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Abstract

In this paper we investigate well-posedness of a nonlinear degen-
erate and nonlocal parabolic equation arising from a model for ag-
gregation in presence of short and long range interaction. We show
existence of nonnegative weak solutions and uniqueness of entropy so-
lution, a notion we extend to the nonlocal case. Moreover, we consider
an approximating viscous case, which is of interest in applications, too.
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1 Introduction

This paper is devoted to the mathematical analysis of the Cauchy problem
for the following nonlocal degenerate parabolic equation

% —div (pV(p— G #p)) =0 mRx (0,7) (1.1

P =po in R? x {0}. (1.2)

This equation may be seen as a mean-field approximation to a system of
stochastic particles subject to aggregation at the ”"macroscale” and repul-
sion at a "mesoscale”. It has been obtained from the analysis carried out
in [2] and [11], where a system consisting of a large (but finite) number of
particles subject to random dispersal and mutual interaction, was investi-
gated. In particular, this kind of system was used to model the collective
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behavior of individuals which exhibit aggregative behavior [2]. The motiva-
tion of such a study is to provide a rigorous limit from the ”microscopic”
Lagrangian description, based on a system of SDEs, to the ”macroscopic”
Eulerian description when the total number of individuals in the population
becomes sufficiently large; under suitable conditions [12] the evolution of the
the limiting distribution of the population may be described in terms of the
integro-differential equation (1.1).

The mathematical analysis of (1.1), (1.2) is a challenging problem since
the model combines a nonlinear degenerate parabolic differential operator
with a nonlocal nonlinearity. Below, we shall not investigate the original
model directly, but the alternative formulation

ou

ot div (uV (G *u)) — Aa(u) =0 in R? x (0, 7] (1.3)
u = ug in R? x {0}, (1.4)
where a is the function
1
a(u) := §u|u| (1.5)

The system (1.3), (1.4) is equivalent to (1.1), (1.2) if the solution u is
nonnegative; by the way nonnegative functions are the only solutions of
interest due to their interpretation as a population density.

In Section 2, we show the existence of a weak solution, both in the case
of a bounded domain Q and in the case of Q = R¢. Moreover, we show that
there exists a nonnegative weak solution if the initial value is nonnegative,
which is then also a weak solution of (1.1), (1.2).

Section 3 discusses the uniqueness of a solution. In general, we can not
expect uniqueness of a weak or even of a strong solution, since this neither
holds for hyperbolic-parabolic problems of the form

ov .
n + div F(v) — Aa(v) =0, (1.6)
with a nonlinear function F : R — R? (cf. e.g. [3]) nor for other transport
equations with nonlocal nonlinearity (cf. [6]).

However, we may show the uniqueness of the solutions within the class
of the entropy solutions. The notion of entropy solution has been carried
over to equations of the form (1.6) recently (cf. [3]) and we can adapt it
for the nonlocal equation (1.3). The uniqueness of the entropy solution will
finally be shown using the so-called ”doubling of variables technique”. We
prove that an entropy solution is a weak solution for our problem.

In Section 4 the existence and uniqueness of a weak solution for the vis-
cous case is shown, as well as the nonnegativity of the solution (for noneg-
ative initial value) similary to Section 3. As pointed out in [7] in the case
of viscosity, entropy conditions are automatically fulfilled. Thus, no extra
conditions need to be imposed on the solutions in this case.



1.1 From Stochastic Discrete to Mean-Field Aggregation Mod-
els

The starting point of the mathematical modelling is the Lagrangian descrip-
tion of a system of N € N — {0} particles, subject to interaction forces and
random dispersal. Suppose the k-th particle (k € {1,...,N}) is located at
Xk (t) € R?, at time t > 0; each {X%(t),t € Ry} is a stochastic process in
the state space (R?, Bgr), on the common probability space (Q,F, P). The
spatial distribution of the system of NV particles at time ¢, i.e. an Eulerian
discrete description, is given by the random measure Xy on R¢

1 N
Xn(t) =5 D_ exiy oy
k=1

This measure may be considered as the empirical distribution of the system
in R? at time ¢ € R,. The dynamics of the system of interacting particles
is given via a system of stochastic differential equations as follows:

dX%(t) = FIXn(#®)(X%(t))dt + ondW*(t), k=1,...,N, (1.7)

where the randomness is modelled by additive independentstandard Wiener

processes {W*, k =1,..., N}. Furthermore the common variance o3, might
depend on the total number of particles and
lim o% = o% > 0. (1.8)

N—ox

The drift term F' depends on both the location of the specific particle
and the empirical measure of the whole system of particles. It describes the
mutual interaction of particles. It is assumed that:

(i) particles tend to aggregate subject to their interaction within a range
of size R > 0 (finite or not). This corresponds to the assumption
that each particle has a limited knowledge of the spatial distribution
of its neighbors and interact within a bounded region; this kind of
interaction is modeled via an aggregation kernel G : R? — R, with
compact support with radius R. This interaction is called of McKean-
Vlasov kind.

