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Abstract

The aim of this paper is to show the global existence of weak solutions for a moving boundary
problem arising in the non-isothermal crystallization of polymers. The main features of our works are (i)
the moving interface is shown to be of co-dimension one; (ii)finite Hélder continuous propagation speed
yields an intrinsic estimate of finite co-dimension one Hausdorff measure of the moving interface for every
time ¢ in two space dimension; (iii) based upon (ii), we prove Holder continuity of the temperature u by
a decomposition argument.
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1 Introduction

Crystallization of polymeric materials is a phase-change process in strong interaction with heat conduction.
Both of the basic mechanisms involved in the solidification from a melt, namely the nucleation and growth of
crystals, are strongly influenced by the temperature and its variations. Vice Versa, the latent heat is rather
large for polymeric materials, so that it causes a considerable change in the heat transfer process.

The interaction of solidification and heat conduction is a well-known phenomenon in models of phase-
change, and involves important problems in the theory of free and moving boundary problems. In typical
examples of moving boundary problems such as the Stefan problem, the unknown boundary is assumed to be
isothermal, which leads in a mathematical model to a homogeneous Dirichlet condition for the (appropriately
scaled) temperature. For polymers the situation is different, since the phase change does not take place at a
fixed temperature (or with kinetic undercooling close to this temperature), but in a rather large temperature
range between the thermal melting point 7), and the glass transition temperature 7Tj.

The mathematical modeling of all the mechanisms including nucleation, growth, and deposition is very
complicated. It may be appropriate to mathematically study single mechanisms alone at this stage. The
modeling of nucleation of new crystals, which can be considered as a heterogeneous Poisson process, has
been done in [8], [10]. In this paper, we only consider the effect of crystal growth.



The growth of the crystalline phase Q = UY,Q, (€;(¢) being the single crystal), is determined via
nonlinear dynamical relations for the normal velocity v and the temperature wu,

_1.0u

v==G(u) = f[%]

on I =909, (1.1)
where G is a given material function, L is the latent heat, and [-] denotes the jump across the boundary.
The function G is non-decreasing until it reaches a maximum at some temperature depending on material,
then is non-increasing for larger values. For example, G attains its maximum at 80° C in case of isotactic
polypropylene, see [35, 31, 33]. Motivated by the physics of the problem we shall assume that G is a
non-negative smooth function with positive lower bound and upper bound, i.e., for all u, u1,us € R.

0<C < G(U) <(Cy < o, (12)
|G(U1) — G(UQ)‘ § L|u1 — U2|. (13)

Since surface tension in polymers is very small, it is neglected in most treatments, and we follow this approach
here.

2 Formulation of The Problem

The heat transfer in the material is described by the heat equation in R™\9Q x [0,T], in general with
parameters such as conductivity, density, and capacity dependent on the phase. The heat equation is

cuy = —divg, q = —k1Vu, in the liquid phase Q
couy = —divg, q = —koVu, in the solid phase R™\; (2.1)

where v is the temperature, and ¢ is the heat flux. For simplicity, we restrict our attention to the case of all
parameters being constants in this paper. That is, ¢; = ¢; =1 and K3 = K3 = 1. On the interface between
two phases: solid phase and liquid phase, the Rankine-Hugoniot condition and nonlinear Gibbs-Thompson
relation between temperature u and normal velocity of interface are given by

Lv =[¢]n (2.2)
v==G(u) (2.3)

where v is the normal velocity of the interface I' between Q; and s, L is latent heat coefficient, and n is
the unit normal vector at the interface. For the sake of simplicity, let L = 1. Introducing a phase function ¢
as in [32] and [3], let {¢ < 0} denote solid phase, and {¢ > 0} denote liquid phase. Therefore {¢ = 0} is the
interface between two phases. On the interface {¢ = 0}, the unit normal vector and velocity, respectively,
are

Vo ot

n=—_, v=— .
Vel Vel

Hence (2.3) can be re-written as a Hamilton-Jacobi equation as

pr + G(u)| Vol = 0. (2.4)

(2.1) and (2.2) are equivalent to the following differential equation in the distributional sense.

I(u+ x(p)) — Au=0, (2.5)
where
~1, if o <0,
X(p) = signp = < [-1,1], if ¢ =0, (2.6)
1, if o > 0.

(2.5)-(2.4) is the weak formulation of the front propagation problem (2.1)-(2.3) for the non-isothermal crys-
tallization in polymeric materials.



Let us make a comparison with the classical Stefan problem. In the classical case- Stefan problem, the
equation (2.3) is replaced by an isothermal condition, i.e.,

u=0. (2.7)
Therefore the weak formulation of the classical Stefan problem (2.1), (2.2), and (2.7) is as follows:
Oy (u + x(u)) — Au =0, (2.8)

There are vast literatures in the study of Stefan problems (see e.g. [25, 22, 28, 40]). However, the best known
regularity of the temperature u for (2.8) is merely continuous (see [11, 17, 41, 34]) and the codimension one
property of moving front is still open.

Because of the non-isothermal dynamical relation (2.3) on the interface, sign(u) in the Stefan problem
(2.8) is replaced by sign(y) in (2.5) where ¢ is governed by the Hamilton-Jacobi equation (2.4). Earlier works
by Avrami [1], Kolmogorov [24], and Evans [20] in the 1930’s and 1940’s addressed spatially homogeneous
growth of crystals, where the phase could be computed analytically. Recently the modeling of non-isothermal
crystallization has been extensively examined in [31, 35, 38, 33, 18, 19, 6, 8, 9, 10]. The local existence of
a single smooth moving front in (2.1)-(2.3) was shown under the assumption that initial interface is a
small perturbation of a sphere in Friedman-Velazquez [23]. In practice there are many crystals created by
nucleation so that a situation with multiple crystals should be studied instead. As crystalline grow, they
definitely infringe each other in finite time as long as there is positive lower bound on the propagation speed.
Consequently the moving front may not be smooth. To capture the physical features of front propagation we
study global weak solution of (2.4) and (2.5). In this paper, we prove the global existence of a weak solution
of (2.4) and (2.5) even for large initial data. In particular we show that temperature is Holder continuous
in space and the moving front is a Lipschitz graph in time-space. The main novel features of our work are:

(i) the moving interface is shown to be of co-dimension one;

(ii) finite Holder continuous propagation speed yields an intrinsic estimate of finite co-dimension one Haus-
dorff measure of the moving interface for every time ¢ in two space dimension;

(iii) based upon (ii), we prove Holder continuity of the temperature u by a decomposition argument.

Now we need to interpret the weak solution (¢, u) of (2.4) and (2.5). The temperature u satisfies (2.5)
in the standard distributional sense. The best available Holder regularity of the temperature u is weaker
than Lipschitz continuity due to the non-smoothness of the moving interface, so is the normal velocity of
moving interface. In reality, there is also thermal noise in the heat transfer. Then the temperature v may
at best be Holder continuous, and consequently the phase function ¢ has to be understood in L°° sense see
[13, 14, 15] since the level set equation (2.4) allows a discontinuity to develop in finite time even if the initial
phase function is smooth (because of the non-uniqueness of ODE solutions given a Hélder continuous right
hand side).

Denote by T'(t) = 9Q(¢), where Q(t) = {¢(-,t)}. Our Main Theorem is stated as follows:

Theorem 2.1. Assume that the almost everywhere continuous initial phase function pg satisfies: pg < —1
if o <0, and po > 1 if po > 0. Assume that the initial front T'(0) = U™ T?, where each TY is a curve

satisfying a local flattening condition: for any points A and B on T with L(AB) < 1, SUp, . 4p dist(z, AB) <

EL(AB)'8, where AB is the connecting part of TY between the point A and B. Moreover, let lluo|lco.r (r2y <
Cy. Then for any T > 0, the temperature u of (3.1)-(3.3) satisfies

llul| oo (r2 x[0,77) < C, (2.9)

lu(z, 1) — ula, t)| < Cly, Colltr — ta|” for any v € (0, %), (2.10)

| u(z,t) —ulze, t) |< Cla, Cp) | 21 — x2 |* for any o € (0,1), (2.11)

for any x,x1,75 € R? and t1,ta > 0. The phase function ¢ € L®(R% x (0,T]) N BVie.(R? x (0,T])

satisfies 0{p < 0} = 0{p > 0}. Furthermore 0{w < 0} is a Lipschitz graph t = v(y, ) in time-space, i.e.
(Y1, 0) = 1(y2, 0)| < % For each time t, T'(t) = 0{p(-,t) < 0} satisfies

Hl(F(t)mBT(yO)) S C(m,§7ﬁ700,01702,7”), (212)



for any yo € R%. Asr — 0, HY(L'(t) N B,(yo)) = O(r) — 0 for each t € (0,T).

This work was announced in [36]. The organization of the remainder of this paper is as follows. In Section
3, the existence of weak solutions of approximate equations is shown. In particular, we prove that the moving
front of the approximate solution is a Lipschitz graph in time-space with Lipschitz constant independent of
the approximate parameter e. Then we prove the intrinsic estimate of co-dimension one Hausdorff measure of
the moving front for every time ¢, as long as the normal velocity is Holder continuous, in Section 4. Though
the idea behind the proof is simple, the argument is quite involved due to its geometric nature. The readers
merely interested in the regularity estimate of temperature may skip the proof of Theorem 4.4 in the first
round of reading. Based upon the estimate established in Section 4, we employ a decomposition argument to
derive an a-priori C'* continuity estimate for the temperature u independent of € by exploring the finiteness
of the propagation speed of the moving front in Section 5. In Section 6, the existence of a weak solution of
(2.4) and (2.5) is shown in the passage to the limit of approximate solutions. In the appendix, the theory
of L* solutions of Hamilton-Jacobi equations is recalled. In order to interpret the moving front driven by
Holder continuous normal velocity studied in Section 4, various of properties of L> solutions of the level set
equation are shown.

3 Initial Value Problem and its Approximation

The propagation of moving fronts of the non-isothermal polymer crystal growth problem is formulated as
the initial value problem

%(u +x(¢))—Au=0  in R" x [0,T], (3.1)
%‘: +G(u)|Vy| =0  in R" x [0,T], (3:2)
U(I’,O) = UO(LE), (p(:c, O) = @0(:5)7 (33)

where y is defined via (2.6).
Besides the assumptions (1.2) and (1.3), let us assume that

(A1)ym(0{wo < 0} N{po > 0} N{wo =0}) =0, and {po < 0} is a bounded subset in R™.
To study (3.1)-(3.3), we consider the following approximate equation

O (utxele )~ Au=0 i R x [0,7), (3.4)
Oy . on
e +Gw)|Ve| =0 in R" x [0,77, (3.5)
u(z,0) = up(x), o(z,0) = po(z). (3.6)
Here x. is defined by
-1, if t — y(z, @) > 2e,
Xé(xatvso) - _1+%7 lfOSt_’Y(x7(p) SQE? (37)
1, if p(z,t) >0,

where y(z, ¢) = inf{s : ¢(z,s) < 0} for a monotone decreasing function ¢ in time ¢.

Remark 3.1. Observe that the solution of the level set equation (3.5) is monotone decreasing in time, thus
~ is well-defined.

Let us make the following notations. Suppose that A C R", and b C R", then the distance between sets
A and B is given by

dist(A, B) = sup dist(z, B) + sup dist(y, A), (3.8)
T€A yeB



A

<« 9%

o{p >0} =0{g <0}

v

Let T be any given positive number. Denote by I' ;' the boundary of {¢ < 0} in R™ x (0,T], by Fg the
boundary of {¢ > 0} in R™ x (0,7] for a function ¢ monotone decreasing in time ¢. Let us denote the
fattened boundary by

o=zt € R" x (0,T]| =1 < xe(w,t, ) <1}, (3.9)
T, (t)={r € R"| -1 < xc(z,t,0) < 1}. (3.10)

R

Lemma 3.2. Suppose that the initial temperature satisfies ug € C*(R™) N L>®(R™), and an initial almost
everywhere continuous phase function pg € L™ (R™) satisfies the assumption (A1) with the following property:
wo < =1 if o <0, and pg > 1 if pg > 0. The definition of almost everywhere continuous function is in
the Appendiz A. The material function G satisfies assumptions (1.2) and (1.3). Then for every e > 0,
there ezists a solution u¢ € W'P(R" x (0,T]) N ClHeE (R x [0,T)) for any p € (1,00) and ¢° €
L>(R™ x (0,7]) N BV(R™ x (0,T]) to (3.4)-(3.6) with 9{p < 0} = {e® > 0}. Furthermore 8{¢® < 0} is

a Lipschitz graph in time-space independent of €, i.e. |v(y1, %) — Y(y2, )| < %

Proof: Observe that the following equations

%(u—&-xe(rmt,@) —Au=0 in R" x [0, T, (3.11)

%f +GW)|Ve|=0  in R" x[0,T], (3.12)

u(z,0) = up(x), o(x,0) = po(z). (3.13)

induce two mappings T} : ¢ — u, T : v — ¢ where v € L>®(0,T;C%(R")) with v(x,0) = ug(z), ¢ €
L>(R™ x [0,T]) is a monotone decreasing function for almost every x with I'; being a Lipschitz graph in
time-space with y(y,¢) > Cr if |y| > r as long as r > Ry for some absolute constants C' and Ry, more
precisely .

