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Abstra
tThe aim of this paper is to develop a theory for the growth of multiple 
rystals in apolymer melt. This leads to nonlinear moving boundary problems for the heat equation,with normal growth speed of the boundaries depending on the temperature. Parti
ularattention is paid to the e�e
t of impingement, i.e., the event of two 
rystals hitting ea
hother, whi
h stops the growth on the 
onta
t interfa
e.In the 
ase of spatial dimension one, the well-posedness of the growth model 
oupled tothe heat equation is shown for an arbitrary number of 
rystals and the resulting evolutionof a �xed 
rystal is 
ompared to the single 
rystal 
ase. In higher spatial dimensions,some basi
 features of the model and the main problems en
ountered in the attempt toprove a general well-posedness result are dis
ussed. Finally, numeri
al methods for the
omputation of growth and heat 
ondu
tion are presented, and applied to the simulationof impingement events between two 
rystals.Keywords: Moving Boundary, Heat Condu
tion, Growth, CrystallizationSubje
t Classi�
ation (MSC 2000): 80A22, 35R35, 35J60, 35K55, 74M151 Introdu
tionCrystallization of polymers is a solidi�
ation pro
ess taking pla
e in a wide temperature rangebetween the equilibrium melting point and the glass transition temperature of the material.The 
rystallization pro
ess 
onsists of four main features:� Nu
leation: this term denotes the random birth of 
rystals from the melt.� Growth: after the nu
leation event, the 
rystal starts to grow, whi
h is a pro
ess drivenby temperature inside the material.� Impingement: this term denotes the geometri
 e�e
t taking pla
e when two 
rystalshit ea
h other and their growth is stopped on the 
onta
t surfa
e.� Heat 
ondu
tion: heat 
ondu
tion takes pla
e inside the material during the 
rystalliza-tion pro
ess, usually with 
ooling at the boundary of the material. The heat 
ondu
tionis a driving for
e for the 
rystallization pro
ess, but vi
e versa in
uen
ed by the growing
rystals, sin
e the material releases a heat sour
e at the moment of phase 
hange.�Supported by the Austrian S
ien
e Foundation under proje
t SFB F 13/081



2 1 INTRODUCTION

Figure 1: A polymeri
 
rystal from a two-dimensional experiment (left) and the Johnson-Mehltesselation of the spa
e by a 
rystalline polymer (right), both taken from an experiment withPolyhydroxybutynate.The growth of a single 
rystal in intera
tion with heat 
ondu
tion has been investigatedby Friedman and Velazquez [17℄ in the framework of moving boundary problems. Our aim inthis paper is to investigate a situation with multiple 
rystals, whi
h means in parti
ular toin
lude the e�e
t of impingement. We shall see below that even for 
omputing the growthof a �xed single 
rystal one 
annot disregard the other 
rystals in the melt, be
ause of theirin
uen
e on temperature.Models for polymer 
rystallization pro
esses have been developed at many levels sin
eAvrami [2℄ and Kolmogorov [18℄ �rst introdu
ed their models in the 
ase of 
onstant temper-ature. For varying temperatures, a sto
hasti
 theory of 
rystallization 
an be developed basedon marked point pro
esses (
f. [10, 22℄). Using averaging te
hniques, ma
ros
opi
 models in-volving ordinary or partial di�erential equations 
an be derived (
f. e.g. [4, 5, 6, 12, 28℄).In a pra
ti
al situation with many small 
rystals, su
h averaged models provide a good ap-proximation for the 
hara
teristi
 variables of the pro
ess su
h as the degree of 
rystallinityor the temperature. However, in order to obtain further insight into the formation of thematerial morphology, whi
 determines e.g. the me
hani
al properties (
f. [3, 33℄ for furtherdetails), mi
ros
opi
 models are needed, taking into a

ount the intera
tion between the heat
ondu
tion and the solidi�
ation.The paper is organized as follows: in Se
tion 2 we review a model for the growth of
rystals intera
ting with heat transfer and formulate two types of moving boundary problemsfor multiple 
rystals. These moving boundary problems in the 
ase of spatial dimension areanalyzed in Se
tions 3 (in the quasi-stati
 
ase) and (4) (in the paraboli
 
ase). Se
tion 5 isdevoted to a dis
ussion of the problems for multiple spatial dimensions, where well-posedness
an be shown only in the absen
e of impingement events so far, whi
h is mainly due togeometri
 singularities 
aused by the impingement. Numeri
al methods for the simulationof the moving boundary problems are presented in Se
tion 6 and applied to situations withtwo 
rystals in Se
tion 7. Finally, we draw 
on
lusions and give an outlook to related open



3problems in Se
tion 8.2 A Model for Growth and Heat Condu
tionIn the following we assume that a �nite number of nu
leation events o

urs in the time interval[0; T ℄ under 
onsideration. We assume that the initial shape of ea
h 
rystal is spheri
al withradius R0 
entered at xj 2 
 (j = 1; : : : ; N) at given times of birth tj 2 [0; T ℄ (j = 1; : : : ; N).The 
rystals at time t will be represented by the open sets �tj in the following; the 
rystallinephase at time t is then given by �t = [j=1;:::;N�tj : (2.1)Its boundary, whi
h represents the interfa
e between the solid and liquid phase, will bedenoted by �(t) := ��t.The growth of polymeri
 
rystals from a melt is an experimentally well-studied problem.If the temperature variation is negligible, it is well-known that the shape of a 
rystal is asphere 
entered at the lo
ation of the nu
leation event. For 
rystallization with a temperaturegradient, S
hulze and Nauje
k [29℄ �rst observed that the growing 
rystal grows from its originin su
h a way that it rea
hes ea
h point in minimal time with a restri
tion on the speed ofgrowth, whi
h is a fun
tion of temperature. One 
an show that this minimum prin
iple isequivalent to the growth law _x = Vnn; 8x 2 ��t; (2.2)where n denotes the outer normal and Vn is the normal growth speed. The normal speed Vnin 
��t is a material fun
tion of temperature (
f. [23, 25, 13℄), i.e.,Vn = G(u(x; t)); 8 (x; t) 2 (
��t)� [0; T ℄: (2.3)On �
 the growth is stopped as well as at the 
onta
t interfa
e to another 
rystal, i.e.,Vn = 0; 8 (x; t) 2 (�
 [�t)� [0; T ℄: (2.4)In the remainder of this paper we will assume that G 2 C1(R) and G is bounded and non-negative on R.The in
uen
e of the solidi�
ation on the thermal evolution is modeled by adding a sour
eterm in the heat equation, i.e.,
��u�t = div (�ru) + L� ��tI�t ; (2.5)where 
 is the heat 
apa
ity, � the density of the material, � the heat 
ondu
tivity and L isthe so-
alled latent heat, whi
h is released at the moment of phase 
hange. I�t represents theindi
ator fun
tion of the 
rystalline phase, i.e.,I�t(x) := � 1 if x 2 �t0 else (2.6)One 
an show that the sour
e term is equal to L�VnÆ�(t), i.e.,��t Z
 I�t(x) '(x) dx = Z�(t) '(x)Vn(x; t) d�(x);



