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tThe aim of this paper is to design and to analyze sequential quadrati
 programming(SQP) methods as iterative regularization methods for ill-posed parameter identi�
ationproblems. We dis
uss two variants of the original SQP-algorithm, in whi
h an additionalstabilizer ensures the stri
t 
onvexity and well-posedness of the quadrati
 programmingproblems that have to be solved in ea
h step of the iteration pro
edure. We show that thesequential quadrati
 programming problems are equivalent to stable saddle-point prob-lems, whi
h 
an be analyzed by standard methods. In addition, the investigation of thesesaddle-point problems o�ers new possibilities for the numeri
al treatment of the identi�-
ation problem 
ompared to standard numeri
al methods for inverse problems.One of the resulting iteration algorithms, 
alled Levenberg-Marquardt SQP method, isanalyzed with respe
t to 
onvergen
e and regularizing properties under an appropriate
hoi
e of the stopping index depending on the noise level. Finally, we show that the
onditions needed for 
onvergen
e are ful�lled for several important types of appli
ationsand we test the 
onvergen
e behavior in numeri
al examples.Keywords: Parameter Identi�
ation, Sequential Quadrati
 Programming, Iterative Reg-ularization, Ill-Posed Problems, Saddle Point Problems, Partial Di�erential Equations.AMS Subje
t Classi�
ation (2000): 35R30, 90C55, 65J201 Introdu
tionSin
e distributed parameters have to be determined from indire
t measurements in manyappli
ations that are modeled by partial di�erential equations, parameter identi�
ation hasbe
ome an important part of mathemati
al modeling (
f. e.g. [2, 11, 16, 22, 23℄ and the ref-eren
es therein). The majority of these identi�
ation problems is ill-posed, i.e., the parameterdoes not depend on the data, whi
h 
annot be measured exa
tly in pra
ti
e, in a stable way.Therefore regularization methods have to be used in order to obtain stable approximations ofthe solution in presen
e of data noise. We refer to [13, 29℄ for an overview of regularizationmethods for inverse ill-posed problems.Classi
al approa
hes to the regularization of parameter identi�
ation problems are dire
tmethods su
h as Tikhonov regularization (
f. e.g. [9, 14, 15℄), whi
h repla
e the least-squaresproblem by a 
lose stable problem. Re
ently, also the appli
ation of iterative regularization�This work has been supported by the Austrian National S
ien
e Foundation FWF under proje
t grantsSFB F 13/08 and F 13/09. 1



2 1 INTRODUCTIONmethods methods has been investigated (
f. e.g. [20, 21, 27, 28, 37℄), where the iterationfollowed the feasible path de�ned by the underlying state equation. We will review thisapproa
h in Se
tion 1.2. Our aim is to design new iterative regularization methods basedon the idea of sequential quadrati
 programming, whi
h means to minimize a se
ond-orderapproximation of the Lagrange fun
tional subje
t to the linearized state equation in ea
hiteration step, resulting in a sequen
e of quadrati
 programming problems. An overview ofSQP methods will be given in Se
tion 1.3.An important di�eren
e of SQP-type methods to the feasible path approa
h is that theequation (1.2) is interpreted as a 
onstraint in the produ
t spa
e X�Q and approximated bya linearized version in ea
h iteration step. So far, SQP-type method have been used in this
ontext only as an optimization method for the Tikhonov-fun
tional (
f. [19, 24, 32℄), i.e.,the regularization pro
edure is independent of the SQP-iteration. Our approa
h is based onthe paradigm of Levenberg-Marquardt methods, i.e., we will add a stabilizer to the arisingquadrati
 optimization problem, whi
h penalizes large iteration steps. The regularizing e�e
twill then 
ome from an appropriate early termination of the iteration pro
edure, with astopping index 
hosen in dependen
e of the noise level Æ.The paper is organized as follows: In Se
tion 2 we will present two new 
lasses of iterativeregularization methods for parameter identi�
ation problems and dis
uss some of their basi
properties. In Se
tion 3 we will 
arry out the 
onvergen
e analysis for a rather general 
lassof identi�
ation problems, before applying our results to some well-studied identi�
ationproblems in Se
tion 4. Numeri
al experiments with typi
al model problems are presented inSe
tion 5. Finally, we 
on
lude and dis
uss possible extensions and variants in Se
tion 6.1.1 Notations and De�nitionsThe basi
 setup of the identi�
ation problems to be dis
ussed in this paper is as follows: givenan observation z := Eû; (1.1)whereE : X ! Z is a bounded linear operator, we want to identify the parameter q 2 Qad � Qin the underlying equation e(u; q) = f; (1.2)where e : X � Q ! Y is a 
ontinuous nonlinear operator. In this setup we assume thatQ and Z are Hilbert spa
es, that Qad is a 
losed subset of Q with nonempty interior andthat X and Y are appropriate Bana
h spa
es. In addition, we assume that the operator e ishomogeneous, i.e, e(0; 0) = 0; (1.3)whi
h is no restri
tion of generality, sin
e for an arbitrary operator e we 
an transform (1.2)into an equivalent equation with homogeneous operator via~e(u; q) := e(u; q)� e(0; 0); ~f = f � e(0; 0):In pra
ti
e one has to deal with data zÆ that are 
orrupted by noise instead of the exa
tdata; we assume that the observation error is bounded bykz � zÆkZ � Æ; (1.4)



1.2 Iterative Regularization on Feasible Paths 3where z = Eû su
h that there exists a q̂ 2 Qad withe(û; q̂) = f: (1.5)The general notation for state (u), parameter (q) and Lagrangian variable (�) in this paperwill be as follows: unless further noti
ed, (u; q; �) and ('; �; �) denote arbitrary elements of thespa
es X, Q and Y �, the pair (û; q̂) denotes an exa
t solution of the parameter identi�
ationproblem (as introdu
ed above), and (uk; qk; �k) 2 X �Q� Y � denotes the a
tual iterate.Note that under typi
al 
onditions, parameter identi�
ation problems in equations of theform (1.2) are ill-posed, i.e., an arbitrarily small error in the data z 
an lead to an arbitrarilylarge deviation in the re
onstru
ted parameter q. In presen
e of noise, a solution of theequation Eu = zÆ need not exist, and therefore one has to 
onsider the 
orresponding normalequation respe
tively the least-squares problem12kEu� zk ! min(u;q)2X�Qad (1.6)subje
t to (1.2). Be
ause of the ill-posedness of the problem, a dire
t appli
ation of standardSQP-type methods to this least-squares problem is not possible, sin
e the quadrati
 problemsarising in ea
h of the iteration steps are most likely ill-posed. Therefore we will present andanalyze a new SQP-type approa
h in this paper, whi
h leads to stable quadrati
 subproblemsdue to an additional penalty term in the parameter spa
e.1.2 Iterative Regularization on Feasible PathsIterative regularization methods are usually formulated for operator equations of the formF (q) = zÆ; (1.7)where F : Q ! Y is a 
ontinuous nonlinear operator. All 
ommon iterative regularizationmethods use Fr�e
het-derivatives of F ; they 
an be divided into two di�erent 
lasses, namelyexpli
it methods su
h as steepest des
ent methods (
f. [37℄) or the Landweber iteration (
f.e.g. [21, 42, 43℄) qk+1 = qk � !F 0(qk)�(F (qk)� zÆ); (1.8)with appropriately 
hosen damping parameter ! > 0, and impli
it methods su
h as Newton-type (
f. e.g. [12, 20, 27℄) or Quasi-Newton methods (
f. e.g. [28, 39℄)Bk(qk+1 � qk) = �F 0(qk)�(F (qk)� zÆ); (1.9)where Bk is a stable approximation of the Gauss-Newton matrix F 0(qk)�F 0(qk).The regularizing e�e
t of an iterative regularization method 
omes from the early termi-nation of the iteration pro
edure, where the stopping index is 
hosen in dependen
e of thenoise level Æ and the noisy data zÆ. We refer to the survey paper by Engl and S
herzer [17℄for an overview of iterative regularization methods.The appli
ation of iterative regularization methods to parameter identi�
ation problemsis usually based on a feasible-path approa
h, i.e., the state equation is eliminated and theresulting parameter-to-output map is the 
on
atenation of the parameter-to-state map q 7! uand the observation operator E. A numeri
al disadvantage of this method is the possibly large



