterates (uy,qr) € X X Q obtained with the LMSQP-method
converges to a solution (u,q) of (1.2) with Eu = z, if p and ¢ are sufficiently small.

Proof. For § =0, (3.10) implies that
Ri1 + [ fealld + llaksr — arlly <TRe + 1f:l5 YV EEN,

with Ry, := 5;;11HE61¢H2Z for £ > 0 and 8 = fBy. By induction one can show that g, € B2,(qo)
for all £ € N and that

o0

1
5 (5Bl + oy — aly) < 3.19)
j=0 M7

As a direct consequence we obtain the convergence of Fuy — 2z and qx11 — qx — 0 as k — oo.
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The next step is to show the strong convergence of ¢, — ¢, which is equivalent to proving
that fi is a Cauchy-sequence. For this sake let m > k be arbitrary and let m > ¢ > k be such
that

|Bue = 2|z + [|Bug—1 — 2|z < [|[Buj — 2llz + |Buj—1 — 2z, Vje{k,...,m}. (3.19)

Then we have
| frmn = frll < W fom = fell + 1fe = fell

and

= Fell = 20fe = s fo) + | fmll® = I fe]l?
fe — frll 2(fe — frs fe) + I1Fell® = |l fell*-

Since

I1fell® = 150 < Rj — R — lla — qe—1]|> = 0

for k > j, we conclude that ||f,,||> — ||f¢l|? and || f&||?> — ||fel|* converge to zero as k,m — oo.
Thus, it suffices to show that the scalar products (fy — fm, fe) and (fe — fk, fe) converge to
zero. For this sake we use (3.2) to obtain

/—

-1
[(fe = s F)l = 1D _(@j1 — ais o)l = 1D B (L for Ajn)|
j=k

J=k

—_

[
—

<

Chilng

B ({Le—1ge — L, Aj 1) + [{(L = L) g, A1) + [{(Le—r — Lj)ge, Aj1)])

J

= (I) + (IT) + (ITT)

The three parts of the sum on the right-hand side can be estimated using (3.2), (3.19) and
Assumption 2, which leads to

> B (Lee1qe — L, Ajra)|

~ O
|
—

,B;H(EK;I(A(’&) — A(u€_1) + A'(uz_l)(eg_1 — eé) — Nu(uﬁ—la QE—I)(UZ - uﬁ—l))v Eej+1>|

IA
~ .
|
LT

B (v2 + ) Becll z + (272 +3) | Ber 11l 2) | Bejipall 2

<.
Il
=

¢
< (dy2 +273) > B; | Beyll

j=k

and
£—1 =1
S OBTE = Lj)g, M)l = DB (Beul(uj, ¢j) (N (i, §) — N(uj, 4)), Bejia)|
j=k j=k

IN

3 ) By | Bejly

i=k
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-1 —1
Zﬁj—II((qu —Lj)qe, Nj11)| = Zﬁj—lKEeu(uj,qj)—l(N(ug,l,q,_;) — N(uj,q)), Eeji1))
Jj=k =k
-1
< B (1Beeillz + 1 Bejl2) |1 Bejiall 2
i=k
’ ¢
< 3y ) B Ee3

i=k

Because of the boundedness of Z;‘io ﬁj_1||Eej||2Z, all three terms converge to zero as k — oo
and thus, (f; — fx, fe) — 0. In an analogous way we can show that (fy — fm, fr) — 0 and
hence, (ex) is a Cauchy-sequence.

Let g denote the limit of ¢ and let @ be the corresponding solution of (1.2) with ¢ = g,
which lies in Bo¢(ug) if p and ¢ are sufficiently small. Then we may conclude that

Ugy1 — U = eu(ukaqk)_l (e(ﬂaq) - e(uka Qk) - el(uka Qk)(ﬂ — Uk, q — Qk)) )

and with the regularity of e, and the continuous Fréchet-differentiability of A and N we
obtain that

w1 —Tllx = o(flur —Tl[x),

and hence, up — @ for ¢ and p sufficiently small. Finally, Eu = z follows from Fu; — Ez. [

We want to mention that the proof of Theorem 3.4 implies that the residual decays at
least with

| Bug — zl|z = o(\/Br), (3.20)

while the convergence of (ug,qr) may be arbitrarily slow, which is a well-known effect for
ill-posed problems.