4 2 A MODEL FOR GROWTH AND HEAT CONDUCTIONfor any suÆ
iently smooth fun
tion '. Unless further noti
ed we assume in the remainder ofthe paper that all parameters in the heat equation are 
onstant. In pra
ti
e, these parameterssu
h as the 
ondu
tivity or the density 
learly di�er in the liquid and solid phase and may inaddition depend on temperature. However, the variation of the parameters is not very largeand it seems therefore reasonable to negle
t this e�e
t at a �rst stage.For the sake of simpli
ity we assume in the following that the domain 
 is a ball withradius R and the s
aled temperature u satis�es a homogeneous Diri
hlet boundary 
onditionon �
, i.e., u(x; t) = 0; 8 (x; t) 2 �
� (0; T ): (2.7)Moreover, we supply an initial 
ondition of the formu(x; 0) = u0(x); 8 x 2 
: (2.8)The s
aling in the heat equation is assumed to be su
h that � = 1, � = 1, L = 1 andug < 0 < um, where ug and um represent the glass transition temperature and thermalmelting point of the material, respe
tively.If the heat 
apa
ity 
 is small, one 
an use a quasi-stati
 approximation to the heatequation, i.e., put 
 = 0 in (2.5), whi
h leads together with (2.7) to an evolution of ellipti
boundary value problems. One observes that u satis�es the Lapla
e equation away from �
,i.e., �u = 0 in �t [ (
��t): (2.9)The heat sour
e 
an be rewritten as a jump 
ondition on the solid-liquid interfa
e, i.e.,[u℄ (x; t) = ��u�n� (x; t) +G(u(x; t)) = 0; 8 x 2 �(t); (2.10)where [v℄ denotes the jump of a fun
tion v at �(t) (the value outside minus the value inside).This allows to formulate a moving boundary problem for the ellipti
 equation (2.9):Problem (E): Find an evolution of the surfa
e �(t) and the temperature u on 
satisfying (2.9), (2.10), (2.7) and the growth law (2.2) with normal speed de�nedby (2.3), (2.4).In the paraboli
 
ase, i.e., for 
 6= 0, we have to solve the transient heat equation
�u�t (x; t)��u(x; t) = 0 for t 2 (0; t); x 2 �t [ (
��t): (2.11)The jump 
ondition is the same as in the quasi-stati
 
ase, namely (2.10). In addition, wehave to supply the initial values (2.8) and boundary values (2.7). This leads to the followingparaboli
 moving boundary problem:Problem (P): Find an evolution of the surfa
e �(t) and the temperature u on 
satisfying (2.11), (2.10), (2.7), (2.8) and the growth law (2.2) with normal speedde�ned by (2.3), (2.4).



53 The Quasi-Stati
 Problem in R1In the following we investigate the quasi-stati
 problem for 
 = (�R;R) � R1 , whi
h 
orre-sponds to experiments in 
ylindri
al domains with small diameter (
f. e.g. [30℄). In this 
ase,all 
rystals are just intervals, denoted by �tj = (aj(t); bj(t)), j = 1; : : : ; N . We assume thatthe 
rystals are ordered by their index, i.e.,aj(�) > bj�1(�); with � = maxftj�1; tjg; j = 2; : : : ; N: (3.1)We only 
onsider aj and bj after the nu
leation event, i.e., in the time interval [tj ; T ℄; att = tj, the initial 
onditions are given byaj(tj) = xj �R0; bj(tj) = xj +R0; j = 1; : : : ; N; (3.2)with xj 2 [R+R0; R �R0℄.Due to the absen
e of multiple dire
tions (i.e., the outer normal equals either �1 or +1),the growth law (2.2) simpli�es todajdt (t) = �Vn(aj(t); t); dbjdt (t) = +Vn(bj(t); t); (3.3)and we do not need to 
onsider further geometri
 e�e
ts. In this se
tion we assume that thenormal growth rate G is monotoni
ally de
reasing, i.e., G0 � 0. In pra
ti
e, this assumptionis realisti
 at least for a 
ertain temperature range, whi
h often appears in experiments.Sin
e by a maximum prin
iple for the heat equation we may dedu
e the nonnegativity of thetemperature u, it suÆ
es to assume G0(u) � 0 for u � 0: Moreover, we assume that G isglobally bounded, i.e., there exists positive real number G0 su
h thatjG(u)j � G0; 8 u 2 R: (3.4)This assumption is motivated by the general form of the growth rate observed in experiments(
f. [5℄).The basi
 stru
ture of our existen
e proof for problem (E) is as follows: First of all, weinvestigate the heat equation for given 
rystal boundaries, and show that this problem has aunique solution, whi
h depends 
ontinuously on the boundaries. As a se
ond step, we investi-gate the evolution of the boundaries, whi
h are determined by a system of ordinary di�erentialequations with the temperature 
ontained in the right-hand side. The well-posedness of theproblem �nally follows from the Pi
ard-Lindel�of Theorem.3.1 An Auxiliary Ellipti
 ProblemWe start our analysis with the solution of the ellipti
 equation�2u�x2 +G(u) NXj=1 �Æaj + Æbj� = 0 (3.5)for given aj and bj , supplemented by the boundary 
onditions u(�R; t) = u(R; t) = 0.



