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Abstract. We address the task of reconstructing images corrupted by Poisson
noise, which is important in various applications, such as fluorescence microscopy,
positron emission tomography (PET), or astronomical imaging. In this work, we
focus on reconstruction strategies, combining the expectation-maximization (EM)
algorithm and total variation (TV) based regularization, and present a detailed
analysis as well as numerical results.

Recently extensions of the well known EM/Richardson-Lucy algorithm
received increasing attention for inverse problems with Poisson data. However,
most algorithms for regularizations like TV lead to convergence problems for large
regularization parameters, cannot guarantee positivity, and rely on additional
approximations (like smoothed TV).

The goal of this work is to provide an accurate, robust and fast FB-EM-TV
method for computing cartoon reconstructions facilitating post-segmentation and
further image quantifications. Motivated by several applications we provide a
statistical modeling of inverse problems with Poisson noise in terms of Bayesian
MAP estimation and relate it to the continuous variational setting. We focus
on minimizing the energy functional with the Kullback-Leibler divergence as the
data fidelity and TV as regularization, subject to non-negativity constraints. Our
proposed FB-EM-TV minimization algorithm is a semi-implicit, alternating two
step method consisting of an EM step and the solution of a weighted ROF problem.
The method can be reinterpreted as a modified forward-backward (FB) splitting
strategy known from convex optimization. First of all, we establish the well-
posedness of the variational problem under general conditions, in particular we
give a proof of existence, uniqueness and stability. Under certain assumptions on
the given data, we can prove positivity preservation of our iteration method. A
damped variant of the FB-EM-TV algorithm, interpreted as a splitting strategy
with modified time steps, is the key step towards global convergence. In addition,
we present a Bregman-FB-EM-TV strategy, extending the FB-EM-TV framework,
which corrects the natural loss of contrast using TV via iterative Bregman distance
regularization.

Finally, we illustrate the performance of the proposed algorithms and confirm
the analytical concepts by 2D and 3D synthetic and real-world results in optical
nanoscopy and positron emission tomography.
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1. Introduction

Image reconstruction is a fundamental problem in several areas of applied sciences,
such as medical imaging, optical microscopy, or astronomy. A prominent example
is positron emission tomography (PET), a biomedical imaging technique in nuclear
medicine that generates images of living organisms by visualization of weak
radioactively marked pharmaceuticals, so-called tracers. Due to the possibility of
measuring temporal tracer uptake (from list-mode data), this modality is particularly
suitable for investigating physiological and biochemical processes. Another application
of image reconstruction is fluorescence microscopy. It represents an important
technique for investigating biological living cells at nanoscales. In this type of
applications image reconstruction arises in terms of deconvolution problems, where
undesired blurring effects are caused by diffraction of light.

Mathematically, image reconstruction in those applications can be formulated as
a linear inverse and ill-posed problem. Typically, in such problems one has to deal
with Fredholm integral equations of the first kind, or more general

f = Ku

with a compact linear operator K, exact data f and the desired exact image 1.
Unfortunately, in practice only noisy versions f and K of f and K are available
and an approximate solution w of # from

f = Ku (1)

is wanted. However, the computation of u by a direct inversion of K is not reasonable
since (1) is ill-posed. In this case, regularization techniques are required to enforce
stability during the inversion process and to compute useful reconstructions.

A commonly used idea to realize regularization techniques with statistical
motivation is the Bayesian model, using the posterior probability density p(u|f), given
according to Bayes formula

p(ulf) ~ p(flu)p(u) . (2)
The computationally interesting Bayesian approach is the maximum a-posteriori
probability (MAP) estimation, which consists of computing an estimate w of the
unknown object by maximizing the a-posteriori probability density p(u|f). If the
measurements f are available, the density p(u|f) is denoted as the a-posteriori
likelihood function, just depending on u. The Bayesian approach (2) has the advantage
that it allows for incorporating additional prior information on w via the a-priori
probability density p(u) into the reconstruction process. The most frequently used
a-priori densities are Gibbs functions [39, 40],

p(u) ~ e o, (3)

where o denotes a positive parameter and R a convex energy functional. Typical
examples for probability densities p(f|u) in (2) are exponentially distributed raw data
f- In the canonical case of additive white Gaussian noise with expected value 0 and
2 one finds

plflu) ~ o 27 1K iz

variance o

and the minimization of the negative log-likelihood function leads to the classical
Tikhonov regularization methods [16], based on minimizing a functional of the form

1 2
min [Ku = fllz2g) + @ R(u). (4)
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The first term, so-called data fidelity term, penalizes the deviation from equation (1),
while R(u) is a convex regularization term penalizing deviations from a certain ideal
structure (smoothness) of the solution. If we choose K as the identity operator and
the total variation (TV) functional as the regularization energy, i.e. R(u) := |u|gy (o)
as in (6), we obtain the well known ROF model [70] for image denoising. An additional
positivity constraint as in (4) is essential for common applications, since the unknown
functions u usually represent densities or intensity information.

