
Analysis of Tikhonov Regularization for FunctionApproximation by Neural NetworksMartin Burger�and Andreas NeubauerInstitut f�ur Industriemathematik, Johannes-Kepler-Universit�at,A-4040 Linz, AustriaAbstract. This paper is devoted to the convergence and stability analysis ofTikhonov regularization for function approximation by a class of feed-forward neuralnetworks with one hidden layer and linear output layer. We investigate two frequentlyused approaches, namely regularization by output smoothing and regularization by weightdecay, as well as a combination of both methods to combine their advantages. We showthat in all cases stable approximations are obtained converging to the approximatedfunction in a desired Sobolev space as the noise in the data tends to zero (in the weakerL2-norm) if the regularization parameter and the number of units in the network arechosen appropriately. Under additional smoothness assumptions we are able to showconvergence rates results in terms of the noise level and the number of units in thenetwork.In addition, we show how the theoretical results can be applied to the importantclasses of perceptrons with one hidden layer and to translation networks. Finally, theperformance of the di�erent approaches is compared in some numerical examples.Key Words: Ill-posed problems, neural networks, Tikhonov regularization, outputsmoothing, weight decay, function approximation.AMS Subject Classi�cations: 65J20, 92B20, 41A30.1. IntroductionIn this paper we deal with the problem of approximating a function f 2 Hm(
) forwhich only noisy measurements f � 2 L2(
) with an error boundkf � f �kL2(
) � � (1.1)are known. The class of approximating functions under consideration are feed-forwardneural networks with one hidden layer and linear output layer, i.e., the set of functionsof the form Xn := n nXi=1 ci�(x; ti) : ci 2 R; ti 2 P � Rpo ; (1.2)�Supported by the Austrian Fonds zur F�orderung der wissenschaftlichen Forschung under grantSFB F013/1308 1



where P is a compact subset of Rp and � is a given activation function. The above net-work architecture is frequently used for approximation problems because of its goodapproximation properties (cf. e.g. [5, 13, 15, 19]), especially in the case of Ridge-constructions (cf. e.g. [1, 7, 14]) where � is of the form�(x; a; b) = �(aTx + b); a 2 A � Rd; b 2 B � R : (1.3)Hornik et al. [13] showed that the union of the sets Xn de�ned in (1.2) with � givenby (1.3) are dense in C(
) (
 � Rd), if � is a continuous function of sigmoidal form,i.e., � is monotone and lims!�1�(s) = 0 ; lims!+1�(s) = 1 :In subsequent papers, the approximation capabilities of several network constructionswith linear output layers have been investigated (cf. e.g. [1, 15, 19] and the referencestherein). A result of particular interest is the dimension-independent convergence rateinffn2Xn kf � fnkL2(
) = O(n� 12 ) ; (1.4)which can be achieved under the additional conditions (cf. [19])supt2P k�(�; t)kL2(
) <1 and f = ZP h(t)�(�; t) dt for some h 2 L1(P ) :Under stronger conditions on �, this rate result can be even improved (cf. [5]).It is well-known that the approximation problem in Hm(
) is asymptotically ill-posedif the observation error is bounded in the weaker L2-norm (cf. e.g. [4]), i.e., an arbitrarilysmall data error may lead to arbitrarily high errors in the solution as n tends to in�nity.A reasonably small choice of n would be an inherent regularization, but it is a di�culttask to �nd such a parameter choice n = n(�; f �) that yields convergence as the dataerror � decreases to zero (cf. [4]). Therefore, in practice other regularization methodsare used that allow larger values of n, namely either iterative techniques (often calledearly stopping, cf. e.g. [2, 20]) or Tikhonov-type methods (cf. e.g. [2, 