3.3 Convergence for Noisy Data

Now we turn our attention to the case of noisy data, i.e., § > 0. In order to compare the
perturbed iterations for different noisy data, we will use the notation (uz, q,‘z) for the iterations
obtained with specific noisy data 2z in the following.

Theorem 3.5 (Convergence for Noisy Data). Let Assumption 2 and (3.7) be fulfilled
with ¢, p sufficiently small, and let the noise be bounded by (1.4). Moreover, let B be chosen
such that Br, < By for all k € N and that (3.8) is satisfied. If the perturbed iteration is stopped
with ky = k.(6,2%) according to the generalized discrepancy principle (3.6) with T satisfying
(3.9), then

(qz*(&ztg),uz*(&z(g)) — (q,7), in X xQ, asd—0, (3.21)

where (u,q) is a solution of (1.2) with Eu = z.

Proof. Now let 8, — 0 and denote by k, the stopping index ki (d,,2°") according to (3.6).
Assuming that £ is a finite accumulation point of the sequence {k,} we can show that this
implies quZ—l — ¢ in the same way as in the proof of Theorem 2.4 in [21]. If k,, — 00, we may
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assume without loss of generality that k, increases monotonically with n and for k, > m,
(3.11) implies

on _ =||2 On _ =2 -1 On 2
lap: —dlle < law —allg + By (1Bup — zllz — )
< 2llgp — amllfy + 2llam — dllgy + 26,1 (1Buf; — Bupl| + | Bum — 2|13).
For each € > 0 we can now choose m sufficiently large such that
Allgm = dlg + 48" 1| Bum — 2] < €
and the continuous dependence of the iterates on § implies that (with m now fixed)
dllgn: = amlle + 46,11 |1 Bupy — Bup |7 < €
for J,, sufficiently small. Hence, we obtain that

lim sup [|g)" —llg <,
n—oo

and since € is arbitrary, we may conclude the convergence of q,‘zz to g as n — oo. The

on

convergence u," — U in X can be shown similarly as in the proof of Theorem 3.4. U

n

4 Applications

In this section we present four typical classes of identification problems, to which the SQP-
type methods presented above can be applied. In particular, our aim is to show that all
assumptions needed for the convergence of the LMSQP method are fulfilled, which implies
that the convergence results deduced in the previous section are applicable.

4.1 Inverse Source Problems

In mathematical terms, an inverse source problem can be interpreted as the identification of
a right-hand side, a boundary condition or an initial condition in a differential equation (cf.
[22]). We will slightly generalize this notion to a problem of the form

e(u,q) = A(u) + Cq, V (u,q) € X x Q, (4.1)

where the nonlinear operator A : X — Y is continuously Frechet-differentiable and C €
L(Q,Y). In this case we have Ly = C for all k¥ € N, the nonlinearity condition (3.5) reads

IEA"(w) "M (A(G) = A(u) — A'(w)(@ — w)lly < il Bu—zlly,  YueB(a), (42
and conditions (3.14), (3.15) reduce to
IEA (u) " A" (0)w)lly < wllBwlly, VY (u,v,w) € Be(i)?* x X, (4.3)

for some constant vy, € RT.

Obviously, all nonlinearity conditions are satisfied if A is a regular linear operator (cf. [18]
for an overview), but also for typical nonlinearities in partial differential equations, e.g. for a
typical nonlinear heat conduction model of the form

e(u,q) = —div (a(u)Vu) — q, (4.4)
with ¢ € Q = L?(Q), u € X = H}(Q).
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4.2 Identification of Conductivities

The identification of a conductivity (or piezoelectric head in groundwater filtration) from dis-
tributed measurements denotes the problem of reconstructing ¢ € H%(2) from an observation
of the state 2° € L?(2), where the exact observation z solves the elliptic boundary value
problem.

— div (¢Vu) = f in Q, (4.5)
u=g on 0%. (4.6)

The solution of this problem has been investigated by several authors (cf. e.g. [2, 9, 24, 20,
21, 27, 36, 43]) using a variety of regularization methods. Variants of this problem are the
reconstruction of ¢ in the corresponding Neumann or Robin problem, or the transient case of
identifying ¢ € H%(Q) in the parabolic initial-boundary problem

ou

Frie div (¢Vu) = f in Q x (0,7), (4.7)
=g on 09 x (0,7T), (4.8)
u=nh in  x {0}.