4 1 INTRODUCTIONnumber of state equations that have to be solved during the iteration pro
edure. E.g., for theLandweber iteration, ea
h iteration enfor
es the evaluation of the operator F and the adjointof its derivative F 0(qk)�. This means that one has to solve the state equation and a relatedequation for the adjoint, whi
h is basi
ally of the same e�ort (
f. e.g. [21℄). A Newton-typemethod usually yields a reasonable approximation of the solution in less iterations than anexpli
it method, but the e�ort in ea
h step of the iteration is higher, sin
e many evaluationsof F 0(qk) are needed, ea
h one of similar e�ort as the solution of the state equation. Forsome parameter identi�
ation problems, numeri
al investigations even show that the overallnumeri
al e�ort for standard Newton-type methods is not lower than the one for the 'slower'Landweber-iteration (
f. e.g. [6, 7℄).A method of parti
ular interest in the following is the Levenberg-Marquardt method (
f.[20℄), whi
h is of the form (1.9) withBk = F 0(qk)�F 0(qk) + �kI; �k 2 R+ : (1.10)Hanke [20℄ showed that the Levenberg-Marquardt method is lo
ally 
onvergent if the nonlin-earity 
ondition kF (~q)� F (q)� F 0(q)(~q � q)k � 
k~q � qk kF (~q)� F (q)k; (1.11)with some 
onstant 
 2 R+ , is ful�lled for all q, ~q in a neighborhood of a solution. In thepresen
e of noise, lo
al 
onvergen
e is obtained if the stopping index is 
hosen a

ording tothe generalized dis
repan
y prin
iple, i.e.,kF (qk�)� zÆkZ � �Æ < kF (qk)� zÆkZ ; 8 k < k�; (1.12)with appropriate � > 1.1.3 Sequential Quadrati
 ProgrammingThe 
lassi
al sequential quadrati
 programming method (also 
alled Lagrange-Newton method)is applied to general optimization problems of the formJ(x)! minx2X (1.13)subje
t to equality and inequality 
onstraints of the forme(x) = 0; and 
(x) � 0; (1.14)where the fun
tional J : X ! R and the operators e : X ! Y1, 
 : X ! Y2 are twi
e
ontinuously Fr�e
het-di�erentiable and � represents an order on the Bana
h spa
e Y2.An iteration step of the SQP-method is given by xk+1 = xk + yk, where yk is a minimizerof the quadrati
 optimization problemJ(xk) + J 0(xk)y + 12L00(xk;�k; �k)(y; y)! miny2X ; (1.15)subje
t to e(xk) + e0(xk)y = 0; (1.16)
(xk) + 
0(xk)y � 0; (1.17)



1.4 Linear Saddle-Point Problems 5where L represents the Lagrangian of the optimization problem (1.13), (1.14) given byL(x; �; �) = J(x) + he(x); �i + h
(x); �i: (1.18)In general, the linearized 
onstraints (1.16) and (1.17) might de�ne an empty set of admissiblepoints, but we will ex
lude this 
ase in the following motivated by the spe
i�
 stru
ture ofthe underlying state equations under investigation (see Se
tion 2).An iteration step of the sequential quadrati
 programming method is well-de�ned if thequadrati
 obje
tive fun
tional in (1.15) is stri
tly 
onvex on the set de�ned by the linear
onstraints (1.16) and (1.17), whi
h is not obvious for problems with little insight into thestru
ture of the obje
tive fun
tional and the 
onstraints. However, for 
ertain 
lasses ofproblems su
h as in the optimal 
ontrol of ellipti
 or paraboli
 di�erential equations, SQP-methods have been extensively studied and applied with parti
ular numeri
al su

ess (
f. e.g.[3, 25, 35, 41℄). Frequently used are also two variants of the SQP-method, namely augmentedLagrangian SQP-methods (
f. e.g. [25, 24, 30℄), where a penalty term originating from the
onstraint (1.16) is added to the obje
tive fun
tional, and redu
ed SQP-methods (
f. e.g.[32, 33, 41℄), where (1.16) is eliminated a-priorily.The 
onvergen
e analysis of sequential quadrati
 programming methods is based on thequadrati
 well-posedness of the optimization problem (
f. [1, 25, 30, 33℄ for further details),whi
h is not satis�ed for an ill-posed parameter identi�
ation problem. Therefore we willinvestigate stabilized versions of the SQP-method, whi
h guarantee the well-posedness ofthe quadrati
 programming problems and 
onverge also for problems without se
ond-orderregularity. Our SQP-approa
h for parameter identi�
ation problems will be introdu
ed indetail in Se
tion 2.1.4 Linear Saddle-Point ProblemsUsing �rst-order optimality 
onditions, whi
h are not only ne
essary but also suÆ
ient forregular quadrati
 problems, an iteration step in the sequential quadrati
 programming method(disregarding inequality 
onstraints for the moment) 
an be rewritten as the solution of alinear saddle-point problem. The solution and numeri
al approximation of linear saddle-pointproblems arising from Lagrangian multipliers have been well-studied over the last de
adesafter the seminal paper by Brezzi [4℄. In the following let U and � be two Hilbert spa
es, letg 2 U�, f 2 �� and let a : U �U ! R and b : U ��! R be 
ontinuous bilinear forms. Thena symmetri
 linear saddle-point problem in variational formulation 
onsists of sear
hing fora solution (u; �) 2 U � � ofa(u; v) + b(v; �) = hg; vi; 8 v 2 U; (1.19)b(u; �) = hf; �i; 8 � 2 �: (1.20)The well-posedness of (1.19), (1.20) 
an be studied under additional 
onditions on a andb, namely the so-
alled kernel-ellipti
ity of a,9 �a 2 R+ : a(v; v) � �akvk2U ; 8 v 2 Kb := f v 2 U j b(v; �) = 0;8 � 2 � g; (1.21)and the LBB-
ondition upon b,9 �b 2 R+ : inf�2� supv2U b(v; �)kvkUk�k� � �b: (1.22)Under these assumptions, the following 
lassi
al result 
an be shown (
f. [4, 5℄):



6 2 THE SQP-APPROACH TO PARAMETER IDENTIFICATIONTheorem 1.1. Let a, b as above, su
h that (1.21) and (1.22) are satis�ed. Then the linearsaddle-point problem (1.19), (1.20) has a unique solution (u; �) 2 U � �, whi
h depends
ontinuously on the data (f; g) 2 �� � U�.2 The SQP-Approa
h to Parameter Identi�
ationFollowing the exposition in Se
tion 1.3, the obvious SQP-approa
h to parameter identi�
ationproblems is to apply the 
lassi
al method of sequential quadrati
 programming to the least-squares problem 12kEu� zk2 ! min(u;q)2X�Q; (2.1)subje
t to the equality 
onstraint (1.2) and to q 2 Qad. Sin
e our main fo
us in this paperis the treatment of the equality 
onstraint, we will omit the additional 
onstraint q 2 Qad inthe following.Due to the ill-posedness of the original problem, a minimizer of the quadrati
 programmingproblem (1.15)-(1.17) needs not exist and if one exists, it might not depend on the data in astable way. Thus, it seems a good 
hoi
e to add stabilizing terms analogous to Newton-typemethods to the obje
tive fun
tionals arising in ea
h step of the iteration. This results in thefollowing iteration method:Method 1 (Iteratively Regularized Sequential Quadrati
 Programming Method).Let (u0; q0; �0) 2 X�Q�Y � be a given initial value and let (�k)k2N be a bounded sequen
e ofpositive real numbers. The method of iteratively regularized sequential quadrati
 programming(IRSQP) 
onsists of the iteration pro
edure(uk+1; qk+1; �k+1) = (uk; qk; �k); (2.2)where (uk; qk) is the minimizer of the quadrati
 programming problem12kEu� zk2Z + �k2 kq � qkk2Q + h�k; e00(uk; qk)(u� uk; q � qk)2i ! min(u;q)2X�Q : (2.3)subje
t to the linear 
onstrainte(uk; qk) + e0(uk; qk)(u� uk; q � qk) = f; (2.4)and �k is the 
orresponding Lagrange-multiplier.Note that the IRSQP-method involves se
ond order derivatives of the operator e, whi
hare usually ignored by iterative methods for least-squares problems. Therefore, we de�ne avariant of Method 1, whi
h takes into a