3, 11, 12, 16, 17]).In this paper we will concentrate on the latter, for which we prove stability and developa convergence analysis as the noise level � tends to zero.Tikhonov regularization of an operator equation of the formF (x) = y ; (1.5)with noisy data y�, means to replace (1.5) by the minimization problemminx2X kF (x)� y�k2Y + �kx� x�k2X ; (1.6)where X and Y are function spaces such that F maps D(F ) � X to Y and x� is aninitial guess for a solution of (1.5) (see [8] for a general overview of linear and nonlin-ear Tikhonov regularization). As for any regularization method, the minimizers of (1.6)converge to a solution of (1.5) only if the regularization parameter � is chosen appropri-ately in dependence on the noise level � and possibly the noisy data y�. Therefore, themathematical theory is important also for practical computations, since it yields rulesfor the optimal choice of the regularization parameter. Such a convergence analysisdoes not yet exist for the regularized training of neural networks.2



There are mainly two di�erent approaches to regularization with Tikhonov-type sta-bilizers in this area, namely regularization by output smoothing (cf. e.g. [2, 3, 11, 12])and regularization by weight decay (cf. e.g. [2, 16, 17]).Regularization by output smoothing means solving the minimization problemminfn2Xn kfn � f �k2L2(
) + �kfn � f�k2Hm(
) : (1.7)Since Xn is usually not weakly closed, this problem might not have a solution. In thenext section, we show existence, stability and convergence in Hm(
) of solutions for aslight modi�cation of (1.7) (see (2.1) below). Under additional smoothness assumptionson f we can even guarantee convergence rates.The minimization of a functional like (1.7) is also a common method for standardclasses of approximating functions like splines (cf. e.g. [21]) and seems to be a goodchoice if one is interested in the output fn only, but not in the behaviour of the para-meters ci and ti. More emphasis on these parameters is put in the so-called regular-ization by weight decay where the following minimization problem with respect to theparameters f(ci; ti)g is solved:minf(ci;ti)g2(R�P )n k nXi=1 ci�(�; ti)� f �k2L2(
) + �n nXi=1 c2i (1.8)Sometimes an additional penalty term for the parameters f(ti)g is used, e.g. ~�Pni=1 t2i .However, since the parameters f(ti)g are restricted to a compact set P in our consider-ations, this term is not necessary and will therefore be omitted. In Section 3 we shallprove existence, stability and weak convergence of solutions of (1.8) in the Sobolev spaceHm(
). Strong convergence and convergence rates can be derived in weaker norms, i.e.,in Hs(
) with s < m.As a consequence of the analysis in Sections 2 and 3 we combine both methods, outputsmoothing and weigt decay, in Section 4, and investigate the properties of the resultingmethod. In Section 5, the theoretical results are applied to perceptrons with one hiddenlayer and to translation networks. Finally, a comparison of the methods and numericalresults will be presented in Section 6.For our analysis we need the following three basic assumptions:(A1) The set of parameters P � Rp is compact.(A2) The activation function � is in the space C(P ;Hm(
)).(A3) The function f 2 Hm(
), m 2 N, to be approximated by functions in Xn,satis�es the representationf = ZP h(t)�(�; t) dt for some h 2 L1(P ) :Assumption (A2) guarantees that the evaluation of �(�; t) (and its derivatives withrespect to x up to order m) is well-de�ned and that Xn � Hm(
). Assumption (A3)is a smoothness condition for f . For special cases of �, e.g. for some perceptrons, (A3)is implied by a certain rate of decay of the Fourier transform f̂ (cf. [5]). Sometimes wewill need slightly stronger versions of (A2) and (A3) namely:3