(ii) particles are subject to repulsion when they come ”too close” to each
other. Any accumulation in a single point in space is avoided [12]. A
repulsion kernel Viy : R — R, , depending on the total number N
of interacting particles as follows. Let V; be a continuous probability
density on R¢ and consider the scaled kernel

V(@) = x§Vi(xna), o € RY, (1.9)



with a scaling parameter of the form
xn = NP/4, (1.10)
where § € (0,1). It is clear that

1i — 1.11
N_l)I_T:OOVN do, (1.11)

where §g is Dirac’s delta function.

The interaction induced by (1.9) is called moderate interaction. This
because the range of the interaction is much smaller than the size of the
whole space but much larger than the typical distance between two particles.
A “mesoscale” is considered in order to have enough particles to perform a
law of large numbers. So the drift term F' is

FIXnOI(XK (1) = [VG*Xn(@)](XK (2) - [VVy * Xn (O1(XK (2)). (1.12)

The limit (1.11) is the essential reason for the long-range operator VVy *
Xn in (1.12) becoming a classical local operator Vp in (1.3). The function p
represents the density of the population as the number of individual increases
to infinity. In particular we have the following limit for the meausre Xy (t)

lim Xn(t) = p(-, t)dz. (1.13)

N—o00

As a consequence, equation (1.3) can be interpreted as describing the time
variation of the density of a large population subject to long-range aggrega-
tion and “infinitesimal” repulsion interaction. By considering o2, = 0, the
individual randomness is completely lost.

1.2 Notations and Assumptions

In the following we recall some basic notations and definitions of function
spaces to be used in the subsequent analysis. Moreover, we give some basic
assumptions on the aggregation kernel G and the initial value ug in(1.4),
which will be used in the subsequent analysis without further notice.

In general, we will denote the time variable by ¢ € [0,7] (if necessary
also by s, 7) and the spatial variable by z € Q C R? (if necessary also by y,
z). Unless further noticed, the domain 2 is assumed to be either a bounded
domain with Lipschitz boundary or Q = R?. Furthermore, we shall use the
notation Q7 := Q x [0, 7] C R4 for the space-time domain. Functions on
Qr will be denoted by u, v, in some cases also by the original variable p for
the population density.



Function Spaces

For an open set D C RY, we denote by C(D) the space of continuous
functions on D and by C*(D) the space of k-times continuously differentiable
functions equipped with the usual supremum-norms. Moreover, we will use
the Lebesgue spaces LP(D), 1 < ¢ < oo, with

1
_ ) (Jplu(@)|P dz)» if1<p<oo 1.14
lullz»(p) { ess supgep [u(z)| ifp=o0 (1.14)

and the Sobolev spaces W*P(D), 1 < p < oo, 0 < k of functions with
distributional derivatives up to order k in LP(D). The Sobolev space norms
are defined by

1
p
lullwenmy = |l + D 10%llf, (1.15)
1<|a|<k
for 1 < p < 00, and by
[wllyyk.co(py = maX{HUHLm(D), sup “aauHL‘X’(D)}- (1.16)
1<|a|<k

Moreover, we will use the standard notations H*(D) = W*?2(D) and H} (D)
for the subspace of functions in H'(D) with vanishing trace on 0D. For
further details on the spaces W*(D) we refer to the monographs by Adams
[1] and Evans [8].

Finally, we need the vector valued function spaces on a real interval
I C R. For this sake, let u : I — X a function defined almost everywhere in
I with values in some Banach space X. If u is continuous, then we say that
u € C(I; X), and equip this space with the supremum norm

[ulloqr;x) = sup [lu(t)|x-
tel

In an analogous way we define the spaces C*(I; X), LP(I; X) and W*P(I; X)
and their norms, whose definition from the vector-valued case is obtained by
changing the absolute values of u(t) and its derivatives to the norm of u(t)
in the Banach space X. For a detailed discussion of vector valued function
spaces we refer to Showalter [15].

The Convolution Kernel G

In the above model for the aggregation kernel, it is assumed that G is a
bounded function with finite support, which represents the fact that particles



interact only over some finite range. For our analysis, we can relax this
assumption to
G € L®(R) N L' (R?), (1.17)

which implies that G € LP(R?) for any p € [1,00]. Moreover, we will always
assume that G € H'(R?), i.e.,

g = ||VG||L2(Rd) < o0; (118)

further specific assumptions on the regularity of G will be stated explicitely
when needed.