Dy — yo|}.
Cl+ Ny — v}

Ly ={,7(y,0) - (1, 0) = (y2,0)| < (



To invoke the Leray-Schauder fixed point theorem for showing that 7" = T} o T has a fixed point, we
need to show that T is continuous and compact.

Step 1. T is continuous.
First of all we show need to show I'J — T'_ if v, — v, Le.

dist(I',,, ;) — 0 if |vx, — v 10,7505 (rn)) — O, (3.14)
where ¢, = Ty(vy). Observe that dist(T';, ,T'7) < dist({wx < 0},{p < 0}), it suffices to show
dist({Ta(v) < 0}, {T2(v) < 0}) = 0, if |lox — v|| L1 (0,130 (Rm)) — 0. (3.15)
Given by Lax formula, it follows from Theorem A.6 that the solution ¢ of (3.12) is
p(z,t) = essinfyes, (0,0 {vo(y)}, (3.16)
with the backward reachable set
Szt(v,0) ={y € R™"z(0) = y,z(t) = z,|i(s)| < G(v(z,s)) for 0 < s < t}.

For any point (z,t) € {¢ < 0}, there exists a Lipschitz continuous path with |i(s)| < G(v(z,s)) such
that z(t) = x, (0) = y € {¢o < 0}. Let us construct another Lipschitz path

in(s) = G sa(o)

with z;(0) = y, and x(t) = zx € {r(t) < 0}. Then using (1.3), we have

C t
ou(t) = 20 £ GL [ o~ vl ey .
1 0

Note that (zk,t) € {@r < 0}, thus
Cs ¢
sup  dist ((z,t), {pr <0}) < C—L/ g, — V|| Loe (m) ds.
(z,t)e{p<0} 1 Jo
Switching the positions of ¢ and ¢, we argue in the same way to get
Cs t
sup  dist ((z,t),{p < 0}) < —L/ lv — v Loe (rr) ds.
(@) {pr<0} G Jo
Thus

20,L (*
Cl 0 ||Uk - U||L°°(R”) dS,

dist ({pr <0}, {p <0}) <

and (3.14) is true when vy, — v||L1 (0,750 (rR")) — 0.

Here we show that I'J is a Lipschitz continuous graph is time-space where ¢ is the solution of (3.12),
thus I'_ is of locally finite n—dimensional Hausdorff measure.

Note that by Lax formula, we have

30(1'7 t) = eSSinnySw,t(v,O){@O(y)} = eSSinfyGSm,f,(v,T){@(yv T)}a (317)

where
Se1(v,0) = {y € R"z(0) =y, z(t) = z,|2(s)| < G(v(zx,s)) for 0 < s <t}

Sei(v,7) ={y € R*z(r) =y, z(t) = z,]2(s)| < G(v(x,s)) for 7 < s < t}
Given a point € R"™, for any d > 0, there exists a point z € {¢¢ < 0} such that

|z — 2| < dist(z, {0 < 0}) + 0.



Thus by (3.17)
. dist(z, {0 < 0}) + 0

(z, c ) € {p <0},

in that z € S, ;(2)(v,0) where 7(z) = %W. Therefore v(z, ¢) < 7(x) is finite for any z € R".
Now we show a Lipschitz continuity estimate of y(z, ). Given any two points (y1,7(y1,»)) € I'; and
(Y2,7(y2, ¢)) € I';, assume without loss of generality v(y2, ) > v(y1, ), for any § > 0, there exists a point
z € {x € R"|o(z,¥(y1,¢)) < 0} such that
ly2 — 2| < (14 0)|y1 — w2l

By (3.17), we have

14+6)|y1 —vy
(7o, ) + EL ] ¢ o g,
which in turn implies
14 0)|y1 —
VY2, ) =1y, 90) < %
1
Therefore we obtain (116 |
+ —
(w2, 0) = Y 9)] <
1
and let § — 0,
Yy — Yy
o) — 2o, )] < 22 (3.19)
Secondly we show for any p € (1, c0)
1T (0r) = To(D) w2 1r (mr oy = 05 if dist (I'y,,T'y) — 0. (3.19)

Note that dist (I'y, ,I'y ) <dist (I'; ,I';), and by the definition of I', we have

0 0
[ axe(sbk) - a)&((b)”LF(R" x[0,T7)

< AB) (40, AR x [0, 7)) 4 H(Ty, 0 R < [0,T]))dist (T, D)

C(nupv T7 Cl)
€

< dist (T, T, )7 (3.20)

By standard LP theory we conclude (3.19).
Given (3.14) and (3.19), we have that T'= Tj o T, is continuous.

Step 2. T is compact.
It follows from Theorem B.1 with the local BV estimate (B.1) that

lellzv (Bo,R)x[0,17) < C(R,T,C1, Cy, |9l oo (ray) (3.21)

By (3.18), 0{¢ < 0} is a Lipschitz graph with Lipschitz constant depending only on C;. By the definition of
Xe(z,t, ), (3.4) is a heat equation with L bounded right hand side. By standard LP theory and De Giorgi
estimate

HuHWf;f”’(R" x[0,T7) + H'U:”C1+a,1+T°‘ (R x[0,T1) < C(TL, 6) (3.22)
Thus T = T} o T, is compact.
By Leray-Schauder’s fixed point theorem, there exists a solution (u€, ¢¢) to (3.4)-(3.6) with u¢ € Wi’tl’p(R” X

(0, T))NC =1+ (R x [0, T)) for any p € (1,00), a € (0,1), and ¢ € L= (R" x (0,T]) N BVjpe(R™ % (0, T]).
This concludes Lemma 3.2.



4 Geometry of the Moving Front

In this section, we prove a surprising theorem in two spatial dimensions that the one-dimensional Hausdorff
measure of the moving front is finite if the normal velocity f(z,t) is Holder continuous with respect to x
and is bounded from below. In other words, there is a discontinuous L solution ¢ of the following level set
equation, whose level set 9{p < 0} = 9{p > 0} is of finite co-dimension one Hausdorff measure for every
time ¢ > 0.

ot + f(z,t)|Dy| =0, reR? >0, (4.1)
¢(z,0) = ¢(x). (4.2)

Even when f(z,t) is Lipschitz continuous in z for every ¢, no explicit estimate of co-dimension one Hausdorff
measure of level set was available until now.

In the case of non-isothermal growth, the normal velocity G(u) in (2.4) is as best regular as Lip(log(Lip))”
(8 > 1) with respect to x as shown very likely, but not rigorously, in next section. The definition of
Lip(log(Lip))? (8 > 1) is as follows. A function g(z) is said to Lip(log(Lip))” continuous with respect to =
in Q for 8 > 1 if there is a constant C' such that for any two points x; and x5 in €2,

| 9(x1) = g(22) IS C l 2y — 22 | (| Inz1 —a2) | +1)7. (4.3)

where C' is the semi-norm [g]1;p(10g(Lip))# () Of g in Lip(log(Lip))?(Q2) space. The norm of g is defined as:
HQHLip(log(Lip))B(Q) = [g]Lip(log(Lip))ﬁ(Q) + ll9llL (). New ingenuous geometric concepts and techniques are
introduced to study geometric properties of the moving front. It is well known that ODEs with Hoélder
continuous right hand side lose uniqueness. Our method derives an intrinsic estimate of co-dimension one
Hausdorff measure of the moving front even when the normal velocity f(x,t) is merely Holder continuous.

Because of the non-uniqueness of ODE solutions given Holder continuous or Lip(log(Lip))? (8 > 1)
continuous right hand side, the level set equation (4.1) allows discontinuity develop in finite time even if the
initial phase function is smooth. As noticed before ¢ has to satisfy (4.1) in the L sense (see [13, 14, 15]). For
the convenience of reader, we recall the theory of L*° solution of Hamilton-Jacobi equation in the appendix.

First of all we show the following Lemma on the comparison of the lengths between two enclosed convex
curves. Recall that an enclosed curve C is called convex if it is the boundary of a convex body cvh(C), the
convex hull of C.

Lemma 4.1. Let C and D be two enclosed convex curves. D C cvh(C). Then
L(D) < L(C), (1.4)
where L(C) denotes the length of the curve C.

Proof: Step 1. Any convex curve can be approximated by convex polygons in the sense that for a given
convex curve C, every e > 0, there is a convex polygon Y such that dist (Y,C) = sup,y dist (y,C) +
sup,cc dist (z,C) < e and |L(Y) — L(C)| <.

Step 2. It suffices to show the statement is true for any convex polygon D = [A; - A;A;] C cvh(C),
where Ay, -, A; are the vertices in the counter clockwise order.

Up to translation and rotation, without loss of generality, we assume there are at least two points of the
convex polygon on the curve C. Denote by Vi = {A;,, A;,, -, A;, } the set of vertices on the curve C with
i1 < -0 <, Vo ={A1, -+, A }\V; the set of vertices in the interior of cvh(C). Fix the convex sub-polygon
[Ai, A;, -+ - A;,] and let us conduct so called ”push up” operations.

For the sake of simplicity, considering A;, A;, as A;, A;, , |, we select any side A;; A;, ., of [A; A, - - Ay Ay ]
for j =1, -+, k as base line of the convex sub-polygon [A,-]. Aijp1e AZ-HIAij]. Then we move the vertices
ij4 With vertices A;; and A;,, toward the
until some vertice attains the curve C. We obtain

Aij 41,0, Ay, —1 away from the straight line segment A; A
curve C in the direction orthogonal to the line A;; A

i1
a new convex polygon [Aij A;jH e A;j+1—1Aij+lAij:| with

L( {AijAgj-*-l o A;j+1_1Aij+1Aij:|) > L( [A’ij Ay Aij+1—1Aij+1Aij] )-



Denote by V{ the set of vertices of the polygon [AijAng . --A§j+171Aij+1Aij} on the curve C. Then
#(V]) > #(V1), where #(V') denotes the cardinality of the set V. Repeat the ”push up” operation, in finite

steps, we obtain a ”pushed up” polygon [A] - -- A]A!] with all vertices A, (i =1,---,1) on the curve C with
L([Ai Ay -+ AAY]) < LALAL - ALAL)) < L(C).

Let Q(t) = {¢(-,t) < 0} be the reachable set driven by f(z,¢) at time ¢. The moving front I'(¢)
is the boundary of the reachable set (t). We show that for every point = € I'(t) = 9{p(-,t) < 0}
driven by Lipschitz continuous normal velocity f(z,t), any characteristic path must be backward boundary
characteristic path.

Lemma 4.2. Suppose f(x,t) is Liptchitz continuous with respect to x. For any point A on the moving front
[(t2) = 0Q(ta) at time ty > 0, any characteristic path  : [t1,ts] — R? with | @ |< f(x,t) for t € [t1,ta],
z(te) = A, and z(t1) = B must be a boundary characteristic path, that is, | © |= f(x,t) for almost all
t € [t1,t2] and z(t) € T'(t) for all t € [t1,12].

Proof: Let ¢ be the unique solution of (4.1), (4.2) for the normal velocity f(z,t). Let Q(t) = {¢(-,t) < 0}.
Then by the Lax formula, Q(t) = {y € R? | || < f(x,t),2(0) € Q(0),z(t) = y}.

For any point A on the moving front I'(t) = 9Q, any path x : [t1,t2] — R? with | @ |< f(x,t) for
t € [t1,t2], (t2) = x4, and z(t1) = xp (where x4 and xp are coordinates of A and B. let us consider the
flow generated by the ODE g = ﬁf(y,t)) It is straightforward to see that | ¢ |< f(y,t). For any two
paths y; and y satisfying the above ODE, we have

Y1 — Y2 = m(f(yht) — f(y2,1)).

By the stability of the solution of ODE with Lipschitz continuous right hand side, the flow generated by
the ODE ¢ = ﬁ f(y,t) is a bi-Lipschitz isotopy, which maps interior point to interior point, boundary
point to boundary point. The so-called bi-Lipschitz isotopy is an isotopy of a bi-Lipschitz homeomorphism.
Therefore x(t) € T'(t) for all t € [t1,t2], and | & |= f(x,t) for almost all ¢t € [t1,t2]. By Lemma 3.2, two
boundary characteristics intercept as the same time.

