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tThis paper deals with the numeri
al approximation of the Levenberg-Marquardt SQP-method (LMSQP) for parameter identi�
ation problems, whi
h has been presented andanalyzed in [10℄. It is shown that a Galerkin-type dis
retization leads to a 
onvergent ap-proximation and that the inde�nite system arising from the Karush-Kuhn-Tu
ker systemis well posed.In addition, we present a multi-level version of the Levenberg-Marquardt methodand dis
uss the simultaneous solution of the dis
retized KKT-system by pre
onditionediteration methods for inde�nite problems. From a dis
ussion of the numeri
al e�ort we
on
lude that these approa
hes may lead to a 
onsiderable speed-up with respe
t tostandard iterative regularization methods that eliminate the underlying state equation.The numeri
al eÆ
ien
y of the LMSQP-method is 
on�rmed by numeri
al examples.Keywords: Parameter Identi�
ation, Sequential Quadrati
 Programming, IterativeRegularization, Galerkin Methods, Inde�nite Systems.AMS Subje
t Classi�
ation (2000): 65N21, 65N22, 65N30, 90C551 Introdu
tionParameter identi�
ation denotes the pro
edure of determining unknown parameters appear-ing in an underlying state equation (usually a partial di�erential equation), from indire
tmeasurements related to the solution of this equation. Su
h problems frequently appear inmany appli
ations, where mathemati
al models of physi
al, 
hemi
al, biologi
al or e
onomi
alpro
esses are used (
f. e.g. [1, 12, 16℄ and the referen
es there).Sin
e su
h problems are ill-posed in general, i.e., the parameter to be re
onstru
ted doesnot depend on the observation in a stable way, regularization methods have to be used inorder to 
ompute a stable approximation of the parameter in presen
e of data noise. Due tothe ill-posedness of the identi�
ation problem, the numeri
al approximation of su
h problemsis not a simple task. The standard approa
h that 
an be found in literature is based on ana-priori elimination of the state equation, and an appli
ation of a dis
retized regularizationmethod to the resulting operator equation involving the parameter-to-output map, whi
h isthe operator mapping the parameter to the 
orresponding observation. The main part in the�This work has been supported by the Austrian National S
ien
e Foundation FWF under proje
t grants F13/08 and F 13/09. 1



2 1 INTRODUCTIONevaluation of this map is the solution of the underlying state equation for given parameter,whi
h is numeri
ally realized by standard dis
retizations su
h as �nite elements.This approa
h, in parti
ular 
ombined with iterative regularization methods (
f. [17℄ for anoverview), has been applied with su

ess even to rather 
ompli
ated parameter identi�
ationproblems (
f. e.g. [9, 24, 25℄). However, sin
e this methods need a high number of dire
t solves(i.e., solutions of the state equation), �ne dis
retizations of the parameter yield a 
onsiderable
omputational e�ort, whi
h results in high CPU-times or even in the impossibility to use �nedis
retizations. Another drawba
k of this approa
h is that the dis
retizations of state andparameter are rather independent, whi
h makes the numeri
al analysis extremely diÆ
ult.Therefore, fundamentally di�erent methods for the solution of parameter identi�
ationproblems have been investigated re
ently, whose 
ommon idea is to avoid the a-priori elimi-nation of the state equation (
f. [10, 20, 26℄). The aim of this paper is to dis
uss the numeri
alapproximation of an iterative regularization method based on the idea of sequential quadrati
programming (
f. [10℄). We investigate Galerkin-type dis
retizations in the produ
t spa
efor parameter, state variable and a 
orresponding Lagrangian variables, whi
h leads to a se-quen
e of well-posed inde�nite systems. With this approa
h we are able to show 
onvergen
eof the numeri
al approximation both for the quadrati
 programming problem arising in ea
hiteration step and for the overall minimization pro
edure.The general setup in this paper is as follows: we assume that we are given a noisy mea-surement zÆ satisfying kz � zÆkZ � Æ; (1.1)where the exa
t data satisfy z := Eû; (1.2)with E 2 L(X;Z) and some û 2 X. Our aim is to identify the parameter q 2 Qad � Q (whereQad is a 
losed subset of Q with non empty interior) in the underlying equatione(u; q) = f; (1.3)where e : X �Q! X� is a 
ontinuous nonlinear operator withe(0; 0) = 0: (1.4)In this setup X, X�, Q and Z are Hilbert spa
es, and X� 
an be identi�ed with the dual ofX. Finally, we assume that e is 
ontinuously Fr�e
het-di�erentiable on X � Q and that thepartial derivative eu 2 L(X;X�) is self-adjoint and satis�es the 
oer
ivity 
onditionheu(u; q)v; vi � �ekvk2X ; 8(u; q; v) 2 X �Qad �X; (1.5)for some �e 2 R+ .The above setup is typi
al for a partial di�erential equation of ellipti
 type, whi
h isalso the main type of appli
ation we have in mind. We want to mention that the in�nite-dimensional analysis 
arried out in the pre
eding paper [10℄ was not restri
ted to ellipti
problems, but only assumed well-posedness of the state equation for given parameter. How-ever, sin
e the numeri
al approximation te
hniques for ellipti
 problems di�er from the onesfor paraboli
 or hyperboli
 problems (
f. e.g. [32℄ for an overview), one 
annot expe
t a su
-
essful uni�ed approa
h to 
orresponding parameter identi�
ation problems. For this reasonwe start with an investigation of the ellipti
 
ase in this paper, but we want to mention that



3the numeri
al identi�
ation of parameters in transient equations or even mixed systems ofequations is an important and 
hallenging problem for future resear
h.In [10℄, it has been mentioned that the parameter identi�
ation problem in the above setupis an ill-posed inverse problem and we have proposed the following iterative regularizationmethod based on the idea of sequential quadrati
 programming:Method 1 (Levenberg-Marquardt Sequential Quadrati
 Programming Method).Let (u0; q0) 2 X �Qbe a given initial value and let (�k)k2N be a bounded sequen
e of positive real numbers.The Levenberg-Marquardt sequential quadrati
 programming (LMSQP) method 
onsists ofthe iteration pro
edure (uk+1; qk+1) = (uk; qk); (1.6)where (uk; qk) is the minimizer of the quadrati
 programming problem12kEu� zÆk2Z + �k2 kq � qkk2Q ! min(u;q)2X�Q : (1.7)subje
t to the linear 
onstrainte(uk; qk) + e0(uk; qk)(u� uk; q � qk) = f: (1.8)The iteration pro
edure is stopped as soon as k = k�, wherekEuk� � zÆkZ � �Æ < kEuk � zÆk; 8 k < k�; (1.9)with appropriately 
hosen � > 1.Due to the results of [10℄, the LMSQP-method is a 
onvergent regularization method,in parti
ular the quadrati
 programming problems of the form (1.7), (1.8), whi
h have tobe solved in ea
h iteration step, are well-posed. Our aim in this paper is to investigatethe numeri
al approximation of the LMSQP-method by a Galerkin-type approa
h. We shallshow below that this leads to an inde�nite system in ea
h iteration step, whose solution is anapproximation of optimal order to the solution of (1.7), (1.8). Moreover, we show that there
onstru
tions obtained with the dis
retized LMSQP-method 
onverge to a solution of theparameter identi�
ation problem as the noise level and the dis
retization size tend to zero, ifan appropriate stopping rule is used, whi
h relates the residual to the noise level and somemeasures for the dis
retization.Moreover, we shall dis
uss the solution of the dis
retized Karush-Kuhn Tu
ker system,whi
h is an inde�nite linear system to be solved for the dis
retized equivalents of state, pa-rameter and Lagrangian variable. The standard approa
hes to the solution of su
h dis
retizedproblems arising from partial di�erential equations are redu
ed SQP-methods, where state andLagrangian variable are eliminated a-priorily. We re
all the basi
 properties of the redu
edSQP-approa
h, but we mainly fo
us on the iterative solution of the whole system with appro-priate pre
onditioning. This promising approa
h has been employed re
ently for parameteridenti�
ation (
f. [20, 26℄) and optimal 
ontrol problems (
f. [2, 3, 4, 5℄) with good numeri
alresults, in parti
ular with respe
t to eÆ
ien
y.The paper is organized as follows: in Se
tion 2 we investigate the numeri
al approxi-mation of the LMSQP-method by a Galerkin-type approa
h and dis
uss the well-posedness,