By convolution of a function u, defined on R¢, with the kernel G we
mean the function

v(z) == (G*u)(z)= | Glz—y)uly)dy, xR (1.19)
R4
If a function u is defined on a proper subset {2 of R¢ only, the convolution
is given by

v(z) := (G *qu)(z) = /QG(.Z‘ —1v) u(y) dy, r € R, (1.20)

i.e., we continue u by zero outside 2. Subsequently, we will omit the sub-
script €2 and denote the convolution by G * u for simplicity. Note that due
to G € L*(RY), the convolution G *u is well-defined as a function in L?(R¢)
due to Plancherel’s Theorem. For a comprehensive treatment of convolution
operators in LP-spaces we refer to Champerey [4].

The Initial Value ug

For the initial value we assume in general that ug € L'(Q) N L®(Q). Note
that this implies in particular that ug € L3(f2), an assumption used sub-
sequently to prove the existence of weak solutions. Moreover we assume
partial regularity of ug, namely

ui € H(Q), (1.21)

which is needed for the weak form of the nonlinear degenerate differential
operator contained in the model equation.

The interpretation of the initial value as a probability density yields two
natural assumption for ug, namely that ug is nonnegative (almost everywhere
in ) and that

/ uo(z) dx = 1. (1.22)
Q

We shall see below that these further assumptions are not needed for the
existence of weak solutions, so that we shall not use them unless for specific
results such as the existence of nonnegative weak solutions, where they shall
be stated explicitly.



2 Existence of Weak Solutions

In the following we investigate the existence of weak solutions of the nonlocal
aggregation model (1.3),(1.4). By a weak solution v we mean a function
u € C(0, T T3(9) with u? € T2([0,T}; HL(), w € I2(0,T); (@)
such that the initial condition (1.4) is satisfied and the identity

r o 1
/0 /Q (ua—i5 - EVUQVQS + u(VG * u)VqS) dzx dt =0 (2.1)

holds for all ¢ € C§°(R2) .

In our analysis we will first consider the initial value problem (1.3), (1.4)
in a bounded domain with the boundary condition u = 0 on 9Q (which
is included in the condition u?> € L2([0,T]; Hi(Q2))). The existence of a
solutions will follow from a fixed-point argument using Schauder’s Theorem.
By expansion of the domain and standard weak convergence techniques we
will then prove the existence of a weak solution for = R¢.

2.1 A Nonlinear Degenerate Equation

We first consider the nonlinear degenerate parabolic initial-boundary value
problem

o Alaw) = in  x (0,71 (22)
u=0 on 09 x [0, 7] (2.3)
~ug in Q x {0}, (2.4)

in a bounded domain Q C R¢, which is usually called porous medium equa-
tion with source term.

Problems of this type are discussed e.g. by Showalter [15, p.142]. In the
followiglg we collect some regularity results. If the right-hand side satisfies
f € L>([0,T); H-1(Q)) and if ug € L3(2), there exists a unique weak so-
lution u € L3(Q2) with u? € H(Q). If furthermore f € L([0,7]; H (1)),
one can show that u € C([0,T]; L3(£2)) and that the stability estimates

3 1 t
lulisiay + 3 [ Iy dr < luolay +3 [ 171Brosqoy dry - (25)

for almost all ¢ € (0,7"), and
' ou

e < 2| fllz2 o, ;-1 (@) (2.6)
holds. If we choose in particular ¢ = T in (2.5), we obtain that

L2([0,T;H=1())

1 3
T“UH?]::%(QT) + Z||Vu2”%2(QT) < lluollzagqy + 31 Iz2qo -1y (27)

7



The existence and stability results above allow us to define the continuous
solution operator

S: L%[0,T; H () — L*7)

; o (2.8)

which is a compact operator:

Lemma 2.1. Let Q be a bounded Lipschitz domain. Then the operator S
defined by (2.8) is compact.

Proof. Suppose f,, is a bounded sequence in L2(0,7; H-!(Q)). Then the
according sequence {un} of solutions of (2.2)-(2.4) is uniformly bounded
in H([0,7]; H *(Q))) and {u?} is uniformly bounded in L%([0, T]; H} (2)).
Due to a result about fractional powers of functions in Sobolev spaces (cf.

[14, p.365]), we obtain the uniform boundness of u,, in L2([O,T];H%(Q)).
Hence, an embedding result by Lions and Aubin (cf. [15, p.106]) implies
that there exists a convergent subsequence {u,, }, i.e., the operator S is
compact. O

2.2 Existence of a Weak Solution, {2 bounded

Let F be the operator, which maps v to the solution u of

ou

5 div (uVu) = —div (v(VG) * v) in Q x (0,7 (2.9)
= on 89 x [0, 7] (2.10)
U = U in Q x {0}. (2.11)

The above equation has a unique solution u € L3(9), if
= —div (0(VG) *v) € L3 ([0, T); H(Q)) (2.12)

and uy € H~1(9).
Since G € H'(R4), we can define the operator

G: L*Qr) — L*([0,T);H 1(Q)
. (2.13)

u —  div (u(VG) * u)

Some basic properties of G are shown in the following lemma:

Lemma 2.2. The operator G from (2.13) is well-defined, continuous and
weakly continuous.