(A2') The activation function � satis�es:k�(�; t)� �(�; s)kHm(
) � cjt� sj� ; � 2 (0; 1] ; c 2 R+ :(A3') f 2 Hm(
) satis�es (A3) where h is even in L2(P ).In addition to these assumption the following approximation result will be fundamen-tal for our convergence analysis:Theorem 1.1. Let Xn be de�ned by (1.2) and let assumptions (A1) { (A3) areful�lled. Then there exists an elementfn = nXi=1 cni �(�; tni ) 2 Xn with nXi=1(cni )2 � 
n�1 ; (1.9)for some 
 > 0, such that kf � fnkHm(
) = O(n� 12 ) : (1.10)If in addition the stronger assumptions (A2') and (A3') are ful�lled, then an elementfn as in (1.9) exists with kf � fnkHm(
) = O(n� 12� �p ) : (1.11)Proof. The �rst rate was shown in [19] for the case m = 0, i.e., in L2(
). It followsfrom the proof there that the result is valid for m > 0, too, if (A1) { (A3) are satis-�ed. The second rate result was shown in [5, Theorem 2.1] under a slightly strongerassumption, namely that h 2 L1(P ). In the proof we used this assumption to showthat nXi=1(cni )2 = O(n�1) (1.12)noting that cni = O(n�1) for h 2 L1(P ), where cni is de�ned bycni := ZPi h(t) dtand the sets Pi are such thatP = n[i=1Pi ; Pi \ Pj = fg ; i 6= j ; jPij = O(n�1) :Using the Cauchy-Schwarz inequality we show that (1.12) even holds under the weakerassumption h 2 L2(P ):nXi=1(cni )2 = nXi=1 � ZPi h(t) dt�2 � nXi=1 ZPi 1 dt ZPi h2(t) dt= nXi=1 jPij ZPi h2(t) dt = O(n�1) nXi=1 ZPi h2(t) dt = O(n�1)khk2L2(P )
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2. Regularization by output smoothingIn this section we investigate stability and convergence properties of regularization byoutput smoothing. As mentioned in the introduction, the minimization problem (1.7)might not have a solution since the set Xn in (1.2) is, in general, not weakly closed.Therefore, we consider the following modi�ed problem: for � > 0 and � > 0 we lookfor a solution f �;�n;� satisfyingkf �;�n;� � f �k2L2(
) + �kf �;�n;� � f�k2Hm(
)� kfn � f �k2L2(
) + �kfn � f�k2Hm(
) + � for all fn 2 Xn : (2.1)This problem re
ects the fact that a minimizer of (1.7), even if it exists, can not becalculated exactly in practice. It is obvious that problem (2.1) always has severalsolutions that are stable in the following sense:Proposition 2.1. Let ffkg be a sequence converging towards f � in L2(
) and letfk;�n;� be solutions of (2.1) with f � replaced by fk. Then for every " > 0, fk;�n;� is also asolution of (2.1) with � replaced by �+ " if k is su�ciently large, i.e.,8" > 0 9k 2 N 8k � k :kfk;�n;� � f �k2L2(
) + �kfk;�n;� � f�k2Hm(
)� kfn � f �k2L2(
) + �kfn � f�k2Hm(
) + �+ " for all fn 2 Xn :The convergence analysis follows the lines of [8, Theorem 10.3].Theorem 2.2. Let f � 2 L2(
) satisfy (1.1) and let assumptions (A1) { (A3) beful�lled. Moreover, let � = �(n; �; �) be chosen such that�! 0 ; �2��1 ! 0 ; ���1 ! 0 ; and n�!1 ;as n!1, � ! 0, and �! 0. Then f �;�n;� ! f in Hm(
).If in addition the stronger assumptions (A2') and (A3') are ful�lled, then the conditionn�!1 may be weakened to n1+ 2�p �!1 :Proof. Let fn be an approximating function as in (1.9). Then, (1.1), (1.10), (2.1),and kgkL2(
) � kgkHm(
) for all g 2 Hm(
) ; (2.2)yield the estimatekf �;�n;� � f �k2L2(
) + �kf �;�n;� � f�k2Hm(
) � kfn � f �k2L2(
) + �kfn � f�k2Hm(
) + �� O(n�1 + �2) + �+ �(O(n� 12 ) + kf � f�kHm(
))2 :Hence, f �;�n;� ! f in L2(
) as n!1 ; � ! 0 ; �! 0 ;5



and lim supn;�;� kf �;�n;� � f �kHm(
) � kf � f�kHm(
) :Since Hm(
) is compactly embedded in L2(
), strong convergence of f �;�n;� towards f inHm(
) can now be shown with the same technique as in [8, Theorem 10.3].The proof for the weaker condition n1+ 2�p � ! 1 under the assumptions (A2') and(A3') follows similarly using (1.11) instead of (1.10).It is obvious from the proof above that depending on the choice of � one always getsrates for (f �;�n;�� f) in the norm of L2(
