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Abstract—H2
15O as a PET-tracer offers the opportunity to

examine perfusion of blood into tissue non-invasively (cf. [1]). It
features a short radioactive half-life (≈ 2 min.) and therefore
adds a smaller radiation exposure to the patient in comparison
to other tracers. The disadvantages arising from the short
radioactive half-life are noisy, low-resolution reconstructions.
Previous algorithms first reconstruct images from each dynamic
H2

15O dataset independently, e.g. via the standard EM-algorithm
(cf. [2]) or FBP. Hence, temporal correlation is neglected. The
myocardial blood flow (MBF) and other important parameters,
like tissue fraction, arterial and venous spillover effects are
computed subsequently from these reconstructed images. Our
new method interprets the direct computation of parameters
as a nonlinear inverse problem. This implies the need for
inversion of a nonlinear operator G(p) (with p denoting the
parameters to compute), but allows to skip the process of
generating noisy images. The process is schematically described
in Figure 1. Therefore, our method takes into account the
temporal correlation between the datasets, and not the correlation
between noisy, low resolution images. The problem is transferred
to a nonlinear parameter identification problem. Furthermore,
regularization can be added to each parameter independently,
assuring meaningful results.

I. INTRODUCTION

CARDIOVASCULAR diseases are the most common
cause of death in many countries worldwide. Many

cardiovascular diseases originate from a constriction of an
artery due to a plaque formation in the vessel wall. If this
plaque is increasing in size the flow of blood may be limited,
which may then cause a myocardial disease. Moreover, if the
plaque is unstable and detaches from the interior wall, it can
cause a sudden heart attack or a stroke.

All these facts point out the importance of early medical
diagnosis. Investigation of blood flow at an early stage could
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prevent latter heart attacks or other serious diseases. Examin-
ing the heart’s blood flow and its amount of perfusable tissue
under rest and stress conditions allows to gain further insight
into future mischief.

Fig. 1. Physiological parameters produce an image sequence u via a nonlinear
operator G. These images are transformed to PET data f via a linear operator
B. Inverting B and G allows to compute parameters from the PET data instead
of the image sequence.

An alternative and complementary approach to catheteriza-
tion is to examine the patient with PET (Positron Emission
Tomography), which is a non-invasive nuclear imaging tech-
nique that allows to make physiological processes within the
body visible. H2

15O is injected into the patients body. The fact
that H2

15O is highly diffusive allows to monitor the perfusion
of myocardial tissue. Via a physiological model, quantitative
conclusions can be drawn on possible occlusion of coronary
arteries.

In comparison to catheterization, MBF-examination via
H2

15O PET is not cumbersome and does not involve all the
risks catheterization comes along with, like e.g. the risk for
thrombosis, embolism or infections. Furthermore catheteriza-
tion does not allow the distinction between a constricted or
blocked vessel.

However, H2
15O PET also has a big disadvantage. Due to

a short half-time of H2
15O (≈ 2 min) the patient’s radiation

exposure is pleasantly small, but unfortunately also most PET
reconstructions are of very poor quality.

Nevertheless, state-of-the-art MBF-quantification methods
compute MBF under the use of these low-quality PET re-
constructions in order to draw conclusions of how well blood
flows through the heart’s vessels. The results allow quantitative
estimates on MBF for a few regions of the heart only. The only
stable estimate can be computed as the mean over the whole
cardiovascular region.

In order to improve MBF-quantification we propose to
compute the parameters right from the data (e.g. [3]). Our
new method will be based on variational calculus and take into
account the temporal correlation of the PET datasets, which is
neglected in most state-of-the-art algorithms. We are going to



(a) MBF (b) Arterial Input (c) Venous Input

(d) Tissue Fraction (e) Arterial Spillover (f) Venous Spillover

Fig. 2. Computational results of MBF quantification for the synthetic dataset described in Section IV-A1. In Figure 2(a) we can see the reconstruction of the
MBF, which is in average close to the given value of F = 1.248 ml/min/mg. In Figure 2(b) the computed arterial input curve is compared with the set arterial
input curve; Figure 2(c) shows the same for the venous input curve. The reconstructions in Figure 2(d), Figure 2(e) and Figure 2(f) show reconstructions of
tissue fraction r and the arterial and venous spillover effects s1 and s2, which are close to the given values, despite poor statistics.

develop a nonlinear mathematical model for the generation
of PET data originating in physiological models for MBF.
The inverse process then can be interpreted as the inversion
of a nonlinear operator in order to obtain MBF from PET
data. With this approach we compute reconstructions that do
not neglect the temporal correlation among the different PET
datasets over time and therefore compute better quantitative
estimates of regional MBF.