Then we need a lemma for the approximation of the moving front I'(¢) = d{¢(-,t) < 0} driven by Holder

continuous normal velocity f(x,t) by a sequence of the moving front T'.(¢t) = 9{p°(,t) < 0} driven by
Lipschitz continuous normal velocity f€(x,t). Based upon Lemma 4.2, we can derive a preliminary lemma
on the geometric properties of the moving front driven by Holder continuous normal velocity. Here Q(t)
(or T'(t))is obtained as the approximation limit of a sequence of reachable sets (or moving fronts) driven by
Lipschitz continuous normal velocity f€(z,t) by Lemma 4.2.
Lemma 4.3. Suppose that 0{¢(z) < —1} = IH{¢(z) < 0} = {o(x) > 0} = I{p(x) > 1} is of finite
co-dimension one Hausdorff measure, and 0 < Cy < f(x,t) < Cy, || f(2,t) — f(x,t)|| Lo (0,7;00®n)) — 0 as
e =0, | f(x1,t) — f(x2,t) |< K| &1 — a2 |*. For each € > 0, f¢ is Lipschitz continuous with respect to
x € R™. Then the unique L*> solution ¢° of

o; + f(z,t)| D] =0, xeR" t>0,
o(x,0) = o(z),

converges to a L solution ¢ of
ot + fz,t)| Dyl =0, zeR” t>0,
o(x,0) = ¢(x);

in the almost everywhere sense as € — 0, and the moving front 0{o < 0} of ¢, which is Lipschitz graph in
time-space with Lipschitz constants independent of €, converge to the moving front 0{p < 0} = d{p > 0} in
the sense of (3.8). Furthermore, every boundary point has boundary characteristic path driven by f enjoys

| L(C) — L(AB) |< 2°K(Ca)™ | t1 — 2 [T, (4.5)

where AB denotes the straight line segment between the point A and the point B, and C denotes the boundary
characteristic path connecting A and B.



Proof: It follows from Theorem A.6 and Theorem B.1 in the appendix, and the proof of lemma 3.2 with
verification of ¢ = lim._,o ¢© the L* solution which is the same as the proof in section 6. Therefore at every
point x € I'(t), there is a backward boundary characteristic path.

Denote by C the boundary characteristic path = : [t1,t2] — R? satisfies |@(t)| = f(z,t) with x(t) € '(¢)
for t1 < ¢ < ty. Let us consider another path y : [t1,t2] — R? along the straight line segment AB defined as
y(t) = y(t1) + fttl fly(r), T)% dr, where y(t1) is the coordinates of the point B. Denote by D the
path y. Since L(C) 4+ L(D) < 2Cy(ta — t1), |z(7) — y(7)| < 2C5(t2 — t1) for 7 € [t1,t2]. Thus

| fy(1),7) — f(2(7),7) |[< 2°CSK(ta — t1)™ for t; < T < ts.

Hence

| L(C) - L(D) | |t2f<y<r>m>dr— Cfa(r), Ty dr |

t1
< 2%CSk(ty — )T for t) <7 < to.

Note that L(D) < L(AB) < L(C). Hence (4.5) follows.

With the aid of Lemma 4.1 and Lemma 4.3, we are ready to show that the moving front driven by Hoélder
continuous normal velocity has finite 1-dimensional Hausdorff measure. The argument is quite lengthy due
to geometric complexity. Roughly speaking, in the first step, we show that the ”convex” part of moving front
is bounded by the lower boundary of convex hull of the curve; we show the complement of the ”convex” part,
which consists of countably many ”vaguely concave” parts, is locally nicely behaved; that is, each ”vaguely
concave” part is close to straight line in the sense that the ”concavity” is small. Then we decompose
each "vaguely concave” part into two or three sub-parts; the union of lower boundary of convex hull of
sub-parts serves as lst-approximation of moving front. We iteratively repeat the argument to treat each
”vaguely concave” sub-part to produce nth-approximation of moving front. As the iteration number of the
above procedure goes to infinity, the moving front becomes flat locally, thus completely restored as part of
1-dimensional curve, whose length is finite.

Theorem 4.4. The moving front T'(t), which is the boundary of reachable set Q(t) driven by normal velocity
f(x,t), which is Hélder continuous with | f(x1,t) — f(x2,t) |[< k|1 — 22 |* and 0 < C; < f(x,t) < Cs.
Assume that the initial front T'(0) = U™, TY, where T'? is a curve satisfying local flattening condition: for
any points A and B on TY with L(AB) < 1, Sup, . 4p dist(x, AB) < EL(AB)*8, where AB is the connecting
part of TY between the point A and B. Then for any t > 0, T'(t) satisfies

HUT(8) N By(yo)) < Clm, €, B, Cr, Ca)r, if r € (0,12, (4.6)
HY(T(8) N By(yo)) < Cm, &, B, Cr, Co)re™5, if > =0 (4.7)

for any yo € R2.

1o 08
C2 f{,é ?
(33%)%/(1, (C;f )ak~1}. Then in the case of t € (0, M), at large scale, I'(t) is considered as small perturba-

tion of I'(0); in small scale, estimate of 1-dimensional Hausdorff measure of moving front is the same as the
case t > M.

Proof: It suffices to establish local version (4.6) for the moving front when ¢ > M = min{(55)

Case 1. t > M.

Given any point y € R?, for any r < min{x= M'*+% (1617”1 ) 5 }, the boundary of the convex hull of T'(¢) N B, (y)

is denoted by bch(I'(¢) N B,-(y)). Here n and ~ are to be defined in (4.12). By Lemma 4.1, we have

L(bch(I'(¢t) N B-(y))) < 27r. (4.8)

Note that Q(t)Nbeh(T(¢)N B, (y)) is an open set relative to the convex curve beh(I'(¢)N B, (y)), which consists
of countably many disjoint open straight line segments of bch(I'(¢) N B, (y)). The end points A;, B; of the j-th
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open straight line segment int(A4;B;) are on the moving front I'(¢) = 9Q(t). That is, Q(¢)Nbch(I'(¢)NB,(y)) =
Us2 int(A;B;). We can assign the unit normal vector na;p; to each line segment int(A;B;) by choosing
the unit orthogonal vector to A;B; pointing to the interior int(cvh(I'(¢) N B, (y))). beh(T'(¢) N By (y))\Q(¢)
is closed subset of beh(T'(¢) N B,.(y)). It follows from (4.8) that

> L(A;B;) + M (beh(T(t) N By (y)\2(t)) < 277 (4.9)
J
Denote by Z;\_BZ the set of points on the boundary I'(¢) N B,(y), which has one backward boundary charac-

teristic path intersected with A;B; from non-negative side. That is, A;B; = { € I'(¢) | there is a backward
boundary characteristic path z : [r,t] — R? with x(7) € A;B;, there is no subinterval sy, s2) C [r,t] such
that z(s1) € int(A;B;) and (z(s) — z(s1)) g gy <0forse (s1,82)}. By Jordan curve property, we have

['(t) N B.(y) C (U;°A;B;) U (bch(I'(t) N Br-(y))\2(t)). (4.10)

e~

Claim. For each j, A;B; is of finite co-dimension one Hausdorff measure with

H(A;B;) < >~ L(A; B;). (4.11)

Once the claim is shown, it follows from (4.9)-(4.11) that Theorem 4.4 is true for any r < min{x2 M'*% ( 1617”7 ) %}
1

167n

in case 1. The statement for the situation r > min{x= M'*% ( )%} is a straight-forward consequence of

the situation r < min{sx% M2 (

)%} by covering argument.

167n

Proof of Claim: For the simplicity of notation, let us denote A;, B; by A and B, respectively. We

iteratively decompose partially concave part of AB and use the so-called ”lower boundary of convex hull”
to approximate AB. -

Step 1: For any point C' € AB, there is a backward boundary characteristic path x : [0,#] — R? issued
from C intersected with AB from non-negative side at point x(;) at time 71, and

4o

. 35 4+8kCY  __  1ia _

dist(C, AB) < 28— 2 (L(AB))"*% =nL'"(4B)
245 ko0

L(x[m,t]) < nL'*7(AB), (4.12)
PPLIT
where n = 351 +i(i2‘l) and vy = 5%
2145 T 2Fa
Proof of Step 1:Define L
L(AB) = 2l = 2k% T2, (4.13)
Denote by D the midpoint of AB. Therefore
I'(t —h)N Br(za) =0, I'(t —h)N Bgr(zp) =0, (4.14)
where .
R= / F(ap, ™) dr — AkCERF > Crh— 4xCSRI > 81, (4.15)
t—h

as long as h < (02)2,%_1, C}lh’ > 4&C§’h1+"‘ and 8x2h1TS < %h, i.e., h < M where M is defined as above.

(4.14) follows from a contradiction argument as follows: Suppose that (4.14) is not true. Then without
loss of generality, there exist a point Z € I'(t—h)N Bgr(z.4). Let us consider a path y : [t — h, ] — R? starting
7 along the direction of straight line segment Z A defined as y(7) = y(t — h) + f[_h f(y(s),s) é;‘:igl ds. By
the definition of I'(¢), L(y[t — h,t]) < R. However,

t

ole=hi)= [ swmrni = [ fapdre [ fue).m) - s i

11



v

t
/ f(zp,7)dr — k(K2R 2 4+ Cyh)%h,
t—h
t

Y

f(zp,7)dr —26C$h'* > R,
t—h
which contradicts the fact that A € I'(¢).

Since C' is a point on AB, by the definition of AB , there is a backward boundary characteristic path
x3 : [t — h,t] — R? intercepts with AB at point Q = z(71) at time 7 € [t — h,t]. x3[m,t] is backward
boundary characteristic path intersected with AB from non-negative side. Without loss of generality, we
assume that zp = (0,0), x4 = (=1,0), zg = (1,0), z¢ = (z1,¥1), xg = (%0, 0), where zg € [-1,1].

Note that x3(t — h) ¢ Br(xa) U Br(zp) by (4.14). Let (x,y), denoted by P, be the interception point
of z3([t — h,t]) with O(Br(xa) U Br(xp)) at some time ¢; >t — h. Therefore

L(zz([t1,])) > L(PQ)+ L(QC)
= dist((z0,0), (z,y)) + dist((xo,0), (z1,91))-

Due to (x — )2 + y? = R? and x¢ < [ we obtain

LX(PQ) = dist*((z0,0), (x,y))
(x — x0)2 +?
(x =1+ 9?4+ 2@ — 1)1 — o) + (I — 20)?
R? = 21(1 — o) + (I — x0)*
R* -2
t

( f(zp,7)dr —4kCERIT)2 — 12,

t—h

AVARAVAI
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ifz>0. If 2 <0, we use (z +1)? + 4% = R? and 2y > —I to conclude

L*(PQ) = dist*((x0,0), (z,y))
(x — x0)* + o>
(x+ 12+ y? 4+ 2(x 4+ 1) (—1 — z0) + (I + z0)?
R? = 21(1 + x0) + (1 + 20)?
R? -2
t

(| flzp,7)dr —4kCSHI )2 — 2.

t—h

ARV

It follows from the above inequalities that

dist(C, AB) < L(QC) < L(xslm1,f]) < Lizs([t1, 1) — L(PQ)

t

< L(zs([tr,8])) — (| flzp,7)dr — 4kCRIT)2 = 12)3. (4.16)
t—h
On the other hand, since 23([t — h,t]) intercepts with AB at Q, at time 7 € [t — h, ]
1
| 23(7) —2p |< 5 L(AB) + L(zs[t — h,1])
< KORITY 4 Cyh < chh,
as long as h < (%)én_l. And
¢
L(xs([tr,2])) < [ flas(r),7)dr
t—h
¢
— [ fp.7)+ flaslr).r) - fop,r)dr
t—h
i 5
< f({,CDﬂ') dT—l—FL(*CQ)ahl—i_a
t—h 4
¢
< f(xp,7)dr + 2kCSRIT, (4.17)
t—h
It follows from (4.16) and (4.17) that
dist(C, AB) < L(xzs[r,]) < R+ 8xCSh' T — (R? —1%)2
12
= + 8kOgA T
R+ (R2—12)% ?
ah2+a
< H—l + 8kCShI T
R+ (R%2—-1?)z
KOp2Fe
S 4 SHCah1+a
3Ch ?
4 g™
= (- = +8kCF)R' T 4.18
(3 cy + 8rCy) (4.18)

Hence (4.12) is shown.