ount the spe
ial stru
ture of the obje
tive fun
tional.Method 2 (Levenberg-Marquardt Sequential Quadrati
 Programming Method).Let (u0; q0) 2 X�Q be a given initial value and let (�k)k2N be a bounded sequen
e of positivereal numbers. The Levenberg-Marquardt sequential quadrati
 programming method (LMSQP)
onsists of the iteration pro
edure (uk+1; qk+1) = (uk; qk); (2.5)



2.1 Well-Posedness of the Quadrati
 Programming Problems 7where (uk; qk) 2 X �Q is the minimizer of the quadrati
 programming problem12kEu� zÆk2Z + �k2 kq � qkk2Q ! min(u;q)2X�Q; (2.6)subje
t to the linear 
onstrainte(uk; qk) + e0(uk; qk)(u� uk; q � qk) = f: (2.7)An important question is the well-de�nedness of the iteration pro
edures for the IRSQPand the LMSQP method, i.e., the existen
e and uniqueness of the minimizers of (2.3), (2.4)and (2.6), (2.7), respe
tively. Another important property for an iterative regularizationmethod is the stable dependen
e of the iterates on the previous iterates and on the data. Wewill investigate these questions in the following se
tions.2.1 Well-Posedness of the Quadrati
 Programming ProblemsIn the following we will verify the well-posedness of the quadrati
 programming problems(2.3), (2.4) and (2.6), (2.7) under reasonable assumptions on the equation operator e.In typi
al appli
ations, the equation (1.2), respe
tively its linearization, admits a uniquesolution with respe
t to the state, i.e.,eu(u; q)�1 : Y ! X exists and is a 
ontinuous linear operator for all (u; q) 2 X �Q: (2.8)Proposition 2.1. Let e be 
ontinuously Fr�e
het-di�erentiable, let (2.8) hold and let �k > 0.Then the quadrati
 programming problem (2.6), (2.7) has a unique solution (uk; qk) 2 X �Q,whi
h is also the only lo
al minimum.Proof. We reformulate (2.6), (2.7) in terms of v = u�uk and s = q�qk. The set of 
onstraintsis then given by M = f (v; s) j e0(uk; qk)(v; s) = f � e(uk; qk) g;whi
h is a 
losed, 
onvex and nonempty set, be
ause e0(uk; qk) is a 
ontinuous linear operatorand (v0; s0) := �eu(uk; qk)�1(f � e(uk; qk)); 0� 2M;whi
h is due to (2.8). Sin
e the obje
tive fun
tionalJk(v; s) := 12kEv +Euk � zk2Z + �k2 ksk2Qis 
onvex on M , the main theorem of 
onvex optimization (
f. [44, Thm.47.C℄) implies theexisten
e of a solution as well as the 
onvexity and 
losedness of the solution set.Now let � 2 (0; 1) and (vi; si) 2M for i = 1; 2, then a straight-forward estimate yieldsJk(�v1 + (1� �)v2; �s1 + (1� �)s2) � �Jk(v1; s1) + (1� �)Jk(v2; s2)� �(1� �)ks1 � s2k2:Sin
e (2.8) implies(v1 � v2) = �eu(uk; qk)�1eq(uk; qk)(s1 � s2); 8 (vi; si) 2M; i = 1; 2;



8 2 THE SQP-APPROACH TO PARAMETER IDENTIFICATIONwe have s1 = s2 only if (v1; s1) = (v2; s2). Thus,Jk(�v1 + (1� �)v2; �s1 + (1� �)s2) < �Jk(v1; s1) + (1� �)Jk(v2; s2)for all � 2 (0; 1) and all distin
t points (vi; si) 2M , i = 1; 2, i.e., the fun
tional Jk is stri
tly
onvex. Hen
e, from the main theorem of 
onvex optimization we may 
on
lude that thereexists a unique global minimum and no further lo
al minima.Proposition 2.2. Let e be twi
e 
ontinuously Fr�e
het-di�erentiable, let (2.8) hold and let�k > 2 max�1; keu(uk; qk)�1eq(uk; qk)k2	 k�kkY � ke00(uk; qk)k: (2.9)Then the quadrati
 programming problem (2.3), (2.4) has a unique solution (uk; qk) 2 X �Q,whi
h is also the only lo
al minimum.Proof. As in the proof of Proposition 2.1, we write the quadrati
 programming problem (2.3),(2.4) in terms of (v; s). The arising obje
tive fun
tionalJk(v; s) := 12kEv +Euk � zk2Z + �k2 ksk2Q + 12 h�k; e00(uk; qk)(v; s)2iis twi
e 
ontinuously Fr�e
het-di�erentiable withJ 00k (v; s)('; �)2 = kE'k2Z + �kk�k2Q + h�k; e00(uk; qk)('; �)2i� �kk�k2Q � k�kkZ� ke00(uk; qk)k (k'k2X + k�k2Q)for all ('; �) 2 X �Q and all (v; s) 2 M , where M is de�ned as in the proof of Proposition2.1. Now let ('+ v; s+ �) 2M , i.e.,e0(uk; qk)('; �) = 0;then (2.8) implies that k'kX � keu(uk; qk)�1eq(uk; qk)k k�kQ:Hen
e, we obtain thatJ 00k (v; s)('; �)2 ���k2 min�1; keu(uk; qk)�1eq(uk; qk)k�2	� k�kkZ� ke00(uk; qk)k� (k'k2X + k�k2Q);for all (v; s) 2 M , (v + '; s + �) 2 M , whi
h implies with (2.9) the stri
t 
onvexity of Jk onM (
f. [44, p.48℄) and the assertions follow as in the proof of Proposition (2.1).Note that 
ondition (2.9) is a restri
tion for the 
hoi
e of �k in the IRSQP-method, butit does not ex
lude the possibility of �k tending to zero, sin
e we may expe
t that �k ! 0 ifthe method 
onverges to a solution of the identi�
ation problem.So far we have not dis
ussed the Lagrangian of the problem and the arising �rst-orderoptimality 
onditions, whi
h are not only ne
essary but also suÆ
ient under the assumptionsof Propositions 2.1 and 2.2, respe
tively, sin
e the obje
tive fun
tionals are stri
tly 
onvex.We will treat this problem in the following se
tion.