II. THE INVERSE PROBLEM

With given PET sinogram data f(θ, y) the inverse problem
of generating an image u(x) from this data is to compute u
from

℘(Bu) = f . (1)

The operator ℘ denotes Poisson statistics of the data and B
denotes the X-ray transform, defined via

(Bu)(θ, y) =
∫
R

u(y + sθ)ds , (2)

with u ∈ L2(Ω), Ω ⊂ Rn, θ ∈ Sn−1 and y ∈ θ⊥, which, in the
case of two dimensions, is equivalent to the Radon transform.
We want to mention that in equation (1) additive Gaußian noise
is neglected. A solution approach for this inverse problem,
taking into account that positrons are Poisson distributed, is

given via the minimization of the negative log-likelihood, i.e.

u ∈ arg min
u∈L2(Ω)


∫
Σ

Bu − f log(Bu)dσ(θ, y)

 , (3)

equivalently by minimizing the Kullback-Leibler functional

u ∈ arg min
u∈L2(Ω)


∫
Σ

f log
(

f

Bu

)
+ Bu − fdσ(θ, y)dσ(θ, y)

 ,

(4)

with Σ ⊂ Q, and Q being defined as

Q :=
{
(θ, y) ∈ Sn−1 : y ∈ θ⊥

}
. (5)

Computing the Fréchet derivative of (3) or (4) with respect to
u and setting one of them to zero yields the (formal) optimality
condition

0 = B∗1 − B∗
(

f

Bu

)
, (6)

where B∗ is the adjoint operator of B and 1 denotes the
constant function taking only the value one. A computational
solution of (6) can be obtained via the fixedpointiteration

uk+ 1
2

=
uk

B∗1
B∗

(
f

Buk

)
, (7)

known as the standard EM algorithm presented in [2].



(a) MBF (b) Arterial Input (c) Venous Input

(d) Tissue Fraction (e) Arterial Spillover (f) Venous Spillover

Fig. 3. Computational results of MBF quantification for the synthetic dataset described in Section IV-A2. In comparison to Figure 2 the MBF reconstruction
perfectly indicates the area of low perfusion, while the region of higher perfusion in comparison to the uniform perfusion is smeared out.

A. The Inverse Problem of MBF Quantification

In comparison to (1) the quantification of MBF can be
interpreted as a solution of the inverse problem of computing
physiological parameters p(x, t) from

℘(BG(p)) = f , (8)

with given sinogram data sampled over time, f(θ, y, t). Again,
B denotes the X-ray transform, defined via

(Bu)(θ, y, t) =
∫
R

u(y + sθ, t)ds , (9)

with u ∈ L2(Ω × [0, T ]), T ∈ R+. The operator G is a
nonlinear operator that produces an image sequence u(x, t)
from physiological parameters p(x, t). A solution, with added
regularization R to p, can be given via

p ∈ arg min
p∈P

{KLT (f,BG(p)) + R(p)} , (10)

with P denoting the domain of parameters, and KLT (f, g)
being the time-dependent Kullback-Leibler functional

KLT (f, g) :=

T∫
0

∫
Σ

f log
(

f

g

)
+ g − fdσ(θ, y)dt . (11)

A solution of (10) can be obtained by considering the saddle
point problem

p ∈ arg min
u,p

max
µ

{L(u, p; µ)} , (12)

with the associated Lagrange multiplier

L(u, p, µ) = KLT (f,Bu) + R(p)+
〈G(p) − u, µ〉L2(Ω×[0,T ]) .

(13)

Computing the partial Fréchet derivatives of (13) and setting
them to zero yields

0 =
∂

∂u
L(u, p; µ) = B∗1 − B∗

(
f

Bu

)
− µ , (14)

0 =
∂

∂p
L(u, p; µ) = R

′
(p) + G

′
(p)∗µ , (15)

0 =
∂

∂µ
L(u, p; µ) = G(p) − u . (16)

If we multiply (14) with u
B∗1 we obtain

0 = u − u

B∗1
B∗

(
f

Bu

)
− uµ

B∗1
, (17)

which we solve via the fixedpointiteration

0 = uk+1 − uk+ 1
2
− ukµ

B∗1
,

or equivalently by dividing this equation by uk

0 =
uk+1 − uk+ 1

2

uk
− µ

B∗1
, (18)

with uk+ 1
2

being the standard EM algorithm as defined in
(7), for every single timestep t independently. If we assume
B∗1 = 1 equation (18) can be seen as the solution of the



variational problem

uk+1 ∈ arg min
u∈L2(Ω×[0,T ])

1
2

T∫
0

∫
Ω

(
u − uk+ 1

2

)2

uk
dxdt

− 〈u, µ〉L2(Ω×[0,T ])

 .