6 3 THE QUASI-STATIC PROBLEM IN R1Lemma 3.1. Let v 2 C(S1; S2;H10 (
)) and let aj, bj be given fun
tions in C(S1; S2) satisfying(3.1). Then there exists a unique solution u 2 C(S1; S2;H10 (
)) of the equation�2u�x2 = �G(v) NXj=1 �Æaj + Æbj � ; (3.6)and the estimate ju(:; t)jH1(
) � p2RNG0 8 t 2 (S1; S2) (3.7)holds.Proof. First of all, for �xed time t, there exists a solution u(:; t) 2 H10 (
) of (3.6), sin
e theright-hand side is an element of H�1(
). Be
ause of the 
ontinuity of the right-hand sideswith respe
t to t, we may 
on
lude that u(:; t) 2 C(S1; S2;H10 (
)).In order to prove the estimate for the �rst derivative, we use the weak form of (3.6) andthe Cau
hy-S
hwarz inequality to dedu
eRZ�R j�u�x (x; t)j2 dx = NXj=1 (G(v(bj(t); t))u(bj(t); t) +G(v(aj(t); t))u(aj(t); t))� 2NG0p2Rju(:; t)jH1(
)where we have used the fa
t that k'kL1(
) � p2Rj'jH1(
) for all ' 2 H10 (
).Theorem 3.2. Let aj, bj be given fun
tions in C(S1; S2) satisfying (3.1). Then there existsa unique solution u 2 C(S1; S2;H10 (
)) of equation (3.5).Proof. Let t be �xed and 
onsider the map v 7! u indu
ed by the solution of (3.6). Usingsimilar arguments as in the proof of Lemma 3.1 we obtain that this map is 
ontinuous fromC(
) to H10 (
). Sin
e the embedding H10 (
) ,! C(
) is 
ompa
t, we obtain that the map is
ompletely 
ontinuous and (3.7) shows that it maps the ball with radius p2RNG0 into itself.Hen
e, S
hauder's �xed point theorem implies the existen
e of a �xed point u(:; t) in this set,whi
h is also a solution of (3.6).In order to show the uniqueness of the solution it suÆ
es to prove uniqueness for thelinearized equation �2v�x2 +G0(û)v NXj=1 �Æaj + Æbj� = 0;with given (arbitrary) û 2 C(S1; S2;H10 (
)). If we 
onsider this ellipti
 equation for �xedtime t 2 [S1; S2℄, then we 
an show that the solution must satisfyRZ�R j�v�x(x; t)j2 dx� NXj=1 �G0(û(aj(t); t))v(aj(t); t)2 +G0(û(bj(t); t))v(bj(t); t)2� = 0;and together with G0 � 0 this implies v � 0.



3.1 An Auxiliary Ellipti
 Problem 7Using the fa
t that the temperature satis�es �2u�x2 = 0 in ea
h 
rystal �tj and in the
omplement of the 
rystalline phase and is therefore aÆnely linear in and between the 
rystals,we may dedu
e that there exists a modi�
ation on a subset of 
 with zero measure (i.e., atthe 
rystal boundary) su
h that u(:; t) 2 C1([aj(t); bj(t)℄). Moreover, from estimate (3.7) andthe fa
t that �u�x(x; t) is 
onstant in [aj(t); bj(t)℄ we may dedu
e the estimateqbj(t)� aj(t)j�u�x(x; t)j � p2RNG0; 8 t 2 [S1; S2℄;8 j 2 f1; : : : ; Ng;8 x 2 [aj(t); bj(t)℄and together with bj(t)� aj(t) � 2R0 for t > tj we obtain the following result:Corollary 3.3. Let aj, bj be given fun
tions in C(S1; S2) satisfying (3.1). Then the uniquesolution u of (3.5) satis�es u 2 C(
 � [S1; S2℄) and (after modi�
ation on a subset of zeromeasure) u(:; t) 2 C1([aj(t); bj(t)℄) for all t 2 [S1; S2℄ and j = 1; : : : ; N , Moreover, the stabilityestimatej�u�x (x; t)j �r RR0NG0; 8 t 2 [S1; S2℄;8 j 2 f1; : : : ; Ng;8 x 2 [aj(t); bj(t)℄ (3.8)holds.Finally, we derive a system of algebrai
 equations 
hara
terizing the solution:Lemma 3.4. Let aj and bj be given values satisfying (3.1). Then the unique solution v 2H10 (
) of ��2v�x2 = G(v) NXj=1 �Æaj + Æbj�satis�es v(x) = NXj=1 (G(v(aj))K(x; aj) +G(v(bj))K(x; bj)) ; (3.9)where the 
ontinuous kernel K is de�ned byK(x; y) = � 12R (x+R)(R � y) for y � x12R (y +R)(R � x) for y < x (3.10)Proof. The identity (3.9) 
an be veri�ed either by straight-forward 
omputation or by usingthe theory of Green fun
tions for ellipti
 equations of se
ond order in the spe
ial 
ase of theone-dimensional Lapla
e operator.A dire
t 
onsequen
e of Lemma 3.4 is that the values of v at the 
rystal interfa
es aj andbj 
an be 
omputed from a nonlinear system of algebrai
 equations. To see this, let 
j := v(aj)and dj := v(bj). Then for the values x = ak and x = bk in (3.9) we obtain that
k = Xj=1N (g(ak; aj)G(
j) + g(ak; bj)G(dj)) j = 1; : : : ; N (3.11)dk = Xj=1N (g(bk; aj)G(
j) + g(bk; bj)G(dj)) j = 1; : : : ; N: (3.12)



8 3 THE QUASI-STATIC PROBLEM IN R1The linearization of this system around given values (
̂j ; d̂j) is given by the linear system
k = Xj=1N �g(ak; aj)G0(
̂j)
j + g(ak; bj)G0(d̂j)dj� j = 1; : : : ; N (3.13)dk = Xj=1N �g(bk; aj)G0(
̂j)
j + g(bk; bj)G0(d̂j)dj� j = 1; : : : ; N: (3.14)Using the monotoni
ity of the material fun
tion G one 
an show that the system matrix ispositive de�nite with minimal eigenvalue bounded below by 1. This result will be used belowto dedu
e stable dependen
e of the solution on the values aj and bj.3.2 Coupling of Growth and Heat Condu
tionAfter the preliminary studies on the heat equation in the pre
eding se
tion, we shall nowinvestigate the 
oupling of the heat 
ondu
tion with the growth of the 
rystals. In thefollowing we write 
(t) := (a1(t); b1(t); : : : ; aN (t); bN (t))for the ve
tor of 
rystal boundaries and u
 for the 
orresponding solution of the heat equation(3.5). The evolution equation for the boundaries 
an be written asd
dt (t) = F (u
(
(t); t); 
(t)) =: ~F (
(t); t); (3.15)with a fun
tion F that is 
ontinuously di�erentiable with respe
t to u and 
ontinuous withrespe
t to 
. Moreover, F is di�erentiable with respe
t to 
 for all times t that do not 
oin
idewith a nu
leation or impingement event.In order to prove existen
e and uniqueness of a solution of the ordinary di�erential equation(3.15), we have to show that the fun
tion ~F is Lips
hitz-
ontinuous with respe
t to 
 and
ontinuous with respe
t to t. Due to the spe
ial form of ~F and smoothness properties of F ,this is equivalent to prove that the map 
 7! u
(
; t) is Lips
hitz-
ontinuous, whi
h is theaim of the following lemma.Lemma 3.5. Let 
 2 R2N be su
h that (3.1) is satis�ed. Then the map 
 7! v
(
) is Lips
hitz
ontinuous, where v
 2 H10 (
) is the unique solution of the ellipti
 di�erential equation�2v�x2 = G(v)Xa2
 Æa:Proof. Let 
 and ~
 be given. Then, due to (3.9), the di�eren
e w of the 
orrespondingsolutions, denoted by v and ~v in following, satis�esw(x)� NXj=1 �G0(
̂j)K(x; �j)w(�j) +G0(d̂j)K(x; �j)w(�j)� = f(x);where �j = maxfaj ; ~ajg, �j = minfbj ;~bjg and 
̂j , d̂j are real values su
h thatminfv(aj); ~v(aj)g � 
̂j � maxfv(aj); ~v(aj)g; minfv(bj); ~v(bj)g � d̂j � maxfv(bj); ~v(bj)g:



3.2 Coupling of Growth and Heat Condu
tion 9Note that the existen
e of su
h values 
̂j and d̂j is guaranteed by an appli
ation of the meanvalue theorem to the C1-fun
tion G. The right-hand side f is given byf(x) = Xaj 6=�j(K(x; aj)G(v(aj))�K(x; �j)G(v(�j))) +Xbj 6=�j(K(x; bj)G(v(bj))�K(x; �j)G(v(�j))�X~aj 6=�j(K(x; ~aj)G(~v(~aj))�K(x; �j)G(~v(�j))) �X~bj 6=�j(K(x;~bj)G(~v(~bj))�K(x; �j)G(~v(�j))):Sin
e the fun
tions v, ~v and K are Lips
hitz-
ontinuous, this right-hand side satis�essupx2
 jf(x)j � C0j
 � ~
jfor some 
onstant C0 2 R+ . Be
ause of the well-posedness of the linearized equation (3.11),(3.12) we may derive the estimatesupx2
 jw(x)j � Cj
 � ~
jfor some 
onstant C 2 R+ .Now let j 2 f1; : : : ; Ng and assume without restri
tion of generality that aj � ~aj , thenwe have that jv(aj)� ~v(~aj)j � jv(aj)� v(~aj)j+ jw(~aj)j:Both terms in the sum on the right-hand side are of order O(j
 � ~
j), the �rst one be
auseof the Lips
hitz-
ontinuity of v and the se
ond one be
ause of the above estimate for jw(x)j.Hen
e, the map 
 7! v
(
) is Lips
hitz-
ontinuous.Now we are able to prove a global existen
e and uniqueness result for the 
oupled problemin presen
e of impingement, whi
h was the aim of this se
tion:Theorem 3.6. Let T 2 R+ be arbitrary and let (Xj ; Tj) 2 
� [0; T ℄, j = 1; : : : ; N be givennu
leation events. Then problem (E) has a unique solution u 2 L1(0; T ;H10 (
)) and 
 =(a1; b1; : : : ; aN ; bN ) 2 L1(0; T )2N , with aj; bj 2 C([Tj; T ℄). Moreover, for ea
h time interval[S1; S2℄ that does not 
ontain a nu
leation or impingement event,the temperature satis�esu 2 C(S1; S2;H10 (
)) and the boundaries satisfy aj 2 C1([S1; S2℄) and bj 2 C1([S1; S2℄).Proof. We split the time interval into subintervals [S1; S2℄ su
h that no nu
leation event o

ursin (S1; S2). To prove the assertion, it suÆ
es to show that the problem has a solution in su
htime intervals, sin
e at for ea
h nu
leation event 
 is only modi�ed by a step in aj and bj ,whi
h subsequently implies that also the temperature stays in the 
lass L1(0; T ;H10 (
)).Now, we de�ne S� as the maximal time � , su
h that no impingement event o

urs in(S1; �). In the time interval (S1; S�), the evolution of the boundary 
 is determined by(3.15) (with initial 
ondition at time t = S1), whose right-hand side ~F is Lips
hitz-
ontinuouswith respe
t to 
, whi
h follows from Lemma 3.5. Thus, by the Pi
ard-Lindel�of Theorem,



10 3 THE QUASI-STATIC PROBLEM IN R1(3.15) has a unique solution 
 2 C1([S1; S�℄) and the 
orresponding temperature satis�esu 2 C(S1; S�;H10 (
)). At time t = S�, we have one or more impingement events. For ea
hindex k su
h that ak(S�) = bk�1(S�) we unite the k-th and (k � 1)-th 
rystal to a singleone given by (ak�1(S�); bk(S�)), de
rease the number N to the new number of 
rystals, andrestart the evolution in the time interval (S�; S2) until the next impingement event o