4 2 DISCRETIZATION TECHNIQUESstability and approximation properties of the dis
retized Karush-Kuhn-Tu
ker (KKT) system;the 
onvergen
e of the dis
retized solutions is shown in Se
tion 3. Some further numeri
almethods and the implementation of the outer iteration, i.e., the SQP-iteration under theassumption that we are able to solve the quadrati
 optimization problems arising in ea
hstep of the LMSQP method, are examined in Se
tion 4. We dis
uss the 
orre
t s
aling ofvariables, globalization strategies as well as a multi-level approa
h, whi
h leads to a furtherspeed-up of the method. Se
tion 5 is devoted to the inner iteration, i.e., the numeri
al so-lution of the dis
retized KKT-system. Some basi
 properties of this symmetri
 inde�niteproblem are studied, as well as its iterative solution with appropriate pre
onditioning. As a�rst appli
ation we investigate the identi�
ation of a potential in an ellipti
 boundary-valueproblem, where we 
an give quantitative error estimates in terms of the dis
retization sizes.Some numeri
al experiments related to this identi�
ation problems are presented in Se
tion7, before we �nally 
on
lude and give an outlook to further interesting problems related tothis topi
 in Se
tion 8.2 Dis
retization Te
hniquesIn the following we investigate the dis
retization of the LMSQP-method by a Galerkin ap-proa
h. First of all, we assume that we have dis
retized data zÆ;� 2 Z� � Z of the formzÆ;� = R�zÆ; (2.1)where R� : Z ! Z� is the orthogonal proje
tor onto the �nite-dimensional subspa
e Z�. Notethat we 
an give an error estimate for zÆ;� using (1.1) and kR�k = 1, whi
h yieldsÆ� := kR�zÆ � zkZ � kR�(zÆ � z)kZ + kR�z � zkZ � Æ + infy2Z� ky � zkZ : (2.2)Now let Xh � X, Qh � Q be �nite-dimensional subspa
es of X and Q, with the 
orre-sponding orthogonal proje
tors Ph : X ! Xh and ~Ph : Q ! Qh. Then we 
an dis
retize theLMSQP-Method as follows:Method 2 (Galerkin LMSQP-Method). Let Xh, Qh and Z� be as above and let(u0; q0) 2 Xh �Qhbe a given initial value. Moreover, let (�k)k2N be a bounded sequen
e of positive real numbers.The Galerkin Levenberg-Marquardt sequential quadrati
 programming (GLMSQP) method
onsists of the iteration pro
edure (uk+1; qk+1) = (uk; qk); (2.3)where (uk; qk) 2 Xh �Qh is the minimizer of the quadrati
 programming problem12kR�(Eu� zÆ)k2Z + �k2 kq � qkk2Q ! min(u;q)2Xh�Qh; (2.4)subje
t to the linear 
onstrainthe(uk; qk) + e0(uk; qk)(u� uk; q � qk); 'i = hf; 'i; 8 ' 2 Xh: (2.5)



2.1 The Dis
retized Karush-Kuhn-Tu
ker System 5Note that the 
onstraint (2.5) 
an be rewritten in operator form asP �hKkPh(u� uk) + P �hLk ~Ph(q � qk) = P �h (f � e(uk; qk)); (2.6)to be solved for (u; q) 2 Xh �Qh, with the notationKk : X ! X�; Kku = eu(uk; qk)u; 8 u 2 X; (2.7)Lk : Q! X�; Lkq = eq(uk; qk)q; 8 q 2 Q; (2.8)and P �h : X�h ! X� is the adjoint of Ph. Under the assumption (1.5), we obtain thathP �hKkPhv; vi = hKkPhv; Phvi = hKkv; vi � �ekvk2X (2.9)for all v 2 Xh, i.e., the dis
rete bilinear form asso
iated with the operator P �hKkPh is 
oer
iveon Xh. This implies by the Lax-Milgram theorem, that (2.6) is uniquely solvable with respe
tto u for given q 2 Qh. Consequently, in an analogous way to the proof of Proposition 2.1 in[10℄ we may show the following result on the well-posedness of the quadrati
 programmingproblem that has to be solved in ea
h step of Method 2:Proposition 2.1. Let e be 
ontinuously Fr�e
het-di�erentiable, let (1.5) hold and let �k > 0.Then the quadrati
 programming problem (2.4), (2.5) has a unique solution (uk; qk) 2 Xh�Qh,whi
h is also the only lo
al minimum.2.1 The Dis
retized Karush-Kuhn-Tu
ker SystemIn [10℄, the Karush-Kuhn-Tu
ker system for the in�nite-dimensional version of the LMSQP-method has been derived and analyzed in the framework of linear saddle point problems.Now we will dis
uss the dis
retized analogue of this system, namely the �rst-order optimality
onditions for the quadrati
 programming problem (2.4), (2.5).The Lagrangian of (2.4), (2.5) is given byLk(u; q;�) = 12kR�(Eu� zÆ)k2Z + �k2 kq � qkk2Q ++h�; e0(uk; qk)(u� uk; q � qk) + e(uk; qk)� fi; (2.10)for (u; q; �) 2 Xh � Qh � Xh. Sin
e Ph and ~Ph are equal to the identity on Xh and Qh,respe
tively, we 
an rewrite the Lagrangian asLk(u; q;�) = 12kR�(EPhu� zÆ)k2Z + �k2 k ~Ph(q � qk)k2Q ++hPh�;KkPh(u� uk) + Lk ~Ph(q � qk) + e(uk; qk)� fi; (2.11)with the operators Kk and Lk de�ned by (2.7), (2.8). The KKT-system 
an now be dedu
edby 
omputing the partial derivatives of the Lagrangian with respe
t to u, q and �, i.e.,(uk+1 � uk; qk+1 � qk; �k+1) solves the linear saddle-point problem0� P �hE�R��R�EPh 0 P �hK�kPh0 �k ~P �h ~Ph ~P �hL�kPhP �hKkPh P �hLk ~Ph 0 1A0� uq� 1A = 0� P �hE�R��R�(zÆ �Euk)0P �h (f � e(uk; qk)) 1A : (2.12)



6 2 DISCRETIZATION TECHNIQUESAs in [10℄, we de�ne the symmetri
 bilinear form ak : (X �Q)2 ! R bya�k(u; q;'; �) := hR�Eu;R�E'iZ + �khq; �iQ (2.13)and the bilinear form bk : (X �Q)�X ! R bybk(u; q;�) := hKku; �i+ hLku; �i: (2.14)Moreover, we use the right-hand sidesfk := f � e(uk; qk) 2 X�; (2.15)g�k := (E�R��R�(zÆ �Euk); 0) 2 X� �Q: (2.16)Then the KKT-system (2.12) 
an be interpreted as the Galerkin approximation of an inde�nitevariational problem, i.e., (u; q; �) 2 Xh �Qh �Xh is the solution ofa�k(u; q;'; �) + bk('; �;�) = hg�k ; ('; �)i; 8 ('; �) 2 Xh �Qh; (2.17)bk(u; q;�) = hfk; �i; 8 � 2 Xh: (2.18)In an analogous way to the proof of Theorem 2.3 in [10℄ we 
an show that the bilinearform a satis�es the kernel-ellipti
ity 
ondition on Xh�Qh, i.e., there exists a 
onstant �a > 0su
h thata�k(u; q;u; q) � �ak(u; q)k2; 8 (u; q) 2 Khb := f (v; s) 2 Xh �Qh j b(v; s;�) = 0; 8 � 2 Xh g;and that b satis�es the LBB-
onditioninf�2Xh sup(u;q)2Xh�Qh bk(u; q;�)k(u; q)k k�k � �b;for some �b > 0. This implies the following well-posedness result (
f. [7, 8℄) for the dis
retizedproblem (2.17), (2.18):Theorem 2.2. Let e be 
ontinuously Fr�e
het-di�erentiable, let (1.5) hold and let �k > 0.Then the inde�nite system (2.17), (2.18) has a unique solution (u; q; �) 2 Xh � Qh � Xh,whi
h depends 
ontinuously on the right-hand sides fk and g�k .Sin
e the 
onstants �a and �b are the same as in the 
orresponding in�nite-dimensional
onditions in X � Q, they are in parti
ular independent of the dis
rete subspa
es Xh andQh. This allows to dedu
e an approximation result for the solutions of (2.17), (2.18) to thesolution (u; q; �) 2 X �Q�X of the in�nite-dimensional KKT-System, given in variationalform as ak(u; q;'; �) + bk('; �;�) = hgk; ('; �)i; 8 ('; �) 2 X �Q; (2.19)bk(u; q;�) = hfk; �i; 8 � 2 X; (2.20)with ak given by ak(u; q;'; �) := hEu;E'iZ + �khq; �iQ; (2.21)bk, fk as above and gk de�ned bygk := (E�(zÆ �Euk); 0) 2 X� �Q: (2.22)