(19)

If we insert the constraint (16) and replace u with G(p) we
obtain

p ∈ arg min
p∈P

1
2

T∫
0

∫
Ω

(
G(p) − uk+ 1

2

)2

uk
dxdt

− 〈G(p), µ〉L2(Ω×[0,T ])

 ,

(20)

subject to G(p) = uk+1, with P denoting the domain of
parameters. It is easy to see that the Fréchet derivative of
〈G(p), µ〉 in p is simply G

′
(p)∗µ. Therefore, by using (15),

we can replace −〈G(p), µ〉 with R(p) to obtain the reduced
problem

p ∈ arg min
p∈P

1
2

T∫
0

∫
Ω

(
G(p) − uk+ 1

2

)2

uk
dxdt + R(p)

 ,

(21)

subject to G(p) = uk+1. To solve (21) we consider the semi-
discrete optimization problem

p ∈ arg min
u,p

max
q

{Lk(u, p; q)} (22)

with

Lk(u, p; q) =
1
2

T∫
0

∫
Ω

(
u − uk+ 1

2

)2

uk
dx dt +

R(p)
B∗1

+

T∫
0

∫
Ω

(G(p) − u) q dx dt .

(23)

In order to compute the optimal set of parameters p, we
need to compute the partial Fréchet derivatives of (23) and
compute to their zeros. The equations for ∂uL(u, p; q) = 0
and ∂qL(u, p; q) = 0 can obviously be computed analytically,
via

q =
u − uk+ 1

2

uk
(24)

and

u = G(p) . (25)

Since there are numerous parameters contained in p and G is
nonlinear, the optimality conditions for the parameters have
to be solved iteratively. Before we discuss the computational
solution in Section III we will discuss two basic models for
the nonlinear operator G.

B. Models for nonlinear MBF Quantification

The operator G can simply be based on a physiological
model, e.g. the well-known single-compartmental model

∂ CT

∂t
(x, t) = F (x)

(
CA(t) − CT (x, t)

λ

)
, (26)

respectively its associated integral equation

CT (F, CA) (x, t) = F (x)

t∫
0

CA(τ)e−
F (x)

λ (t−τ)dτ , (27)

with F being the MBF, CV denoting the arterial input curve
and λ representing the partition coefficient (cf. [4]). A solution
of this operator equation, denoted with CT describes activity
in tissue. A common modification of (27) is the introduction
of arterial and venous spillover, i.e.

CPET(F,CA, CV , r, s1, s2)(x, t) =
r(x) CT (F, CA)(x, t) + s1(x)CA(t) + s2(x)CV(t) ,

(28)

where r denotes the fraction of tissue-activity CT and s1 and
s2 represent the spillover effects of arterial (CA) and venous
(CV ) input curves per spatial compartment x (cf. [5]). The
operator G can then be modeled as

G(F, CA, CV) = CT (F, CA)|T + CA |A + CV |V
+ uk+ 1

2
|Ω\H ,

(29)

with T denoting the cardiovascular region of myocardial
tissue, A representing the left ventricular region, V denoting
the right ventricular region and H = T ∪A∪V , as in the case
of (27). In the case of (28) we obtain

G(F, CA, CV , r, s1, s2) =
(r CT (F, CA) + s1 CA) |M
+ CPET(F, CA, CV , r, s1, s2)|S
+ CA |A + CV |V + uk+ 1

2
|Ω\H ,

(30)

with S denoting the septum region and M the region of
myocardium without septum, i.e. T = M ∪ S . In the case
of (29) we have p = (F, CA, CV); in the case of (29) we
have p = (F, CA, CV , r, s1, s2) (if we want to compute all
parameters from the data and do not have some parameters
given a-priori).

If no or only rough information on segmentation of the
cardiovascular region is known, but a-priori knowledge of the
arterial and venous input functions is given, (30) can simply
be modified to G = CPET or G = CPET |H + uk+ 1

2
|Ω\H.

We note that both of these models allow the use of any
precomputed a-priori information (e.g. precomputed input
curves) without large modifications. This allows flexibility and
guarantees less ill-posedness with more parameters given a-
priori. Furthermore, operators can be modeled not just for
MBF quantification but for other applications (such as radioli-
gand receptor binding in the brain, cf. [6]).



(a) MBF Rest (b) Arterial Input Rest (c) Venous Input Rest

(d) MBF Stress (e) Arterial Input Stress (f) Venous Input Stress

(g) Tissue Fraction Rest (h) Arterial Spillover Rest (i) Venous Spillover Rest

(j) Tissue Fraction Stress (k) Arterial Spillover Stress (l) Venous Spillover Stress

Fig. 4. Computational results that show exemplary reconstructions of real H2
15O PET data, as described in Section IV-B. The reconstructions of MBF,

arterial and venous input curves, tissue fraction and arterial and venous spillover are shown (from top left to bottom right). A: reconstructions under rest
conditions. B: reconstructions under stress conditions.