Proof. Since V : L?(Q) — H () is a bounded operator with norm 1, we
obtain

1G] < N[u(VG) *ullp2qo,r;2(0))
< Nullzzqo,rnz) I(VG) * ullL2jo.1;00002))»

8



where the second estimate is due to the Holder inequality. A standard result
about the Fourier convolution (cf. [4, Theorem 8.24]) shows that

[(VG) * fllLeoay < el VGl p2wayll fll 22,
for all f € L%()) and some constant ¢ € RT. Hence,
IG@I < cgllulZaay, (2.14)
i.e., G is well-defined. The continuity follows from the analogous estimate
1G(u) =G| < (v —v)(VG) *ullrzr) + [[V(VG) * (v = V)| 2(0p)
< cg (lullzopy + IWle2p) lu — vl )

In order to show weak continuity, assume that u,, — u. The compactness
of the linear convolution operator

C: I2Q) — L®Q)
[ (VG)«f

implies that
(Cun (. 1) — Cu(.,1))? = 0 in L°(Q).

Furthermore, the estimate
1(Cun(t) = Cul, 1) [zoo@)y = NIC(un(st) = ul, 1)1 700 ()

< g un () —u(, 72
< g*2llu( g2 +1)%

holds for sufficiently large n. Since g2(2||u(.,t)||z2 + 1)? is in L([0,T]),
Lebesgue’s theorem (cf. [15, p. 103]) implies that

(Cup — Cu)? = in L([0,T]; L®()),
from which we may conclude
Cun — Cu in L2([0,T]; L®(Q)).

Now a standard argument shows that the product of the weakly convergent

sequence u, and the strongly convergent sequence Cu,, converges weakly in
L?(Q7). O

Proposition 2.3 (Existence for small time). Let ug € L3(Q2) and let T
be such that

s (3
Tl oy (50 +1) <1 (2.15)

then there exists a solution u € L?>(Qr) of (1.3),(1.4), with
u? € L*([0,T]; Hj (Q)).



Proof. Because of the weak continuity of G (Lemma 2.2) and the compact-
ness and continuity of § (Lemma 2.1), the concatenation F is completely
continuous, too.
Let u := F(v), then the stability estimate (2.7) implies
§||u||L3(QT) < 5||g(V)||L2([0,T];H*1(Q)) + g”uOHL?)(Q)a

and inserting (2.14) yields

1 T T
§||U||23(QT) < §||V||i2(QT)(CQ)2+§||U0||%3(Q)

Hence, we obtain the L2-estimate

. 3/

s 3
lull?2@py < T||V||4L2(QT)(CQ)2T2+V|Q|||Uo||?£3(Q)T2-

3
With M := HUOHE?’(Q) this implies

T3 3 3
< M,

for all v with ||v||z2(q,) < M. Applying this estimate we may conclude that
F maps the closed, bounded set

M :={veL*Qr) | [Vl <M} (2.16)

into itself. Thus, we may apply Schauder’s fixed point theorem (cf. [5]) and
obtain the existence of a fixed point u of

u = F(u),

i.e., a weak solution of (1.3)-(1.4) in L?*(Qr). Since the right-hand side
satisfies
G(u) € L*([0,T]; H™(92)),

we may further deduce u? € L2([0,T]; H} (2)). O

The existence of a solution for arbitrary 7' can be shown easily by apply-
ing Proposition 2.3 subsequently to the time intervals (0, S], (S, 2S5], ... ,((k—
1)S, kS|, where k € N and S € R" are chosen such that 7' = kS and (2.15)
is satisfied for S instead of T'. The remaining assumption to be verified is

that the new initial value for the interval (55, (j +1)S], u(.,55) is in L3(Q),
but this follows from (2.5). Hence, we have shown:

Theorem 2.4 (Global Existence). Let ug € L3(Q) and T € Rt. Then
there exists a solution u € L?(Qr) of (1.3)-(1.4), such that

u? € L([0,T]; H} (Q)),u; € L([0,T]; H ().