2.1 The Dis
retized Karush-Kuhn-Tu
ker System 7Theorem 2.3. Suppose that the assumptions of Theorem 2.2 are satis�ed and let(uh; qh; �h) 2 Xh �Qh �Xhdenote the unique solution of (2.17), (2.18). Then there exists a 
onstant 
 > 0 independentof Xh and Qh su
h thatk(u� uh; q � qh; �� �h)k � 
�rÆ�;h + inf(v;s;�)2Xh�Qh�Xh k(u� v; q � s; �� �)k� ; (2.23)where (u; q; �) denotes the unique solution of (2.19), (2.20) andrÆ�;h := k(R� � I)zÆkZ + supv2Xh;kvk=1 k(R� � I)EvkZ : (2.24)Proof. First, let (~uh; ~qh; ~�h) denote the solution of (2.17), (2.18) with a�k, g�k repla
ed by ak,gk. Then Theorem 2.1 in [8℄ implies the existen
e of a 
onstant 
1 > 0 (independent of Xhand Qh) su
h thatk(u� ~uh; q � ~qh; �� ~�h)k � 
1 inf(v;s;�)2Xh�Qh�Xh k(u� v; q � s; �� �)k:Moreover, the stable dependen
e of the solutions of (2.17), (2.18) on the right-hand sideimplies the existen
e of 
2 > 0 withk(uh � ~uh; qh � ~qh; �h � ~�h)k� 
2 supv2Xh;kvk=1hg�k � gk; (v; 0)i + sup'2Xh;k'k=1 ja�k(~uh; ~qh; ')� ak(~uh; ~qh; ')j!� 
2 supv2Xh;kvk=1hEv; (R��R� � I)(zÆ �Euk)i+ sup'2Xh;k'k=1hE'; (R��R� � I)E~uhi!� 
2kEk k(R� � I)zÆkZ + 
3 supv2Xh;kvk=1 k(R� � I)EvkZ ;and with the triangle inequality we may 
on
lude (2.23).Theorem 2.3 provides an error estimate for the solutions of the dis
retized saddle-pointproblem (2.17), (2.18), 
onsisting of two parts 
orresponding to the numeri
al approximationin the image spa
e Z and in the pre-image spa
es X and Q. An obvious estimate for the �rstterm is rÆ�;h � infy2Z� ky � zÆkZ + supv2Xh;kvkX=1 inf~y2Z� k~y �EvkZ ;whi
h possibly does not lead to a quantitative estimate, sin
e there is no additional informa-tion on the smoothness of the noisy data. An alternative estimate isrÆ�;h � Æ + infy2Z� ky � zkZ + supv2Xh;kvkX=1 inf~y2Z� k~y �EvkZ :The in�mum of ky � zkZ 
an usually be estimated more easily, sin
e the exa
t data z aresmoother due to the fa
t that û is the solution of the state equation for some parameter q̂.E.g., if the state equation is of ellipti
 type with solution û 2 H1(
), E : H1(
) ! L2(
)



8 3 CONVERGENCE ANALYSISis the embedding operator, and R� results from a standard �nite element dis
retization on agrid with �neness �, then we have at leastinfy2Z� ky � zk = O(�):Another important observation is that the last term vanishes if the dis
rete spa
es Z� andXh are equal, whi
h 
an be a
hieved in some appli
ations.The se
ond term in (2.23) shows that the Galerkin approximation of the KKT-system isof optimal order in Xh�Qh�Xh; it 
an be estimated by standard methods for �nite elementdis
retizations; quantitative estimates 
an be obtained using the regularity of the iterates.This part depends of 
ourse strongly on the spe
i�
 appli
ation.3 Convergen
e AnalysisIn this se
tion we will analyze the Galerkin LMSQP method with respe
t to 
onvergen
e, i.e.,the 
onvergen
e of the re
onstru
tion obtained with an appropriate stopping rule as the noiselevel and the measure for the dis
retization �neness tend to zero. With � = 0, h = 0 we willidentify the in�nite-dimensional 
ase, i.e., X0 = X, Q0 = Q and Z0 = Z. We assume thatthe dis
rete subspa
es satisfy[h>0Xh = X; [�>0Z� = Z; [h>0Qh = Q:If we denote by ek and fk the error terms(ek; fk) := (Ph(uk � û); ~Ph(qk � q̂)); (3.1)we 
an rewrite the Karush-Kuhn-Tu
ker system (2.12) as0� P �hE�R��R�EPh 0 P �hK�kPh0 �k ~P �h ~Ph ~P �hL�kPhP �hKkPh P �hLk ~Ph 0 1A0� ek+1fk+1�k+1 1A = 0� P �hE�R��R�(zÆ �EPhû)�k ~P �h ~Ph(qk � q̂)rk 1A (3.2)where the rk denotes the remainderrk := P �h �e(û; q̂)� e(uk; qk) + e0(uk; qk)(Phek; ~Phfk)� : (3.3)As in [10℄, we require a 
ondition on the nonlinearity, whi
h is summarized in the following:Assumption 1. Let (1.5) be satis�ed and de�ne the remainder r(u; q) byr(u; q) := e(û; q̂)� e(u; q) � e0(u; q)(û � u; q̂ � q): (3.4)Then we assume that there exists a 
onstant 
1 < 1 su
h thatkEeu(u; q)�1r(u; q)kZ � 
1kEu� zkZ ; 8 (u; q) 2 B2�(u0)�B2�(q0); (3.5)and that there exists a solution (û; q̂) 2 B�(u0) � B�(q0) of the parameter identi�
ationproblem.



9If we de�ne the dis
retization measures �h, �h by�h = kE(I � Ph)ûkZ ; �h = 
�;�k(I � ~Ph)q̂kQ; (3.6)where 
�;� = sup(u;q)2B2�(u0)�B2�(q0) kEeu(u; q)�1eq(u; q)kZ ; (3.7)and �� by �� = 
1��1 supkvkX=1 k(R� � I)EvkZ : (3.8)Then for all (u; q) 2 B2�(u0)�B2�(q0), the estimatekR�Eeu(u; q)�1rh(u; q)kZ � 
1kR�(Eu� z)kZ + �� + �h + �h (3.9)holds, where rh(u; q) := e(û; q̂)� e(u; q) � e0(u; q)(Phû� u; ~Phq̂ � q): (3.10)Remark 1. If Xh, Z� and Qh are standard �nite-element spa
es on some triangulations, then�h, �� and �h 
an be estimated by the approximation error of these elements. In parti
ular,if the dis
retization parameter (i.e., the maximal size of a triangle) tends to zero and if thetriangulation is regular, one 
an guarantee that �h, �� and �h tend to zero (
f. [32℄ for furtherdetails).For the 
hoi
e of the stopping index we use a numeri
al version of (1.9), whi
h involvesthe dis
retization measures de�ned above:kR�(Euk� � zÆ)kZ � �(Æ� + 2�h + �h) < kR�(Euk � zÆ)kZ ; 8 k < k�: (3.11)For an appropriate 
hoi
e of � , this allows us to prove the following monotoni
ity property ofthe iterates:Lemma 3.1. Let Assumption 1 be ful�lled, let the noise be bounded by (1.1), and assumethat ��10 (kEe0kZ � Æ � �h)2 + kf0k2Q � �2: (3.12)In addition, �k is 
hosen su
h that �k � �k�1 for all k 2 N and that
1 := 
1 supk2Ns�k�1�k < 1; (3.13)and the stopping index k� is 
hosen a

ording to the generalized dis
repan
y prin
iple (3.11)with � > 1 + 
1 + 
1
1(1� 
1) ; (3.14)then qk 2 B2�(q0) and the estimates(kR�Eek+1kZ � Æ � �h)2 + �kkfk+1k2Q + �kkqk+1 � qkk2Q� (
1kR�EekkZ + Æ + �� + 2�h + �h)2 + �kkfkk2Q (3.15)and ��1k (kR�Eek+1kZ � Æ � �h)2 + kfk+1k2Q � ��1k�1(kR�EekkZ � Æ � �h)2 + kfkk2Q (3.16)hold for all k < k�.