In the applications mentioned above the measured data are stochastic due to
the radioactive decay of tracers in PET imaging and to laser scanning techniques
in fluorescence microscopy. The random variables of the measured data in those
applications are not Gaussian but Poisson distributed [80] with expected values given
by (KU)“

(K)o,
p(flu) = H T!ze (Ku)i
In this work, we will concentrate on MAP estimates for inverse problems with Poisson
distributed data. The MAP estimation via the negative log-likelihood function (2)
asymptotically leads to the following variational problem [16],

min /2 (Ku — flog Ku) du + o Ru) . (5)

i

Up to additive terms independent of w, the data fidelity term here is the so-called
Kullback-Leibler divergence (also known as cross entropy or I-divergence) between
the two probability measures f and Ku. A particular complication of (5) compared
to (4) is the strong nonlinearity in the data fidelity term and resulting issues in the
computation of minimizers.

In the literature there are in general two classes of reconstruction methods that are
used. On the one hand analytical (direct) methods and on the other hand algebraic
(iterative) strategies. A classical representative for a direct method is the Fourier-
based filtered backprojection (FBP). Although FBP is well understood and can be
computed efficiently, iterative strategies receive more and more attention in practice.
The major reason is the high noise level, i.e. low signal-to-noise ratio, and the
special type of statistics found in measurements of various applications, such as PET
or fluorescence microscopy, which cannot be taken into account by direct methods.
Thus, in this work we deal with extensions of the expectation-maximization (EM) or
Richardson-Lucy algorithm [28, 55, 69], which is a popular iterative reconstruction
method to compute (5) in the absence of regularization (R = 0) with incomplete
Poisson data f [76]. However, the EM algorithm is difficult to be generalized to
regularized cases. The robust and accurate solutions of this problem for appropriate
models of R and its analysis are the main contributions of this paper.

The specific choice of the regularization functional R in (5) is crucial for the way a-
priori information about the expected solution is incorporated into the reconstruction
process.  Smooth, in particular quadratic regularizations, have attracted most
attention in the past, mainly due to simplicity in analysis and computation. However,
such regularization approaches always lead to blurring of the reconstructions, in
particular they cannot yield reconstructions with sharp edges. Hence, singular
regularization energies, especially those of ¢!- or L'-type, have attracted strong
attention in variational problems, but are difficult to handle due to their non
differentiable nature. Nevertheless, we will focus our attention on the total variation
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(TV) regularization functional, which has been derived as a denoising technique in
[70] and has been generalized to various other imaging tasks subsequently. The exact
definition of TV [1], used in this paper, is

R(u) = |ulgy ) = sup / udivg , (6)
g€ C(Q,RY) JQ
ol <1

which is formally (true if u is sufficiently regular)

[l gy @y = /Q V] (7)

The space of functions with bounded total variation is denoted by BV (€2). For further
properties and details of BV functions, we refer to [1, 36]. The motivation for using TV
is the effective suppression of noise and the realization of almost homogeneous regions
with sharp edges. These features are attractive for PET and nanoscopic imaging if
the goal is to identify object shapes that are separated by sharp edges and shall be
analyzed quantitatively.