Step 2. Note that AB may be disconnected. The orthogonal line issued from the midpoint D of AB may
or may not intersect with AB.
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Scenario 1. The orthogonal line issued from the midpoint D of AB intersects with AB.
Let us denote by C' the interception point of AB and the orthogonal line to AB, which has the least distance
from the point D. Let us consider the boundary of the convex hull bch(ABﬂAADC) (or bch(ABﬂ ABDC))
of ABNAADC (or ABN ABDC), where AADC denote the triangle with vertices A, D, C; ABDC denote
the triangle with vertices B, D, C. The lower boundary of the convex hull of ABNAADC' (or ABNABDC)
is defined as lbch(AB NAADC) = bch(AB N AADC’)\mt(AC’) if cvh(AB NAADC) # AC, otherwise
1bch(ABﬁAADC) AC (or Ibch(ABNABDC) = bch(ABﬂABDC)\mt(BC) if cvh(ABﬁABDC’) # BC,
otherwise lbch(ABﬂABDC) BC). By the definition of C, lbch(ABﬂAADC’)ﬂlbch(ABﬂABDC) ={C}.
Then the curve Ibch(AB N AADC’) Ulbch(AB N ABDC) is a first approximation of AB and is denoted by

—(
AB( ). We also classify AB as approximate boundary of R(1) class. Since the convex curve consisting

of lbch(;l\é N AADC) and AC is in the convex hull of the triangle AADC, L(lbch(z\é NAADC)) <
L(AD)+L(CD) by Lemma 4.1. By the same argument, we obtain L(lbch(ABNABDC)) < L(BD)+L(CD).
By step 1, we have

L(AB"Y) < (1 + 2017 (AB)) L(AB). (4.19)

The curve E(l) has two complementary subsets: the set X 45 of points coinciding with AB and the set Z AB
of points different from AB. X ap is a closed set relative to /Té(l) Z Ap is an open set relative to Xé(l)7 thus
consists of countably many disjoint open straight line segments. Zsp = U2 11nt(A1 1B1 1) C Q(t), where
A;’l,B;’l € ABN AADC, or A;’I,B}’l € ABN ABDC. Here the first sup-index records the number of

iteration, the second sup-index denotes R— class number. Therefore by (4.19)

S L(AJTB]T) + H (Xap) = LB
j=1

< (1+2nL"(AB))L(AB). (4.20)
By the definition of the point C', we have

sup LA BIT) < L (L(AB) + 2L(CD)) < ML(E). (4.21)

N | =

Note that for any = € ZE\XLB, there is a backward boundary characteristic path {x(7) : 7 € [y(2),¢] |
z(t) = z,2(y(2)) = z € it(AB)} C cvh(I'(¢) N B-(y)). Thus by Jordan curve property, the boundary

characteristic path must intercept with one of the open straight line segments A;’lle-’l for some j at time s
_ —
and {z(7) : 7 € (s,t]} C cvh(I'(¢) N B, (y))\int(Oap), where O4p is the domain enclosed by AB and AB( :
We can assign the unit normal vector n—gizrr to each line segment int(A}’lB;’l) by choosing the unit
orthogonal vector to AjlﬂlBJl"l pointing to the interior int(cvh(EﬂAADC’)) if A]l-’lB;’1 C cvh(EEQAADC’),

otherwise choosing the unit orthogonal vector to A;’IB;’1 pointing to the interior int(cvh(zg NABDC)).

Denote by Ajl-’lB;—’1 the set of points on boundary, which has one boundary characteristic path intersected

with A;’IB;’l from non-negative side. That is, Al’lBl’1 = {z € I'(t) | there is a backward boundary
characteristic x : [1,t] — R? with z(7) € A1 ! , there is no subinterval [sy, s2) C [7,¢] such that x(s;) €

int(A;’lB;’l) and (z(s) — x(s1)) - noragrr <0 for s € (s1,82)}. Then

ALt

——1
AB cux, Al ‘B UX4p = AB . (4.22)
where X9 denotes X ap.

The opposite of scenario 1 is that the orthogonal line issued from the midpoint D of AB does not in-
tersect with AB. Let us slide an orthogonal half line [ to AB from the midpoint D to the right until the
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orthogonal half line [ intersect with AB before the orthogonal line [ hits the point B, or we stop the sliding
of orthogonal line [ at point B even if IN AB = B. Here (x —x4)-nap > 0 for x € I. Denote by U

the intersection point of [ and AB , which has least distance from the line segment AB. UV L AB where
V € AB. In the same way, we slide an 1 orthogonal half line I’ to AB from the midpoint D to the left until
the orthogonal half line intersect with AB before the orthogonal half line I’ hits the point A, or we stop the
sliding of orthogonal half line I’ at point A even if 'NAB = A. Here (x —x4) -nap >0 for z € I'. Denote

by S the intersection point of I’ and AB which has least distance from the line segment AB ST L AB
where T' € AB. Let us consider the boundary of the convex hull bch(AB NAAST) (or bch(AB NABUYV))

of ABN AAST (or ABN ABUV), where AAST denote the triangle with vertices A, S, T; ABUV denote
the triangle with vertices B, U, V. The lower boundary of the convex hull of ABNAAST (or ABN ABUV)
is defined as lbch(/Té N AAST) = bch(AB N AAST)\mt(AS) if cvh(AB N AAST) # AS, otherwise
Ibch(ABNAAST) = A4S (or Ibch(ABNABUV) = beh(ABNABUV )\int(BV) if evh(ABNABUV) # BU,
otherwise Ibch(AB N ABUV) = BU). Define the unit normal vector ngg to the line SU in such way that

gy nag 2 0.

Scenario 2. 0 < L(TV) < T).

— (1 —
1bch(AB N AAST) U SU U lbch(AB N ABUV) = AB( ) is the first approximation of AB. We classify
it as approximate boundary of R(1) class. Since the convex curve consisting of lbch(AB N AAST) and
AS is in the convex hull of the triangle AAST, L(lbch(AB N AAST)) < L(AT) + L(ST) by Lemma

4.1. By the same argument, we obtain L(Ibch(AB N ABUV)) < L(BV) + L(UV). On the other hand,
L(SU) < L(TV)+ | L(ST) — L(TV) |. By step 1, we have

L(AB"Y) < (1 + 2017 (AB)) L(AB). (4.23)

Again, the curve fTB(l) has two complementary subsets: the set X 45 of points coinciding with AB and the set
Z s of points different from AB. X ap is a closed set relative to E(l), Z 4B is an open set relative to E(l),
thus consists of countably many disjoint open straight line segments. Z4p = U‘]?’;lint(A;’lB;’l) C Q(t), where
A}’l,B;’l € ABn AAST, or A;’l, B;’l € ABN ABUV, or A;’lB;’l = SU. Therefore by (4.23)

(€]

i LA B)") + H' (Xap) = L(AB ) < (1 +2nL"(AB))L(AB). (4.24)

We have

(L(AB) + 2max{L(ST), L{TV)}) < L(AB). (4.25)

DO =

sup L(A;’IB;J) <
J

Note that for any z € AB\X (AB, there is a backward boundary characteristic path {z(7) : 7 € [y(2),] |
z(t) = z,z(y(2)) = z € int(AB)} C cvh(I'(t) N B,(y)). Thus by Jordan curve property, the boundary
characteristic path must intercept with one of the open straight line segments A}’lB; 1 for some 7 at time s
— — (1
and {z(7) : 7 € (s,t]} C cvh(T'(t) N B, (y))\int(Oap), where O4p is the domain enclosed by AB and AB( )
We can assign the unit normal vector norigrr to each line segment int(ALlBl-’l) by choosing the unit
orthogonal vector to A;’lB;’l pointing to the interior int(cvh(ABNAAST)) if A1 ! 1 ' cvh(ABNAAST),

otherwise choosing the unit orthogonal vector to A;’IB;’1 pointing to the interior mt(cvh(AB NABUYV)).
Denote by A?\J_Bg’l the set of points on the boundary, which has one boundary characteristic path intersected
with Ajl.’lle"l from non-negative side. That is, A;/’i\l%’l = {z € I'(t) | there is a backward boundary
characteristic path « : [1,t] — R™ with z(7) € A}’lle-’l, there is no subinterval [s1, s2) C [7,t] such that
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z(s1) € int(A;’lBl’1

;) and (x(s) — x(s1)) - nragprr < 0 for s € (s1,52)}. Then

__ o ALTTiL 0 =l
AB C szlAj Bj UXp=AB . (4.26)
where X%B denotes X 45.

Scenario 3. L(AB) < L(TV) < L(AB).
We classify lbch(AB NAAST) U lbch(;fé NABUYV) as approximate boundary of R(1) class, and identify
SU as approximate boundary of V(1) class. We have to handle two cases (i)either A = T or B = V;
(i) T,V € int(AB). Since the argument for case (ii) applies to case (i), we only focus on case (ii). Since

the convex curve consisting of lbch(AB N AAST) and AS is in the convex hull of the triangle AAST,

(lbch(AB NAAST)) < L(AT) + L(ST) by Lemma 4.1. By the same argument, we obtain L(lbch(AB N
ABUV)) < L(BV)+ L(UV). On the other hand, L(SU) < L(TV )+ | L(ST) — L(TV) |. By step 1, we have

L(Ibch(AB N AAST)) + L(SU) + L(Ibch(AB N ABUV)) < (1 + 2nLY(AB))L(AB)). (4.27)

Note that for any = € AB, there is a backward boundary characteristic {z(r) : 7 € [v(z),4] | z(t) =
z,2(7(2)) = z € int(AB)} C cvh(I'(t) N By(y)). Thus by Jordan curve property, the boundary characteristic

must intercept with one of the three curves lbch(AB N AAST), lbch(AB NABUV), and SU, at time s,
and {z(r) : 7 € (s,1]} C cvh(L'(t) N By(y))\int(Oap), where Oap is the domain enclosed by AB and

1bch(AB NAAST)USU U lbch(AB NABUV).

As argued in scenario 2, lbch(AB NAAST)U lbch(AB NABUYV) has two complementary subsets: the
set X asyp of points coinciding with AB and the set Z pasv B of points different from AB. Xasup is a closed
set relative to AB , Zasup is an open set relative to :4\5(1) thus consists of countably many disjoint
open straight line segments. Zasyp = U3 11nt(A1 131 1) C Q(t), where A;’l,B;’l € ABN AAST, or
A}’l,B;’l € ABN ABUV. Therefore

i L Al ‘B + M (Xasup) < L(AT) + L(ST) + L({UV) + L(BV). (4.28)

We have
sup L(A;'B;'') < max{L(ST) + L(AS),L(UV) + L(BV)}
J

< ML(E). (4.29)

We can assign the unit normal vector noragrT to each line segment int(A}’lle-’l) by choosing the unit
o i B - T -

orthogonal vector to A}’lB;’l pointing to the interior int(cvh(ABNAAST)) if A;’lB;’l C ¢cvh(ABNAAST),

otherwise choosing the unit orthogonal vector to A}’lB;’l pointing to the interior int(cvh(Zé NABUV)).

Denote by Ajll’lle»’1 the set of points on the boundary, which has one boundary characteristic path intersected

with A;’lB;’l from non-negative side. That is, Al’lBl’1 = {z € I'(t) | there is a backward boundary
characteristic path « : [1,t] — R™ with z(7) € A1 1 , there is no subinterval [s1,s2) C [7,¢] such that

x(s1) € int(A}’lB}’l) and (z(s) — x(s1)) - norgrr < 0 for s € (s1,52)}.

APt

Define SU = {x € I'(t) | there is a backward boundary characteristic path = : [r,t] — R" with z(7) € SU,
there is no subinterval [s1, s2) C [7,#] such that x(s;) € int(SU) and (z(s) —x(s1)) -ngg < 0 for s € (s1,52)}.
Without loss of generality, we assume that L(ST) > L(UV). By step 1 and assumption on L(T'V'), we have

ZS5UV < ?ﬂf, ZUST < 3. Suppose C € SU, by the virtue of Jordan curve property and the definition
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of §(7, there is a backward boundary characteristic path intersected with SU at the point R from non-
negative side to intersect with either the half line {x € R? | (z — x5) - nap =| * — x5 |> 0} or the half line
{x € R? | (z — zv) -nap =| x — zy |> 0} at the point Q. By step 1,

L(RQ) < nL(STU)™™, and L(RC) < yL(ST)'*+".
Therefore either L(SC) < L(RC) < 2nL(SU)'* or L(UC) < L(QU) + L(QC) < (V2 + 1)nL(SU)+".
Hence SU C B, (st)(S) U By, (sv)(U), where r1(SU) = (V2 + 1)nL(SU)*7.