10 3 CONVERGENCE ANALYSISProof. Assume that qk 2 B2�(q0). Then, with (3.2) and�k+1 = �(P �hK�kPh)�1P �hE�R��R�(Euk+1 � zÆ)we dedu
e the identity2kR�Eek+1k2Z + �kkfk+1k2Q + �kkqk+1 � qkk2Q= 2kR�Eek+1k2Z + �kkfkk2Q + 2�khfk+1; qk+1 � qki= 2hR�(zÆ �EPhû); R�Eek+1iZ + �kkfkk2Q+ 2hR�(Euk+1 � zÆ); R�EPh(P �hKkPh)�1P �hrh(uk; qk)iZ :The noise bound (1.1) implies thatkR�(zÆ � Phû)kZ � kR�(zÆ � z)kZ + kE(I � Ph)ûkZ � Æ + �h;and using the Cau
hy-S
hwarz inequality together with (3.9) we obtain the estimate(kR�Eek+1kZ � Æ � �h)2 + �kkfk+1k2Q + �kkqk+1 � qkk2Q� (
1kR�EekkZ + Æ + �� + 2�h + �h)2 + �kkfkk2Q:(3.16) follows from dividing (3.15) by �k and the fa
t thats�k�1�k (
1kR�EekkZ + Æ + �� + 2�h + ��) � kR�EekkZ � Æ � �h:By indu
tion we 
an now show that qk 2 B�(q0) for k < k� and � satisfying (3.14).In an analogous way to the proof of Lemma 3.2 in [10℄ we 
an prove the following statementon the �niteness of the stopping index k� if Æ > 0:Lemma 3.2. Under the assumptions of Lemma 3.1, the dis
repan
y prin
iple (3.11) yieldsa �nite stopping index k� if Æ�;h := Æ + �� + 2�h + �h > 0; (3.17)and � is 
hosen a

ording to (3.14).One observes that in the above estimates, the term Æ�;h now plays the same role as the noiselevel Æ in the in�nite-dimensional setup. Therefore it is also possible to prove 
onvergen
eas Æ�;h ! 0 in the same way as 
onvergen
e in the in�nite-dimensional 
ase for Æ ! 0 (
f.[10, Theorem 3.5℄). Consequently, we do not give the detailed 
onvergen
e proof, but refer to[10℄ for further details on the te
hnique of the proof. We only re
all the basi
 assumptionson e and give the �nal 
onvergen
e result, where we use the notation (uÆ;�;hk ; qÆ;�;hk ) for theiteration a

ording to (2.12) with initial value (Phu0; ~Phq0), noise level Æ and dis
retizationparameter h and �.Assumption 2. In addition to Assumption 1, assume that e is of the forme(u; q) = A(u) +N(u; q); 8 (u; q) 2 X �Q; (3.18)



11with 
ontinuously Fr�e
het-di�erentiable (nonlinear) operators A : X ! X� and N : X�Q!X�, su
h that N(u; :) 2 L(Q;X�); 8 u 2 X: (3.19)Moreover, we assume that A and N satisfy the nonlinearity 
onditionskEeu(u; q)�1A0(v)wkX� � 
2kEwkX� ; 8 (u; v; w; q) 2 B2�(u0)2 �X �B2�(q0); (3.20)andkEeu(u; q)�1Nu(v; s)wkY � 
3kEwkY ; 8 (u; v; w; q; s) 2 B2�(u0)2 �X �B2�(q0)2; (3.21)for some positive 
onstants 
2 and 
3.Theorem 3.3 (Convergen
e). Let Assumption 2 and (3.12) be ful�lled with �, � suÆ-
iently small, and let the noise be bounded by (1.1). Moreover, let �k be 
hosen su
h that�k � �0 for all k 2 N and that (3.13) is satis�ed. If the perturbed iteration is stopped withk� = k�(Æ;R�zÆ; h) a

ording to the generalized dis
repan
y prin
iple (3.11) with � = �(h; �)(uniformly bounded in h and �) satisfying (3.14), then(qÆ;�;hk�(Æ;R�zÆ;h); uÆ;�;hk�(Æ;R�zÆ;h))! (q; u); in X �Q; as maxfÆ�; �h; �hg ! 0; (3.22)where (u; q) is a solution of (1.3) with Eu = z.Proof. Analogous to the proof of Theorem 3.5 in [10℄.4 Numeri
al Realization of the SQP-IterationIn the following we want to dis
uss some numeri
al methods and variants for the 'outeriteration', i.e., the Galerkin LMSQP algorithm under the assumption that we are able tosolve the dis
retized KKT-system numeri
ally. The 'inner iteration', namely the numeri
alsolution of the inde�nite system (2.12) will be investigated in Se
tion 5.4.1 S
aling of State Variable, Parameter and Lagrangian VariableThe performan
e of an iteration algorithm often depends 
ru
ially on the way the problemis formulated. S
aling is a well-known te
hnique for reformulating an optimization problemwhose main obje
tive is twofold: on the one hand all the variables should be of similarmagnitude, on the other hand also the value of the derivatives should all be of similar size. Inun
onstrained optimization, a problem should be res
aled in su
h a way, that 
hanges of theiterate in one dire
tion do not result in by far larger 
hanges of the value of the obje
tive than
hanges in another dire
tion. In 
onstrained optimization the above statements are also truefor ea
h 
onstraint. Additionally the set of 
onstraints should be well balan
ed with respe
tto ea
h other su
h that ea
h 
onstraint has equal weight. Furthermore the set of 
onstraintsshould be balan
ed with respe
t to the obje
tive. As s
aling is of high pra
ti
al importan
efor any optimization problem, many aspe
ts 
an be found in monographs on optimization (
f.e.g. [19, 30℄).We want to 
onsider only the last aspe
t in this 
ontext, i.e., the s
aling of the state
onstraint with respe
t to the obje
tive whi
h is also of high importan
e for a
hieving fast
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onvergen
e of the outer iteration. For the inner iteration, the aspe
t of s
aling 
an bein
luded in the 
onstru
tion of a good pre
onditioner. The outer iteration of an SQP methodtries to attain two goals at the same time: feasibility of the iterate with respe
t to the state
onstraint and optimality of the iterate with respe
t to the obje
tive. One aspe
t dominatingthe other results usually in bad 
onvergen
e properties: If the feasibility aspe
t dominates,only very small 
hanges of the iterate are possible in order to ensure "almost" feasibility. Ifthe optimality aspe
t dominates, any violation of the state 
onstraint is redu
ed too slowly.For the LMSQP method in the form of (2.4),(2.5) it turned out that in many situationsthe feasibility aspe
t is strongly dominating. Using line sear
h methods for globalization (seealso Subse
tion 4.2) this results usually in step lengths mu
h smaller than one. Repla
ing thestate 
onstraint by a pre
onditioned state 
onstraint leads to a better balan
ed formulationand to mu
h faster 
onvergen
e. Furthermore a step length parameter equal to one is a

eptedin almost all steps. Another aspe
t of this kind of res
aling is treated in Subse
tion 6.2.4.2 Globalization StrategiesThe LMSQP method is a variant of Newton's method and therefore only lo
ally 
onvergent(see also the analysis in Se
tion 3). For this reason, globalization strategies, su
h as trustregion methods or line sear
h strategies (whi
h are the two most popular 
lasses of globalizationte
hniques in optimization), are needed.The basi
 idea of trust region methods is to add an additional 
onstraint on the maximalin
rement to the quadrati
 optimization problem for the 
orre
tion step of the 
urrent iterate,i.e. instead of (2.4), (2.5) one would solve (2.4), (2.5) and k(u�uk; q�qk)k � �k with �k 
hosenappropriately. Trust region methods have been su

essfully applied to PDE 
onstrainedoptimization problems (see e.g. [14, 38℄), often using a redu
ed SQP approa
h. We want tomention that a similar e�e
t as with trust-region methods 
ould be rea
hed in prin
iple by
ontrolling the penalty parameter �k, whi
h also restri
ts the step size and produ
ed goodnumeri
al results (see Example 7.1). For a 
omprehensive overview of trust region methodswe refer to Conn et. al. [13℄.In the 
ode used for two-dimensional problems (
f. [10℄ and Example 7.2), we use a linesear
h algorithm for globalization. In 
ontrast to trust region methods, the 
al
ulation of thein
rement is split into two phases: �rst of all, a sear
h dire
tion is determined, and se
ondlythe estimation of a step length parameter indi
ating how far into the sear
h dire
tion oneshould go. For the 
omputation of the sear
h dire
tion we solve the optimization problem(2.4) and (2.5). In order to determine the step length we 
annot use the obje
tive itself as a
riterion (as in un
onstrained optimization), but have to use a merit fun
tion whi
h balan
esthe minimization of the obje
tive with the feasibility with respe
t to the state 
onstraint.Applied to a dis
retized optimization problem of the form~J(V; S)! min(V;S)2Rm�Rn;subje
t to an equation 
onstraint of the form~e(V; S) = ~f;possible 
hoi
es are the l1-merit fun
tion�(V; S) = ~J(V; S) + �k~e(V; S)� ~fkl1