Another interesting case is the identification of a nonlinearity of the form ¢ = ¢(u) in (4.5) or
(4.7), which has been investigated recently (cf. [10, 15, 34]).

For the sake of simplicity we restrict ourselves to (4.5), (4.6) with g = 0 and 02 sufficiently
smooth, as discussed e.g. in [36]. This problem can be written in the abstract form (1.2) with
X=H)Q),Y=X*=H"Q), Q =HQ) and

e(u,q) = — div (¢Vu). (4.10)
The set of admissible parameters is given by
Qu={qeH Q) |¢g>ecae inQ},

for given constant € > 0, and the operator E can be defined as the embedding operator from
H} () into the output space Z = L2((Q).

The regularity of the derivative e,(u,q) = —div (¢Vx) for each ¢ € Quq is guaranteed
by the standard theory of weak solutions for elliptic differential equations, noticing that the
embedding H?%(Q) < L*°(Q) is continuous for d = 1,2,3. In order to verify the nonlinearity
condition (3.5), let v(¢) = (ey(u,q)*) LE*p for p € L(Q), i.e., v € H}() is the solution of

— div (¢Vv) = ¢.
Then we may compute

e. (u *\—1 r(u
||E6u(U,Q)71T(u,q)||Y = sup <( U( ,Q) ) E ®, ( 7Q)>Y
peZ ol z
g Y (A= 000~ )
peZ ol 2
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The standard elliptic regularity theory shows that there exists a positive constant c¢; such

that [|v(p)[|r2(0) < e2ll@llr2q and embedding results yield

19 = gllella = ully[lo(@)ll#2(0)
lellz

IN

||E€u(U,Q)717"(U,Q)HY Cc2

IN

crezplli — ully,

i.e., (3.5) holds for pciea < 1. The nonlinearity conditions (3.14) and (3.15) can be verified
in an analogous way. Hence, if ¢ is in the interior of (),4, we obtain local convergence of
the LMSQP-method. If ¢ not in the interior of the admissible set, local convergence of the
LMSQP-method can be enforced by incorporating the non-negativity condition g1 > € into
the quadratic programming problems to be solved in each step of the LMSQP-method.

4.3 Identification of Potentials and Convections

A typical model problem for elliptic parameter identification problems is the identification of
the potential ¢ in

—Au+qu=f in Q, (4.11)
u=g on 0. (4.12)

As for the conductivity, different parameter models such as ¢ = ¢(z) or ¢ = ¢(u) have
been investigated in this context as well as the corresponding parabolic problem (cf. e.g.
[2, 13, 21, 27, 38]). The problem setup is analogous to the identification of the conductivity,
with only modifying the equation operator e according to (4.11). The nonlinearity conditions
needed for the convergence statements can be shown similarly to Section 4.2, but in this case
no elliptic regularity is needed due to the fact that the nonlinearity is related to a lower order
term in the state equation.

A related problem is the identification of the convection in an elliptic equation (or the
corresponding parabolic problem) of the form

—Au+q.Vu = f, in Q, (4.13)
with appropriate boundary conditions on 0€2. Here we have X, Y, Z, E as above and
Q={qeH'(Q)?!|divg=0},
which guarantees the well-posedness of the state equation and the identifiability of the pa-
rameter (cf. [26]).

4.4 Inverse Robin Problems

An inverse Robin problem is concerned with the identification of the transfer coefficient in a
third-type boundary condition of the form

Ou

+qu =g, on 012, (4.14)
ov

where % denotes the derivative of u in outward normal direction and g is a prescribed flux.

The underlying state equation is either of elliptic or parabolic type. A typical measurement
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in such problems is the Dirichlet value of the solution u on 99, i.e., the output operator F is
the trace map into Z = L?(09). The spaces X, Y can be chosen as in the examples above,
and the set of admissible parameters is given by

Qua=1{qe€ H79Q) | ¢>0a.e. on N } (4.15)
or, if ¢ = q(u) (cf. [40]), by
Qea =1{ g€ H ([z1,22])g >0 ae. in [z, 2] |, } (4.16)

for an appropriate interval [z1, z2].
For the discussion of the nonlinearity conditions we restrict our attention to the equation

—Au=f in Q. (4.17)
In this case, v = e, (u, q)"'r(u, q) is the solution of the boundary value problem

—Av =0 in €, (4.18)
o

ov
The standard theory of elliptic boundary value problems shows that

+qu=(¢—q)(t—u) on 9Q. (4.19)

1Evllz2a0) < 1EI 0]l ) < BTG — )@ —w)ll -y 0
and an embedding result yields (3.5). Similarly, one can show that the nonlinearity conditions
(3.14) and (3.15) are fulfilled, and thus, the LMSQP-method is locally convergent for this
problem.