In the past, various methods have been suggested for the regularized Poisson
likelihood estimation problem (5), for instance in case of Tikhonov regularization [10],
diffusion regularization [11] or L' regularization functional [56]. However, most works
deal with TV regularization functionals (6) or (7), e.g. in application to PET [50, 64],
deconvolution problems [12, 29, 37, 75], or denoising problems with identity operator
K [52], but still with some restrictions. These limitations can be traced back to the
strong computational difficulties in the minimization of (5) with TV regularization
and can be separated in two main problems:

e The methods use the exact definition of total variation in (6), but require an
inversion of the operator K*K, where K* is the adjoint operator of K. For
example, the authors in [37] and [75] proposed two algorithms, called PIDAL
and PIDSplit+, using an augmented Lagrangian approach and the equivalent
split Bregman method, respectively. Both algorithms require an inversion of
the operator I + K*K, where I is the identity operator, with the result that
such methods are efficient only if K*K is diagonalizable and can be inverted
efficiently, as for instance a convolution operator via fast Fourier transform or
discrete cosine transform. Additionally, in contrast to the PIDSplit+ algorithm
in [75], the PIDAL algorithm in [37] ensures that Ku is nonnegative and not that
the final solution u is nonnegative, which however is essential in (5).

e To overcome the non differentiability of the TV regularization functional, the
other class of methods uses an approximation of (7) by differentiable functionals,

ol = /Q JVa? + 6, >0,

and creates blurring effects in reconstructed images. In [7], Bardsley proposed
an efficient computational method based on gradient projection and lagged-
diffusivity, where the nonnegativity constraint is guaranteed via a simple
projection on the feasible set. On the other hand, the schemes suggested in
[29, 50, 64] are realized as elementary modifications of the EM algorithm with
a fully explicit or semi-implicit treatment of TV in the iteration. A major
disadvantage of these approaches is that the regularization parameter a needs to
be chosen very small, since otherwise the positivity of solutions is not guaranteed
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and the EM based algorithm cannot be continued. Due to the additional
parameter dependence on € these algorithms are even less robust.

In this work, we propose a robust algorithm for the TV regularized Poisson
likelihood estimation problem (5) without approximation of TV, ie. we use (6)
respectively a dual version. This enables us to realize cartoon reconstructions with
sharp edges. For this purpose, we use a forward-backward (FB) splitting approach
[54, 65, 79] for this framework, that can be realized by alternating a classical EM
reconstruction step and solving a modified version of the ROF problem analogous to
the projected gradient descent algorithm of Chambolle in [22]. The first advantage of
our approach is that the EM algorithm does not need any inversion of the operator K
and hence is applicable for an arbitrary operator, e.g. the Radon or X-ray transform
[62]. Additionally, if the implementation of the EM algorithm already exists, one can
use it without any modifications. Furthermore, due to the decoupling of reconstruction
and smoothing done by the FB splitting approach, this strategy enables a high
flexibility, can be performed equally well for large regularization parameters and is
also favourably applicable for problems with a low signal-to-noise ratio. Additionally,
we study the existence, uniqueness and stability of the minimization problem, prove
positivity preservation of the algorithm and provide a convergence analysis for a
damped FB splitting strategy.

It is well known that images reconstructed with TV-based methods suffer from
a loss of contrast. Hence, we suggest to extend the TV regularized Poisson likelihood
estimation problem (5), and with it also the FB-EM-TV algorithm, to an iterative
regularization strategy using Bregman iterations, which incorporates simultaneous
contrast correction. The contrast improvement is realized via inverse scale space
methods and Bregman distance iterations, introduced in [63, 20, 21]. Related to these
methods, an iterative contrast correction can be implemented as a sequence of modified
Poisson likelihood estimation problems (5) with

R(u) :== D

f|3v(sz)(u’ﬁ) ’ pe a|ﬂ|BV(Q) ’

as the regularization functional. The Bregman distance based on TV, DHBV(Q),
penalizes deviations from piecewise constant functions and does not affect the position
of image edges. However, the Bregman iteration facilitates contrast improving
intensity changes and enables improved reconstructions.

The paper is organized as follows. In Chapter 2 we will recall a mathematical
model for inverse problems with Poisson noise. Starting from a statistical view of the
image reconstruction in form of a maximum a-posteriori probability (MAP) estimation
based on works of [16], we will proceed to a continuous representation in terms of
multidimensional variational problems. An important point in this context is the
realization of a-priori knowledge via regularization functionals. As a simple special
case, we will derive the well known EM or Richardson-Lucy algorithm with positivity
constraints. In Chapter 3, the EM algorithm will be combined with total variation
regularization. We will deduce a robust FB-EM-TV algorithm, realized as a two
step iteration scheme, and we will provide suitable stopping criterions. The method
will be reinterpreted as a modified forward-backward splitting algorithm known from
convex optimization. Subsequently, we will present the Bregman-FB-EM-TV method,
whereby a loss of contrast in FB-EM-TV will be enhanced by iterative regularization
with Bregman distances. In Chapter 4 we will study the FB-EM-TV model from an
analytical point of view. After proving the well-posedness of the minimization problem
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in terms of existence, uniqueness and stability, we will provide a convergence analysis
and positivity preserving properties of the proposed FB-EM-TV algorithm. Thus,
we will offer damping conditions to guarantee convergence of the forward-backward
splitting algorithm. The numerical realization of ROF related problems, appearing
in the second half step of our splitting strategy, is studied in Chapter 5. In the last
chapter the performance of our techniques will be illustrated by synthetical and real
2D and 3D reconstructions in high-resolution fluorescence microscopy and positron
emission tomography in medical imaging.