). However, as usual for ill-posed problems, theconvergence might be arbitrarily slow in Hm(
) and rates can be proven only underadditional smoothness assumptions on f . Usually, such smoothness assumptions aresource conditions of the formf � f� 2 R((E�E)�) ; for some 0 < � � 12 ; (2.3)where, in our case, E denotes the embedding operator from Hm(
) into L2(
).Theorem 2.3. Let f satisfy (2.3) and f � be such that (1.1) holds. Moreover, letassumptions (A1) { (A3) be ful�lled. If� = O(n�1 + �2) and � � (n� 12 + �) 21+2� ;then kf �;�n;� � fkHs(
) = O((n� 12 + �)1� sm(1+2�) ) for any 0 � s � m : (2.4)If in addition the stronger assumptions (A2') and (A3') are ful�lled and if� = O(n�1� 2�p + �2) and � � (n� 12� �p + �) 21+2� ;then kf �;�n;� � fkHs(
) = O((n� 12� �p + �)1� sm(1+2�) ) for any 0 � s � m : (2.5)Proof. Let fn be as in (1.9) and f �f� = (E�E)�w. Then it follows with (1.1), (1.10),(2.1), (2.2), and � = O(n�1 + �2) thatkf �;�n;� � f �k2L2(
) + �kf �;�n;� � fk2Hm(
)� kfn � f �k2L2(
) + �+��kfn � fk2Hm(
) + 2h fn � f; f � f� iHm(
) + 2h f �;�n;� � f; f� � f iHm(
)�= O(n�1 + �2 + �n� 12 + �k(E�E)�(f �;�n;� � f)kHm(
)) :Together with the interpolation inequality (cf. (2.49) in [8]) and the fact thatk(E�E) 12gkHm(
) = kEgkL2(
) = kgkL2(
) for all g 2 Hm(
) ;we now obtain the estimatekf �;�n;� � fk2L2(
) + �kf �;�n;� � fk2Hm(
)= O(n�1 + �2 + �n� 12 + �kf �;�n;� � fkL2(
) + �kf �;�n;� � fk2�L2(
)kf �;�n;� � fk1�2�Hm(
)) ;6



which immediately impliesmaxfkf �;�n;� � fk2L2(
); �kf �;�n;� � fk2Hm(
)g= O�n�1 + �2 + �n� 12 + (� + � 12+�)maxfkf �;�n;� � fkL2(
); � 12 kf �;�n;� � fkHm(
)g� :Hence, the order estimatemaxfkf �;�n;� � fkL2(
); � 12 kf �;�n;� � fkHm(
)g = O(n� 12 + � + � 12n� 14 + � 12+�)holds, and together with � � (n� 12 + �) 21+2� we now obtainkf �;�n;� � fkL2(
) = O(n� 12 + �) ;kf �;�n;� � fkHm(
) = O((n� 12 + �) 2�1+2� ) :Finally, (2.4) follows with the interpolation inequality.The proof of the rates under the assumptions (A2') and (A3') follows similarly using(1.11) instead of (1.10).Remark 2.4. The convergence rate in (2.4) suggests to choose n � ��2. If n growsfaster than ��2, we do not gain anything in the rate, but make the dimension of problem(2.1) larger than necessary.The assumption (2.3) is a smoothness condition, which means that, in addition tocondition (A3), f � f� has to be an element of H(1+2�)m(
) satisfying some boundaryconditions. E.g., for the case m = 1 and � = 12 , we have (cf. [18])R((E�E) 12 ) = R(E�) = fz 2 H2(
) : @z@� = 0 on @
g ; (2.6)where @z@� denotes the normal derivative at the boundary.3. Regularization by weight decayIn this section we consider the nonlinear minimization problem (1.8) in the parameterset (R� P )n. Since the nonlinear operator F : (R� P )n ! Hm(
) de�ned byF ((ci; ti)ni=1) := nXi=1 ci�(�; ti)is obviously continuous and weakly sequentially closed, the existence and stability ofregularized solutions f �n;� := nXi=1 c�i;��(�; t�i;�) (3.1)follow from [8, Theorem 10.2].In the next theorem we prove weak convergence of the regularized solutions in Hm(
)as well as strong convergence and convergence rates in weaker norms.Theorem 3.1. Let f � 2 L2(
) satisfy (1.1) and let assumptions (A1) { (A3) beful�lled. Moreover, let � = �(n; �) be such that� ! 0 ; �2��1 � 
1 ; and n� � 
27



for some positive constants 
1; 
2, as n!1 and � ! 0. Then f �n;� * f in Hm(
).If � � (n�1 + �2), then we even obtain convergence rates in weaker norms given bykf �n;� � fkHs(
) = O((n� 12 + �)1� sm ) for any 0 � s < m :If in addition the stronger assumptions (A2') and (A3') are ful�lled, then conditionn� � c2 may be weakened to n1+ 2�p � � c2 :Moreover, for the choice � � (n�1� 2�p + �2) we obtain the rateskf �n;� � fkHs(