SU € evh(T(t) N B, (y) O By, (s0)(S)) Uevh(T () A By (y) N By, s (U)). (4.30)

Note that Q(t) N'bech(I'(t) N B (y) N By, (sv(S)) U Q(t) Nbeh(T'(t) N By.(y) N By, SU)(U)) is an open set
relative to the two disjoint convex curve beh(I'(t) N B, (y) N By, (sv)(S)) and beh(I'(¢) N B, (y) N By, (sv)(U)),
which consists of countably many disjoint open straight line segments of bch(I'(t) N B,.(y) N By, (sv)(S))

and beh(I'(t) N B(y) N By (svy(U)). The end points A;’Q, B;’2 of the j-th open straight line segment

int(A;’zB;’z) are on the moving front I'(t) = 0Q(t). That is, Q(t) N bch(I'(t) N By.(y) N By, (sv(S)) UL(E) N

beh(I'(t) N B-(y) N By, (sv)(U)) = U2 1mt(A1 2Bl 2). We can assign the unit normal vector n-yz_rz to
3

J

each line segment iIlt(A;’szl»’Q) by choosing the unit orthogonal vector to A;’2B; 2 pointing to the interior
int(cvh(T'(t) N B (y) N By, (sv)(S5))) if A}’QB;.’Q C Q(t) beh(I'() N B, (y) N By, (s (S)), otherwise choosing

the unit orthogonal vector to A}’szl-’Q pointing to the interior int(cvh(I'(t)N B, (y) N By, (svy(U))). beh(I'(t)N
By(y) N By, sty (5))\Q(t) (or beh(T'(t) N Br(y) N By (svy(U))\Q(t)) is closed subset of beh(I'(t) N B,.(y) N
By, (sty(8S)) (or beh(I'(t) N B, (y) N By, (svy(U))). It follows from Lemma 4.1 and (4.30) that

Z L(A7?B;®) 4+ H' (beh(T() N By (y) N By, (su) (5)\QU))
+H (beh(T(t) N By (y) N By, sv) (U)\Q(1)) < 4y (SU)

< V2150 < V2L LTy | LST) - LOT) ) (4.31)

Denote by A;’QB;’Q the set of points on the boundary I'(t) N B,.(y) N (B, (sv)(S) UNB,, (sv)y(U)), which
has one backward boundary characteristic path intersected with A;’QB;’Q from non-negative side. That is,
A}’QB;’2 = {x € T'(t) | there is a backward boundary characteristic path z : [r,t] — R" with z(7) € A;’ZBLQ,

SOVl J
there is no subinterval [s1, s2) C [, t] such that 2(s1) € int(A;’2B;’2) and (z(s) —x(s1)) - noragrs <0for s €

Ap?
(s1,82)}. By Jordan curve property, we have T

SU C T(t) N By (y) N (By, s (S) U By (s (U)) € (UPAYBY?) U Xgy, (4.32)
where Xgy = T'(t) N (bch(I'(t) N Br(y) N By (sv)(S)) U bch(I'(t) N By(y) N By (svy(U))) € (beh(I'(2) N
B, (y)N By, (sv)(S))Ubch(T'(t) N B, (y) N By, sy (U))\Q(1). ;?‘;114;’23}’2 U Xy is classified as approximate
boundary of R(2) class. Therefore we can define the first order of approximation ;1\-35(1) of AB as follows.

/Té(l) (U52 A1 2Bl 2) U Xsy U lbch(AB NAAST)U lbch(AB NABUYV). By Jordan curve property, we

have
AB cux, A1 "Bt U Xasup U A1 ’B;? U Xgy = U, U2, A“B“UXE,B — 4B, (4.33)

where X9 5 = Xap = Xasup U Xsy. By (4.28), (4.29), and (4.31), we obtain

(1+2nL"(AB))

sup L(A;lBj“) < L(AB)
1<j<00,1<i<2 2
2
ZZL AMBM) £ HY(X%5) < (14 2L (AB))L(AB). (4.34)
=1 j=1
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For the convenience of notation, let » = rg. Therefore

V241

< . 4.35

=6 O (4:35)

Step 3. In kth iteration for k£ > 2, we repeat the argument in step 2 to study Af_l’iBf_l’i where
— )

i =1,2,--- k. We obtain the first approximation of A;?_l’iBjk_l’i and is denoted by A;?_l’iBjk_l’i . By
the above argument in step 2, we get

L(A;?—l,zB]’?—l,z )< (1+ 277L'Y(A;?—l,zB]I_c—l,Z))L<A§—1,zB;c—1,z). (4.36)

Based upon the above construction, we can refine the k — 1th approximation. The kth approximation of AB
1)
. k) k—1,5 pk—1,i k—1 vy
s AB " = f:l( (j?ilAj ZBj b U(YZg Xap)-
W

As argued in step 2, A?il’iBffl’i has two complementary subsets: the set X jr—1.igs—1.: which is

identified as in step 2 according to scenario 1, 2, and 3; and the set Z  x-1,i gr—1,: of points different from
—_— — ’ !

A?il’ZBffl’Z. XATLI»B;A,I' is a closed set relative to A?il’ZBffl’Z , ZA?—I,iBffl,i C Q(t) is an open set

) (1)

relative to A;?_l”Bf_l’l , and it consists of countably many disjoint open straight line segments. Therefore

) o+l ook k,m pk,m ki ki - . . . .
ZA?A,ZB;?L,L = Uy UZy int (A" Bjy™), where A7y By is resulted in scenario 1, or 2 as discussed in step

2; A?’llHBf’lHl is resulted in scenario 3 as discussed in step 2. Therefore

1+1 oo e~ (1)

k,m pkm k—1,i pk—1,1
> > LAY B )—i—Hl(XA?fl‘,-B;q,i):L(Aj B; )
m=t [=1

< (14 2pL7 (A BY ) LAl B, (4.37)

Furthermore, we have

gy < L2017 (A7 B ) e
1§?<pooi<78nu<€+1 L(Aj’l Bj’l )S ; . L(Aj Bj ) (4«38)

- diceriecad ; : . : k,m pk,m
As discussed in Step 2, we can assign the unit normal vector nA’?’szl?’zm to each line segment 1nt(Aj’l B i )
J Js

corresponding to scenario 1, 2, and 3 for m = 4,i+ 1. Let Af’lmB;c’lm = {z € T'(t) | there is a backward

,m

boundary characteristic path x : [1,t] — R" with z(7) € A?z Bf’lm, there is no subinterval [s1,s2) C

[1,t] such that x(s1) € int(Af”lmB;’lm) and (z(s) — z(s1)) - < 0for s € (s1,s2)}. Note that

N % m gk,m
Aj,l BN

Af_l’iBf_l’i C N, _oBr, (ym) with 7, < ‘{%ﬁlrm_l for m = 1,2,--- i by (4.35). By the definition of

—_~—

k—1,i pk—1,i
A7 'BT ", we have

—_~— —_~—

k—1,i pk—1,1 i+1 0o k.m nkm
Aj Bj CU,,=; U= Aj,l Bj,l U XA?—I,iB;?—l,i, (439)

(K __ (K . —_—

Define the kth approximation AB"™ of AB as follows. 48" = U U U, upe) A?’lme’lm U (U, U5,
k=2 yri

XA?—l,iB;—l,i) U (Ui:O XAB)

For the sake of simplicity, let us re-numerate the open straight line segments A?’lme’lm (boundary

”segments” A;’lmB;’lm) for 1 <m < k+1, where [ = 1,---,;j =1 as A?’mB;?’m (A?’me’m) for

U
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1 <m < k+1 for fixed k. Denote UF_, use XA?—I,iley—l,i by X%5'. Thus by the virtue of (4.36)-(4.38), we

obtain that the kth family of open stralght line segments and k — 1th family of open straight line segments
enjoy the following inequality

k+1 oo
DD LATT BT + HU (X

m=1j=1

k (e%S)
<[ sup sup (1+2pLY(A5-0mBEtm) L(Ak—tm ph=lmy 4.40
[1<m<k1<]<oo( ( 7712::1; ( J J ) ( )
Furthermore, by (4.40)

k4+1 oo k—1
=> > I Ak TBETY 4+ HY (X )
m=1j=1 7=0
k e} k—2
<[ sup sup (1+29L7(A5 VBTN Y TN T L(ASTIT BT 4 ) T HY (XY p)

T 1<m<k 1<j<o0 =1

Jj=0

—_ (k-1
<[ sup sup (1+217L7(A§_1’mB§_1’m))]L(AB( ))
1<m<k 1<j<oo
k
—_— —q
<IIl sw swp (1+20L7(A 7B )|L(AB"), (4.41)
i 21<m<zl<]<oo
—_ 14 2pLY (A bmBImbmy)y
sup sup L(AkmBkm <H sup sup( nL7(4; J ))L(AB( ))
1<m<k+11<j<oo 5l<m<i j 2
1+ 2pL7 (A" BN (1 4+ 290 (AB)) . ——
<H sup  sup 1+ 2nL7(4, i 7)) (20l ) pcam), (4.42)
1<m<21<]<oo 2 2
where k > 2.
. —k — k-1 —k
AB c UEH Uz, AkmB’“” U(UFlXiz)=AB, AB  CAB. (4.43)

Let ay = L(ZE( ) and by, = sup,,, sup; L(A?’mBjk’m). (4.41) and (4.42) can be rewritten as

k

ar < [0+ 206))ao, (4.44)
i=1

bl

H5 + 2nb) )ao, (4.45)

1

where k > 1 and ag = by = L(AB). It easily follows from (4.13) that as long as ag < min{2x% M'*% (ﬁ)?},
L(AB) < min{2x2 M'*% (%) }, then b, < (ﬁ)% for any k € N. Hence by, < (3)F~ 1(477)%. Thus,

k
In(ay) < Z o In(1+20b7 ) +1n(ag) < Zf;ol 2nb) +1n(ag) < In(ag)+——=—. Therefore limy_,o, L (AB( )) <

i 2(1—(3)7)
— T —(k
e*0=(D") L(AB). Note that for any given ki, ko > K with K € N, dist(AB( 1) ) P Knbl‘Irv <

(s —(k
ﬁ(z;) (1+%) " Define AB( ) = limp_ AB( ) = {y € R? | y = limy_ o 2, where x5, € AB }

. k —_—
Observe that for each k € N, m = 1,--- ,k + 1, A?’m,Bl-c’m € AB( ), and dist(A?’me’m,A?’me’m) <

- (k) —— —— 00 ——k
LYY (AT BY™) < 2n(2)7*L(AB). dist(AB( v ) < 2n(2)"*L(AB). Therefore AB~ = limy_.oc AB
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—k ——o00 —— (oo — — 0
{y € R? | y = limy o0 1, where 7, € AB } and AB = AB( ). Obviously AB C AB . By the definition

N (K — VT
of the Hausdorff measure [21], H(AB) < limy_ L(AB( )) < e?0-( ") L(AB). This concludes the claim.

Case 2. t < M.
We repeat using the concept of ”boundary of convex hull” to give a primitive estimate of I'(t) N B,-(y) where
r < M; = min{M, (i)%} and y € R2. The boundary of the convex hull of T'(t) N B,(y) is denoted by
beh(T'(t) N B (y)). By Lemma 4.1, we have

L(bch(T'(t) N B.(y))) < 27r. (4.46)

Note that Q(t)Nbch(T(¢)NB,-(y)) is an open set relative to the convex curve beh(I'(¢)N B, (y)), which consists
of countably many disjoint open straight line segments of bch(I'(¢)N B, (y)). The end points A;, B; of the j-th
open straight line segment int(A; B;) are on the moving front I'(¢) = 0Q(t). That is Q(¢)Nbch(T'(t)N B, (y)) =
U3eint(A; B;). Moreover beh(I'(2) N B;(y))\(?) is closed subset of beh(I'(¢) N B, (y)). 1t follows from (4.46)
that

> L(A;B;) + M (beh(T(t) N By (y)\2(t)) < 277 (4.47)
J
Since every point on I'(¢) is connected to I'(0) by a boundary characteristic path, which intercepts with at

least one straight line segment by Lemma 4.3. Denote by A;B; the set of points on the boundary, which has
one backward boundary characteristic path intercepted with A;B; from one side as defined in Case 1, then

T(t) N B, (y) C (UXA;B;) U (beh(T'(£) N B, (y))\Q(1)). (4.48)

P

There are four scenarios to estimate L(A;B;)):
() L(A;By) < kE6175,
(i) #7¢'%% < L(A;B;) < B
(i) G5 < L(4;B;) < 8Cat,
(iv) 8Cyt < L(A;B;) < M.
In scenario (i), we argue in the same way as in Case 1

1
—~—

L(A;Bj) < e~ L(A; B;). (4.49)

In scenario (ii), repeating the argument in step 1 of Case 1, we obtain that the convex hull cvh(A4;By)

of A;B; is on one side of the straight line segment A;B;. For any point C € A;B;, there is a backward
boundary characteristic path z : [0,¢] — R? issued from C intersected with A;B; from non-negative side as
x(7;) at time 7; and

Q

L*(A;B; B
L(4;B;) + 8xCS(L(A;By)) ™

[N

L(xr;,t]) <

: 4.
< 30y (4.50)

(k) ——
Then we repeat the argument in step 2 of Case 1 for a finite number of approximation A;B;  of A;B; until

the length L(AFBEF) of any elementary open straight line segment A¥BF in A;B; ~ is less than k2 ¢17 %, by
(4.50) and (4.49), we get

1

L(A;B)) < e L(A;, B;). (4.51)

In scenario (iii), by (4.51), using a covering argument, we have

—~—

1
L(A;B;) < Ce'= D7 L(A;, B)). (4.52)
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where C' = C(%) is a constant.