5 Numerical Experiments

In order to test our theoretical results, we carry out some numerical experiments with a model
problem for parameter identification, namely with the identification of a potential in an elliptic
boundary-value problem. For details on the numerical approximation and realization of the
LMSQP-method we refer to the forthcoming paper [8]. Example 5.1 was implemented in the
software system MATLAB, while the implementation of Example 5.2 is based on the finite-
element package FEPP [31], which has been developed at the Department for Computational
Mathematics and Optimization of the University Linz.

Example 5.1. Our first example is the identification of the potential ¢ in (4.11), (4.12) from
a state observation u € L?(f2), with = (0,1), g = 0 and

1
f(x):§+sinx, z € Q.

The exact potential is given by
q(z) = (1l — x),

which is an element of Q = H'(2). The data are generated by solving the state equation
on a fine grid and subsequent interpolation to a coarser grid; the noise is an additive high-
frequency perturbation. We used uniform grids with n = 1601 nodes for the discretization
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Figure 1: Reconstruction (solid) and exact solution (dashed) for noise level 6 = 5% (left) and

d =20% (right).
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Figure 2: Development of the error [lgx — §l|g1(q) (solid) and the residual |luy — 26||L2(Q)
during the iteration for noise 6 = 5% (left) and § = 20% (right).
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Error vs. Noise Level Stopping Index vs. Noise Level
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Figure 3: Error ||z, (5) — 4|l g1 (o) (left) and stopping index k. (d) plotted vs. the noise level 4.

of the state u and the Lagrange-parameter A and m = 401 nodes for the parameter q. The
parameters 3, are chosen according to Bj41 = 0.98, with Gy = 1076,

Figure 1 shows the results obtained with the LMSQP method for noise levels 6 = 5%
and § = 20%, where the discrepancy principle has been used as a stopping rule. Surpris-
ingly, the approximation is still reasonable even for a large noise level like § = 20%, but the
reconstruction is not as smooth as for 6 = 5%. The corresponding evolutions of the error
gk — Gl 1) and the residual [lu — 26||L2(Q) are plotted in Figure 2; one observes that in
both cases the error decreases up to some iteration index and then starts to increase again,
which numerically demonstrates the necessity of an appropriate stopping rule. We want to
mention that the stopping index obtained from the discrepancy principle was always close
to the iteration index, where the error is minimal. A comparison of the results for the two
different noise levels also confirms the intuition that the instability is more pronounced if the
noise level is larger, which results in an earlier and steeper ascent of the error during the
iteration for larger 0.

The behavior as § — 0 is illustrated in Figure 3; one observes that the error between the
reconstruction gy, (5) and the exact solution ¢ is decreasing to zero as  — 0, but the speed
of convergence is slower than linear convergence with respect to d, which is a typical effect
for an ill-posed problem. The plot of the stopping index k,(d) obtained with the discrepancy
principle numerically confirms that k, increases as the noise level tends to zero. However, the
absolute value of k, is still low even for relatively small noise levels like 1%, which demonstrates
the rather high convergence speed of the method. We want to mention that numerical tests
with a Levenberg-Marquardt method on the feasible path and the IRSQP-method (both with
the same choice of the parameters §; and 7) produced exactly the same stopping indices and
the same errors between the reconstruction and the exact solution up to the fourth digit,
which numerically confirms our idea that the convergence behavior of the LMSQP-method
(and the TRSQP-method) is similar to the one of a Levenberg-Marquardt method following
the feasible path.