) = O((n� 12� �p + �)1� sm ) for any 0 � s < m :Proof. Let fn be an approximating function as in (1.9). Then, with (1.1), (1.8),(1.10), (2.2), and (3.1), we conclude thatkf �n;� � f �k2L2(
) + �n nXi=1(c�i;�)2 � kfn � f �k2L2(
) + �n nXi=1(cni )2= O(n�1 + �2 + �) (3.2)Hence, f �n;� ! f in L2(
) as n!1 ; � ! 0 ;and lim supn;� n nXi=1(c�i;�)2 = O(1) :Therefore,lim supn;� kf �n;�k2Hm(
) = lim supn;� nXi;j=1 c�i;�c�j;�h�(�; t�i;�); �(�; ; t�j;�) iHm(
)= O� lim supn;� n nXi=1(c�i;�)2� = O(1) :Note that supt2P k�(�; t)kHm(
) <1, due to (A2). Now the compactness of the embeddingof Hm(
) into L2(
) implies that f �n;� * f in Hm(
). Moreover, it follows from theestimate (3.2) and the interpolation inequality that for the choice � � (n�1 + �2) weobtain the asserted convergence rates.The proof for the weaker condition n1+ 2�p � ! 1 under the assumptions (A2') and(A3') follows similarly using (1.11) instead of (1.10).Remark 3.2. From the proof of Theorem 3.1 one observes that for the second partcondition (A2') could be even weakened to: � has to be in the space C(P ;Hm(
)) andk�(�; t)� �(�; s)kL2(
) � cjt� sj� ; � 2 (0; 1] ; c 2 R+ ;i.e., H�older continuity of � is only needed in L2(
) and not in Hm(
), since the con-vergence rate result (1.11) is only needed in L2(
).8



4. A combination of output smoothing and weight decayIn this section we want to combine both approaches, output smoothing and weightdecay, i.e., we look for a minimizerf �n;�;� := nXi=1 c�i;�;��(�; t�i;�;�) (4.1)of the problemminf(ci;ti)g2(R�P )n k nXi=1 ci�(�; ti)� f �k2L2(
) + �k nXi=1 ci�(�; ti)� f�k2Hm(
) + �n nXi=1 c2i : (4.2)It follows in an analogous way to Section 3 that for all �; � > 0 solutions f �n;�;� existand are stable with respect to data noise, which is due to the second penalty term. Aswe will see below the �rst penalty term will guarantee convergence and convergencerates as in Section 2.Theorem 4.1. Let f � 2 L2(
) satisfy (1.1) and let assumptions (A1) { (A3) beful�lled. Moreover, let � = �(n; �) and � = �(n; �) be such that�! 0 ; �2��1 ! 0 ; n�!1 ; � ! 0 ; and ���1 ! 0as n!1 and � ! 0. Then f �n;�;� ! f in Hm(
).If in addition the stronger assumptions (A2') and (A3') are ful�lled, then conditionn�!1 may be weakened to n1+ 2�p �!1 :Proof. Let fn be as in (1.9), then it holds for the corresponding weights fcni g thatn nXi=1(cni )2 = O(1) : (4.3)Now we obtain similar to the proof of Theorem 2.2 the estimatekf �n;�;� � f �k2L2(
) + �kf �n;�;� � f�k2Hm(
) + �n nXi=1(c�i;�;�)2� O(n�1 + �2 + �) + ��O(n� 12 ) + kf � f�kHm(
)�2 :The proof now follows as in Theorem 2.2 noting that � now plays the role of �.Theorem 4.2. Let f satisfy (2.3) and f � be such that (1.1) holds. Moreover, letassumptions (A1) { (A3) be ful�lled. If� � (n� 12 + �) 21+2� and � = O(n�1 + �2) ;then kf �n;�;� � fkHs(
) = O((n� 12 + �)1� sm(1+2�) ) for any 0 � s � m :9



If in addition the stronger assumptions (A2') and (A3') are ful�lled and if� � (n� 12� �p + �) 21+2� and � = O(n�1� 2�p + �2) ;then kf �n;�;� � fkHs(
) = O((n� 12� �p + �)1� sm(1+2�) ) for any 0 � s � m :Proof. The proof is similar to the one of Theorem 2.3. Note that, as in the proof ofTheorem 4.1, (4.3) holds and � plays the role of �.5. ApplicationsIn this section we apply the above results to some typical constructions for neuralnetworks. The two classes we consider are perceptrons with one hidden layer andtranslation networks, whose use for approximation problems (cf. [10]) and deconvolution(cf. [6]) has been investigated recently.Perceptrons are a classical construction for neural networks. They consist of an inputlayer of ridge-type and an activation function � as in (1.3). The activation function �is usually chosen as a Heaviside function or a smoothed version like, e.g.,�(t) = 11 + e�t :A multi-layer perceptron with one hidden layer and linear output layer is then of theform fn(x) = nXi=1 ci�(aTi x+ bi) : (5.1)The assumptions (A1) { (A3) on � and f can be easily interpreted in this case if 