10



2.3 Existence of a Weak Solution, (2 = R¢

For VG in L3 (R%) we obtain (by inserting a smoothed version of u into the
weak formulation and taking the limit) the a-priori estimate

(1)1 + / IVa(,8)3]2, ds < / Va5l (2.17)

Since the above estimates for u do not depend on the size of the domain
Q2 but only on ||G||g1(q) and up, we may construct a sequence of bounded
domains (2, that expand to R? (e.g. Q, = B,(0)), and the corresponding
sequence of solutions {u"} is uniformly bounded. Hence, a standard weak-
convergence technique implies the existence of a solution u of

ou

5 — div (uVu) = —div (u(VG) * u) in R? x (0,7 (2.18)
u(z,.) =0 as |z| = 0 (2.19)
u = ug in R? x {0}, (2.20)

i.e., we obtain the following result:

Corollary 2.5. Let VG € L%(]Rd), ug € L3(R?) and T € R*. Then there
ezists a weak solution u € L*(R? x [0,T]) of (2.18)-(2.20), such that

uw? € L2([0,T7; H} (RY)), us € L2([0,T]; H~(RY)).

We finally mention that the additional assumption VG € L%(]Rd) is
satisfied for each G € H'(R?), if its support is compact.

2.4 Existence of a Nonnegative Weak Solution

In order to show the existence of a nonnegative solution, we consider the
problem

0

8_1: — div (\/ e+ u?Vu — uVG % u) =0 in Q x (0,7, (2.21)
U = Ug inQ x {0} (2.22)

with homogenous Dirichlet boundary conditions. The involved parabolic

differential operator is nondegenerate for ¢ > 0 and therefore easier to in-
vestigate than the original one with € = 0.

Lemma 2.6. Let € > 0 and ug > 0 a.e. in Q, then (2.21), (2.22) with
homogenous Dirichlet boundary values on 02 x [0,T] has a unique weak
solution u¢ € L*®°([0,T]; L?(Q)) N L3(Qr), which is nonnegative.

11



Proof. The existence and uniqueness of a weak solution for ¢ > 0 follows
from a standard argument for nondegenerate parabolic equations. Hence,

we may define f€:= —VG % u® and consider the problem
% —div (\/e+u2Vu+uf") =0 (2.23)

with initial value v = ug in Q x {0}, where f" € C§°(Qr) and ug € C§°(Q)
are sequences such that

15— "l ) = 0, lluo — ug ll oo gy — 0

as n — 00. Again, the weak solution u“" of the homogenous Dirichlet
boundary value problem for (2.23) exists and is unique for ¢ > 0. Moreover,
the theory of quasilinear parabolic equations (cf. [10]) implies that u€ is a
classical solution if 052 is sufficiently smooth.

Now let v = e Mus", with

A > supdiv f€
Qr

and assume that v achieves its minimum in (zg, %) € Qr. Then, since v

solves
O _ . / 22t || 2 € v fv =
E—dlv( e+ e2Av|2Vy ) = Vo f + (A —=div fYv =0

and Vv =0, % =0 at (zo, %), we obtain

(A = div f)o(w0, to) = \/e + €2 [o]2 Av(ao, to).

The second order necessary condition for a minimum at (z,%p) implies that
the right-hand side is nonnegative and consequently v(zg,tg) > 0. Hence,
either v > 0 in Q¢ or v has no minimum in 7. The latter implies that

info > inf v = min{(), inf ’U} ,
QT (')QT QX{T}

where we have used the homogenous boundary and nonnegative initial values

of v. If v would achieve a minimum in z; € Q at time 7" with v(z1,7") < 0,

we deduce by similar reasoning as above (Vu(z1,T) = 0, Av(z1,T) > 0)

that

%(wl,T) = e+ M2 Av(z1, T) — (A — div fYo(a1,T) > 0,

but this would imply the existence of a time t; < T such that v(z1,t1) <
v(z,T) and therefore contradict the assumption that v(z;,T') is a minimum.
Thus, v is nonnegative a.e. in {7 in both cases and consequently

us" = e My >0 a.e. in Q.

12



For n — oo, the norm of u*" is uniformly bounded in (0, T; L?(2)) N
L3(97) and hence, there exists a weakly convergent subsequence in L3 (Qr),
whose limit is nonnegative and a weak solution of

% _ giv (\/e U2V + uf€> —0 (2.24)

ot
with u = up in © x {0} and u = 0 on 9Q x (0,7). Since the solution of
(2.24) is unique it must be equal to u® and thus, u¢ is nonnegative. O

Theorem 2.7. Let ug > 0 a.e. in 2, then there exists a nonnegative weak
solution of (1.3)-(1.4).

Proof. With the notation

ae(u) = % (u\/u2 +e+eln(u+ Vu? + 6)) ,

we may rewrite (2.21) as

% — Aac(u) —div (uVG xu) = 0.