In scenario (iv), by the assumption in Theorem 4.4, we obtain that the convex hull cvh(zj\B/j) of XJ\B/j

is on one side of the straight line segment A;B;. For any point C' € A;B;, there is a backward boundary
characteristic path z : [0,] — R? issued from C' intersected with A;B; from non-negative side as x(7;) at
time 7; and

L(x[r;,t]) < 2Cot + E(L(A;B;)) 5. (4.53)

(k) —~—
Repeating the argument in step 2 of Case 1 for a finite number of approximations A;B;  of A;B; until the

length L(A¥BF) of any elementary open straight line segment A¥BF in A;B; s less than 8Cst, by (4.53)
and (4.52), we have

1 1
— — 1 — T
L(A;Bj) < Ce*- @D et=(7 [(A;B;), (4.54)
where C' = C' (g—f) is a constant. The situation r > M; follows by using a covering argument, and Theorem

4.4 is concluded.

Remark 4.5. In the above proof, the so-called Jordan curve property is crucial in our argument. It seems
nontrivial to show a three-dimensional version of Theorem 4.4.

For the purpose of a priori regularity estimate of temperature, we have to weaken the assumption on the
Lipschitz constant. From now on, let us assume that the velocity function f(x,t) satisfies:

| f(z1,8) = f(a,) [< K(E) | 21 — 22 [*, where k € LP(0,T), (4.55)

Denote by K = ||&||»0,1) for p > 1. Repeating the proof of Lemma 4.2, Lemma 4.3, Theorem 4.4 by slightly
changing the indices, we have the following statements:

Lemma 4.6. Suppose that 0{¢(z) < —1} = I ¢(z) < 0} = 9{p(x) > 0} = I{p(x) > 1} is of finite
co-dimension one Hausdorff measure, and 0 < Cy < f(x,t) < Co, ||f(x,t) — f(x,t)||Lr(0, 1500 ®n)) — O
as € — 0, | fé(x1,t) — f(x2,t) |< k(t) | 1 — x2 |*, where kK € LP(0,T). For each ¢ > 0, f€ is Lipschitz
continuous with respect to x € R™. Then the unique L> solution ¢ of

@5 + [(z,t)|De| =0, zeR™ t>0,
p(z,0) = ¢(z),

converge to a L solution ¢ of
¢ + f(z,1)|[Dp| =0,  z€R", t>0,
o(z,0) = ¢(z);

in the almost everywhere sense by the definition of L™ solution as € — 0, and the moving front 0{p® < 0}
of ©¢ , which is a Lipschitz graph in time-space with Lipschitz constants independent of €, converge to the
moving front 0{p < 0} = d{p > 0} in the sense of (3.8).

Lemma 4.7. Assume that | f(z1,t) — f(x2,t) |< K(t) | 21 — 22 |*, where k € LP(0,T). Denote ||k L0, 1) by
KC. For any point A on the moving front T'(t2) = 0Q(t2) at time ta > 0, any characteristic path x : [t1,t3] —
R? with | @ |< f(x,t) for t € [ti,ta] C [0,T), z(t2) = A, and x(t1) = B must be a boundary characteristic
path, i.e. | & |= f(xz,t) for almost all t € [t1,t2] and x(t) € T'(t) for all t € [t1,t2]. Furthermore,

| L(C) — L(AB) |< 2°K(C2)® | t — t2 |7, (4.56)

where AB denotes the straight line segment between the point A and the point B, and C denotes the boundary
characteristic path connecting A and B.

Theorem 4.8. Let the moving front T'(t) be the boundary of reachable set Q(t) driven by normal velocity
f(x,t), which is Hélder continuous in space with | f(x1,t) — f(x2,t) |[< k(t) | 21 — 22 |*, 0 < C1 < f(z,t) <
Cs, and k € LP(0,T) for sufficiently large p > 1 such that % < §. Denote |6 Ly 0,1y by K. Assume that the
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initial front T'(0) = UM T, where TY is the curve satisfying a local ﬂattem’ng condition: for any points A
and B on T with L(AB) < 1, sup,_p, dist(x, AB) < EL(AB)'*P, where AB is the connecting part of T'?
between the point A and B. Then for any t > 0, for any yo € R?, T'(t) satisfies

—2+a2
HMD(8) N By (yo)) < C(m, &, B,a,C1, Co)r, if r € (0,K° 977 ]; (4.57)
HY(D(t) N By(yo)) < C(m. &, B,a,Cr, Co)r?K ") 75 (4.58)

—2+a2

ifr> K05

5 A-Priori Estimates of the Temperature

In this section, we show the Holder regularity estimate independent of € for the temperature u° of (3.4)-(3.6)
with respect to x. Based upon Theorem 4.8 and Lemma 3.2, using a solution formula, we employ a decom-
position argument to derive the desired estimate for u¢(x,t) and Vu¢(z,t). Because of finite propagation
speed of the moving front, the decomposition is conducted in such a way that the contribution from the
parts far away from the point (z,t) is bounded by a coarse estimate of the moving front based upon Lemma
3.2, that of the parts close to (x,t) is estimated with the aid of Theorem 4.4. In our argument, finite speed
of propagation of the moving front plays an essential role.

Theorem 5.1. Assume for the initial front T(0) = U™ TV, where T'Y is the curve satisfying a local ﬂattening

condition: for any points A and B on T9 with L(AB) < 1, sup veap dist(z, AB) < €L(AB)'*P, where AB

is the connecting part of TV between the point A and B. |lu§||co. a@w2)y < C. Then the temperature u® of
(3.4)-(3.6) enjoys
llu]| Loo (m2 x[0,17) < C, (5.1)
1
[u(2, 1) — u(z,t2)] < C(Y)ts — L2, for any v € (0, 3) (5.2)
| u(x1,t) —u(xa,t) |< C(a) | 21 — 22 |¢ for any a € (0,1). (5.3)

for any x, 11,15 € R? and t1,t5 > 0.

Proof: By the representation formula for the solution of the heat equation, for any (z,t) € R? x [0,T],

_le—yl?
(1) /R2 e - ug(y) dy

¢ 1 Lz —y|2
—————e =9 (=0xe(z,t,9%)) dyds = ug S 5.4
+/0/Rz4w<t_s>e (00,1, 6%) dy ds = i+ (54)
It is easy to check that
il Lo 2 xj0,77) < [luoll Lo (r2), (5.5)
[Vuille@exo,m < [|[Vtoll Lo r2)- (5.6)
By the definition of y., we have
1 lz—y|?
<wu§(z,t) = 4<t5>7dd. .
0 < u§(z,t) // 47T(t—8€ yds (5.7)
e

Thus
yz - xz —lz—vl
O, us(z,t) = //7 87ret—826 AG=sy 5> dy ds

22



yzfxi) ‘Z(y>dd
_ s 5.8
Z // )8€7Tt—8)6 yas (5:8)

k=—([log, t}+1)

where I'. (k) =T, .NR? x [t — 27k t — 27 and I',.  is defined as in (3.9).
To show (5.3), there are two steps. In Step 1, we show that for e < 1

| Vu(z,t) |< C(Z% + Z5 logy(Z + 1) + logy(Z + 1)+ | log, 6 | +1) (5.9)

where Z = [u]pr(0, ;0000 ®2)) for p and ag to be determined later, and dist(z,dT' . (t)) = & > 0 for
t € [0,T]. Without loss of generality, we may assume that 6 < 1. Otherwise, by an interior estimate of the
parabolic equation, | Vu |< C where C is an absolute constant. In Step 2, exploiting (5.9), we conclude that
lull oo 0,7;00.0(r2)) < C(m, &, B, C1, Co, L, ).

Step 1: There are three cases to discuss: (I) (z,t) € {x(z,t,¢%) = —1}, (II)(x,t) € {e > 0} =
{Xe(@,t,9%) = 1}, (IID)(z,t) € {—1 < xe(2,t,¢°) < 1}

Let us focus on the case (I): (a: t) € {xe(x,t,9) = —1}. In (5.8), we have to estimate each term in the
following situations: (i)k < logy(Z% + 1)+ 1, (ii)logy(Z5 4+ 1)+1 < k < logy(Z% + 1) +1, (iii)logy(Z2 + 1)+
1<k <oo.

For k <log,(Z% +1) + 1, by Lemma 3.2 and the definition of I'J. ., we have

©e,€r
HAI. (k) N A)) < Cej2 ™ ((C1) 2+ 1)2, (5.10)

where 4; = {(y,s) e R xRT | (j — 1)(¢t — s)2 <|y—a |< j(t—s)2,s <t} and C is an absolute constant.
Thus by the virtue of (5.10)
— 1) _e—y|?
| —— ¢ 1G9 dyds |
- (k) 867T t— S)
| yi — i | 7‘5_”‘2
= dyd
//— 867rt—s)26 yas
| yi — i | lz— L—yi?
= = dyd
Z// k)NA, 867Tt—s)e yas

_Z ot k((Cy) 2+ 1)}

8me2— Srea—2(k+1)

[e%s) o
< C(C1,C0) Y 2T < O(C, G2, (5.11)
j=1
Consequently
[logs ( Z4+1)]+1 s
|// — e 4(- S>dyd5|
logz t] . k) 8671’ t— s)
[10g2(Z4+1) k [log Z%+1]+1
< > 0(01,02) 28 <O(C1,C0)2 =
k=—[logq t]+1
< C(Cy, Co)(Z% +1). (5.12)
Note that by Theorem 4.8, selecting an ag < 1 and large p > 1 so that ﬁ = % in (4.57) and
(4.58), we have for s € (0,¢),
HYT e (s) N B,(0)) < C(m,€,B,C1,Co)r,  forr < 273, (5.13)
HHT e (5) N B, (0)) < C(m, €, B,Cy, Co)r?Z3,  forr > Z73. (5.14)
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Since C1 < G(u) < Ca, by the definition of I' . (s), we have

[e o(8) = Urgs—ae,slpe () and  dist(Te (s), e (s)) < Cae. (5.15)

©
Thus for any k, by (5.14), (5.15), and Lemma 3.2,

for j <[22 2 1), (5.16)
for j > [22 27 1). (5.17)

H3 (T (k) N Aj) < Ce2™FC(m, €, 8,C1, Co)[(j27 2)2 258 + j2~ %]
H3 (T (k) N Ay) < Cej27((C1) 2+ 1)%,

)
1
2

Here A; is defined as above. For logy(Z% +1) 4+ 1 < k < log,(Z% + 1) + 1, using of (5.16) and (5.17), we

have
(=) o
A . P =) dyd
|_//F— (k) 8671'(t—s)26 yds |
| Yi — X4 | “E;iy‘z
// (k) Sem(t — Ben(t—s2° dyds

i . — T z—y|?
:( + Z )// |yz $Z|2€_Lw‘7*5)dyd8
r

. .wna, Sem(t —s)

= j=ptzin
(25 7z~ 4] oo jo-t .
L _
=t pbz
282 4 Jj27z G-1?
—(-1
< > S 2 ¢ C(m, &, B,C1,Ca)ej2™ % (1 + 5275 Z%)
=1
= ]2_% 7(%71)20 o—k C -2 %
=28z 441
25z~ , (2571 , . ,
—(j—1 —(j—1 : —(j—1
R N e
i=1 i=1 :[2% -H1+1
<C(Z5+1), (5.18)
where the last inequality is due to the fact that 28 > Z7 and 2574 > 211. Thus by (5.18)
llogz (73 +1)]+1 i— e
_JiT S dud
27 | //F (k) Sem(t — 3)26 yds |
k=[log,(Z1+1)]+1 e
< C(m,§,08,C1,C2)(Z% 4+ 1)logy(Z + 1) (5.19)

for (z,t) € {¢° < 0}.

Let us focus on situation (iii). Without loss of generality, let us assume that logy(Z3% + 1)41 < — log, (t—
~v(z, ¢¢) — 2¢). Otherwise, the argument is much simpler. Since G(u€) > C1, 6 > C1(t — y(z, ¢°) — 2¢). For
k€ [logy(Z2 +1) + 1, —4log,(t — y(z, ©) — 2¢)], by (5.13), (5.15), and Lemma 3.2, we have
for j < [25 27 %], (5.20)

H* (T (k)N A;j) < C(m, &, B8,C1, Ca, L)j27 Kl
nA for j > [22 Z7%). (5.21)

H (T (k) N Aj) < Cej2 " ((Cr) 2 +1)2,

€,
1
2

where A; = {(y,s) e RZxRT | (j—1)(t — )2 <|y —x |[< j(t —s)2,s < t}. By the virtue of (5.20), (5.21),

we have
(yi — l‘z) _\rzylz
l// o Ser =52 dyds |
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// |yl_z|e‘41<;5)dyds
-, (k) Sem(t —s)?