2.2 The Karush-Kuhn-Tu
ker System 92.2 The Karush-Kuhn-Tu
ker SystemBased on the standard theory of 
onvex optimization, we 
an formulate the Lagrangian ofthe problems (2.3), (2.4) and (2.6), (2.7) asLk(u; q;�) = 12kEu� zk2Z + �k2 kq � qkk2Q + �2 h�k; e00(uk; qk)(u� uk; q � qk)2i+h�; e0(uk; qk)(u� uk; q � qk) + e(uk; qk)� fi; (2.10)where � = 1 in the 
ase of the IRSQP-method and � = 0 for the LMSQP-method. The solu-tions (uk; qk; �k) of the quadrati
 programming problems are saddle points of the LagrangianLk (
f. [44, p. 392�℄), i.e.,Lk(uk; qk; �) � Lk(uk; qk; �k) � Lk(u; q; �k); 8 (u; q; �) 2 X �Q� Y �; (2.11)and satisfy the optimality 
ondition 0 = L0k(uk; qk; �k); (2.12)where L0k denotes the Fr�e
het-derivative of Lk in X �Q� Y �.In order to rewrite (2.12) as a linear system for (u; q; �), the so-
alled Karush-Kuhn-Tu
kersystem, we de�ne the following operatorsKk : X ! Y; Kku = eu(uk; qk)u; 8 u 2 X (2.13)Lk : Q! Y; Lkq = eq(uk; qk)q; 8 q 2 X (2.14)Mk : X ! X�; hMku; vi = heuu(uk; qk)(u; v); �ki; 8 (u; v) 2 X2 (2.15)Nk : Q! Q�; hNkq; si = heqq(uk; qk)(q; s); �ki; 8 (q; s) 2 Q2 (2.16)Pk : X ! Q�; hPku; qi = hequ(uk; qk)(q; u); �ki; 8 (u; q) 2 X �Q: (2.17)Using these operators and the notation IQ for the identity on Q, we may 
on
lude that(uk+1 � uk; qk+1 � qk; �k+1) solves the linear system0� E�E + �Mk �P �k K�k�Pk �kIQ + �Nk L�kKk Lk 0 1A0� uq� 1A =0� E�(zÆ �Euk)0f � e(uk; qk) 1A : (2.18)Note that assumption (2.8) implies that Kk is a regular operator, while Lk is not ne
essarilyinvertible.Finally, we analyze the Karush-Kuhn-Tu
ker-system (2.18) in the framework of linearsaddle-point problems as de�ned in Se
tion 1.4. For this sake we de�ne the symmetri
 bilinearform ak on (X �Q)2 byak(u; q;'; �) := hEu;E'iZ + �khq; �iQ + ��h';Mkui+ h�;Nkq + Pkui+ hq; Pk'i� (2.19)and the bilinear form bk : (X �Q)� Y � ! R bybk(u; q;�) := hKku; �i+ hLkq; �i: (2.20)With the right-hand sidesfk := f � e(uk; qk) 2 Y; (2.21)gk := (E�(zÆ �Euk); 0) 2 X� �Q; (2.22)



10 2 THE SQP-APPROACH TO PARAMETER IDENTIFICATIONwe 
an now rewrite the system (2.18) in the standard formak(u; q;'; �) + bk('; �;�) = hgk; ('; �)i; 8 ('; �) 2 X �Q; (2.23)bk(u; q;�) = hfk; �i; 8 � 2 Y �: (2.24)Based on the theory introdu
ed in Se
tion 1.4 we 
an derive a statement on the well-posednessof the linear saddle-point problem (2.23), (2.24):Theorem 2.3. Suppose that the assumptions of Proposition 2.1 are satis�ed if � = 0 in (2.19)and that the assumptions of Proposition 2.2 are satis�ed if � = 1 in (2.19), respe
tively. Thenthe inde�nite system (2.23), (2.24), with the bilinear forms ak and bk de�ned via (2.19), (2.20),has a unique solution (u; q; �) 2 X �Q� Y �, whi
h depends 
ontinuously on the right-handsides fk and gk.Proof. We �rst show the kernel-ellipti
ity (1.21) of ak. Suppose (u; q) 2 Nbk , then u =�K�1k Lkq and thus, with � = 0 or � = 1 and (2.9), we may dedu
e thatak(u; q;u; q) � �kkqk2Q � �ke00(uk; qk)kk�kk(kuk2 + kqk2)� ��k2 min�1; kK�1k Lkk�2	� �ke00(uk; qk)kk�kk� (kuk2 + kqk2)� �(kuk2 + kqk2)for some � > 0. The LBB-
ondition (1.22) for bk follows frominf�2Y � sup(u;q)2X�Q bk(u; q;�)k(u; q)kk�k � inf�2Y � bk(K�1k �; 0;�)kK�1k �kk�k = inf�2Y � k�k2kK�1k �kk�k � 1kK�1k k :Sin
e the 
ontinuity of ak and bk follows from the 
ontinuity of the Fr�e
het-derivatives, The-orem 1.1 implies the assertion.2.3 The Iteration in the Parameter Spa
eIn the following we 
onsider the behavior of the LMSQP-iteration in the parameter spa
e,i.e., after elimination of the state uk+1 and the Lagrange parameter �k+1, whi
h is possiblebe
ause of the regularity of Kk (see (2.8)). For a better distin
tion, we denote the updatesof the LMSQP-method by supers
ript SQP and those of the 
lassi
al Levenberg-Marquardtmethod following the feasible path by supers
ript FP .The updates uSQP and �SQP in the LMSQP-method 
an be 
omputed 
onse
utively fromqSQP via uSQP = �K�1k �LkqSQP � f + e(uk; qk)� (2.25)�SQP = �(K�k)�1E� �EuSQP � z +Euk� (2.26)Thus, with the notation Gk := �EK�1k Lk, we may rewrite the optimality 
ondition for theupdate qSQP as (�kIQ +G�kGk) qSQP = G�k(z �Euk �EK�1k (f � e(uk; qk)): (2.27)



11In order to 
ompare the LMSQP-method with the 
lassi
al Levenberg-Marquardt methodon feasible paths, we assume that (u0; q0) 2 X �Q solves (1.2). Then we haveF 0(q0)s = �EK�10 L0s = G0s; (2.28)and an iteration step qFP for the feasible-path LM-method solves(�0IQ +G�0G0) qFP = G�0(z �Eu0); (2.29)whi
h 
oin
ides with (2.27) in our parti
ular 
ase, i.e., the iterates q1 
omputed with theLMSQP-method is the same as with the LM-method on the feasible path. The di�eren
e ofour SQP approa
h to the 
lassi
al method following the feasible path o

urs in the se
ondstep of the iteration, sin
e u1 is not on the feasible path anymore. If e0 is Lips
hitz-
ontinuous,we only have kuSQP1 � uFP1 kX = O(kuFP1 � u0k2X + kqSQP1 � q0k2Q): (2.30)In general, this 
auses the operator Gk to be di�erent from F 0(qk) during the iteration andin addition, the right-hand side di�ers from the one for a feasible path approa
h, sin
e f �e(uk; qk) need not vanish.3 Convergen
e AnalysisIn the following we will investigate the 
onvergen
e behavior and the regularizing propertiesof the LMSQP-Method, i.e., we dis
uss the behavior of the iterates as k ! 1 as well asthe 
hoi
e of an appropriate stopping index k� = k�(Æ; zÆ) in presen
e of data noise. Weprove some preliminary properties of the iterative method under rather general 
onditions,while the �nal 
onvergen
e analysis will be 
arried out under further restri
tions on thestru
ture of the state equation, whi
h, however, still in
ludes most important appli
ations. Wethink that an abstra
t 
onvergen
e analysis similar to the one for the Levenberg-Marquardtmethod by Hanke [20℄ 
ould be 
arried out in prin
iple, but to our impression the variety ofte
hni
al 
onditions, whi
h are needed for su
h an analysis, would shadow the basi
 prin
iples.The problem-adapted 
onvergen
e analysis for a spe
i�
 stru
ture 
orresponds very well tothe obje
tive of this paper, namely to 
onstru
t a problem-adapted method for parameteridenti�
ation problems.If we denote by ek and fk the error terms(ek; fk) := (uk � û; qk � q̂); (3.1)we 
an rewrite the Karush-Kuhn-Tu
ker system (2.18) with � = 0 as0� E�E 0 K�k0 �kIQ L�kKk Lk 0 1A0� ek+1fk+1�k+1 1A =0� E�(zÆ � z)�k(qk � q̂)rk 1A ; (3.2)where the rk denotes the remainderrk := e(û; q̂)� e(uk; qk) + e0(uk; qk)(ek; fk): (3.3)These notations will be used without further noti
e in the analysis 
arried out in the subse-quent se
tions.