urs. Inan analogous way we pro
eed in the 
ase of impingement at the boundary, i.e., if a1(S�) = �Ror bN (S�) = R. Here we only eliminate the heat sour
e in (3.5) at the boundary point, butkeep the 
rystal with time derivative of the boundary point identi
al zero (whi
h is of 
oursealso a Lips
hitz-fun
tion and does not disturb the well-posedness of (3.15)).Sin
e the possible number of impingement events is �nite, this strategy must yield theexisten
e and uniqueness for problem (E) in the time interval [S1; S2℄ and by 
ombining theseintervals also in the full time interval [0; T ℄.3.3 Comparison to the Single Crystal CaseIn the following we 
ompare the growth of a 
rystal in the presen
e of other 
rystals to thepreviously investigated 
ase of a single 
rystal growing from the melt. We shall show that thegrowth is faster in the single 
rystal 
ase, whi
h is due to the fa
t that ea
h 
rystal 
ausesa reheating e�e
t. Our prove is heavily based on this physi
al reasoning, we �rst show a
omparison result for the temperatures and then use this result to 
on
lude that the 
rystalshape in presen
e of multiple 
rystals is always bounded by the shape in the single 
rystal
ase.In the following let T0 and X0 denote time and lo
ation of the nu
leation event for the
rystal under investigation. We denote the 
rystal in presen
e of other 
rystals by �t0 =(a(t); b(t)) and in the single 
rystal 
ase by ~�t0 = (~a(t);~b(t)). The other 
rystals in the �rst
ase are again denoted by �tj, j = 1; : : : ; N and we denote by u the temperature, i.e., thesolution of ��2u�x2 = G(u)Æ
(t) = G(u) NXj=0 Æ
j(t); (3.16)with 
j(t) 2 �j(t) = ��tj ��t � �
.In the single 
rystal 
ase, we denote the solution by (~u; ~�); the heat equation reads��2~u�x2 = G(~u)Æ~
(t) = G(~u)Æ~
0(t); (3.17)with ~
0(t) = � ~�t0 � �
.Proposition 3.7. Let N > 0, T1 � T0 and let u; ~u 2 L1(0; T ;H10 (
)) satisfy (3.16) and(3.17), respe
tively, for arbitrary t > 0. Then, the 
omparison resultu(x; t) < ~u(x; t); for x 2 f~a(t);~b(t)g (3.18)holds for t 2 (T0; T0 + �) with � suÆ
iently small.Proof. We use again the representation (3.9) and the mean value theorem applied to G todedu
e that v := u� ~u satis�es (with �xed time t)v(x)�K(x; ~a0)G0(
)v(~a0)�K(x;~b0)G0(d)v(~bj) = A0 +B0+ NXj=1 (K(x; aj)G(u(aj)) +K(x; bj)G(u(bj))) ; (3.19)



11with A0 = K(x; ~a0)G(u(~a0))�K(x; a0)G(u(a0))B0 = K(x;~b0)G(u(~b0))�K(x; b0)G(u(b0))):Now 
onsider the above formula for v evaluated at x = ~a and x = ~b, whi
h leads to asystem of linear equations (3.19) for v(~a) and v(~b), whose system matrix is monotone. Usingthe Lips
hitz-
ontinuity of K, G and u, we may dedu
e thatjA0j+ jB0j � C(j~a� aj+ j~b� bj);for some 
onstant C. Thus, for j~a � aj and j~b � bj suÆ
iently small, whi
h is the 
ase in asuÆ
iently small time interval (T0; T0 + �), we obtain that the right-hand side in the system(3.19) for v(~a) and v(~b) is positive, whi
h implies that also its solution is positive, i.e., (3.18)holds.Now we are able to prove a 
omparison result for the 
rystals �t0 and �t1.Theorem 3.8. Under the assumptions of Proposition 3.7 we have that �t0 � ~�t0 with properin
lusion in a suÆ
iently small time interval (T0; T0 + �).Proof. We use Proposition 3.7 to dedu
e that u(~a(t); t) > ~u(~a(t); t) for t 2 [T0; T0 + �) andwith the monotoni
ity of G, this implies that G(u(~a(t); t)) < G(~u(~a(t); t)). Hen
e, the 
rystal�t0 must be a proper subset of ~�t0.4 The Paraboli
 Problem in R1In the following we will use the same notations for the nu
leation events and the 
rystals asin Se
tion 3. For simpler notation we assume that 
 = 1. For the initial value we assume theweak regularity u 2 H10 (
).Our aim is to prove the existen
e and uniqueness of a solution to problem (P); the basi
strategy of the proof is the same as in the quasi-stationary 
ase, i.e., we �rst investigate theproperties of the paraboli
 heat equation�u�t = �2u�x2 +G(u) NXj=1 �Æaj + Æbj� (4.1)for given aj , bj , and subsequently apply the results to the evolution equation of the boundary,whi
h will lead to a system of nonlinear Volterra integral equations of the se
ond kind. Be
auseof the strong analogies to the quasi-stati
 
ase we shall not give detailed proofs for some resultsthat require only minor modi�
ations with respe
t to the analysis of problem (E).4.1 An Auxiliary Paraboli
 EquationWe start our analysis with the paraboli
 initial-boundary value problem (4.1), (2.8), (2.7).As in the ellipti
 
ase we 
an �nd an a-priori bound on the solution of the nonlinear problemand show the 
omplete 
ontinuity of the map v 7! u de�ned by the linear equation�u�t = �2u�x2 +G(v) NXj=1 �Æaj + Æbj �



12 4 THE PARABOLIC PROBLEM IN R1on the spa
e L2(S1; S2;H10 (
)) \ L2(S1; S2;H�1(
) (where we use the 
ompa
t embeddingof this spa
e into L2(S1; S2;C(
)), whi
h 
an be shown using a result by Aubin and Lions,
f. [32℄). Together with a standard proof of additional regularity with respe
t to the timevariable this allows to dedu
e the following result:Theorem 4.1. Let aj, bj be given fun
tions in C(S1; S2) satisfying (3.1) and let u1 2 H10 (
).Then there exists a unique solution u 2 C(S1; S2;H10 (
)) of equation (4.1) supplemented bythe initial 
ondition u(:; S1) = u1.In the quasi-stati
 
ase we have used ellipti
 potential theory to dedu
e a system ofalgebrai
 equations 
hara
terizing the 
omplete solution, whi
h was pie
ewise 
ontinuousbetween the 
rystal interfa
es in that 
ases. In the paraboli
 
ase, the last statement is nottrue anymore, but it is still possible to redu
e the 
omplexity of the problem, namely to asystem of Volterra integral equations:Proposition 4.2. There exist a 
ontinuous fun
tions K;K1 2 R3 , whi
h are Lips
hitz-
ontinuous with respe
t to the �rst two variables, su
h that the unique solution u of (4.1)satis�esu(x; t) = Z tS1 NXj=1 (K(x; aj(s); t� s)G(
j(s)) +K(x; bj(s); t� s)G(dj(s))) ds+Z
K1(x; y; t)u1(y) dy (4.2)where 
j(s) = u(aj(s); s) and dj(s) = u(bj(s); s).Proof. The existen
e of su
h fun
tions K and K1 follows from the theory of Green fun
tionsfor the paraboli
 heat equation, they 
an be obtained from res
aling the heat kernels presentedby Cannon [9℄ in the 
ase of the unit interval to the domain 
 = (�R;R).Now we 
an plug the spe
ial values x = 
k(t) and x = dk(t) into the representation(4.2), whi
h yields a system of 2N Volterra integral equations of the se
ond kind for the2N fun
tions 
j and dj , j = 1; : : : ; N , whi
h admits a unique solution. Moreover, using theLips
hitz-
ontinuity of the heat kernels, one obtains the Lips
hitz-
ontinuity of u with respe
tto the spatial variable.4.2 Growth and Heat Condu
tionIn the following we shall show the existen
e and uniqueness of a solution to the growthmodel 
oupled to the nonlinear heat equation (4.1). Our basi
 strategy is the same as in thequasi-stati
 