2. Mathematical modeling and EM algorithm

2.1. Mathematical model for data acquisition

This section provides an overview of mathematical modeling essential for a reasonable
formulation of inverse problems with Poisson noise. In the following we will just
concentrate on the relevant aspects of the model construction and refer to the work
of Bertero et al. [16] for a detailed discussion. An imaging system consists in general
of two structural elements:

e A collection of different physical components which generate signals containing
useful information of spatial properties of an object.

e A detector system that provides measurements of occurring signals, which causes
the undesirable sampling and noise effects in many cases.

Hence, we assume that the raw data have the following properties:

e The data are discrete and the discretization is specified by the physical
configuration of the detectors. In addition, we assume that the data are given in
form of a vector f € RV,

e The data are realizations of random variables, since the noise is a random process
caused by the detector system or the forward process of an imaging device. So,
we consider the detected value f; as a realization of a random variable F;.

Additionally, a modeling of the imaging apparatus is necessary which describes
the generation and expansion of signals during the data acquisition process.
Mathematically, the aim is to find a transformation that maps the spatial distribution
of an object to the signals arriving at the detectors. In this work we concentrate
on problems where the transformation is a linear operator and the data acquisition
process can be described by a linear operator equation of the form

f = Ku . (8)
Here, K : L'(Q2) — L*(¥) is a linear and compact operator (thus with a nonclosed

range) that additionally preserves positivity. A typical example of (8) is a Fredholm
integral equation of the first kind with

(Ru)(z) = /Qm,y)u(y) dy, sev=0,

where k is a nonnegative kernel of the operator K. In (8), the function @ describes
the desired exact properties of the object and f denotes the exact signals before
detection. Problem statements of the type above can be found in numerous real-
life applications, such as positron emission tomography (PET) in medical imaging
(62, 76, 83], fluorescence microscopy [46, 29], astronomy [16] or radar imaging [47, 62].
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The modeling of the data acquisition, in the manner as described above, transfers
the problem of object reconstruction into the solution of a linear inverse problem of
the form (8). However, as mentioned above, in practice only noisy (and discrete)
versions f and K of the exact data f and operator K are available, such that only an
approximate solution u of @ can be computed from the equation

f=Ku. (9)

The operator K : L*(Q) — RY here is a semi-discrete operator based on K, which,
in contrary to K, transforms the desired properties u to the discrete raw data. To
complete the modeling of the image reconstruction problem, we additionally have to
take the noise in the measurements f into account. Thus we need a model for the
probability density of the noise. In this work we concentrate on a specific non-Gaussian
noise, namely the so-called Poisson noise. This type of noise appears for example in
PET due to radioactive decay of tracers and counting of photon coincidences [80, 83],
or in optical nanoscopy due to photon counts by laser sampling of an object [61, 29].
In such cases, every F; corresponds to a Poisson random variable with an expectation
value given by (Ku);, i.e.

F; is Poisson distributed with parameter (Ku); . (10)

In the following, p(f;u) denotes the conditional probability density of data f for a
given image u. Additionally, we make the assumption that the random variables F;
are pairwise independent and identically distributed, i.e. we can write

N
p(f;u) = ] p(fisw) .
i=1
This assumption is in general reasonable since each random variable can be assigned to
a specific detector element. Combined with (10), this property leads to the following
conditional probability density

N

(K" (k.

p(fiu) = HTG (K, (11)
i=1

Hence, a complete model for the process of data generation and data acquisition is

available, if the operator K and the conditional probability density p(f;u) are known.