III. NUMERICAL IMPLEMENTATION

The numerical computation of MBF quantification can
be realized as a two-step procedure. First of all, an image
sequence uk+ 1

2
has to be computed via (7) from given PET

data f for all times t ∈ [0, T ] independently (with an initial
value u0(x, t) > 0 for all (x, t) ∈ Ω × [0, T ]).

The second step is to compute the optimal vector of param-
eters p that solve (22). If we assume p to contain l parameters,

i.e. p =
(
pi

)
i={1,...,l}, we can simply compute each parameter

via a Landweber iteration

pi
j+1 = pi

j − τ∂piLk(u, pj , q) , (31)

with τ being small and q and u satisfying ∂uLk(u, pj , q) = 0
and ∂qLk(u, pj , q) = 0, respectively. If we stop iterating after
m iterations (e.g. if ‖pm−pm−1‖ < ε, for ε small), we obtain



uk+1 via

uk+1 = G(pm) (32)

We reinsert uk+1 into the EM algorithm to compute uk+ 3
2

and so on. We obtain a computational scheme as presented in
Figure 5.

Fig. 5. The computational scheme for computing physiological parameters
from the PET data. These parameters are computed via a two-step procedure
containing the standard EM algorithm and a parameter identification (PI)
process.

We want to mention that the choice of the Landweber
iteration for computing the gradient descent of each parameter
is not essential, rather the simplest choice for iterating the pa-
rameters. Other iterative methods (e.g. Newton-type methods)
will lead to faster convergence and will be investigated in the
future.

IV. COMPUTATIONAL RESULTS

In this section we want to present computational results of
our new method. For that sake we generated synthetic, two-
dimensional PET data via a simple Monte Carlo simulation
with very poor Poisson statistics, to simulate the circumstances
of a real H2

15O PET scan. In Section IV-A we are going to
present computational results from these synthetic data sets.
In Section IV-B we will pass over to real, two-dimensional
H2

15O PET data.
For regularization, we simply chose a squared H1 regular-

ization term, i.e.

R(p) =
α

2
‖p‖2

H1
, (33)

or, if a-priori knowledge p∗ is given (e.g. in terms of average
values),

R(p) =
α

2
‖p − p∗‖2

H1
, (34)

with α > 0, and additional regularization to tissue and
spillover effects, as described in [7, Section 4.7.3], is added.
Furthermore, all computations have been done based on the
model (30).

A. Artificial Data

We want to present computational results for two synthetic
data examples as introduced in [7, Chapter 6].

1) Dataset 1: In [7, Section 6.1] we generated a very
simple synthetic dataset with uniform tissue activity. The
artificial values used to generate this dataset were F = 1.248
ml/min/mg, r = 0.65, s1 = 0.21, s2 = 0.15 and λ has been
set to a fixed value of 0.96. Figure 2 shows the computed
reconstructions Frec, CArec, CV rec, rrec, s1 rec and s2 rec, which
are pretty close to the specified synthetic parameters F , CA,
CV , r, s1 and s2.

2) Dataset 2: In the second artificial data example intro-
duced in [7, Section 6.2] we simply modified the synthetic
data example of Section IV-A1 to include nonuniform tissue
activity. We specified three areas of tissue. In the first area we
set the MBF to F = 0.2 ml/min/mg, while we set it to F = 5
ml/min/mg in the second area. In the remaining third region
of tissue the MBF is set to be F = 1.248 ml/min/mg, as in
the first data example IV-A1. All other parameters remained
the same as in the example of IV-A1. The reconstructions can
be seen in Figure 3.

B. Real Data
For the real data computations PET data of a two-

dimensional slice, containing the cardiovascular region, have
been processed under rest and stress conditions. Since no
a-priori knowledge was given we computed all parameters
from this slice. For that reason we were in the need to do
a rough segmentation, which we did manually, based on EM-
TV reconstructions (cf. [8]) of all PET datasets over time of
that particular slice. Given this rough segmentation, we used
(30) as our model to compute the parameters F , CA, CV , r,
s1 and s2. These computational results can be seen in Figure
4.

V. CONCLUSIONS

We presented a new algorithm to quantify MBF that takes
into account the temporal correlation between the PET data
sets. The new method offers encouraging results although its
analysis is at the very beginning. There is a wide scope for
improvements and extensions, such as full 4D PET or different
physiological models, just to mention a few. For more details
on MBF quantification as a nonlinear inverse problem we may
suggest [7].
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