ase, we �rst restri
t our attention to a time interval without impingement andnu
leation events and then put these intervals together.Using the notations of the previous se
tion, the growth in absen
e of impingement andnu
leation is determined byaj(t) = aj(S1)� Z tS1 G(
j(s)) ds; j = 1; : : : ; N; (4.3)bj(t) = bj(S1) + Z tS1 G(dj(s)) ds; j = 1; : : : ; N: (4.4)
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Figure 2: S
hemati
 representation of an impingement event between two 
rystals leading toboundary points with less regularity.Together with the equations for 
j and dj arising from (4.2), this is a nonlinear system ofVolterra equations of the se
ond kind. The Lips
hitz-
ontinuity of all the fun
tions involvedimplies the existen
e of a solution and with the same te
hnique as in the quasi-stati
 
ase, wemay prove the following result:Theorem 4.3. Let T 2 R+ be arbitrary and let (Xj ; Tj) 2 
� [0; T ℄, j = 1; : : : ; N be givennu
leation events. Then problem (P) has a unique solution u 2 L1(0; T ;H10 (
)) and 
 =(a1; b1; : : : ; aN ; bN ) 2 L1(0; T )2N , with aj; bj 2 C([Tj; T ℄). Moreover, for ea
h time interval[S1; S2℄ that does not 
ontain a nu
leation or impingement event,the temperature satis�esu 2 C(S1; S2;H10 (
)) and the boundaries satisfy aj 2 C1([S1; S2℄) and bj 2 C1([S1; S2℄).5 Towards a Multi-Dimensional TheoryIn the presen
e of multiple spatial dimensions, the growth model (2.2) is of a di�erent stru
tureas in the one-dimensional 
ase, sin
e the 
rystal boundary does not 
onsist of a �nite numberof points anymore and there are in�nitely many possible dire
tions for the normal ve
tor. Theevolution of the normal ve
tor 
an be 
omputed either by using derivatives of the boundarypoints with respe
t to a parametrization or by the di�erential equation�n�t = �rxVn(x; t) + (n:rxVn(x; t))n; (5.1)whi
h has been dedu
ed in [6℄.If lo
al parametrizations are used, e.g. x3 = f(x1; x2), then the growth equation (2.2) isequivalent to (
f. [17℄) �f�t =q1 + jr(x1;x2)f j2Vn: (5.2)In the single 
rystal 
ase, a method of 
hara
teristi
s for this formulation of the growth model
an be employed to prove the existen
e of solutions for the problems (E) and (P) lo
ally intime (
f. [17℄). The ideas employed for this proof 
arry over to the 
ase of multiple 
rystalsfor small time intervals before impingement.In order to supplement the above dis
ussion by more rigorous arguments, we 
onsiderproblem (E) in 
 = Rd, d = 2; 3, with some initial boundary �(0), whose 
onne
ted 
ompo-



14 5 TOWARDS A MULTI-DIMENSIONAL THEORYnents are of 
lass C2+� for some � > 0. In this parti
ular 
ase, the temperature satis�esu(x; t) = Z�(t) u(y; t)K(x� y) d�(y); 8 x 2 R2 ; (5.3)where K is the fundamental solution of the Lapla
e equation, i.e.,K(x) = � �
2 ln jxj for d = 2
3jxj�1 for d = 3 (5.4)with appropriate 
onstants 
2 and 
3. Consequently, the temperature along the moving bound-ary �(t) is determined by an integral equation of the se
ond kind with weakly singular kernel.An existen
e theorem for a time interval without impingement 
an be obtained by similar rea-soning as in [17℄. I.e., we de�ne a �xed point map on the spa
e of boundaries �S = (�(t))t2[0;S℄of 
lass C2+� with time derivative of 
lass C1+�, whi
h is a metri
 spa
e when equipped withthe Hausdor� metri
 (
f. [11℄ for metri
s on shapes). The �xed-point map is the 
on
atena-tion of the maps �S 7! u, where u is the solution of the ellipti
 moving boundary problem(2.9), (2.10), (2.7), and the map u 7! ~�S, where ~�S is the domain evolution obtained from(2.2), (2.3) for given temperature u.Using ellipti
 potential theory one 
an show that u 
an be extended to a fun
tion of 
lassC2+� in a neighbourhood of �t (with time derivative in C1+�), whose dependen
e on �S is
ontinuous. For given temperature u, one 
an show that the system of ordinary di�erentialequations (2.2) and (5.1) has a unique solution (x; n) 2 C1([0; S℄) for ea
h initial value(x(0); n(0)) 2 �(0). Using lo
al parametrizations, one 
an then verify that this solution isof the same regularity 
lass as �S. Finally, by similar reasoning as Friedman and Velazquez,now with multiple 
rystals, one 
an show that for small time S, the �xed point operator is
ontra
tive and maps some bounded set into itself, whi
h implies the existen
e and uniquenessof the solution in a small time interval.However, this te
hnique only yields well-posedness for an arbitrarily small time intervaland heavily relies on the strong regularity of the boundary. If an impingement event o

urs,there are further diÆ
ulties due to a possible singularity at the new boundary (of the unionof the 
rystals). If two 
rystals �1 and �2 hit ea
h other at time � and lo
ation �, then theboundary of their union is probably of less regularity at this point, even if the boundaries of thesingle 
rystals are smooth (see Figure 2). Moreover, there appears some kind of dis
ontinuitywith respe
t to time, sin
e for any time t > � , the 
onta
t interfa
e between the two 
rystalsis of positive d� 1-dimensional measure and thus,int (�t1 [�t2) 6= int �t1 [ int �t2:The kind of regularity we 
an expe
t after an impingement event is at most of Lips
hitz-type and thus, a methodology using more regularity 
annot produ
e reasonable results. Atheory with Lips
hitz-type regularity 
ould be based on the same idea in prin
iple, i.e., to
onstru
t a �xed-point map on a spa
e of Lips
hitz boundaries equipped with the Hausdor�metri
, whi
h 
onsists of the following ingredients:1. The map �T 7! u, mapping into an appropriate spa
e of fun
tions that are Lips
hitz-
ontinuous on �t. This map 
an be analyzed similar to the one of 
lass C2+� in thepre
eding dis
ussion.