4.3 Nested Multi-Level Optimization Te
hniques 13and its variants, and the augmented Lagrangian�(V; S;�) = ~J(V; S) + �T (~e(V; S)� ~f) + �2 k~e(V; S)� ~fk2l2 ;where � is an estimate of the Lagrangian variable 
orresponding to the dis
retized equation
onstraint. Both merit fun
tions are exa
t in the sense that for � suÆ
iently large, minimizersof the original 
onstrained optimization problem also minimize the merit fun
tion.A 
ru
ial property in the design of a merit fun
tion is that it should a

ept step lengthone 
lose to a solution in order to preserve the quadrati
 
onvergen
e of the SQP method.The augmented Lagrangian works well, as long as the estimate for the Lagrangian multi-plier is a

urate enough, whereas the l1-merit fun
tion sometimes su�ers from the so-
alled"Marathos-e�e
t", i.e. it does not a

ept unit step length and therefore 
auses a slow-downof the 
onvergen
e. A strategy to over
ome this diÆ
ulty using a se
ond order 
orre
tion
an be found in [30℄; nevertheless, it performed very well in our numeri
al experiments (seeExample 7.2).4.3 Nested Multi-Level Optimization Te
hniquesImportant tools for the eÆ
ient numeri
al approximation of in�nite-dimensional optimizationproblems are multi-level optimization methods. In the nested multi-level setup, one starts theoptimization pro
edure at a 
oarse level Xh1 � Qh1 , where the iteration pro
edure 
an be
arried out eÆ
iently. If an appropriate stopping rule is satis�ed, one interpolates the stateand parameter obtained in this way to a �ner level Xh2 � Qh2 (for h2 < h1), serving nowas a starting value on this level. This pro
edure is repeated until the �nest level is rea
hed.Usually, nested spa
e are used in this approa
h, i.e., Xh1 � Xh2 , Qh1 � Qh2 (for h2 < h1),whi
h leads to simple interpolation operators. Sin
e one 
annot 
hoose the dis
retization ofthe data arbitrarily in general , we 
onsider only the 
ase of �xed � here, but a multi-levelapproa
h in � 
an be realized in an analogous way, if ne
essary.Nested multi-level methods outperform standard dis
retization te
hniques in many 
ases(
f. e.g. [21, 22, 29℄); usually a 
onsiderable number of iterations is needed on the 
oarse levelonly , where the numeri
al e�ort per iteration is very low. On the �nest levels, the stoppingrule is often satis�ed already after one iteration step and so the overall e�ort is less than for adire
t dis
retization on the �nest level. For the Galerkin LMSQP method, we 
an formulatea multi-level algorithm as follows:Algorithm 4.1 (Nested Multi-Level Galerkin LMSQP). Given a de
reasing sequen
efh`g`=1;:::;L with nested spa
es Xh` � Xh`+1 , Qh` � Qh`+1 (e.g. h` = 2�`h0), and a non-in
reasing sequen
e �` satisfying (3.14), the nested multi-level Galerkin LMSQP method 
on-sists of the following iterative pro
edure:1. Set ` = 1, h = h1 and start with (u0̀; q0̀) 2 Xh �Qh.2. Perform the Galerkin LMSQP method until the stopping 
riterion (3.11) is satis�edwith stopping index k�(`).3. If ` = L stop the iteration, else prolongate the iterate (uk̀� ; qk̀�) to the �ner levelXh`+1�Qh`+1, whi
h results in a new starting value (u`+10 ; q`+10 ). Set h = h`+1, ` = `+1and go to step 2.



14 5 NUMERICAL SOLUTION OF THE KKT-SYSTEMThe analysis in Se
tion 3 shows that for �0̀ � �`�1k�(`�1), the estimate(�k̀�(`))�1kR�Eek̀�(`)k2Z + kfk̀�(`)k2Q + k�(`)�1Xj=0 kqj̀+1 � qj̀k2Q� (�0̀)�1kR�Ee0̀k2Z + kf0̀k2Q� (�`�1k�(`�1))�1kR�Ee`�1k�(`�1)k2Z + kf `�1k�(`�1)k2Q + �`holds, where �` is the error 
orresponding to the interpolation of the iterates from level `� 1to level `, i.e.,�` = (�0̀)�1 �kR�Ee0̀k2Z � kR�Ee`�1k�(`�1)k2Z�+ �kf0̀k2Q � kf `�1k�(`�1)k2Q� : (4.1)This monotoni
ity estimate 
orresponds very well to the intuition that only few iterations areneeded on the �ne levels, in parti
ular if �k̀ is de
reasing, whi
h leads tokR�Eek̀�(`)k2Z � �k̀�(`) �(�0̀)�1�`�1Æ�;h`�1 + kf `�1k�(`�1)k2Q + �`� :For a �ne level with small �, we 
an expe
t that�k̀�(`)(�0̀)�1�`�1Æ�;h`�1 � �`Æ�;h` ;and the se
ond term �k̀�(`)(kf `�1k�(`�1)k2Q+�`) 
an be expe
ted to be negligible. I.e., the stoppingrule at level ` is probably satis�ed with k�(`) = 1.Under typi
al 
onditions, where Xh` and Qh` 
orrespond to standard �nite-element spa
eson di�erent re�nement levels of an initial triangulation of a domain 
, one 
an show that atleast �` = O(h`�1), and 
onsequentlyLX̀=2 �` � 
h1(1 + L�2Xj=0 rj) � 
h1 2� r1� rfor some 
onstant 
 2 R+ , where r = max1�`�L�1 h`+1h` < 1:Together with the above estimate one 
an show with a standard proof te
hnique that thepair (uLk�(L); qLk�(L)) 
onverges to a solution (u; q) of the parameter identi�
ation problem forÆ�;hL ! 0.5 Numeri
al Solution of the KKT-SystemIn the following we will dis
uss the numeri
al solution of the dis
retized KKT-system (2.12)for �xed iteration number k. We have seen above that the Galerkin-type approximation (2.12)of the original KKT-system is stable and 
onvergent, now we dis
uss some of its stru
turalproperties, whi
h are important for the appli
ation of iterative solution methods and for the
onstru
tion of pre
onditioners.