2.2. Statistical problem formulation of image reconstruction

Due to the compactness of the operator K is (8) an ill-posed problem [33, 43]. Note
that the problem (9) is not ill-posed in a strong sense, because the operator K has a
finite range. Nonetheless, the problem is highly ill-conditioned since K approximates
K, hence still some type of regularization is required to enforce stability during the
inversion process and to compute useful reconstructions. A frequently used class
of regularization techniques are variational methods based on the minimization of
functionals of the form

1
gHKu = ey + @R(u) , a >0, s € [1,00) . (12)

The first term, so-called data fidelity term, penalizes the deviation from equality
in (9). The second term is a regularization functional, typically convex, which
introduces a-priori information about the expected solution. The regularization
parameter « is a relative weight for both terms and controls the influence of the data
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fidelity and the regularization term on the solution. However, from the viewpoint
of statistical modeling, the functionals in (12) are inappropriate for problems with
Poisson distributed data, since they result from the assumption of exponential
distributed raw data f = Ku + 7, where 7 is a vector valued random variable with
statistically independent and identically distributed components. Typical examples
are that 7 is Laplace distributed (s = 1) or Gaussian distributed (s = 2) [16].

In the following, we provide a statistical problem formulation of image
reconstruction in the case of Poisson noisy raw data. A commonly used idea to realize
regularization techniques with statistical motivation is the Bayesian model. For this
purpose, we assume that the desired solution u is a realization of a random variable
U itself. The density p(f;u) can be interpreted as a conditional probability of f, if
the random variable U takes the value u, i.e. we can write p(f;u) = p(f|U = u)
and simply use p(f|u). With this notation, the Bayes formula yields the a-posteriori
probability density of u for a given value f of F,

_ p(flw)p(w)
pulf) = o (13)

Inserting the given measurements f, the density p(u|f) is denoted as the a-posteriori
likelihood function, which depends on u only. Now, to determine an approximation to
the unknown object 4, we use the maximum a-posteriori probability (MAP) estimator
which maximizes the likelihood function, i.e.

upap € argmax p(ulf) . (14)

u€ LY(Q)
u>0a.e.

The positivity constraint on the solution is needed, since in typical applications the
functions represent densities or intensity information.

The main advantage of the Bayesian approach (13) is the possibility to incorporate
additional prior information into the reconstruction process. Via the a-priori
probability density p(u) statistical properties of the desired object u can be embedded.
The most frequently used a-priori densities are Gibbs functions [39, 40], in analogy to
statistical mechanics,

p(u) ~ e—aR(u) ’ (15)
where « is a positive parameter and R : L'(f)) — R U {400} a convex energy
functional.

For a detailed specification of the likelihood function in (14), we proceed with the
assumption that a model for the process of data acquisition and data generation, in
the manner of the last section, is available. For this reason, we plug the probability
density for Poisson noise (11) and the Gibbs a-priori density (15) in the definition of
the likelihood function (13) and obtain the following negative log-likelihood function

N
—logp(ulf) = Y ((Ku)i — filog(Ku);) + aR(u) (16)
i=1
in which the additive terms independent of u are neglected. At this point we will pass
over from a discrete to a continuous representation of data, which corresponds to the
way events on detectors are measured. Hence, we assume that any element g in the
discrete data space RY can be interpreted as a sampling of a function in L!(X), which
we denote for the sake of convenience with g again. Then, with the indicator function

]., if xr € Ml y
XM1($> =
0, else
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where M; is the region of the i-th detector, we can interpret the discrete data as mean

values,
fiZ/fde/xMifdm.
M; b

Thus we can rewrite the MAP estimate in (14) as the following continuous variational
problem,

upap € argmin / (Ku — flogKu) du + aR(u) (17)
uwe L' (Q) /T
u>0a.e.

with dy = va: 1 XM; A\, where A denotes the Lebesque measure.

A particular complication of (17) compared to (12) is the strong nonlinearity in
the data fidelity term and resulting issues in the computation of minimizers. Finally,
with respect to problem (17), we point out that the functional R in the Gibbs a-priori
density (15) is related to a regularization functional in the context of inverse problems
(cf. (12)). Due to the problem formulation of the image reconstruction via Bayes’
theorem one refers to Bayesian regularization in this context.