152. The map u 7! ~�T , now into a spa
e of Lips
hitz-
ontinuous boundaries. In this 
ase,we 
annot show the existen
e and uniqueness of a solution of the ordinary di�erentialequations (2.2), (5.1), sin
e the term rxG(u) that appears in (5.1) is not even 
on-tinuous in general. Therefore, an equation for a parametrization like (5.2), whi
h is aHamilton-Ja
obi equation on the domain of the parameter, seems to be of advantage.Using results for Lips
hitz-
ontinuous solutions of Hamilton-Ja
obi equations su
h asthe one re
ently presented by Ley [19, Theorem 4.1℄, it might be possible to prove exis-ten
e and uniqueness for this equation, with appropriate 
ontinuity estimates implying
ontra
tivity of the �xed-point map for small time.The ideas presented above are only the starting point to a detailed investigation of im-pingement events in the multi-dimensional 
ase, with many asso
iated questions su
h as theregularity for the arising 
onta
t interfa
es or the in
uen
e of impingement on the normalspeed.6 Numeri
al SimulationFor the numeri
al solution of the moving boundary problems we �rst have to de
ide whi
htype of numeri
al integration we use for the growth model, whi
h is a system of ordinarydi�erential equations. We assume that our dis
retization times 0 = t0 < t1 < : : : < tn 
overall nu
leation events, then we have two main possibilities:� Expli
it time dis
retization of (2.2): in this 
ase we evaluate the right-hand side of(2.2) with the values at time t = tj and perform a time step to tj+1. At the newtime step we 
an now solve the heat equation before we perform the next time step,i.e., this dis
retization strategy implies also a de
oupling and partial linearization ofthe original problem. The stability bounds for su
h methods are usually of the form(tj+1 � tj)Vn(x) � h for all values x obtained from a spatial dis
retization, and h isthe �neness of the spatial dis
retization. For typi
al polymeri
 materials, this stabilitybound is not restri
tive, sin
e the absolute values of G and 
onsequently of Vn are rathersmall.� Impli
it time dis
retization of (2.2): in this 
ase the position of the 
rystal boundariesand the temperature after ea
h time step tj+1 have to be 
omputed simultanously,using information at time t = tj mainly for the dis
retization of time derivatives. A
onsiderable advantage of su
h an approa
h is that stability bounds 
an be avoided,but this is 
ompensated by a high numeri
al e�ort, whi
h is needed for the solution ofa 
oupled nonlinear problem in ea
h time step.At least in the 
ase of an expli
it dis
reti
ation te
hnique for (2.2), we have a se
ond
hoi
e for the 
onstru
tion of a numeri
al method, namely the way of dis
retizing the growthlaw with respe
t to spa
e:� Lagrangian methods: the Lagrangian approa
h to the numeri
al solution of (2.2)
onsists in interpreting the growth model as an evolution equation for a (possiblyparametrized) 
urve or surfa
e 
onsisting of the points x. A typi
al example are front-tra
king methods, where the initial 
rystal boundary is �rst parametrized (e.g. in polar
oordinates) and then dis
retized with respe
t to this parameter. Sin
e this does not



16 6 NUMERICAL SIMULATIONlead to a grid-based method, the 
oupling with the heat equation 
an only be realizedin a reasonable way if a boundary integral method using formulas like (3.9) or (4.2) isapplied for its numeri
al solution.� Eulerian methods: the Eulerian view-point is to �x some points in spa
e and to observethe 
rystal boundaries passing through these points. In mathemati
al terms, su
h anapproa
h is realized by level set methods (
f. [31℄ for an overview), whi
h relate the
urve or surfa
e � to the zero level set of a smooth fun
tion �, i.e.,�(t) := f x 2 
 j �(x; t) = 0 g: (6.1)In the 
ase of normal growth, the evolution of the level set fun
tion 
an be 
omputedfrom the Hamilton-Ja
obi equation���t + Vnjr�j = 0 in 
� (0; T ): (6.2)For the heat equation in the paraboli
 
ase it seems natural to use some kind of impli
itdis
retization su
h as the Crank-Ni
holson s
heme, whi
h does not lead to a stability bound.For an expli
it time dis
retization, the stability bound would be of the form tj+1 � tj � 
h2,whi
h is very restri
tive for the 
hoi
e of appropriate time steps. In the 
ase of the quasi-stati
 approximation an impli
it time dis
retization seems natural anyway from the physi
alinterpretation that the di�usion is mu
h faster than the growth pro
ess.Below we shall split our dis
ussion again into a spatially one-dimensional and a multi-dimensional 
ase.6.1 Numeri
al Solution in R1In the 
ase of one spatial dimension a Lagrangian formulation seems favorable for the designof numeri
al methods, sin
e ea
h grid 
an be easily adapted su
h that it 
overs the 
rystalboundaries, and the growth of the 
rystals 
an be 
omputed easily from this formulation.Moreover, with the representations (3.9) and (4.2) it is possible to design a numeri
al methodfor the 
oupled problem without using a spatial grid.In the quasi-stati
 
ase, one 
an just use some impli
it dis
retization s
heme in the timeinterval (tk�1; tk) for the ordinary di�erential equationsdajdt = �G(
j); dbjdt = G(dj); j = 1; : : : ; N; (6.3)and then solve the nonlinear system, whi
h arises together with the algebrai
 equations (3.11),(3.12), for aj(tk); bj(tk); 
j(tk); dj(tk), e.g. by a Newton-type method. After solving thisproblem one has to 
he
k whether bj�1(tk) � aj(tk) for j = 2; : : : ; N . If this is not the 
ase,we de
rease the time step until this 
ondition is satis�ed, e.g. by bise
tion. Sin
e one 
annotexpe
t to �nd a time tk with the exa
t equality bj�1(tk) = aj(tk), we unite the 
rystals �j�1and �j as soon as bj�1(tk)� aj(tk) is below some small threshold value.In the paraboli
 
ase we 
an just dis
retize the system of Volterra integral equationsde�ned by (4.2) for x = aj and x = bj 
oupled to (4.3) and (4.4) by a standard s
heme su
has an impli
it Runge-Kutta method (
f. e.g. [14, 20℄). The arising sequen
e of nonlinearalgebrai
 systems 
an then be solved numeri
ally by a Newton-type method.