is a bounded domain. A canonical choice for the set of parameters P = A � B isA := [�a; a]d and B := [�b; b], where b has to be chosen su�ciently large with respectto a (cf. [5]). This choice of P also allows a simple numerical implementation of thetraining process.If � is such that �(t) := 8><>: 1 ; t > 1 ;pk(t) ; �1 � t � 1 ;0 ; t < �1 ; (5.2)where pk is the unique polynomial of degree 2k + 1, k 2 N0, satisfyingpk(�1) = 0 ; pk(1) = 1 ; and p(l)k (�1) = 0 = p(l)k (1) ; 1 � l � k ;then � 2 Ck;1 and � 2 W k+1;1. We will prove in the next lemma that � satis�es (A2')for m � k + 1.Lemma 5.1. Let 
 be a bounded domain and let � be as in (5.2). Then it holds thatthe activation function �(x; a; b) := �(aTx+ b) satis�es (A2') with � = 1 for m � k and� = 12 for m = k + 1. 10



Proof. By de�nition of � and �, �(�; a; b) is obviously in Hm(
) for m � k + 1 andwe obtaink�(�; a; b)��(�; a; b)k2Hm(
) = Xj�j�m Z
 ��(j�j)(aTx+ b)a���(j�j)(aTx+ b)a��2dx ; (5.3)where � = (�1; : : : ; �d) is a multiindex and a� := a�11 � � �a�dd .If m � k, then �(j�j) is Lipschitz continuous. Hence, (A2') obviously holds with � = 1.Let us now consider the case m = k+1: Noting that �(k+1) is a polynomial of degreek in [�1; 1] and 0 outside, we obtain together with (5.3) thatk�(�; a; b)� �(�; a; b)k2Hm(
) � 
1(ja� aj2 + jb� bj2) + 
2�jaj2 ; (5.4)where 
1; 
2 are positive constants and� := measfx 2 
 : (jaTx+bj � 1 ^ jaT+bj > 1) _ (jaTx+bj > 1 ^ jaT+bj � 1)g : (5.5)Let us now estimate �jaj2. First we consider the case where aTa � 14 jaj2: Since we thenhave that ja� aj2 = jaj2 + jaj2 � 2aTa � 12 jaj2 + jaj2and since � � j
j, we obtain the estimate�jaj2 � 2j
jja� aj2 : (5.6)Let us now consider the case where aTa > 14 jaj2: note that then a 6= 0 and aTa 6= 0.Moreover, it is obvious that � is bounded by a constant times the maximal distancebetween the hyperplanes aTx + b = 1 and aTx + b = 1 (as well as with 1 replaced by�1) with x 2 
. Let x be such that aTx + b = 1 and x be such that aTx + b = 1 andx = x+ �a. Thenjx� xj = j(a� a)Tx + (b� b)jjajjaTaj < 4 ja� a)jjxj+ jb� bjjajand hence �jaj2 � 
3(ja� a)j+ jb� bj) (5.7)for some positive constant 
3. Now (5.4) { (5.7) imply that (A2') holds with � = 12 .Assumption (A3) may be interpreted as a smoothness condition upon f (cf. [5]),which becomes more and more restrictive with increasing smoothness of �. Therefore,it is advantageous to choose � not much smoother than needed to satisfy assumption(A2), i.e., m = k + 1 seems to be an optimal choice.For the special case m = 1, k = 0 a su�cient condition for (A3) to hold is that theFourier transform f̂ of f is such that (cf. [5, Proposition 3.4, Remark 3.5])(1 + j � j2)f̂(�) 2 L1(Rd) ;while f 2 W 2;1(
) is obviously a necessary condition. Slightly stronger conditions arenecessary for (A3') to be satis�ed.Another popular construction are translation networks, which are of the formfn(x) = nXi=1 ci (x� ti) ;11



i.e., they �t into the form (1.2) with�(x; t) =  (x� t) :The obvious choice for the parameters in this case is P = 
 for a bounded domain 
.Translation networks cover the important class of radial basis functions, which arealso used in many other applications such as density estimation. A particular exampleare so-called regularization networks, where the activation function  is the fundamen-tal solution of a symmetric elliptic di�erential operator D of order 2k with constantcoe�cients, such that ND(g) := � ZRd(Dg)(x)g(x) dxis an equivalent norm on Hk(Rd). For such networks, assumption (A2) is satis�ed atleast if k > m+ d2 , since all derivatives up to order m are continuous in this case, whichcan be seen from a standard embedding theorem (cf. [9, p. 270]). A su�cient conditionfor (A3) to be ful�lled is f 2 H2k(