2.3. EM algorithm

In the previous section we presented a statistical problem formulation for inverse
problems with measured data drawn from Poisson statistics and could observe that
the Bayesian MAP approach leading to a constrained minimization problem (17).
In this section we will give a review on a popular reconstruction algorithm for this
problem, the so-called expectation-maximization (EM) algorithm [28, 62, 76], which
finds numerous applications, for instance in medical imaging, microscopy or astronomy.
In the two latter ones, the algorithm is also known as Richardson-Lucy algorithm
[69, 55]. The EM algorithm is an iterative procedure to maximize the likelihood
function p(u|f) in problems with incomplete data and will form a basis for our
algorithms introduced later. Here, we disregard the prior knowledge first of all and
assume that any object uw has the same relevance, i.e. the Gibbs a-priori density
p(u) in (15) is constant. For simplicity we normalize p(u) such that R = 0. Hence,
the problem in (17) reduces to the following variational problem with a positivity
constraint,

min /(Ku — flog Ku) du . (18)
we Lt Q) Jx
u>0a.e.
To derive the algorithm, we consider the first order optimality condition of the
constrained minimization problem (18). Formally, the Karush-Kuhn-Tucker (KKT)
conditions [48, Thm. 2.1.4] provide the existence of a Lagrange multiplier A > 0, such

that the stationary points of the functional in (18) need to fulfill the equations

K*1ly, — K* (f> -\,

0
Ku

(19)
0 = du,
where K* is the adjoint operator of K and 1y € (L}(X))* = L*®(X) is the

characteristic function on X. Since the optimization problem (18) is convex (cf. the
comments on equation (22)), every function w fulfilling the equations (19) is a global
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minimum of (18). Multiplying the first equation in (19) by u, the Lagrange multiplier
A can be eliminated by the second equation and division by K*1y leads to a simple
iteration scheme,

e |
Uk+1 = K*lzK (Kuk) 5 (20)

which preserves positivity if the operator K preserves positivity and the initialization
ug is positive. This iteration scheme is the well known EM algorithm, respectively
Richardson-Lucy algorithm. In [76], Shepp and Vardi showed that this iteration is a
closed example of the EM algorithm proposed by Dempster, Laird and Rubin in [28§],
who presented the algorithm in a more general setup.

In the case of noise-free data f = f several convergence proofs of the EM algorithm
to the maximum likelihood estimate (14), i.e. the solution of (18), can be found in
literature [62, 68, 80, 49]. Besides, it is known that the speed of convergence of iteration
(20) is slow. A further property of the iteration is a lack of smoothing, whereby the
so-called ”checkerboard effect” arises, i.e. single pixels become visible in the iterates.

For noisy data f, the convergence issue requires a distinction between the discrete
and continuous setting. In the fully discrete case, i.e. if K is a matrix and u a
vector, the existence of a minimizer can be guaranteed since the smallest singular
value is bounded away from zero by a positive value. Hence, the iterates are bounded
during the iteration and convergence is ensured. However, if K is a general continuous
operator, the convergence is not only difficult to prove, but even a divergence of the EM
algorithm is possible due to the underlying ill-posedness of the image reconstruction
problems. This aspect can be seen as a lack of additional a-priori knowledge about
the unknown u resulting from R = 0.

As described in [68], the EM iterates show the following typical behavior for ill-
posed problems. The (metric) distance between the iterates and the exact solution
decreases initially before it increases as the noise is amplified during the iteration
process. This issue might be controlled by using appropriate stopping rules to obtain
reasonable results. In [68], it is shown that certain stopping rules indeed allow stable
approximations. Another possibility to considerably improve reconstruction results
are regularization techniques. In the following chapter we will discuss techniques with
edge preserving properties.

3. TV regularization methods with Poisson noise

3.1. FB-EM-TYV algorithm

The EM or Richardson-Lucy algorithm, discussed in the previous section, is currently
one of the standard iterative reconstruction method for most inverse problems with
incomplete Poisson data based on the linear equation (9). However, by setting R = 0,
no a-priori knowledge about the expected solution is taken into account, i.e. different
images have the same a-priori probability. Especially in case of measurements with low
SNR, like lower tracer dose rate or tracer with short radioactive half life in case of PET
examinations, the multiplicative fixed point iteration (20) provides unsatisfactory and
noisy results even with early termination. Therefore, we propose to integrate nonlinear
variational methods into the reconstruction process to make an efficient use of a-priori
information and to obtain improved results.

An attractive strategy to improve the reconstructions from the EM algorithm
is to use a regularized approach. In the classical EM algorithm, the negative log-
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likelihood functional (18) is minimized. In the regularized EM approach, we modify
the functional by adding a weighted total variation (TV) term [70],

uenéi\?(ﬂ) /E(Ku = flog Ku) dp + a |u|gy(q) a>0. (21)
u>0a.e.