6.2 Multi-Dimensional Simulation 17We want to mention that su
h an approa
h enfor
es only the solution of n nonlinearsystems of size 4N � 4N . A grid-based method for the heat equation with m spatial nodeswould enfor
e the numeri
al solution of n nonlinear systems of size m�m. Sin
e the grid sizemust be mu
h smaller than the size of the 
rystals in order to obtain a reasonable a

ura
y,we need that m << N and therefore the numeri
al e�ort would probably be mu
h higher forsu
h an approa
h.6.2 Multi-Dimensional SimulationIn the multi-dimensional 
ase, we 
an use a similar numeri
al algorithm as presented in theprevious se
tion if the kernel K is known, whi
h is the 
ase if 
 is a ball or equal to Rd . If
 is a general domain, the 
orresponding Green fun
tion might be unknown and the method
annot be realized in a simple way. Moreover, the Lagrangian formulation is less eÆ
ient inthe numeri
al solution of normal growth 
ompared to level set methods.Therefore, we 
onstru
t a numeri
al method in the multi-dimensional 
ase as follows: �rstof all, we represent ea
h 
rystal via level sets, i.e.,�tj = f x 2 
 j �j(x; t) > 0 g; (6.4)the 
rystal boundary is then the zero level set of �j. At time t = Tj, the level set fun
tion �jis initialized su
h that the zero level set is the ball with radius R0 (
f. [31℄ for initializationstrategies for level set fun
tions). In ea
h time interval (tk�1; tk), we solve the level setequation (6.2) using an expli
it time dis
retization (
f. [31℄ for numeri
al s
hemes for levelset equations) and 
ompute the new 
rystal boundaries.At the new time step t = tk we 
an now 
ompute numeri
ally the solution of the heatequation either by solving a nonlinear ellipti
 equation with given 
rystal boundaries (in thestationary 
ase) or by performing an impli
it time step for the paraboli
 heat equation (inthe paraboli
 
ase) using the Crank-Ni
holson method (
f. [24℄), whi
h again results in anonlinear ellipti
 equation similar to the stationary 
ase. The dis
retization of these ellipti
equations 
an be 
arried out by standard methods su
h as �nite elements or �nite di�eren
es,resulting again in a (sparse) nonlinear system of algebrai
 equation. This nonlinear system
an now be solved using a Newton-type method with sparse solvers for the linearized problemto be solved in ea
h iteration step.The remaining ingredient for a numeri
al algorithm with multiple 
rystals is a te
hniquethat allows to take impingement e�e
ts into a

ount. First of all, one observes that aninterfa
e between two 
rystals �t1 and �t2 
an be dete
ted from the 
orresponding level setfun
tions, e.g. as the zero level set of the fun
tion 1;2(x:t) := maxf�1(x; t)2; �2(x; t)2g: (6.5)Due to numeri
al impre
ision, we have to use again some thresholding in order to 
ompute thevalues of  1;2 at the grid points. Moreover, the overall 
rystalline phase �t 
an be 
omputedvia �t = f x 2 
 j minf�j(x; t)gj=1;:::;N � 0 g; (6.6)whi
h allows to judge whether (2.3) or (2.4) have to be used on a 
rystal boundary. In thegrid points not belonging to the boundary we use an appropriate extension velo
ity for Vn(
f. [1℄ for eÆ
ient 
onstru
tions) and therefore we have all information to pro
eed to thenext time step with an expli
it solution of the level set equations.
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Figure 3: The single 
rystal ~�0 (left) and the 
rystals �0 and �1 (right), for growth parametersp = 10�4 and q = 10�2.7 Numeri
al Experiments with Two CrystalsIn the following we present the results of numeri
al simulations with two 
rystals and 
omparethem to the single 
rystal 
ase. We start with the quasi-stati
 
ase in 
 = (�R;R) withR = 20 and two 
rystals nu
leated at time t = 0 at the lo
ations X0 = 2:05 and X1 = 4:05;the initial radius is R0 = 0:05. For simpli
ity we use a linear growth rate G of the formG(u) = �p u+ q; (7.1)whi
h allows to 
ompute an analyti
 solution of (3.11), (3.12) in terms of aj and bj . Theremaing system of ordinary di�erential equations is then solved numeri
ally by an impli
itRunge-Kutta s
heme.For a �rst simulation, we 
hoose p == 10�4 and q = 10�2, i.e., the varian
e of the growthrate with respe
t to temperature is relatively low. The evolving 
rystal boundaries in the
ase of a single 
rystal as well as in the 
ase of multiple 
rystals are shown in Figure 3. Oneobserves that the 
rystal boundaries are almost straight line, whi
h is due to the low varian
eof the growth rate with respe
t to temperature. In the 
ase of two 
rystals an impingementevent o

urs at time t = 102 and stops the growth at this point. A 
omparison of the resultsis shown in �gure 4. In the left part, the evolution of the 
rystal boundaries of ~�0 (blue) and�0 (red) are plotted. For the parti
ular growth rate we have used here, the results are verysimilar (apart from the impingement e�e
t), at the left boundary a di�eren
e 
an be seenby eye only for large time. From the se
ond plot in Figure 4, whi
h shows the temperatures~u(:; t) and u(:; t) at the �xed time t = 90 (before impingement), one 
an observe a signi�
antdi�eren
e of the single and multiple 
rystal 
ase, namely with respe
t to temperature, whi
his mu
h higher in presen
e of a se
ond 
rystal. This 
on�rms the results of Proposition3.7numeri
ally. Moreover, the 
rystal �0 lies inside ~�0 for all times t, whi
h was predi
tedby Theorem 3.8.Our se
ond example deals with faster growth and stronger variation of the growth ratewith respe
t to temperature, i.e., with the 
hoi
e p = q = 10�1, whi
h 
auses a more signi�
antnonlinearity in the evolution of the 
rystal boundaries. This 
an be seen from Figure 5, themoving boundaries deviate signi�
antly from a linear evolution in both 
ases. A 
omparison ofthe boundaries of ~�0 and �0 (plotted vs. time in Figure 6) shows now a signi�
ant di�eren
ealready for small time, whi
h in
reases during the evolution.This numeri
al result 
on�rms
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Figure 4: Comparison of the evolving 
rystals ~�0 and �0 (red) in the above plot. The se
ond�gure shows a 
omparison of the temperatures ~u and u at time t = 90.

Figure 5: Evolution of the single 
rystal ~�0 (left) and of the 
rystals �0 and �1 in the se
ondexample.
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Figure 6: Comparison of the evolving 
rystals ~�0 and �0 (red) in the se
ond example.the motivation of this paper, i.e., the ne
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onsider growth pro
esses with multiple
rystals, sin
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