12 3 CONVERGENCE ANALYSIS3.1 Preliminary ResultsAs for all other iterative regularization methods (
f. [17℄), we will need a 
ondition onthe nonlinearity, whi
h allows to prove 
onvergen
e results; the 
ondition we use will besummarized in the following:Assumption 1. Let (2.8) be satis�ed for all (u; q) 2 X � B2�(q0) and let (û; q̂) 2 B�(u0)�B�(q0) be a solution of the parameter identi�
ation problem (1.1), (1.2). De�ning the re-mainder r(u; q) by r(u; q) := e(û; q̂)� e(u; q) � e0(u; q)(û � u; q̂ � q); (3.4)we assume that there exists a 
onstant 
1 < 1 su
h thatkEeu(u; q)�1r(u; q)kZ � 
1kEu� zkZ ; 8 (u; q) 2 X �B2�(q0): (3.5)The �rst fundamental property of an iterative regularization method, namely the well-posedness of ea
h iteration step has been veri�ed in Se
tion 2, and therefore it only remainsto 
onstru
t a strategy for the 
hoi
e of a stopping 
riterion in presen
e of noise, i.e., forÆ > 0. For the 
hoi
e of the stopping index k� depending on the noise level Æ and the noisydata zÆ, we adapt the generalized dis
repan
y prin
iple (1.12), whi
h 
an now be formulatedas kEuk� � zÆkZ � �Æ < kEuk � zÆkZ ; 8 k < k�: (3.6)For an appropriate 
hoi
e of � , this allows us to prove the following monotoni
ity property ofthe iterates:Lemma 3.1. Let Assumption 1 be ful�lled, let the noise be bounded by (1.4), and assumethat ��10 (kEe0kZ � Æ � �h)2 + kf0k2Q � �2: (3.7)In addition, �k is 
hosen su
h that �k � �k�1 for all k 2 N and that
1 := 
1 supk2Ns�k�1�k < 1; (3.8)and the stopping index k� is 
hosen a

ording to the generalized dis
repan
y prin
iple (3.6)with � > 1 + 
1 + 
1
1(1� 
1) ; (3.9)then qk 2 B2�(q0) and the estimates(kEek+1kZ � Æ)2 + �kkfk+1k2Q + �kkqk+1 � qkk2Q � (
1kEekkZ + Æ)2 + �kkfkk2Q (3.10)and ��1k (kEek+1kZ � Æ)2 + kfk+1k2Q � ��1k�1(kEekkZ � Æ)2 + kfkk2Q (3.11)hold for all k < k�.



3.2 Convergen
e for Exa
t Data 13Proof. Assume that qk 2 B2�(q0). Then, with (3.2) and�k+1 = �(K�k)�1E�(Euk+1 � zÆ);we dedu
e the identity2kEek+1k2Z + �kkfk+1k2Q + �kkqk+1 � qkk2Q= 2kEek+1k2Z + �kkfkk2Q + 2�khfk+1; qk+1 � qki= 2hzÆ � z;Eek+1iZ + �kkfkk2Q + 2hEuk+1 � zÆ; EK�1k r(uk; qk)iZ :Using (1.4) and (3.5) we obtain the estimatekEek+1k2Z � 2ÆkEek+1kZ + �kkfk+1k2Q + �kkqk+1 � qkk2Q� 2
1ÆkEekkZ + 
21kEekk2Z + �kkfkk2Q;whi
h implies (3.10) by adding Æ2 on both sides. (3.11) follows from dividing (3.10) by �kand the fa
t thats�k�1�k (
1kEekkZ + Æ) � 
1kEekkZ + 
1
1 Æ � kEekkZ � Æ:for k < k� and � satisfying (3.9).Finally, an indu
tive proof using (3.11) and (3.7) shows that qk 2 B2�(q0) and the aboveestimates hold for all k < k�.In Lemma 3.1, we have dedu
ed a property of the iterates for all k < k�. A reasonable
hoi
e of the stopping index is expe
ted to yield a �nite index k� if the noise level is positive.For the generalized dis
repan
y prin
iple we shall show in the following Lemma that thisproperty holds:Lemma 3.2. Under the assumptions of Lemma 3.1, the dis
repan
y prin
iple yields a �nitestopping index k�(Æ; zÆ) if Æ > 0 and � is 
hosen a

ording to (3.9).Proof. Noti
ing that 
1 � 
1 under the assumptions of Lemma 3.1, we may 
on
lude from(3.10) that there exists a positive real number � su
h that�Æ2 + ��1k (
1kEek+1kZ + Æ)2 + kfk+1k2Q � ��1k�1(
1kEekkZ + Æ)2 + kfkk2Q;if (3.9) holds. Hen
e, we may 
on
lude thatk�Æ2 � ��10 (
1kEe0kZ + Æ)2 + kf0k2Q;for all k < k�, whi
h implies the �niteness of k�.3.2 Convergen
e for Exa
t DataNow we turn our attention to the 
onvergen
e analysis in the 
ase of exa
t data, i.e., forÆ = 0. In this 
ase we will show that the pair (qk; uk) 
onverges to a solution of the parameteridenti�
ation problem as k !1.We start with summing up the assumptions on e needed for our analysis:



14 3 CONVERGENCE ANALYSISAssumption 2. In addition to Assumption 1, assume that e is of the forme(u; q) = A(u) +N(u; q); 8 (u; q) 2 X �Q; (3.12)with 
ontinuously Fr�e
het-di�erentiable (nonlinear) operators A : X ! Y and N : X �Q!Y , su
h that N(u; :) 2 L(Q;Y ); 8 u 2 X: (3.13)Moreover, we assume that A and N satisfy the nonlinearity 
onditionskEeu(u; q)�1A0(v)wkY � 
2kEwkY ; 8 (u; v; w; q) 2 B2�(u0)2 �X �B2�(q0); (3.14)andkEeu(u; q)�1Nu(v; s)wkY � 
3kEwkY ; 8 (u; v; w; q; s) 2 B2�(u0)2 �X �B2�(q0)2; (3.15)for some positive 
onstants 
2 and 
3.Lemma 3.3. Let Assumption 2 be satis�ed. Then the estimateskEeu(u; q)�1(A(v) �A(w))kY � 
2kE(v � w)kY ; (3.16)kEeu(u; q)�1(N(v; s)�N(w; s))kY � 
3kE(v � w)kY ; (3.17)hold for all (u; v; w; q; s) 2 B2�(u0)3 �B2�(q0)2.Proof. Sin
e A is 
ontinuously Fr�e
het-di�erentiable, we obtain with (3.14) and the mono-toni
ity of integration thatkEeu(u; q)�1(A(v)�A(w))kY � Z 10 kEeu(u; q)�1(A0(w + t(v � w))(v � w)kY dt� Z 10 
2kE(v � w)kY dt = 
2kE(v � w)kY :The se
ond estimate (3.17) 
an be dedu
ed from (3.15) in an analogous way.Theorem 3.4 (Convergen
e for Exa
t Data). Let Assumption 2 and (3.7) be ful�lled.Furthermore, let Æ = 0 and let �k be 
hosen su
h that �k � �0 for all k 2 N and that (3.8)is satis�ed. Then the sequen
e of iterates (uk; qk) 2 X �Q obtained with the LMSQP-method
onverges to a solution (u; q) of (1.2) with Eu = z, if � and � are suÆ
iently small.Proof. For Æ = 0, (3.10) implies thatRk+1 + kfk+1k2Q + kqk+1 � qkk2Q � 
Rk + kfkk2Q; 8 k 2 N0 ;with Rk := ��1k�1kEekk2Z for k � 0 and �1 = �0. By indu
tion one 
an show that qk 2 B2�(q0)for all k 2 N and that 1Xj=0� 1�j�1 kEejk2Z + kqj+1 � qjk2Q� <1: (3.18)As a dire
t 
onsequen
e we obtain the 
onvergen
e of Euk ! z and qk+1� qk ! 0 as k !1.