Finally, the results of a numerical test with exact data are shown in Figure 4. The left plot
shows the development of the error |lgx — [| 51 (o) and the residual |lug — 2[/12(q) during the
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Figure 4: Error and residual (left) as well as the scaled norm of \; and the residual in the
state equation (right) plotted vs. the iteration number k.

iteration. One observes that both are monotonically decreasing to zero, but the convergence
speed in the parameter is rather slow, which has to be expected due to the ill-posedness of
the problem. The right picture shows a plot of the scaled norm of the Lagrange parameter
(100]|Ax]]) and of the residual in the state equation (||e(ug,qx) — f||) vs. the iteration number.
Both start at the value 0 at k£ = 0, since the initial Lagrange parameter is chosen as A\g = 0
and ug solves the state equation with parameter ¢y. A significant deviation from zero occurs
only in the first iteration step, whereas both norms decay to zero very fast in the consecutive
steps, i.e., the deviation from the real equation constraint is very small.

Example 5.2. Our second numerical example is the identification of ¢ € L?(f2) in (4.11) and
(4.12) from a state observation v € L?(Q). The domain € is a ball in R? with missing first

quadrant, i.e., in radial coordinates
Q={(rcosf,rsinf) | r €[0,1),0 € (n/2,27) }. (5.1)

The exact parameter to be reconstructed is ¢ = 1, the right-hand side in (4.11) is given by

f= %(3% cos(?%rr) + %sin(?%rr)) + Cos(%rr) +3 with r = /22 + y2.
The corresponding solution of the state equation is 4 = cos(%’rr) + 3. The data are gener-
ated using the exact solution @ perturbed by uniformly distributed random noise. For the
discretization we used triangular finite elements with piecewise quadratic shape functions for
the state u and the Lagrange parameter A\ and piecewise constant shape functions for the
parameter q. The triangulation consisted of n = 3065 nodes and m = 1472 elements. We
want to mention that this identification problem is quite challenging not only due to the
complicated geometry, but also due to the fact that ¢ is only identifiable in the interior and
not along the boundary.

Figure 5 shows the parameter ¢, reconstructed with the LMSQP-method for noise level
d = 1% and the difference between the measured data and the observation corresponding to
the reconstructed state wg,. It can be seen that along the boundary, where the parameter
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Figure 5: Reconstruction of the parameter and difference between reconstructed state and
the noisy data for noise level § = 1%.
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Figure 6: Stopping index k. (d) and error ||, 5y — 4ll12(q) plotted vs. the noise level 4 for two
different regularization parameters.

can not be identified, the reconstructed values differ significantly from the exact parameter.
However, the difference between exact and reconstructed parameter is very small in the inte-
rior. Therefore, we may consider the results as another indicator for the good quality of the
reconstructions obtained with the LMSQP method.

The stopping indices obtained with the generalized discrepancy principle for various noise
levels and two different choices of penalty parameters i are shown in Figure 6. It can be
seen that for larger noise levels the instability is more pronounced and therefore larger penalty
parameters are of advantage. Furthermore, from the behavior for 4 — 0 one observes that the
reconstruction gy, (5) converges to the exact solution ¢ as d decreases to 0 but the convergence
is rather slow.

Figure 7 shows the convergence of |luy — i 72(q) and [lgx — §l|72(q) for exact data. Both
pictures show a rather fast decrease during the first iterations followed by a slower decrease
during the latter ones. This effect is quite typical for such problems and caused by its ill-
posedness.
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Figure 7: Development of [|uy — l[z2(q) and [|gx — l[z2(q) for exact data.

6 Conclusions and Outlook

We have presented two iterative SQP-type methods that can be applied to ill-posed param-
eter identification problems. It has been shown that the subproblems to be solved in each
iteration step are well-posed and equivalent to an indefinite linear system that satisfies the
standard regularity conditions. Moreover, we have analyzed the LMSQP-method with re-
spect to convergence and verified its regularizing properties. The numerical comparison with
standard feasible-path methods shows that the convergence behavior is similar, in particular
the number of iterations needed is very small.

So far, we have not discussed in detail the numerical treatment of the SQP-type methods,
which leaves more freedom than classical methods following the feasible path. In particular,
the numerical approximation and solution of the Karush-Kuhn-Tucker system can be realized
in different ways, e.g., by a reduced SQP-approach or by a simultaneous approach in the
product space X x @ x Y*. We shall show in a subsequent paper (cf. [8]) that the first
is very similar to the feasible path approach with respect to its numerical treatment, while
the second provides new possibilities for the design of efficient solution methods (cf. also
[19]). This is an important advantage of SQP-methods compared to feasible-path methods
and allows the numerical solution with fine discretization in reasonable time, which is not the
case for classical approaches. We refer to [8] for further details on this subject.
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