5.1 The System Matrix M 15Choosing bases� = ('1; : : : ; 'm)T 2 Xmh ; � = (�1; : : : ; �n)T 2 Qnh; (5.1)of the �nite-dimensional subspa
es Xh and Qh, we may represent (u; q; �) 2 Xh � Qh �Xhvia u = V T�; q = ST�; � = �T�; (5.2)with 
oordinate ve
tors V;� 2 Rm and S 2 Rn . In order to transform (2.12) into a linearsystem for V , S and �, we de�ne the matri
esG := (hE'j ; E'iiZ)i;j=1;:::;m H := (h�j ; �iiQ)i;j=1;:::;n (5.3)K := (hKk'j ; 'ii)i;j=1;:::;m L := (hLk�j; 'ii)i=1;:::;m;j=1;:::;n (5.4)and the ve
torsf1 := (hzÆ;� �Euk; E'iiZ)i=1;:::;m; f3 := (hf � e(uk; qk); 'ii)i=1;:::;m: (5.5)This allows us to rewrite the dis
retized KKT-system (with penalty parameter � = �k) as0� G 0 KT0 �H LTK L 0 1A0� VS� 1A = 0� f10f3 1A ; (5.6)respe
tively as MX = F; (5.7)where M is the matrix in (5.6) andX = 0� VS� 1A F = 0� f10f3 1A :The stru
tural properties ofM and its sub-matri
es will be examined in the following se
tion.5.1 The System Matrix MDue to the well-posedness result on the dis
retized KKT-system (2.12) (
f. Theorem 2.2), wemay 
on
lude that the system matrix M is regular. In order to obtain further insight intothe stru
ture of M , we investigate the properties of the sub-matri
es G, H, K and L:Proposition 5.1. The matri
es K 2 Rm�m and H 2 Rn�n are symmetri
 positive de�nite,and the matrix G 2 Rm�m is symmetri
 positive semi-de�nite. If, in addition, the operatorE is inje
tive on Xh, then G is regular, too.Proof. Let u and q be as in (5.2), then there exist 
onstants 
1(h) and 
2(h) su
h thatkukX � 
1(h)jV j; kqkQ � 
2(h)jSj;where j:j denotes the eu
lidean norm in Rn and Rm , respe
tively. Thus, we haveV TKV = hKku; ui � �ekuk2X � �e
1(h)2jV j2;
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2(h)2jSj2:Moreover, the identity V TGV = kEuk2Z � 0implies that G is positive semi-de�nite and regular under the assumption that E is inje
tiveon Xh. The symmetry of the matri
es G, H and K 
an be veri�ed in a similar way, usingthe symmetry of s
alar produ
ts and the self-adjointness of the operator Kk.The matrix L 2 Rm�n is diÆ
ult to analyze, it is neither symmetri
 nor regular in general(in parti
ular if n 6= m). However, some fundamental properties of M (su
h as its regularity)rely rather on G, H and K than on L. Moreover, the 
lassi
al splitting of a symmetri
saddle-point problem as0� G 0 KT0 H� LTK L 0 1A = 0� I 0 00 I 0KG�1 LH�1� I 1A0� G 0 00 H� 00 0 �C 1A0� I 0 G�1KT0 I H�1� LT0 0 I 1A ;where H� := �H and C is the S
hur-
omplementC := KG�1KT + ��1LH�1LT ; (5.8)is possible if we only know that G and H are regular. In parti
ular, we may 
on
lude thatM has n+m positive and m negative eigenvalues.5.2 Redu
ed SQP Approa
hesThe basi
 idea of redu
ed SQP-methods is the a-priori elimination of the equality 
onstraint,whi
h 
an be written in matrix form asKV + LS = f3; (5.9)whi
h is equivalent to an elimination of V and � in (5.6).Due to Proposition 5.1, K is a regular, symmetri
 matrix and thus, we may 
omputeV = K�1(f3 � LS); (5.10)� = K�T (f1 �GV ); (5.11)whi
h yields after some 
al
ulations the n� n-systemMrS = g (5.12)with Mr := H + LTK�TGK�1L (5.13)g := LTK�T (GK�1f3 � f1): (5.14)The redu
ed SQP-approa
h seems of parti
ular interest if n � m, whi
h is a frequentlyused dis
retization strategy for parameter identi�
ation and optimal 
ontrol problems (
f. e.g.[35, 36, 37℄). The original matrixM is an inde�nite matrix of size (2m+n)� (2m+n), while



5.3 Simultaneous Solution of the KKT-System 17the redu
ed system matrix Mr in (5.12) is of size n� n. However, Mr is not a sparse matrixeven if all the sub-matri
es of M are sparse, sin
e it involves the inverse of K. Moreover,the evaluation of Mr is more expensive than the evaluation of the original system matrix M ,sin
e it involves the solution of two systems of the formKW = g; (5.15)with di�erent right-hand sides g, while for the evaluation ofM only dire
t evaluations ofK areneeded, whi
h are very 
heap for typi
al �nite element dis
retization of the state 
onstraint.In pra
ti
e, one usually tries to 
ompensate this disadvantage of redu
ed SQP-methods byusing a Broyden-type update for the redu
ed system matrix instead of the exa
t matrix Mr,whi
h leads to eÆ
ient optimization algorithms for small n.5.3 Simultaneous Solution of the KKT-SystemRe
ently, the simultaneous solution of KKT-systems by iterative methods has been investi-gated, in parti
ular in 
onne
tion with optimal 
ontrol problems (
f. [2, 4, 5, 20℄). Comparedto the redu
ed SQP-approa
h, a simultaneous solution strategy has the obvious advantagethat the allo
ation and evaluation of the system matrix M is mu
h 
heaper than of Mr. Thepay-o� is that M is inde�nite and larger than Mr, whi
h might 
ause additional e�ort. How-ever, the main e�ort in the redu
ed SQP-approa
h is related to the evaluation or assembly ofthe system matrixMr, respe
tively, and therefore a simultaneous solution of the KKT-system
an result in a tremendous speed-up of the SQP-method, in parti
ular for �ne dis
retizations.At a �rst glan
e, it seems rather straight-forward to solve (5.7) by a standard iterativemethod for inde�nite systems su
h as inexa
t Uzawa methods (
f. [6, 15℄) or Krylov-subspa
emethods su
h as GMRES (
f. [34℄), MINRES (
f. [31℄) and QMR (
f. [18℄). However, inthe 
ase of large-s
ale problems, we have to expe
t a large 
ondition number (note that �is usually small and that M is singular for � = 0) and a 
ompli
ated eigenvalue pattern ofthe matrix M , whi
h might 
ause iterative methods to diverge or to need a high number ofiterations. Therefore, an appropriate pre
onditioning te
hnique seems ne
essary for any ofthe methods. We do not go into details here, but refer to the forth
oming paper [11℄ for adis
ussion of pre
onditioners.In the following we distinguish two types of solvers that seem appropriate for the solutionof the inde�nite system (5.7) and dis
uss their basi
 properties with respe
t to the spe
ialstru
ture of M .Inexa
t Uzawa IterationsInexa
t Uzawa methods and similar iteration pro
edures have been developed for the solutionof the 
lassi
al Stokes system and similar problems (
f. [32℄ for an overview). The 
lassi
alUzawa method is just a gradient method for the dual of the 
orresponding Lagrange fun
tional,the inexa
t Uzawa method 
an be interpreted as a pre
onditioned version (
f. [32℄). Followingthe exposition by Zulehner [39℄, we 
an write an inexa
t Uzawa method for a system of theform (5.6) as Â� Vj+1 � VjSj+1 � Sj � = � f1 �GVj �K�j��HSj � L�j � ; (5.16)



18 5 NUMERICAL SOLUTION OF THE KKT-SYSTEMfollowed by Ĉ(�j+1 � �j) = f3 �KVj+1 � LSj+1; (5.17)where Â is a pre
onditioner for the diagonal matrixA := � G 00 �H � ; (5.18)and Ĉ is a pre
onditioner for the S
hur-
omplement C de�ned by (5.8). In terms of (5.7) we
an write the inexa
t Uzawa iteration asXk+1 = (I � M̂�1M)Xk + M̂�1F; (5.19)where M̂ is a pre
onditioner for the system matrix, given byM̂ = � Â 0B Ĉ � ; (5.20)with B = �K L�.A 
onvergen
e analysis of this method is available only in the 
ase when A is a regularmatrix (
f. [6, 39℄), whi
h means that we have to assume that G is regular. The latteris true e.g. if the data z represent distributed data for the state, i.e., E is an embeddingoperator. In this 
ase, the stru
ture of A is rather simple and it is not a diÆ
ult task to
onstru
t a pre
onditioner, even exa
t pre
onditioning seems possible (note that G is just amass matrix for a typi
al �nite element dis
retization). Sin
e the matri
es G and H do not
hange during the SQP-iteration we may even 
ompute de
ompositions in a prepro
essingstep. The 
onstru
tion of a pre
onditioner for the S
hur-
omplement C is more diÆ
ult andmust take into a

ount the spe
i�
 nature of the underlying state equation.Krylov-Subspa
e MethodsThe Krylov-subspa
e methods GMRES and QMR are variants of the CG-algorithm that areappli
able to inde�nite problems, too. The basi
 idea of su
h methods is a defe
t minimizationin the Krylov-subspa
e Kk(M ;X1) = fX1;MX1; : : : ;Mk�1X1g; (5.21)generated by X1, in the k-th iteration step. Sin
e pre
onditioned CG-methods are probablythe most su

essful 
lass of iteration methods for positive de�nite systems, su
h methodsseem very attra
tive also in the inde�nite 
ase, although additional diÆ
ulties may arise (
f.e.g. [34℄).The 
onvergen
e analysis in [34℄ and [18℄ shows that the error bounds obtained for bothmethods are essentially the same, and mainly dependent on the eigenvalue distribution andthe 
ondition number of the system matrix M . Therefore, appropriate pre
onditioning isagain of high importan
e, in this 
ase also with the possibility that G is singular. We referto [11℄ for a detailed dis
ussion of this problem.