3.2 Convergen
e for Exa
t Data 15The next step is to show the strong 
onvergen
e of qk ! q, whi
h is equivalent to provingthat fk is a Cau
hy-sequen
e. For this sake let m > k be arbitrary and let m � ` � k be su
hthatkEu` � zkZ + kEu`�1 � zkZ � kEuj � zkZ + kEuj�1 � zkZ ; 8 j 2 fk; : : : ;mg: (3.19)Then we have kfm � fkk � kfm � f`k+ kf` � fkkand kfm � f`k2 = 2hf` � fm; f`i+ kfmk2 � kf`k2kf` � fkk = 2hf` � fk; f`i+ kfkk2 � kf`k2:Sin
e kfkk2 � kfjk2 � Rj �Rk � kqk � qk�1k2 ! 0for k > j, we 
on
lude that kfmk2 � kf`k2 and kfkk2 � kf`k2 
onverge to zero as k;m!1.Thus, it suÆ
es to show that the s
alar produ
ts hf` � fm; f`i and hf` � fk; f`i 
onverge tozero. For this sake we use (3.2) to obtainjhf` � fk; f`ij = j `�1Xj=khqj+1 � qj; f`ij = j `�1Xj=k ��1j hLjf`; �j+1ij� `�1Xj=k ��1j (jhL`�1q` � Lq̂; �j+1ij+ jh(L� Lj)q̂; �j+1ij+ jh(L`�1 � Lj)q`; �j+1ij)= (I) + (II) + (III)The three parts of the sum on the right-hand side 
an be estimated using (3.2), (3.19) andAssumption 2, whi
h leads to`�1Xj=k ��1j jhL`�1q` � Lq̂; �j+1ij= `�1Xj=k ��1j jhEK�1j (A(û)�A(u`�1) +A0(u`�1)(e`�1 � e`)�Nu(u`�1; q`�1)(u` � u`�1)); Eej+1ij� `�1Xj=k ��1j ((
2 + 
3)kEe`kZ + (2
2 + 
3)kEe`�1kZ) kEej+1kZ� (4
2 + 2
3)X̀j=k ��1j kEejk2Zand `�1Xj=k ��1j jh(L � Lj)q̂; �j+1ij = `�1Xj=k ��1j jhEeu(uj ; qj)�1(N(û; q̂)�N(uj ; q̂)); Eej+1ij� 
3 X̀j=k ��1j kEejk2Z



16 3 CONVERGENCE ANALYSIS`�1Xj=k ��1j jh(L`�1 � Lj)q`; �j+1ij = `�1Xj=k ��1j jhEeu(uj ; qj)�1(N(u`�1; q`)�N(uj ; q`)); Eej+1ij� 
3 `�1Xj=k ��1j (kEe`�1kZ + kEejkZ)kEej+1kZ� 3
3 X̀j=k ��1j kEejk2Z :Be
ause of the boundedness of P1j=0 ��1j kEejk2Z , all three terms 
onverge to zero as k !1and thus, hf` � fk; f`i ! 0. In an analogous way we 
an show that hf` � fm; f`i ! 0 andhen
e, (ek) is a Cau
hy-sequen
e.Let q denote the limit of qk and let u be the 
orresponding solution of (1.2) with q = q,whi
h lies in B2�(u0) if � and � are suÆ
iently small. Then we may 
on
lude thatuk+1 � u = eu(uk; qk)�1 �e(u; q)� e(uk; qk)� e0(uk; qk)(u� uk; q � qk)� ;and with the regularity of eu and the 
ontinuous Fr�e
het-di�erentiability of A and N weobtain that kuk+1 � ukX = o(kuk � ukX);and hen
e, uk ! u for � and � suÆ
iently small. Finally, Eu = z follows from Euk ! Ez.We want to mention that the proof of Theorem 3.4 implies that the residual de
ays atleast with kEuk � zkZ = o(p�k); (3.20)while the 
onvergen
e of (uk; qk) may be arbitrarily slow, whi
h is a well-known e�e
t forill-posed problems.3.3 Convergen
e for Noisy DataNow we turn our attention to the 
ase of noisy data, i.e., Æ > 0. In order to 
ompare theperturbed iterations for di�erent noisy data, we will use the notation (uÆk; qÆk) for the iterationsobtained with spe
i�
 noisy data zÆ in the following.Theorem 3.5 (Convergen
e for Noisy Data). Let Assumption 2 and (3.7) be ful�lledwith �, � suÆ
iently small, and let the noise be bounded by (1.4). Moreover, let �k be 
hosensu
h that �k � �0 for all k 2 N and that (3.8) is satis�ed. If the perturbed iteration is stoppedwith k� = k�(Æ; zÆ) a

ording to the generalized dis
repan
y prin
iple (3.6) with � satisfying(3.9), then (qÆk�(Æ;zÆ); uÆk�(Æ;zÆ))! (q; u); in X �Q; as Æ ! 0; (3.21)where (u; q) is a solution of (1.2) with Eu = z.Proof. Now let Æn ! 0 and denote by kn the stopping index k�(Æn; zÆn) a

ording to (3.6).Assuming that k is a �nite a

umulation point of the sequen
e fkng we 
an show that thisimplies qÆnkn�1 ! q̂ in the same way as in the proof of Theorem 2.4 in [21℄. If kn !1, we may



17assume without loss of generality that kn in
reases monotoni
ally with n and for kn > m,(3.11) implieskqÆnkn � qk2Q � kqÆnm � qk2Q + ��1m�1(kEuÆnm � zkZ � Æn)2� 2kqÆnm � qmk2Q + 2kqm � q̂k2Q + 2��1m�1(kEuÆnm �Eumk2Z + kEum � zk2Z):For ea
h � > 0 we 
an now 
hoose m suÆ
iently large su
h that4kqm � q̂k2Q + 4��1m�1kEum � zk2Z � �2and the 
ontinuous dependen
e of the iterates on Æ implies that (with m now �xed)4kqÆnm � qmk2Q + 4��1m�1kEuÆnm �Eumk2Z � �2for Æn suÆ
iently small. Hen
e, we obtain thatlim supn!1 kqÆnkn � qkQ � �;and sin
e � is arbitrary, we may 
on
lude the 
onvergen
e of qÆnkn to q as n ! 1. The
onvergen
e uÆnkn ! u in X 
an be shown similarly as in the proof of Theorem 3.4.4 Appli
ationsIn this se
tion we present four typi
al 
lasses of identi�
ation problems, to whi
h the SQP-type methods presented above 
an be applied. In parti
ular, our aim is to show that allassumptions needed for the 
onvergen
e of the LMSQP method are ful�lled, whi
h impliesthat the 
onvergen
e results dedu
ed in the previous se
tion are appli
able.4.1 Inverse Sour
e ProblemsIn mathemati
al terms, an inverse sour
e problem 
an be interpreted as the identi�
ation ofa right-hand side, a boundary 
ondition or an initial 
ondition in a di�erential equation (
f.[22℄). We will slightly generalize this notion to a problem of the forme(u; q) = A(u) + Cq; 8 (u; q) 2 X �Q; (4.1)where the nonlinear operator A : X ! Y is 
ontinuously Fr�e
het-di�erentiable and C 2L(Q;Y ). In this 
ase we have Lk = C for all k 2 N, the nonlinearity 
ondition (3.5) readskEA0(u)�1(A(û)�A(u)�A0(u)(û� u))kY � 
1kEu� zkY ; 8 u 2 B�(û); (4.2)and 
onditions (3.14), (3.15) redu
e tokEA0(u)�1A0(v)w)kY � 
2kEwkY ; 8 (u; v; w) 2 B�(û)2 �X; (4.3)for some 
onstant 
2 2 R+ .Obviously, all nonlinearity 
onditions are satis�ed if A is a regular linear operator (
f. [18℄for an overview), but also for typi
al nonlinearities in partial di�erential equations, e.g. for atypi
al nonlinear heat 
ondu
tion model of the forme(u; q) = �div (a(u)ru) � q; (4.4)with q 2 Q = L2(
), u 2 X = H10 (
).