A standard variational argument shows that ¢ is is uniformly bounded in
L>(0,T; L*(Q2)) N L3(27) as € — 0 and hence there exists a weakly conver-
gent subsequence u in L?(Q7) N L3(Qr), whose limit @ is a nonnegative
weak solution of (1.3)-(1.4). O
2.5 Further Properties of Nonnegative Weak Solutions

Now we investigate some properties of solutions of the model equations (1.3)-
(1.4), in connection with their interpretation of a population density. One
easily verifies that the model (1.3)-(1.4) conserves the density, i.e.,

/ u(z,t) de = / uo(z) dx. (2.25)
Q Q

Thus, for nonnegative solutions, we may conclude that u(.,t) is in L*(Q) for
almost all ¢:

Theorem 2.8. Let u be a nonnegative solution of (1.3), (1.4), then u €
L*(0,T; LY ().

Another important result is the regularity of nonnegative solutions (and
since we want to compute a population density, these are the only ones of
interest):

Theorem 2.9. Every nonnegative solution u of (1.3)-(1.4) satisfies

u € L*(0,T; H} (Q)).

13



Proof. We define the nonnegative function u := 5, where
R:= / uo(z) dx.
Q
(S-t) The identity (2.25) shows that
/ u(z,t) dz =1, Vit € [0,T)
Q
and hence, the Kullback-Leibler divergence
B(l) = / (u(z, ) nu(z, t) + 1 — u(z, 1)) dz (2.26)
Q
exists and is nonnegative for all ¢t € [0,7). Since u solves
ou

e —div (uV(u — G *u)) =0,

standard smoothing techniques allow to obtain the estimate
t t
E(t) —I—R/ |Vull3: ds < /u(x,t) dx —I—R/ [{(VG) * u, Vu)r2| ds
0 Q 0
R [ 2 2
< 145 [ (IVulle +1(VG) x ullz2) ds.
0

Since u is nonnegative, we obtain by using Fourier’s theorem (cf. [4])

(V@) * ul| >

IA

VG2 llull L (g

_ ||VG||L2/u(x,t) dz
Q
= ||[VG||2

for all ¢t € (0,T"), and hence,
R [t 2 R [ 2
EW)+= | |[Vulljeds < 1+= [ ||[VG|32 ds
2 Jo 2 Jo
Rt
= 1+ By,
Using the fact that [|[VG||%, is equivalent to the H'-norm on Hj(Q2) (cf. [8]),

we finally obtain
[ullF2 (0,751 ()) < C(L+T)

fo some nonnegative constant C, i.e., u € L%(0,T; H(f)). O

Finally, we show that there exists a bounded weak solution:
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Theorem 2.10. Let uy € L*®(Q) be a nonnegative initial value satisfying
(1.22). Then there exists a nonnegative weak solution u € C(0,T; L*(2)) N
L>®(Qp).

Proof. Above we have deduced the existence of a nonnegative solution. By
an analogous approximation technique we can show that this weak solution
is bounded by the essential supremum of the initial value almost everywhere
in Qr. Finally, due to conservation of the mean value of u(.,t) we have that
u € L>(0,T; LY(Q)). O

3 Uniqueness of Entropy Solutions

So far we have shown that the initial-boundary value problem (1.3)-(1.4) has
a weak solution u, which is nonnegative and satisfies u € L°°(0,T; L*(2)) N
L>(Q7), but we did not pose the question of uniqueness. In general we can-
not expect uniqueness of weak solutions for a nonlocal transport equation,
a problem that has been discussed recently by Diekmann et. al. [6].

For nonnegative weak solutions of (1.3),(1.4) the only uniqueness result
we can prove is for the special case of homogenous initial values:

Lemma 3.1. Let u be a solution of (1.3), (1.4) with
u=0 in  x {0},
then u =0 a.e. in Q.

Proof. The proof of Proposition 2.3 shows that u satisfies an estimate of the
form

3 3 3
ol < VRl (e + 1) b =0

for sufficiently small ¢, which implies directly u = 0 in €; if u® = 0. By
applying the same result succesively to the time intervals [¢,2t],[2t, 3], ...
we may conclude v = 0 in Q7. O

In order to prove a uniqueness result for general initial values, we restrict
the class of feasible solutions to the class of entropy solutions. This means
that in general there is uniqueness for weak solutions, but in the class of
solutions satisfying conditions of entropy dissipation, the solution is unique.

In the next definition we introduce the concept of entropy solutions to
our system. Entropy solutions have been introduced recently for equations
of the form (1.6) (cf. e.g. [3, 9]). We adapt this notion to our system,
closelying follow this approach with a simple modification enforced by the
nonlocal convolution operator, which leads us to the following definition (for
simplicity, we always assume £ = R? in the remainder of this section). Then
we prove then a solution which is entropy solution is also a weak solution.
Finally the main result is given.
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Definition 3.2. An entropy solution of (1.3) is a measurable function u on
Qr satisfying the following conditions:

(i) u € L*®(Qr) N C(0,T; L' (R?))
(i) u? € L?(0,T; H ()

(iii) For all ¢ € R and all nonnegative test functions ¢ € C§°(Qr), the
following entropy inequality holds:

//Rd “_C| +Slgﬂ(u—6) ((u—c)(VG xu)) Vo +

2|u — 2| A¢ — sign(u — ¢) div(c(VG * u))¢) dz dt <0 (3.1)
(iv) Essentially, as ¢ ] 0,

) |u(z,t) —uo(z)| dz — 0.
R

The only difference to the definition of an entropy solution for an equa-
tion of the form (1.6) as introduced by Carrillo [3] is in the entropy inequality,
which is given originally by

/ /Rd fu= Cl + sign(u —¢) (F(u) — F(c)) V¢ +
- CQ'M ~ sign(u — o) div(F(0))$) dr db <0

for all nonnegative test functions ¢ € C§°(€dr). If we would adapt this
definition directly by replacing the nonlinear function F' by the nonlinear
operator F' : u — u(VG # u), the entropy inequality read

T
/O /Rd (ju- c% + sign(u—¢) (u(VG *u)) Ve +
%\uQ . c2|A¢¢) dz dt < 0

due to the fact that VG % ¢ = 0 for each constant function ¢. Thus, it seems
more natural to adapt the notion of an entropy solution for systems of the
form

ov

5 +div f(z,t,v) — Aa(v) =0, (3.2)

introduced by Karlsen and Risebro [9], where f(z,t,u) = g(z,t)u in our case.
The vectorial function g is defined by g = VG * u, where u is implicitely
assumed to be given in this part. The rationale behind this approach is that
by construction a fixed point map as the concatenation of u +— g and g — v,
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where v is the unique entropy solution of (3.2), one can hope to obtain at
least a subsequence converging to the entropy solution of (1.3), (1.4).

In order to be coherent with the definition of weak solutions given above,
we verify that each entropy solution is also a weak solution:

Proposition 3.3. Let u be an entropy solution of (1.3), (1.4). Then u is
also a weak solution.

Proof. First, we choose ¢ > ||u|f(q,), then the entropy inequality becomes

/OT [ (= 0% — (V6 w) Vo - 5 - &)Ag) do de <0,

where we have used Gauss’ Theorem on (2 to eliminate the terms containing
¢(VG * u). Because of

T a¢
/0 /Rdca dz dt:/Rdc(qS(x,T)—gb(x,O)) dr = 0
T T
2 _ 2\A _ 2 _ 2
/0 /Rd(u A)A$ dz dt /0 [ V=)V do i,

where we have used u? € L?(0,T; H'(2)) and the compact support of ¢, we
obtain that for all nonnegative ¢ € C§°(€2r) the inequality

/T /Rd ( a2 (u(VG xu)) Vo + %V(uZ)VqS) dz dt < 0.

Similary, by choosing ¢ < —||ul| (), we may deduce the reverse inequality
and thus,

/OT /Rd ( - ug—f — (u(VG xu)) Vo — %V(UQ)VQ{)) de df — 0

for all nonnegative test functions ¢. For general ¢ we can construct two
sequences of nonnegative test functions gb,‘c",gb,; € C§°(2) such that ¢;c" —
max{¢,0}, ¢, — —min{¢,0} in C(Q7) and

T ¢ 1
0 = /0 /Rd (— u% — (W(VG *u)) Vi — §V(u2)v¢;§) dz dt
' 0ty VG Vo — L)V ) do dt
- [~ — VG w) Vi — 5V, ) da
T ¢ 1
= /Rd ( 02l (VG ) Ve — §V(u2)v¢) dz dt,
which completes the proof. O

17



A natural way to circumvent problems caused by the discontinuity of the
sign function is to replace it by a continuous approximation sign, such as

-1 ifr < —e¢
sign (1) :=¢ T if —e<7<e (3.3)
1 if7r>e

and to consider the limit ¢ — 0. This leads us to the so-called entropy
dissipation property (cf. [3]):

Lemma 3.4. Let u be an entropy solution of (1.3), (1.4) and let AG €
LY(RY). Then, for any nonnegative function ¢ € C(Qr) and ¢ € R, we
have that

/OT/Rd (|u—c|(:)9—f+ sign(u —¢) ((u—¢)(VG *u)) Vo +

1|u2 — A|A¢p — sign(u — c) div(c(VG * u))qﬁ) dz dt

= - hm/ |V (u?)? sign.(u® — c*)¢ dz dt (3.4)
4 €0 Rd

Proof. In an analogous way to the proof of Lemma 2.2 in [9] we can show
that

T
/0 /Rd <|u — c|% + sign(u —¢) ((u—¢)(VGxu)) Vo +
1|u2 — 2|Ap — sign(u — c) div(c(VG * u))qﬁ) dz dt
== hm/ |V (u?)|? signl(u? — c*)¢ dz dt — I, — I
Rd