(25 2z~ & - | .
Yi — X z—y
:( + )// 76 A(t—s) 5) dyds
j=1 &22 o, (kna, Sem(t —s)?
j=[22Z78]+1 ;
(257§ - P .
L _
=t 2. grgmEm® HP (Do (k) N A;)
=1 j:[2%27%]+1
k__9
[22 27 8] j2=38 _Go1? "
S ’ O(ma€>ﬂ701,02)€j277
—2(k+1
= 8me2—2(k+1)

e

o0 . k
j2_§ *(14*1)2
+ 2 Smea—2(k+1) ©

k
i=l2¥ 273141

Q%Z 8] foe)
*(J 1? k
E j2e + 22
k9
j=[22Z7s]+1

< C(mvfa /8» Cla C2)7

9 k

where the last inequality is ensured by the fact that 28 > Z2 2 and 257~

[—4log, (t— v(w,(p) 2€)]+1 oy 2
T 55 dyd
|//— (k)8e7rtfs)e yds|

k= [log2(22+1)+1 J+1
< O(m,¢,8,C1,C2)(| logy 0 | +1)

Observe that, due to the fact that G(u¢) > C;, we have
CoNTg. =10,

RY [|y—z|< Ci(s—(z, ¢°)

(k)11 4;) = 0

where C;, = {(y,s) € R? x

3m— o .
H3(Ts . if j < J(k)

where J(k) = [Cl(frkﬂfz(m’“’é)*k)] > (125 —1 and A; is defined as above.
272
Repeating the same argument as above, we obtain

|// in)ze |4(t_ B) dyds|
oo k) Bem(t — s)

_ lz—y2

// 8| yZ x74| e 1(t— i) dyds

- (k) em(t — s)?
— |z — y2

Z // |y1 fﬂz|26 = L>dyd5

o.nA; 8err(t — )
J2- i = 2 1
< Z Srea 20D ¢ H((C) TR H1)3

Jj=J(k)
o0 N2
<C((C) ket 3 e
j=J(k)
<cl2'Z ~1)?

< O((C) 72 +1)32ke < C(Cy, Ca)27F,

25

—2¢e)}. For k >| 4logy(t —y(z, ¢

(5.22)

s > 220. Thus by (5.22)

(5.23)

(5.24)

€)—2¢) |, by (5.24)

(5.25)

(5.26)



Hence

— _le—y|?
| e A= dyds |
- 8€7T t—s)
k—74log2(t y(z,¢)—2€)+1

< C(Cy,Cy) Z 27k < C(Cy, Cy)5%. (5.27)

k=—4log, 6
With (5.12), (5.19), (5.23), and (5.27) at hand, we obtain
| Vu(w,t) |< C(m, &, B,Cr, Co)(ZF + (Z7 +1)logy(Z + 1)+ | logy 8 | +1), (5.28)
where dist(z, O e (¢)\I' e (t)) = dist(x, T (t — 2¢)) = 6 € (0,1) for (z,t) € {xc(z,t,9) = —1}.

In case (II), the proof is the same as in case (I).
In case (IIT) simply observe that

// W= @) L g ds — o, (5.29)
C

(zt,0) STE(t — 5)?

where C(2,t,6) = {(y,8) ERZx R+ ||y — 2 |[< C1(t — 8),t —s <

< d}. Thus we can invoke again the
(C3+1)2

same argument in case (I) to establish (5.9).

Step 2. For any (z,t) € I , let u(x,t) = dist(x, I, (t)) and n(z,t) = dist(z, Ol e \['e) = dist(z, [ e (t—
2¢)). Given the fact that Cy < G(uf) < Cy, we have

Cl(t_rY(I’QOC)) < U(x’t) < CQ(t_rY(xﬂOE))v (530)
C1(2e +7(z,¢%) —t) <0 < Ca(2e + (2, 9°) — 1), (5.31)

It follows from (5.9), the definition of I' . ., (5.30), (5.31), Lemma 3.2, and decay of Vu® at infinity that

©e,e)
Vu(z, )| La®2x0,17) < C(Z5 + Z1logy(Z + 1) +logy(Z +1) + 1), (5.32)

where C = C(m,&,3,C1,Ca,q) for all e. Therefore we choose go sufficiently large so that gy > p and
1— 2 > ap in (5.32). By the Sobolev imbedding theorem, we obtain

I Vus|| Lao (m2 % (0,1)) < C(m, &, B,C1, Ca, qo). (5.33)

It follows (5.33) that (4.57), (4.58) is true for the moving front d{p°(-,t) > 0} for every t. Repeating the
above decomposition argument, we can obtain

| Vu(z,t) |[< C(m, &, 8,C1, Ca)(| logy 0 | +1) (5.34)
where 0 = dist(z, 0. (t)) > 0. By (5.33), (4.57), (4.58), (5.30), and (5.32), we obtain
[Vull Lo 0,m:0m2)) < C(m, €, B, C1, C2,9), (5.35)
for large ¢q. Again by the Sobolev imbedding theorem , for « =1 — 2
[u)| oo (0,102 (R2)) < C(m, €, B,C1, Ca, ). (5.36)

Equations (5.1), (5.2) are a straightforward consequence of (5.36) by the same decomposition argument.
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6 Passage to The Limit

It follows from Theorem 5.1, Lemma 3.2, that the a priori C®% estimate of temperature u€, up to a
subsequence, ensure the approximate temperature u® of (3.4)-(3.6) converge to a solution u of (3.1) in
the distribution sense as ¢ — 0 where ¢ = limyg_, o ¢ a.e. by uniform local BV estimate of ¢¢ and
{p*} = {pr}72 is a subsequence of ¢°. Once we verify ¢ is L* solution of (3.2), we conclude the Main
Theorem 2.1.

Before we show the passage to the limit for the phase function, let us address the so-called interior
topological cone property of forward reachable domain and backward reachable domain.

Applying the concept and property of boundary characteristic path in Lemma 4.2, we obtain that for all
T € [t1,t), the family of backward reachable domain Q(z,t,7, f) = {x(7)|x(t) = z,|E(s)| < f(z(s),s), T <
s <t} driven by Lipschitz continuous normal velocity f(z,t) with boundary T'(z,t, 7, f) = 0Q(x,t, 7, f) has
interior topological cone C(y,Cy,Ca,t — 1) C Q(z,t, 7, f) at boundary point y, where C(y, Cy,Co,t —T) =
{2 € B2z — a(s)| < Ci(s — 7)a(r) = u,i(s)] = F(a(s),5),Cals1 — s2] < |a(s1) — a(s2)] < Calsy —
sa|, for s,s1,s2 € (7,t)}. It is obvious that at boundary point y, for r € (0,Cy1(t — 7))

[C(y, C1, Ca,t = 7) N Br(y)| = C(C1, C2)[ B (y)], (6.1)

for C(Cy,C5) € (0,1) independent of f. On the other hand, y € B,.(y) C Q(z,t, 7, f) for r < dist(y, ['(x, ¢, 7, f)).
We conclude that for any y € Q(x,t,t1, f) and r € (0, w),

[z, 8,11, f) 0 Br(y)| < C(Cr, C2)|Br(y)]- (6.2)

The same argument leads to the same density estimate (6.2) for forward reachable domain Q(x,t,t1, f) =
{a(ty)]a(t) = ,|@(s)] < f(z(s),s), t <s < t1} where r € (0, 81,
To verify that ¢ is a L sub-solution of (3.2) (see Appendix A), it suffices to show that for every Lebesgue
point (z,t) of ¢ satisfying ¢(z,t) = limg_ o0 @i (z,t), for any given p € C(R? x [0,T]) and a.e. T € (0,1),
¢
sup {S(ely. ) + [ (@(6)8) ~ S 0)l) ds) = (o) (63
yeSz,t(fﬂ’) T
where f(z,t) = G(u(x,t)) and S, (f,7) = {x(7)|z(t) = ,|&] < C2(1 + |z|)}. Note that,
¢
pr(x,t) = essinfyes, (. {er(y, 7)} = essinfyes, (. {er(y, 7)} +/ ((@x(s),p) = fr(zk, 5)Ip]) ds,

T

where fi.(z,t) = G(u*(2,1)), Sot(fr, 7) = {x(7)|x(t) =z, || < fi(z,5)} and @x(s) = {5 fu(zr(s), zx(T) €
Set(fi,T) C 5w7t(f, 7). Therefore up to a subsequence, there is yo = limy_o0 21 (7) € R? such that
t

or(@,t) < S(or(zr(r), 7)) + / ((k(s),p) — f(@r, 5)lp|) ds + C(p)(t — )| fi — fll Lo ®2x[0,4))-
Note that @i (y,7) > vr(x,t) a.e. in Q(z,t,7, fr) N Br(ak(r)) for any r € (0, W) As k — o0, (6.3) is
concluded by the virtue of (6.2). By the same argument with the aid of (6.2) for forward reachable domain,
one can easily verify ¢ is also super-solution of (3.2).

7 Conclusions

In this paper we have developed a new concept of weak solutions for a non-isothermal phase- change model
of polymeric materials, which allows to treat in particular the growth and impingement of multiple crystals
in a sound mathematical way. As a major ingredient of an existence proof we have derived results on the
geometric properties of the front and the Holder continuity of the temperature.

The important physical question is the stability of the moving front. In the manufacturing process,
the interface between crystal (solid phase) and melt (liquid phase) should be well controlled so that high-
quality polymers can be produced. The lately discovered scaling law of crystallization of polymer is different
than that of metal solidification (see [39]). The study of the moving front for metal solidification was
extensive, though a rigorous mathematical justification is completely open. We will address the stability of
non-isothermal moving front for polymerical materials in the forthcoming work [37].
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A Uniqueness of Discontinuous solution of Hamilton-Jacobi equa-
tion
At first we recall the definition of L solutions of Hamilton-Jacobi equations.

ot + H(x,t, 0, Dyp) =0, zeRY t>0, (A.1)
¢(z,0) = (). (A2)

As usual, we consider the Hamiltonians satisfying:
(I). H(z,t,z,p) is continuous in (x,t, z,p) and increasing in z;
(D). [H(2,t,2,p1) — H(z,t,2,p2)| < Co(1 + [z])[p1 — p2l, and
|H(z,t,2,0)] < Co(1+ |z|+ |z|), for all t € (0,T];
(IN0). |H (2, ¢, 21,p) — H(z,t, 22, p)| < Co(1 + o] + lp|)|1 — 2al.
Define the essential infimum and supremum of an L{ (R?) function v(z) at every point z € R%:

I(v)(x) := sup ess inf v(y), S(v)(z):= inf esssupov(y),
AeS,  yeA A€S:  yeA

where S, = {A C R? measurable | lim, g % = 1}. It is clear that I(v)(z) and S(v)(z) are

well-defined at every point x € R? and I(v)(x) = S(v)(x) a.e.
The definitions of the winning and losing profit functions introduced in [13] are stated as follows:

Definition A.1. Fix 7 € [0,T] and p(z,t) € C(R? x [0,T]; R?). Given a measurable function v(z) and a
position (or value) function f(z,t), define the winning and losing profit functions:

2wyt (7, f,p)) = inf{I(v)(2(7)) — 2(7) [ (2(-), 2(-)) € Sol(t, f(x,1),p)}, (A-3)
t, (1, f,p)) = sup{S(v)(2(7)) — 2(7) [ (2(-), 2(-)) € Sol(t, f(t,x),p)}, (A4)

4z,
p) denotes the set of solutions: (z(-),2(-)) : [1,t] — R%x R, for t > 7, of the characteristic
)) € E(x,t,z,p) satistfying the conditions: z(t) = z, z(t) = f(x,t), where

)

9= (h,p) — H(z,t,2,p)}.

where Sol(t, f(t,

A
AY

f(t, @),
inclusions: (&(+), 2(-

E(z,t,z,p) := {(h,g) € R* x R | |h| < Co(1 + |z

We now recall the definitions of L> super-solutions and L sub-solutions for the Cauchy problem (A.1)-
(A.2) in terms of profit functions in [13, 15] based upon the theme of differential games.