18 4 APPLICATIONS4.2 Identi�
ation of Condu
tivitiesThe identi�
ation of a 
ondu
tivity (or piezoele
tri
 head in groundwater �ltration) from dis-tributed measurements denotes the problem of re
onstru
ting q 2 Hd(
) from an observationof the state zÆ 2 L2(
), where the exa
t observation z solves the ellipti
 boundary valueproblem. � div (qru) = f in 
; (4.5)u = g on �
: (4.6)The solution of this problem has been investigated by several authors (
f. e.g. [2, 9, 24, 20,21, 27, 36, 43℄) using a variety of regularization methods. Variants of this problem are there
onstru
tion of q in the 
orresponding Neumann or Robin problem, or the transient 
ase ofidentifying q 2 Hd(
) in the paraboli
 initial-boundary problem�u�t � div (qru) = f in 
� (0; T ); (4.7)u = g on �
� (0; T ); (4.8)u = h in 
� f0g: (4.9)Another interesting 
ase is the identi�
ation of a nonlinearity of the form q = q(u) in (4.5) or(4.7), whi
h has been investigated re
ently (
f. [10, 15, 34℄).For the sake of simpli
ity we restri
t ourselves to (4.5), (4.6) with g = 0 and �
 suÆ
ientlysmooth, as dis
ussed e.g. in [36℄. This problem 
an be written in the abstra
t form (1.2) withX = H10 (
), Y = X� = H�1(
), Q = Hd(
) ande(u; q) = � div (qru): (4.10)The set of admissible parameters is given byQad = f q 2 Hd(
) j q � � a.e. in 
 g;for given 
onstant � > 0, and the operator E 
an be de�ned as the embedding operator fromH10 (
) into the output spa
e Z = L2(
).The regularity of the derivative eu(u; q) = �div (qr�) for ea
h q 2 Qad is guaranteedby the standard theory of weak solutions for ellipti
 di�erential equations, noti
ing that theembedding Hd(
) ,! L1(
) is 
ontinuous for d = 1; 2; 3. In order to verify the nonlinearity
ondition (3.5), let v(') = (eu(u; q)�)�1E�' for ' 2 L2(
), i.e., v 2 H10 (
) is the solution of� div (qrv) = ':Then we may 
omputekEeu(u; q)�1r(u; q)kY = sup'2Z h(eu(u; q)�)�1E�'; r(u; q)iYk'kZ= sup'2Z h�div ((q̂ � q)rv(')); û � uiZk'kZ :



4.3 Identi�
ation of Potentials and Conve
tions 19The standard ellipti
 regularity theory shows that there exists a positive 
onstant 
1 su
hthat kv(')kH2(
) � 
2k'kL2
 and embedding results yieldkEeu(u; q)�1r(u; q)kY � 
2 kq̂ � qkQkû� ukY kv(')kH2(
)k'kZ� 
1
2�kû� ukY ;i.e., (3.5) holds for �
1
2 < 1. The nonlinearity 
onditions (3.14) and (3.15) 
an be veri�edin an analogous way. Hen
e, if q̂ is in the interior of Qad, we obtain lo
al 
onvergen
e ofthe LMSQP-method. If q̂ not in the interior of the admissible set, lo
al 
onvergen
e of theLMSQP-method 
an be enfor
ed by in
orporating the non-negativity 
ondition qk+1 � � intothe quadrati
 programming problems to be solved in ea
h step of the LMSQP-method.4.3 Identi�
ation of Potentials and Conve
tionsA typi
al model problem for ellipti
 parameter identi�
ation problems is the identi�
ation ofthe potential q in ��u+ qu = f in 
; (4.11)u = g on �
: (4.12)As for the 
ondu
tivity, di�erent parameter models su
h as q = q(x) or q = q(u) havebeen investigated in this 
ontext as well as the 
orresponding paraboli
 problem (
f. e.g.[2, 13, 21, 27, 38℄). The problem setup is analogous to the identi�
ation of the 
ondu
tivity,with only modifying the equation operator e a

ording to (4.11). The nonlinearity 
onditionsneeded for the 
onvergen
e statements 
an be shown similarly to Se
tion 4.2, but in this 
aseno ellipti
 regularity is needed due to the fa
t that the nonlinearity is related to a lower orderterm in the state equation.A related problem is the identi�
ation of the 
onve
tion in an ellipti
 equation (or the
orresponding paraboli
 problem) of the form��u+ q:ru = f; in 
; (4.13)with appropriate boundary 
onditions on �
. Here we have X, Y , Z, E as above andQ = f q 2 H1(
)d j div q = 0 g;whi
h guarantees the well-posedness of the state equation and the identi�ability of the pa-rameter (
f. [26℄).4.4 Inverse Robin ProblemsAn inverse Robin problem is 
on
erned with the identi�
ation of the transfer 
oeÆ
ient in athird-type boundary 
ondition of the form�u�� + qu = g; on �
; (4.14)where �u�� denotes the derivative of u in outward normal dire
tion and g is a pres
ribed 
ux.The underlying state equation is either of ellipti
 or paraboli
 type. A typi
al measurement
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h problems is the Diri
hlet value of the solution u on �
, i.e., the output operator E isthe tra
e map into Z = L2(�
). The spa
es X, Y 
an be 
hosen as in the examples above,and the set of admissible parameters is given byQad = f q 2 Hd�1(�
) j q � 0 a.e. on �
 g (4.15)or, if q = q(u) (
f. [40℄), byQad = f q 2 H1([z1; z2℄)q � 0 a.e. in [z1; z2℄ j ; g (4.16)for an appropriate interval [z1; z2℄.For the dis
ussion of the nonlinearity 
onditions we restri
t our attention to the equation��u = f in 
: (4.17)In this 
ase, v = eu(u; q)�1r(u; q) is the solution of the boundary value problem��v = 0 in 
; (4.18)�v�� + qv = (q̂ � q)(û� u) on �
: (4.19)The standard theory of ellipti
 boundary value problems shows thatkEvkL2(�
) � kEk kvkH1(
) � kEk k(q̂ � q)(û� u)kH� 12 (�
);and an embedding result yields (3.5). Similarly, one 
an show that the nonlinearity 
onditions(3.14) and (3.15) are ful�lled, and thus, the LMSQP-method is lo
ally 
onvergent for thisproblem.5 Numeri
al ExperimentsIn order to test our theoreti
al results, we 
arry out some numeri
al experiments with a modelproblem for parameter identi�
ation, namely with the identi�
ation of a potential in an ellipti
boundary-value problem. For details on the numeri
al approximation and realization of theLMSQP-method we refer to the forth
oming paper [8℄. Example 5.1 was implemented in thesoftware system MATLAB, while the implementation of Example 5.2 is based on the �nite-element pa
kage FEPP [31℄, whi
h has been developed at the Department for ComputationalMathemati
s and Optimization of the University Linz.Example 5.1. Our �rst example is the identi�
ation of the potential q in (4.11), (4.12) froma state observation u 2 L2(
), with 
 = (0; 1), g = 0 andf(x) = 12 + sinx; x 2 
:The exa
t potential is given by q(x) = x(1� x);whi
h is an element of Q = H1(
). The data are generated by solving the state equationon a �ne grid and subsequent interpolation to a 
oarser grid; the noise is an additive high-frequen
y perturbation. We used uniform grids with n = 1601 nodes for the dis
retization