196 Appli
ation to Potential Re
onstru
tionAs a �rst appli
ation we investigate the identi�
ation of the potential q in the ellipti
 boundaryvalue problem ��u+ qu = f in 
; (6.1)u = 0 on �
; (6.2)from a state observation in L2(
), whi
h is a well-studied problem in literature (
f. e.g. [33℄).In [10℄, it has been shown that in the setup (d denotes the spa
e dimension)X = H10 (
); X� = H�1(
); Q = Hd(
); Z = L2(
); (6.3)the operators e : X �Q! X�; (u; q) 7! (��u+ qu) (6.4)E : X ! Z; u 7! u; (6.5)satisfy all assumptions needed for the 
onvergen
e analysis of the LMSQP-method. Now weshall study a 
on
rete �nite-element dis
retization of the KKT-system and the derivation ofestimates for the numeri
al errors ��, �h and �h.6.1 Error Estimates for the Dis
retized KKT-SystemIn this 
ase we 
an write the whole KKT-system in 
lassi
al form as��v + qkv + suk = f in 
; (6.6)���+ qk�+ u� zÆ = 0 in 
; (6.7)�Lds+ uk� = 0 in 
; (6.8)again with homogenous Diri
hlet boundary 
onditions upon v and � on �
, where Ld is adimension-dependent di�erential operator of order 2d 
orresponding the norm in Hd(
), e.g.,we have L1q = �qxx + q (6.9)L2q = �(�q + q) + q; (6.10)supplemented by homogenous boundary 
onditions up to order d� 1. If f 2 L2(
) and u0 2H2(
) \H10 (
), a standard ellipti
 regularity argument shows that û; uk 2 H2(
) \H10 (
),for all k 2 N. In the same way we 
an show that �k 2 H2(
)\H10 (
) and sk 2 H2d(
). Thisadditional regularity 
an be employed to derive standard error estimates for �nite-elementdis
retizations of the KKT-system (2.12).If we use pie
ewise linear �nite elements on regular triangulations T� and Th for thedis
retization spa
es Z� and Xh, where � and h represent the �neness of the grids, then a
lassi
al approximation result for �nite elements (
f. [32, p.96℄) implies that�� = O(�2) and �h = O(h): (6.11)Of 
ourse, one 
ould also use pie
ewise 
onstant elements on T�, whi
h would yield �� = O(�).However, in pra
ti
al appli
ations a higher-order approximation in � is often desirable, sin
e
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an be signi�
antly larger than a reasonable 
hoi
e of h. A 
anoni
al approximation of theparameter q is a �nite element spa
e of order greater or equal d on a regular triangulation T~h �Th; under a-priori assumptions on the exa
t solution q̂ one 
an obtain quantitative estimatesfor �h in terms ~h. At a �rst glan
e it seems surprising that one needs a-priori assumptionson the parameter, but not on the state in order to derive error estimates. However, due tothe ill-posedness of the identi�
ation problem with respe
t to the parameter q, su
h a-prioriknowledge seems to be ne
essary. The approximation of the state 
orresponds rather to theapproximation of the underlying ellipti
 state equation, whi
h is well-posed with respe
t tou and yields further regularity. We �nally want to mention that a

ording to the theorydeveloped above, one 
ould 
hoose T~h independent of Th, but this would 
ause unne
essary
ompli
ations in the implementation of the method.We note that alternatively one 
an use the spa
e Q = L2(
) for d � 3, whi
h yieldsLd = I, i.e., (6.8) be
omes �s+ uk� = 0: (6.12)An appropriate dis
retization strategy is e.g. to 
hoose Qh as the spa
e of pie
ewise 
onstantelements on an underlying grid T~h. The advantage of this approa
h is that elements of ordergreater than one, whi
h are ne
essary for Q = Hd(
) (d � 2), 
an be avoided.6.2 Stru
ture of the System MatrixFor the potential identi�
ation problem, some parts of the system matrixM in (5.6) are well-understood. First of all, G is an L2-mass matrix and it is positive de�nite if the triangulationsT� and Th 
oin
ide, whi
h we assume in the following. The eigenvalues of G are then all oforder hd. The matrix H is the sti�ness matrix for the di�erential operator Ld, with minimaleigenvalue of order hd and maximal eigenvalue of order h�d.The matrix K is the sum of a sti�ness matrix for the Lapla
ian and a weighted massmatrix (with weight qk in the L2-s
alar produ
t), where one 
an expe
t the �rst part inthis sum to be dominating. Thus, the sti�ness matrix K̂ for the Lapla
ian will be a goodpre
onditioner for K. The maximal and minimal eigenvalues of K and K̂ are of order hd�2and hd, respe
tively. The remaining part in the system matrix, namely the matrix L, isdiÆ
ult to understand, sin
e its elements are weighted L2-s
alar produ
ts of basis fun
tionsof di�erent �nite element spa
es. However, the spe
tral norm of L 
an be estimated, it is oforder ~hd.The 
onstru
tion of pre
onditioners for G and H is well-investigated, even exa
t pre
on-ditioning seems to be appli
able. For K it seems reasonable to use a pre
onditioner K̂ for theLapla
ian, e.g. a multi-grid pre
onditioner. With pre
onditioning for K, the system matrix
an be transformed to ~M = 0� G 0 KK̂�10 �H LT K̂�1K̂�1K K̂�1L 0 1A ; (6.13)with the 
orresponding S
hur-
omplement~C = K̂�1KG�1KK̂�1 + ��1K̂�1LH�1LT K̂�1: (6.14)If K̂ is an appropriate pre
onditioner for K, then we 
an estimate the minimal eigenvalue by�min( ~C) � �min(K̂�1KG�1KK̂�1) = O(h�d); (6.15)



21and the maximal eigenvalue by�max( ~C) � kK̂�1KG�1KK̂�1k2 + ��1kK̂�1LH�1LT K̂�1k2 (6.16)= O �h�d(1 + ��1h�2d~h2d)� : (6.17)Hen
e, the 
ondition number of ~C is independent of h, but only depends on � and ~hh . Oneobserves that the 
ondition number is de
reasing as ~h tends to h from above (note thatusually ~h � h). For the Uzawa iteration, one 
an 
hoose the pre
onditioner Ĉ in this 
ase asa multiple of K̂�1KG�1KK̂�1 or even of G�1. If ~h � h, the Uzawa iteration seems not tobe optimal, in this 
ase one 
an apply either a redu
ed SQP-approa
h or use Krylov-subspa
emethods with di�erent pre
onditioning strategies. For the details on the latter we refer to[11℄.7 Numeri
al ExperimentsIn order to test our theoreti
al results, we numeri
ally solve some model problems, whi
h havealready been investigated with respe
t to the 
onvergen
e behavior of the LMSQP-method in[10℄.Example 7.1. Our �rst example is the identi�
ation of the potential q in (6.1), (6.2) from astate observation u 2 L2(
), with 
 = (0; 1), g = 0 andf(x) = 12 + sinx; x 2 
:The exa
t potential is given by q(x) = x(1� x);whi
h is an element of Q = H1(
). This problem was implemented in the software-systemMATLAB.The data are generated by solving the state equation on a �ne grid and subsequent in-terpolation to a 
oarser grid; the noise is an additive high-frequen
y perturbation. We useduniform grids with m nodes for the dis
retization of the state u and the Lagrange-parameter� and n nodes for the parameter q, i.e., h = (m� 1)�1 and ~h = (n� 1)�1. The parameters�k are 
hosen a

ording to �k+1 = 0:9�k, with �0 = 10�6, whi
h lead to 
onvergen
e of themethod even for starting value q � 0.The KKT-system (5.6) is solved by the QMR method, using an Uzawa-type pre
onditioneras des
ribed in Se
tion 6.2, with Â = A, K̂ a pre
onditioner for the Lapla
ian and Ĉ =G�1. The 
onvergen
e results for the overall LMSQP-method have been shown in [10℄ and
ompared to a Levenberg-Marquardt method following the feasible path. It turned out thatboth methods lead to almost the same iteration sequen
e qk. In parti
ular, the number ofiterations needed until the stopping rule is satis�ed, is the same for both methods. Nowwe 
ompare the numeri
al eÆ
ien
y of the LMSQP-method with feasible path approa
hes,namely the Levenberg-Marquardt method (LM) on the feasible path (with the same Galerkindis
retization as for LMSQP and solution of the Gauss-Newton system by a pre
onditionedCG-method) and a Broyden-type variant of the Levenberg-Marquardt method (
f. [23℄ forfurther details).