), since thenf(x) = h �(x� �); f i = h�D (x� �); f i = h (x� �);�Df i = Z
  (x� t)h(t) dtwith h = �Df 2 L2(
) � L1(
).6. Numerical resultsIn order to test our theoretical results in numerical examples, we consider the approx-imation of functions in H1(
) with a multilayer perceptron of the form (5.1) in twoexamples: in the �rst example 
 = [0; 1], i.e., the spatial dimension d = 1, and in thesecond example 
 = [0; 1]2, i.e., the spatial dimension d = 2.The noise in our examples is an arti�cial high-frequency perturbation added to theexact data. The resulting noisy data are then sampled on a uniform grid G withstep size h = 10�2. The integral of a function over 
 is numerically approximatedby a trapezoidal rule for each cell in the grid G. Hence, the discretized optimizationproblems arising from (1.7), (1.8), and (4.2), respectively, are of the formmin(faj ;bj ;cjg)2(A�B�R)n Xx2Gw(x)�f �(x)� nXj=1 cj�(aTj x+ bj)�2 + SG(faj; bj; cjg) ; (6.1)where w(x) denotes the sum of the quadrature weights at point x and SG denotes thediscretization of the stabilizing term over the grid G. In the case of weight decay (cf.(1.8)), the stabilizing term is independent of the grid and therefore we haveSG(faj; bj; cjg) = �n nXj=1 c2j ; (6.2)while we need again quadrature rules to discretize the stabilizer in the case of outputsmoothing in H1(
) (cf. (1.7) and (2.1)), which yields (with f � = 0)SG(faj; bj; cjg) = �Xx2Gw(x)�� nXj=1 cj�(aTj x + bj)�2 + ��� nXj=1 cjaj�0(aTj x + bj)���2� : (6.3)12



In the combined approach as presented in Section 4, the stabilizing term SG is just thesum of the ones in (6.2) and (6.3).All numerical tests that are presented in the following were performed with the soft-ware package MATLAB 6 on an SGI Origin 3800. In both cases, we used routinesfor constrained minimization from the MATLAB Optimization Toolbox to solve thediscretized optimization problem (6.1).Example 6.1. Our �rst example is the approximation off(x) = 1� sin(1:8�x) ; x 2 
 := [0; 1] ;with a multilayer perceptron of the form (5.1) and activation function�(t) = 11 + e�100t :The set of admissible parameters (aj; bj) 2 R2 is given by P = A�B = [�1; 1]2.In order to investigate the convergence behavior as � ! 0, we choose a sequence�k = �02�k for k = 1; : : : ; 6 and �0 = 0:32. The regularization parameters �, � and thenumber of units n are chosen according to Theorem 2.2 and Theorem 3.1, respectively,with � = 1 and p = 2, i.e.,�(�) = �0� ; �(�) = �0�2 ; n = c��1 :We want to mention that in our test case, the parameters �0 and �0 are tuned such thatan optimal approximation with respect to the H1-norm is achieved. In the combinedapproach, we choose � as for output smoothing and the parameters � are chosen as� = o(�n� 12 ), i.e., the conditions of Theorem 4.1 are ful�lled.A general observation in the numerical minimization of (6.1) is that the optimizationalgorithm must be stopped earlier for output smoothing than for weight decay or thecombination of both. We think that this could be due to the possible non-existence ofa minimizer of (1.7) and corresponds to the relaxed problem (2.1). Another observablee�ect is that the iteration numbers in the numerical minimization are usually smaller forweight decay than for the other two methods. In addition, the numerical e�ort for theevaluation of SG is obviously much lower for weight decay than for output smoothing.In Figure 6.1, the sensitivity of the resulting error between the regularized solutionsand the exact function f in the H1-norm is illustrated. The left picture shows the errorkf �;�n;� � fkH1(
) plotted vs. log� and the right one shows kf �n;�;� � fkH1(