4 €0
with I; and I, given by

L = - hm/ / u — ¢) (VG % u)V (u?)sign’(u? — )¢ dz dt
4 €0 R4
L, = - llf(I)l/ / (u — ¢)(VG * u) — V(u?)) sign,(u® — ) V¢ dz dt
€ Rd

If we define the function Q. via
Q) = [ sigalr = ) - o) dr
0

then we can rewrite Iy (using Gauss’ Theorem) as

L = —11%1 VQ:(u?) (VG xu)p dz dt
[3 d

R
= —= hm/ Qe(u”) ((AG *u)p + (VG xu).V¢) dz dt.
4 €0 R4
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With the same arguments as in the proof of Lemma 2.2 in [9] we can now
argue that Q.(z) tends to zero as € | 0 for all z > 0 and employ the Lebesgue
dominated convergence theorem to show that I; = 0. In a similar way one
can verify that I = 0 and thus, we may conclude that (3.4) holds. O

The entropy dissipation property is the fundamental requirement for
the main result of this section, namely the uniqueness of the of an entropy
solution:

Theorem 3.5 (Uniqueness). Let u, v be two entropy solutions of (1.3),
(1.4). Then u=v a.e. in Qr =R x (0,T).

Proof. The proof can be carried out in an analogous way to the proof of
Theorem 1.1 in [9], using the entropy dissipation property (3.4). O

4 The Viscous Case

In the following we consider the viscous approximation to the partial differ-
ential equation (1.3), i.e.,

1
up — eAu — EAUQ = — div(u(VG) * u). (4.1)

Viscous approximations to nonlinear hyperbolic or degenerate parabolic dif-
ferential equations are frequently used as a tool for proving the existence
of weak solutions (cf. e.g. [8]). With respect to the interpretation of (1.3)
as the mean-field limit of a system of interacting particles, the viscous case
is of interest for itself. This can be seen from an inspection of the deriva-
tion of the original model (1.3) in [12], where one has to assume that the
mean free path of each particle (i.e. the coefficient of the Brownian term in
the stochastic differential equations describing the dynamics of the system)
tends to zero as the number N of total particles increases to infinity. Hence,
the limiting behavior becomes completely deterministic and no memory of
the individual stochastic behavior appears.In a specific applications to po-
pulation biology, this assumption is well justified (cf. [2]), but for possible
different applications it might be violated.

If one does not assume a priori that the individual variance 0% tends
to zero, but oy — 0 for some positive real value o, then the limiting
behavior is described by the partial differential equation (4.1) with ¢ =

52&. The diffusion term in (4.1) is thus a trace of the individual stochastic
behavior that remains in the deterministic mean-field model.

Similarly to the case ¢ = 0 one can show the existence of a solution by
a fixed point method (noticing that the results about the general porous
media equation (2.2) are applicable with a(u) = eu+u|u|). In addition, one

can easily prove that v € L(0,T; H}(2)) N L>® (7)) for positive e.
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Theorem 4.1. Under the conditions of Theorem 2.4, there exists a unique
nonnegative weak solution u € L?(0,T; HE(Q)) of (4.1) for each initial value
ug € L?(Qr), where Q is either a bounded set or R?.

Proof. Suppose u and p are two different solutions of (4.1) and let s be
the minimal ¢ € [0, 7], such that v and y differ in L?(s, S; H(9)) for any
S > s. Multiplying the difference of (4.1) for u and u by —A~(u — p) and
integrating over Q x (s,s + 1) yields
S+T
1||u _ 2 _ 2 _ 2
sl slfmloer e [ (lu=nlts+ [ ol + ) —p) do) @

]
S+T

< / v = pll -2 IVGl L2 (ullL2 (8) + el z2)llu — pll2(2) dt,
8

where we have used standard estimates for the H~!-norm and similar esti-
mates for the convolutive products as above. Since u and yp are bounded in
L>(0,T; L%(Q) and the term (|u| + |u|) (v — p)? is nonnegative, there exists
a real number 7 such that
S+T
1 2 2
gl =l sts 4 ) e [l de
S
S+T

<n / lu— pull -1 (Ol — pall e (¢) dt

S+T 9 S+T
€ n
<t [l e+ L [ u—plfa ae
S S

Now integration with respect to 7 from s to S yields

/S [(#) = pl-s + - ull%z] () dt <0,

S

which contradicts u # p in L2(s, S; H; (Q)) for arbitrary S > s. O

A similar argument to the proof of Theorem 2.9 is possible in the viscous
case, but we have to consider the function ¢ = u + 2¢ and the modified
divergence

Ef(t) = /Q (u(z, ) Inp(z,.) + 1 — pu(z,.)) dz.

Analogous reasoning implies the estimate

I 1 ¢
B(t) - BO) + 5 | IVul9)|Baqy ds < SIVGIP [ uC,)l3aqq) ds
0 0
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