Definition A.2. A locally bounded measurable function w(x,t) : R% x [0, T] — R is called a super-solution
(sub-solution) if w(z,t) satisfies the following conditions:
(i) For any p(z,t) € C(RY x [0,T); RY),

AZ(z,t,(0,w,p)) <0 (Af(z,t,(0,w,p)) = 0), (A.5)

for almost all (z,t) € R? x [0, T]. Additionally, for almost every ¢ € [0, 7], (A.5) holds for almost all z € R.
(#4) The semigroup property: For almost every 7 € [0, T],

Aqi}(I’T) (fL'; t, (7—7 va)) <0 (Ai(zﬂ-) (.’E, t, (Tv ’U)7p)) > 0)’ (AG)

for almost all (z,t) € R? x [, T]. Additionally, for almost every t € [r,T], (A.6) holds for almost all € R<.
We say that ¢(z,t) is a solution of the Cauchy problem (A.1)-(A.2) if ¢(z,t) is a super-solution and also
a subsolution.

The global existence of L* solutions of Hamilton-Jacobi equations (A.1)-(A.2) was established for general
Lipschitz Hamiltonians for arbitrary large L initial data in [13] under the assumptions (I)-(III) and (IV)
as follows.

(IV). |H(z1,t,2,p) — H(xa,t,2,p)| < XMLo)(1 + |p|)|z1 — z2], for |z1], |z2] < Lo.
It was also shown that L solutions consist with viscosity solutions introduced by Crandall-Lions [16], [27].
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Uniqueness in the almost everywhere sense of L> solution for convex Hamiltonian H = H(Dy) was shown
in [15]. As shown in Lemma 4.3, the existence of L™ solutions is also true for H(z,t, z,p) = f(x,t)|p| when
f(z,t) is merely Holder continuous with respect to x.

For the purpose of this paper, we have to show the uniqueness of L solution of the following Cauchy
problem:

or+ f(z,1)|[Dg| =0, zeR? t>0, (A7)
o(x,0) = ¢(x), (A.8)
where
0< Cl < f(l’,t) < CQ (Ag)
and
|f(x1,t) = fz2,t)| < M2y — z2f. (A.10)

We first introduce the definition of a.e.-continuity.

Definition A.3. A measurable function g : R — R is said to be almost everywhere continuous if there is
a set I satisfying m?(I') = 0 such that g(x) is continuous at every point z € RA\T, i.e.

lim g(y) = g(=),

Yy—x

for any z € RI\T.

In what follows, we will also use the following notations:

g"(x) =limsupg(y),  g.(z) =liminfg(y),

y—T Yy—x

i.e. g*(z) is the upper envelope of g(z) and g.(x) the lower envelope of g(x). Moreover, we define

g (z) = limsup g¢g(y), gux(z) =  liminf  g(y).
y—z,y€RINT y—z,y€RIND

Let us recall the comparison principle of L solutions [15].

Lemma A.4. Assume that ¢*(x) are almost everywhere continuous and ¢(x) is continuous with +£(¢% (x) —
#(z)) > 0 almost everywhere. Let o (x,t) be L™ super(sub)-solutions of (A.7) and (A.8) with initial data
¢* (), and p(z,t) the continuous solution with initial data ¢(x) for 0 <t < T < co. Then +(p*(z,t) —
o(x,t)) > 0 almost everywhere.

Before we prove the uniqueness of L solution in the almost everywhere sense, we first introduce a lemma,
which indicates the existence of continuous approximations to an almost everywhere continuous function.

Lemma A.5. Let ¢(z) be an almost everywhere continuous function. Then there are a monotone increasing
sequence of continuous functions {¢, }7°, from below and a monotone decreasing sequence {qﬁg}zo:l of
continuous functions from above such that

1
FOF@) —0(@) 20, ae.  lm m({gF ~ 9| > 1} NBO.r) =0 (A1)
forr >0 and, for x € T (the set of discontinuity points of ¢),

i (¢7)u(2,7) = due(2), I ($T)"(2,7) = 67 (2) (A.12)

r—0
where
(¢T)s(w,r) = lim inf @ (y), (¢7)"(z,r) = lim sup ¢7(y),
k—oo yeB(z,r) k_)OOyEB(x,r)

and B(z,r) = {y € R ||y — x| < r}.
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Proof. If ¢(x) has less than quadratic growth at infinity and m(I') = 0, this lemma can be simply shown
by taking the well-known sup-convolution and inf-convolution of ¢(x):

of(x) = sup {o(y) — kY= —y*}, o (x) = inf {p(y)+k*|z—y*}.
yERI\T YyERNTD

For the general case, see [15].
Now we prove the following uniqueness theorem in the measure sense.

Theorem A.6. Suppose that ¢(x) is almost everywhere continuous. Then the L™ solution of (A.7) and
(A.8) is unique a.e. and the solution is determined by the Laz formula:

plat)= it (o)} (A1)

where Sy ¢+ = {y € R4x(t) = z,2(0) =y, |(7)| < f(z,7) for T € [0,]}.

Proof. By Lemma A.5, we can construct two sequences of continuous functions {(bf}?:l satisfying (A.11)
and (A.12). Let {¢}32, be the sequences of continuous viscosity solutions to (A.7) and (A.8) with initial
data {d)ki}zo:l By Lemma A 4, for every k,

op (1) < il t) < o, t) < e (x,t) < @2‘(t,x), a.e. (A.14)

where ¢(x,t) is the L solution with initial data ¢(z).
It is clear that {pi}2°, are monotone decreasing and increasing sequences of continuous functions,
respectively. Denote

oz, t) = klim @:(x,t), o(z,t) = klim o (x,1).

Then these functions @(z,t) and p(z,t) are measurable in R? x R™ and in R? x {t} for every ¢ > 0, and

p(z,t) < @(z, ).

From (A.14), we have
o(,1) < @u(a,t) < @(x,1) < " (2,1) < p(,1), ae. (A.15)

Theorem A.6 is established once we show that, for any given time

o(z,t) = ¢(x,t), a.e. for (z,t) € R" x RT.

Suppose the latter is not true, then there exist § > 0 and ¢y > 0 such that
maT(A) > 0,

where A = {(x,t) € R x [0,T] | u(z,tp) < u(x,to) — J} is a measurable set in R? x {tq}. Therefore, there
exists R > 0 such that m?*t1(A(R)) > 0 with A(R) = AN B(0,R). Then there exists a Lebesgue point
(to,z0) for both @(x,t) and (x,t) satisfying (xo,to) € A(R). That is,

md+1({‘£(xvt) _f(vavtO)' > 6} n B((x07t0)77'))

i 1 (B((z0, o)) =0 (4.16)
I ({|p(e, 1) — Plro.to)] > €} N B((zo,to).r))
o W (B((z0.t0). 7)) =0 (A.17)

for every € > 0. Hence

m™ ({g(@.t) > () + 0} N B((wo, to), 7))
r=0 m+ 1 (B((wo, to), 7))

=1 (A.18)

By the well-known Lax formula for continuous viscosity solutions, we have

nf {op (v)},

+ .
To,tp) = 1
@k ( 0 O) YESug,tg
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where
Szo,to(0) = {y € R"[z(0) = y,z(to) = 2o, |[2(s)| < f(x,s) for s € (0,%0)}

There exists a sequence {y, }32, C B(zo, Cato) satisfying

_ . _ 1
i (2o, t0) < 05 () < ¢ (2o, t0) + - (A.19)
Thus there is a subsequence of {y, }7°, (still denoted by {y, }3,) such that
dm g =g, lminfé (y) > ¢en(y)- (A.20)

Claim: For any point (z,t) € CT(xo,t0) = {(y,s)||ly — zo| < %(s —tg),8 > to}, P(x,t) < dus (D).

This can be seen as follows: For a given point (z,t) € CT (g, 1), the ball B(zo, %(t —tp)) is a subset of
the backward reachable set S, :(to) = {y € R"|z(to) = y,z(t) = z,|2(s)| < f(z,s) for s € (to,t)} under
the assumption (A.9). For a fixed k, there is a Lipschitz continuous path zj : [0,t9)] — R™ satisfying
| (7)| < f(ap(T), ) with (0) =y, and i (to) = 0. Let us consider the following Lipschitz flow issued
from B(zg, S (t —to)):

f(@x(7),7)
with @, . (to) = 2 € B(wo, G- (t — to)) for t > to. Obviously |@y.(7)| < f(zk,.(7), 7). Denote yx(2) = zy,-(0).
Then by assumption (A.10) and the Gronwall inequality, the mapping yxr : 2 — yi(2) is a bi-Lipschitz
homeomorphism, where z € B(zo, S (t — to)), i.e.

(7)), (A.21)

S.Ck,z(’r) =

e M2y — 2] < () — n(z2)| < M) |2y — ), (A.22)

for any 21,z € B(xo, G- (t — to)). Therefore by (A.20), (A.21), and (A.22), there is an integer K such that
as long as k > K,
Gy

CM(t— C
y € B(y, - (t —to)e Mlt=to)y < yy.(B(wo, 71@ —t0)) C Saz.

Hence, ¢} (2,t) < ¢pui(§) + £ for (z,t) € CF(zg, 1) and k > K. Thus the claim is proven.
However, by virtue of (A.19), the definition of ¢, the definition of C* (z¢, o), the claim is a contradiction
to (A.18). Therefore Theorem A.6 is shown.

Remark A.7. The uniqueness theorem A.6 is still true if the Lipschitz continuity (A.10) of f with respect
to x is replaced by Lip(log(Lip)) continuity as follows:

[F@1,) = flaa,t)] < Mlay — 2| In fe, - @], (A.23)

B BV Estimates for Hamilton-Jacobi Equations with Coercive
Hamiltonians

Here we provide a local BV estimate for Hamilton-Jacobi equations with coercive Hamiltonians for the
readers’ convenience as a general version of BV regularity was shown in [15].

Theorem B.1. Let p(z,t) be the unique L solution of (A.7)—(A.8) with locally bounded initial data. Then

lellBv (Bo,r)x[0,7)) < C(R,T,C1,C2, |9l oo (re)) (B.1)

Proof. Asshown in the proof of Theorem A.6, there always exists a sequence of continuous viscosity solutions
@k such that limg_ o @r = @ in the almost everywhere sense with continuous initial data limg_ . or = ¢,
a.e. It suffices to show the local BV estimate for a continuous solution ¢ as long as the local BV bound of
¢ depends only on the local L bound of ¢. Without loss of generality, we assume that initial data ¢ is
Lipschitz continuous with compact support in B(0, R).
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Consider the following approximate viscous equation:

pf — eAgt + [z, 0)|Dg =0, in B x [0,T], (B.2)
(0,00 = o(z), i R (B.3)
The existence of a smooth solution of (B.2)—(B.3) can be established easily by the Leray-Schauder fixed

point theorem. We now derive some basic estimates of the solution. It follows from the maximum principle
that

6 Loe (rax(o,1)) < @l oo (rey = Cs. (B.4)
Then we have the spatial decay estimate of ¢¢(x,t):
1
| (2, )] < we(z,t) = Cs exp(7(C€t + R —|z|)), for (x,t) € Ce, (B.5)
€

where C. = Cy + 24/€ and C. = {(x,t)| |x| > Cct + R}.
This fact can be proven as follows: Note that, on dCe,

| (x,0)] =0 < we(x,0), in ]Rd\B(O,R)7

| (x,t)] < Cs < we(z,t), on |z] = R+ C.t.

In addition we have

|¢§_€A(pe| Zf($,t)|D(pE| SOQ‘D@EL in C,
1
wi — eAw® — Co|Dwe| = %we{C’€ —Cy —e—(n—1elz|™}
1
> S {Co-C-2v8 =0,

Thus the inequality (B.5) follows from the maximum principle. Similarly, we differentiate (B.2), repeat the
above procedure, and conclude that lim,|_, [D¢®| = 0.
Integrating the equation (B.2) over R? x [0, T], we have

T
/ o (z,T)dx +/ / fz, )| De®| dx dt :/ ¢(z) dx.
R 0o JRa R
It follows from (A.9), (B.4), and (B.5) that

T
| [ 1perldsde < cr.T.Cr 0], (5.6)
0 R

Let € — 0, ¢ — @ in Lip([R?x [0, T]) where ¢(z, ) is the unique continuous viscosity solution of (A.7)-(A.8).
It follows from (B.6) that

T
| [ 1petatdede < C(R.7,01 6]). (B.7)
o Jr
Since (A.7) holds for ¢(z,t) at almost everywhere (z,t) € R? x [0,T]. Thus, it follows from (B.7) and (A.9)
that
T T
/ / e )| dudt = / / F(x,8)| Dp(a, 1)) da dt
0 R4 0 Rd
< C(R,T,C1,Cq, ||9|lL<)- (B.8)
Therefore,
lellBv(B0,R)x[0,17) < C(R,T,C1, Ca, ||l Lo ). (B.9)

Thus (B.1) is proven.
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