) plotted vs.log � for �xed number of units n = 16 and noise level � = 2%. Note that for outputsmoothing, the minimization procedure did not yield reasonable results for � � 10�10,but was trapped in a stationary point; for weight decay, this e�ect occured later ataround � = 10�12. As one would expect, both methods do not yield reasonable resultsif the regularization parameters are extremely small or extremely large, but one observesthat the error does not change dramatically in a relatively large scale between 10�4 and10�8, i.e., both methods seem to be robust with respect to over- or underestimating theregularization parameter.In Figure 6.2, the error between the regularized solutions obtained with outputsmoothing, weight decay and the combination of both, are plotted vs. the noise level �.The left picture shows the error in the L2-norm, which is almost the same for the threemethods for most choices of �; the only visible di�erence occurs in a region between13
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Figure 6.1: Error in the H1-norm plotted vs. log� for output smoothing (left)and vs. log � for weight decay (right).
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 := [0; 1]2 ;with a multi-layer perceptron of the form (5.1) with activation function given by (5.2)with k = 1. With this choice it was shown in Lemma 5.1 that (A2') is satis�ed with� = 1. One can show that f satis�es (A3') and (2.3) with � = 12 , which can be seen14
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). Consequently, we choose the number of unitsand regularization parameters according to Theorem 2.3 with � = 12 , s = m = 1, p = 3,and Theorem 3.1 with m = 2, s = 1, and p = 3, i.e.,n � �� 65 ; � � � ; � � �2 :With this choice we may expect the rateskfn � fkH1(
) = O(p�) = O(n� 53 ) (6.4)for the regularized solutions fn obtained with output smoothing, weight decay or thecombined approach.From Lemma 5.1 we see that even the choice k = 0 in (5.2) would have been pos-sible. However, k = 1 guarantees that the objective function in (6.1) is di�erentiablewith respect to aj; bj; cj, which is a desireable property for the minimization algorithm.Moreover, we obtain convergence for weight decay in H1(
) whereas for k = 0 merelyweak convergence can be guaranteed.In the numerical minimization of (6.1) we obtain similar results with respect to thenumber of iterates and the numerical e�ort as in the one-dimensional Example 6.1. Infact, the di�erence in the numerical e�ort between weight decay and methods involvinga stabilizer in the H1-norm is even larger in two spatial dimensions due to the increasein the number of grid points.Figure 6.3 shows the error between the regularized solutions and the exact functionf plotted vs. the noise level �. Opposed to Example 6.1, output smoothing and thecombined method yield now a smaller error in the H1-norm than weight decay, andthe combined method is now the one with smallest error. The combined approachis now rather close to output smoothing, while it was much closer to weight decayin Example 6.1. This con�rms quite well our intuition that the combined methodmight also combine the advantages of both methods and therefore yield an optimalperformance.Finally, we numerically investigate the rate of convergence, which is predicted by(6.4). Note that, if (6.4) holds, one should obtain thatqk := log(kfnk+1 � fkH1(
))� log(kfnk � fkH1(
))log �k+1 � log �k ! 12 (6.5)15



for a sequence �k ! 0. The values of qk for our choices of � are shown in Table 6.1.One observes that the values of qk gradually increase to 0:5 for all three methods, whichnumerically con�rms (6.5).Smoothing Weight Decay Combinedq1 -0.0660 0.0065 0.0131q2 0.0599 -0.0257 0.0332q3 0.1662 0.0986 0.1397q4 0.4495 0.4187 0.3273Table 6.1: Numerical estimate of the convergence rate according to (6.5).
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