22 7 NUMERICAL EXPERIMENTSm n LMSQP LM Broyden201 41 0.07 1.37 0.51201 101 0.18 3.44 1.34201 201 0.36 6.94 2.88401 201 0.51 24.83 9.09401 401 1.39 50.39 20.48801 401 2.61 193.21 70.69801 801 5.66 392.54 158.691601 801 7.91 1564.50 600.661601 1601 22.86 3144.40 1356.60Table 1: CPU-time (in se
onds) needed for the LMSQP-method, the LM-method and aBroyden-type variant of the LM-method.For this sake we 
hoose di�erent dis
retization levels (�xed during the iteration) andmeasure the CPU-time needed for the LMSQP-method, until the stopping rule is satis�ed (for�xed noise level Æ). From the results shown in Table 1 one observes that the LMSQP-methodwith simultaneous solution of the KKT-system outperforms the feasible-path approa
hes forall di�erent dis
retizations. Sin
e the LMSQP and the LM-method need the same number ofouter iterations, the di�eren
e in the numeri
al e�ort is 
aused by the fa
t that the e�ort forthe evaluation of the system matrix in the LM-method is signi�
antly higher than evaluationand pre
onditioning of the system matrix in the simultaneous LMSQP-method. Obviously,the gain in the numeri
al e�ort for the evaluation of the system matrix in
reases with thenumber of dis
retization points, whi
h explains the extremely large CPU-time for the LM-method at the �nest dis
retization level (m = 1601). For small m and n, the Broyden-variantis mu
h faster than the LM-method, whi
h is again 
aused by the fa
t that the evaluation ofthe system matrix 
an be 
arried out eÆ
iently. However, the number of iterations neededfor the Broyden-type variant is mu
h larger than for the other two methods, whi
h use thefull information about the derivatives.Finally, we investigate the spe
tral 
ondition of the system matrix M as well as of thematrix ~M de�ned by (6.13), where we use a pre
onditioner for the Lapla
ian as K̂. >From theleft pi
ture in Figure 1, whi
h shows the 
ondition number as a fun
tion of the dis
retizationsize h (in logarithmi
 s
ale) for �xed � = 10�5, one observes that the 
ondition number of Mgrows quadrati
ally with h�1, while the 
ondition number of ~M is mu
h smaller and almostindependent of h. The se
ond part of Figure 1 shows a plot of the 
ondition numbers vs.the parameter � in doubly logarithmi
 s
ale, from whi
h it seems that the growth of the
ondition number as � ! 0 is slower for ~M than for the original matrixM . In both 
ases, the
ondition number seems to be a 
onvex fun
tion of �, whi
h has a unique minimum at some�. However, this value � is rather large and values of � that are signi�
antly larger than �are not of interest for our purpose, sin
e they would 
ause a tremendous slow-down of theouter iteration. Therefore we 
an fo
us our attention to the 
ase � < �, where the 
onditionnumber in
reases in a monotoni
ally with ��1.Example 7.2. Our se
ond numeri
al example is the identi�
ation of the 
ondu
tivity q 2
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Figure 1: Plot of the spe
tral 
ondition of the matrix M vs. the dis
retization size h (inlogarithmi
 s
ale, left) and vs. the parameter � (in doubly logarithmi
 s
ale, right). Thesolid line shows the 
ondition number of the original matrixM , the dashed line of the matrix~M with pre
onditioned state equation.L1(
) in � div (qru) = f in 
; (7.1)u = g on �
: (7.2)from a state observation u 2 L2(
). The domain 
 is a ball in R2 with missing �rst quadrant,i.e., in radial 
oordinates
 = f (r 
os �; r sin �) j r 2 [0; 1); � 2 (�=2; 2�) g: (7.3)The exa
t parameter to be re
onstru
ted is q̂ � 1, the right-hand side in (7.1) is given byf = 3�4 �3� 
os(3�2 r) + 2r sin(3�2 r)� with r =px2 + y2.The 
orresponding solution of the state equation is û = 
os(3�2 r). The data are generatedusing the exa
t solution û perturbed by uniformly distributed random noise. For the dis-
retization we used triangular �nite elements with pie
ewise quadrati
 shape fun
tions forthe state u and the Lagrange parameter � and pie
ewise 
onstant shape fun
tions for theparameter q. The results were 
al
ulated using the �nite element 
ode FEPP [27℄, developedat the Department for Analysis and Computational Mathemati
s of the University of Linz.We want to mention that this identi�
ation problem is quite 
hallenging not only due tothe 
ompli
ated geometry, but also due to the fa
t that q is not identi�able along a levelline in the interior, where u attains an extremum. This does not destroy the theoreti
alidenti�ability results, be
ause it is a set of Lebesgue-measure zero, but it 
an be expe
ted to
reate numeri
al diÆ
ulties.Results for exa
t data 
an be found in Table 2. The good performan
e of the methodwith respe
t to both, CPU time and number of outer iterations 
an be observed 
learly.Espe
ially for problems with �ne dis
retizations of the parameter q, this method 
an still berealized eÆ
iently, while 
lassi
al approa
hes do not yield results in reasonable time. A plot



24 7 NUMERICAL EXPERIMENTSLevel dim q dim u avg QMR it SQP it time2 92 215 200 9 8 se
3 368 797 200 4 15 se
4 1472 3065 180 5 77 se
5 5888 12017 142 6 450 se
Table 2: CPU-time and number of inner (QMR) and outer (SQP) iterations for exa
t data

Figure 2: Parameter distribution for exa
t data at level 4of the parameter q 
an be found in Figure 2, from whi
h one observes that the parameter isre
onstru
ted very well ex
ept in a neighborhood of the level 
urve fru = 0g.Additional speed-up 
an be gained using a multi-level approa
h as des
ribed in Subse
tion4.3. We used nested spa
es for q and u by subdividing ea
h triangular element into four smallerelements, when re�ning the mesh. Table 3 presents results for this approa
h. It 
an be seenthat on �ne dis
retization levels one SQP step is suÆ
ient for ful�lling the stopping 
riterion,whi
h 
orresponds very well to the theoreti
al predi
tions made in Se
tion 4.3. A 
omparisonof the results to the ones in Table 2 shows that for �xed dis
retization level, the solution ofthe identi�
ation problem on level 5 is only slightly faster than the identi�
ation of q on level6 (with about the fourfold number of parameters) using a multi-level approa
h. A plot ofLevel dim q dim u avg QMR it SQP it time a

. time2 92 215 200 9 8 se
 8 se
3 368 797 200 4 15 se
 23 se
4 1472 3065 175 2 24 se
 47 se
5 5888 12017 80 1 47 se
 94 se
6 23552 47585 121 1 425 se
 520 se
Table 3: CPU-time per level, a

umulated time and number of inner (QMR) and outer (SQP)iterations for exa
t data using a nested multi-level approa
h
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Figure 3: Parameter distribution for exa
t data at level 4 using a nested multi-level approa
hthe parameter 
an be found in Figure 3. Here the approximation of the parameter in thearea where it 
an not identi�ed is by far better than in the 
lassi
al approa
h using only onedis
retization level (
ompare Figure 2).8 Con
lusions and OutlookWe have developed a framework for Galerkin-type approximations of the LMSQP-methodfor parameter identi�
ation problems in ellipti
 partial di�erential equations and we havedis
ussed the implementation of the Galerkin LMSQP-method with iterative solution of theKKT-system. The numeri
al results show that the resulting iteration method 
learly outper-forms state-of-the-art methods for iterative regularization and provides a tool for the eÆ
ientsolution of identi�
ation problems with �ne dis
retizations. Moreover, we have developed amulti-level version of the Galerkin-LMSQP method, whi
h yields a further speed-up.The 
ru
ial point for the possibility to obtain an eÆ
ient implementation of the LMSQP-method is the pre
onditioning of the KKT-system, whi
h is then solved iteratively as aninde�nite problem in the produ
t spa
e for state, parameter and Lagrangian variable. The
onstru
tion of su
h pre
onditioners is not a simple task and has not been dis
ussed in detail inthe present paper, but will be investigated in [11℄, where di�erent pre
onditioning te
hniqueswill be 
ompared.Other numeri
al aspe
ts to be investigated in future resear
h are adaptive dis
retizationstrategies and fast parallel solvers based on domain-de
omposition te
hniques. The adap-tive dis
retization of optimal 
ontrol problems, whi
h is a 
losely related subje
t, has beendis
ussed by Be
ker et al. [3℄; possibly the ideas of this work 
an be 
arried over to identi�-
ation problems, too. The parallel solution of optimal 
ontrol problems has been investigatedby Lions and Pironneau [28℄ in the 
ase of quadrati
 problems; re
ently Biros and Ghattas[4, 5℄ performed a numeri
al study of a parallel solver with an SQP-method for the outer andpre
onditioned Krylov-subspa
e methods for the inner iteration. Many of their ideas seemto be appli
able also for parameter identi�
ation problems that are solved with the LMSQP-method, whi
h rises the hope that eÆ
ient parallel versions of the LMSQP-method 
an bedesigned also for large-s
ale identi�
ation problems su
h as impedan
e tomography.
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