21

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

x

q

Reconstruction of the Parameter for δ = 5%

Reconstruction
Exact Solution

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

x

q

Reconstruction of the Parameter for δ=20%

Reconstruction
Exact Solution

Figure 1: Re
onstru
tion (solid) and exa
t solution (dashed) for noise level Æ = 5% (left) andÆ = 20% (right).
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Figure 2: Development of the error kqk � q̂kH1(
) (solid) and the residual kuk � zÆkL2(
)during the iteration for noise Æ = 5% (left) and Æ = 20% (right).
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Figure 3: Error kqk�(Æ) � q̂kH1(
) (left) and stopping index k�(Æ) plotted vs. the noise level Æ.of the state u and the Lagrange-parameter � and m = 401 nodes for the parameter q. Theparameters �k are 
hosen a

ording to �k+1 = 0:9�k, with �0 = 10�6.Figure 1 shows the results obtained with the LMSQP method for noise levels Æ = 5%and Æ = 20%, where the dis
repan
y prin
iple has been used as a stopping rule. Surpris-ingly, the approximation is still reasonable even for a large noise level like Æ = 20%, but there
onstru
tion is not as smooth as for Æ = 5%. The 
orresponding evolutions of the errorkqk � q̂kH1(
) and the residual kuk � zÆkL2(
) are plotted in Figure 2; one observes that inboth 
ases the error de
reases up to some iteration index and then starts to in
rease again,whi
h numeri
ally demonstrates the ne
essity of an appropriate stopping rule. We want tomention that the stopping index obtained from the dis
repan
y prin
iple was always 
loseto the iteration index, where the error is minimal. A 
omparison of the results for the twodi�erent noise levels also 
on�rms the intuition that the instability is more pronoun
ed if thenoise level is larger, whi
h results in an earlier and steeper as
ent of the error during theiteration for larger Æ.The behavior as Æ ! 0 is illustrated in Figure 3; one observes that the error between there
onstru
tion qk�(Æ) and the exa
t solution q̂ is de
reasing to zero as Æ ! 0, but the speedof 
onvergen
e is slower than linear 
onvergen
e with respe
t to Æ, whi
h is a typi
al e�e
tfor an ill-posed problem. The plot of the stopping index k�(Æ) obtained with the dis
repan
yprin
iple numeri
ally 
on�rms that k� in
reases as the noise level tends to zero. However, theabsolute value of k� is still low even for relatively small noise levels like 1%, whi
h demonstratesthe rather high 
onvergen
e speed of the method. We want to mention that numeri
al testswith a Levenberg-Marquardt method on the feasible path and the IRSQP-method (both withthe same 
hoi
e of the parameters �k and �) produ
ed exa
tly the same stopping indi
es andthe same errors between the re
onstru
tion and the exa
t solution up to the fourth digit,whi
h numeri
ally 
on�rms our idea that the 
onvergen
e behavior of the LMSQP-method(and the IRSQP-method) is similar to the one of a Levenberg-Marquardt method followingthe feasible path.Finally, the results of a numeri
al test with exa
t data are shown in Figure 4. The left plotshows the development of the error kqk � q̂kH1(
) and the residual kuk � zkL2(
) during the
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Figure 4: Error and residual (left) as well as the s
aled norm of �k and the residual in thestate equation (right) plotted vs. the iteration number k.iteration. One observes that both are monotoni
ally de
reasing to zero, but the 
onvergen
espeed in the parameter is rather slow, whi
h has to be expe
ted due to the ill-posedness ofthe problem. The right pi
ture shows a plot of the s
aled norm of the Lagrange parameter(100k�kk) and of the residual in the state equation (ke(uk; qk)�fk) vs. the iteration number.Both start at the value 0 at k = 0, sin
e the initial Lagrange parameter is 
hosen as �0 = 0and u0 solves the state equation with parameter q0. A signi�
ant deviation from zero o

ursonly in the �rst iteration step, whereas both norms de
ay to zero very fast in the 
onse
utivesteps, i.e., the deviation from the real equation 
onstraint is very small.Example 5.2. Our se
ond numeri
al example is the identi�
ation of q 2 L2(
) in (4.11) and(4.12) from a state observation u 2 L2(
). The domain 
 is a ball in R2 with missing �rstquadrant, i.e., in radial 
oordinates
 = f (r 
os �; r sin �) j r 2 [0; 1); � 2 (�=2; 2�) g: (5.1)The exa
t parameter to be re
onstru
ted is q̂ � 1, the right-hand side in (4.11) is given byf = 3�4 �3� 
os(3�2 r) + 2r sin(3�2 r)�+ 
os(3�2 r) + 3 with r =px2 + y2.The 
orresponding solution of the state equation is û = 
os(3�2 r) + 3. The data are gener-ated using the exa
t solution û perturbed by uniformly distributed random noise. For thedis
retization we used triangular �nite elements with pie
ewise quadrati
 shape fun
tions forthe state u and the Lagrange parameter � and pie
ewise 
onstant shape fun
tions for theparameter q. The triangulation 
onsisted of n = 3065 nodes and m = 1472 elements. Wewant to mention that this identi�
ation problem is quite 
hallenging not only due to the
ompli
ated geometry, but also due to the fa
t that q is only identi�able in the interior andnot along the boundary.Figure 5 shows the parameter qk� re
onstru
ted with the LMSQP-method for noise levelÆ = 1% and the di�eren
e between the measured data and the observation 
orresponding tothe re
onstru
ted state uk� . It 
an be seen that along the boundary, where the parameter
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Figure 5: Re
onstru
tion of the parameter and di�eren
e between re
onstru
ted state andthe noisy data for noise level Æ = 1%.

Figure 6: Stopping index k�(Æ) and error kqk�(Æ)� q̂kL2(
) plotted vs. the noise level Æ for twodi�erent regularization parameters.
an not be identi�ed, the re
onstru
ted values di�er signi�
antly from the exa
t parameter.However, the di�eren
e between exa
t and re
onstru
ted parameter is very small in the inte-rior. Therefore, we may 
onsider the results as another indi
ator for the good quality of there
onstru
tions obtained with the LMSQP method.The stopping indi
es obtained with the generalized dis
repan
y prin
iple for various noiselevels and two di�erent 
hoi
es of penalty parameters �k are shown in Figure 6. It 
an beseen that for larger noise levels the instability is more pronoun
ed and therefore larger penaltyparameters are of advantage. Furthermore, from the behavior for Æ ! 0 one observes that there
onstru
tion qk�(Æ) 
onverges to the exa
t solution q̂ as Æ de
reases to 0 but the 
onvergen
eis rather slow.Figure 7 shows the 
onvergen
e of kuk � ûkL2(
) and kqk � q̂kL2(
) for exa
t data. Bothpi
tures show a rather fast de
rease during the �rst iterations followed by a slower de
reaseduring the latter ones. This e�e
t is quite typi
al for su
h problems and 
aused by its ill-posedness.
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Figure 7: Development of kuk � ûkL2(
) and kqk � q̂kL2(
) for exa
t data.6 Con
lusions and OutlookWe have presented two iterative SQP-type methods that 
an be applied to ill-posed param-eter identi�
ation problems. It has been shown that the subproblems to be solved in ea
hiteration step are well-posed and equivalent to an inde�nite linear system that satis�es thestandard regularity 
onditions. Moreover, we have analyzed the LMSQP-method with re-spe
t to 
onvergen
e and veri�ed its regularizing properties. The numeri
al 
omparison withstandard feasible-path methods shows that the 
onvergen
e behavior is similar, in parti
ularthe number of iterations needed is very small.So far, we have not dis
ussed in detail the numeri
al treatment of the SQP-type methods,whi
h leaves more freedom than 
lassi
al methods following the feasible path. In parti
ular,the numeri
al approximation and solution of the Karush-Kuhn-Tu
ker system 
an be realizedin di�erent ways, e.g., by a redu
ed SQP-approa
h or by a simultaneous approa
h in theprodu
t spa
e X � Q � Y �. We shall show in a subsequent paper (
f. [8℄) that the �rstis very similar to the feasible path approa
h with respe
t to its numeri
al treatment, whilethe se
ond provides new possibilities for the design of eÆ
ient solution methods (
f. also[19℄). This is an important advantage of SQP-methods 
ompared to feasible-path methodsand allows the numeri
al solution with �ne dis
retization in reasonable time, whi
h is not the
ase for 
lassi
al approa
hes. We refer to [8℄ for further details on this subje
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