This variational problem is exactly (17) with TV regularization, i.e. from the
statistical point of view in Section 2.2 we use the a-priori probability density p(u) with
R(u) = |ul| gy (q) in (15). This means that images with smaller total variation (higher
prior probability) are preferred in the minimization (21). The expected reconstructions
are cartoon-like images, i.e. they will result in almost uniform (mean) intensities
inside the different structures which are separated by sharp edges. Obviously, such
an approach cannot be used for studying certain properties inside the structures in
an object (which is anyway unrealistic in case of low SNR), but it is well suited for
segmenting different structures and analyzing them quantitatively.

TV regularization is a popular and important concept in several fields of
mathematical image processing. It has been derived as a denoising technique in [70]
and generalized to various other imaging tasks subsequently. The space of functions
with bounded total variation is denoted by BV () and is a Banach space equipped
with the norm

lull gy = lullpi) + lulpy@) -
BV (Q) is a popular function space in image processing since it can represent
discontinuous functions (related to the edges in an image) which are even preferred
during the minimization of TV. For further properties and details on functions with
bounded variation we refer to [1, 36, 41].

For designing the proposed alternating algorithm, we consider the first order
optimality condition of the minimization problem (21). Due to the total variation,
this variational problem is not differentiable in the usual sense. However, we can
extend the data fidelity term to a convex functional without changing the stationary
points, namely

min D (f, Ku) + a |u|gyq (22)

u € BV (Q)
u>0a.e.

with the Kullback-Leibler (KL) functional D, [67] defined by

v
D = log — —
kr(v,u) /Z(U Ogu v+ u) du

such that the minimization problem (22) becomes convex, see Chapter 4. For such
problems powerful methods from convex analysis are available and we consider for a
convex functional J : X — R U {+o0}, X Banach space, a generalized derivative
called the subdifferential [32] at a point u defined by

oJ(u) = {p € X* : J@) — Ju) — {p,a—u) >0, Vae X}, (23)

where X* denotes the dual space of X. The single elements of 9J(u) are called
subgradients of J at u.

For the use of subdifferential calculus on the functional in (22), note that due to
the definition of the functional Dy (f, K -) on L'(Q), its subgradients are elements
of L>*(Q2). The subgradients of ||z, (q) are in the larger function space (BV(Q2))*
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though, since BV () C L*(2). Nevertheless, we can extend TV to a convex
functional on L'(£2) by setting

lulpy ) = o© if u € LYQ)\ BV(Q),

such that during the minimization process in (22) solutions from the smaller space
BV (Q) will still be preferred. Hence, due to the continuity of the KL functional and
[32, p. 26, Prop. 5.6], we obtain the identity

6<DKL(f7Ku) t a ‘U|BV(Q)> = OuDkr(f, Ku) + a0 |ulgy

in L>(Q) C (BV(Q))* for any f € L'(Q). Finally, since the subdifferential d,, of the
KL functional Dy, are singletons, the first optimality condition of (22) for a positive
solution wu is given by

K*1y — K* (I(fu> +ap =0, p €0 ‘ulBV(Q) ) (24)

where K™ denotes the adjoint of K. Formally, this condition is a nonlinear
integrodifferential equation

Kile — K () — adiv( 22 ) =
) (  al | | 0

The simplest iteration scheme to compute a solution of the variational problem
(21), respectively (22), is a gradient-type method, which however is not robust in case
of TV and severe step size restrictions are needed since the subgradient p of TV is
treated explicitly. A better idea is to use an iteration scheme which evaluates the
nonlocal term (including the operator K) in (24) at the previous iterate ug and the
local term (including the subgradient of TV) at the new iterate ugy1, i.e.

1 . f 1
1o — K*lzK <Kuk> + aK*lg Pr+1 = 0, pry1 € 0 \Uk+1|BV(Q) . (25)

with an additional division of (24) by K*1x. In this iteration, the new iterate w11
appears only as a point of reference for the subdifferential of |- | BV(Q) This is a
considerable drawback since ug41 cannot be determined from (25) due to the missing
of an one-to-one relation between subgradients (dual variables) and primal variable
u. In addition, such iteration schemes cannot guarantee preservation of positivity.
Hence, we obtain an improved method if we approximate also the constant term 1q
in (25) by "Z—:l such that wg1 appears directly, i.e.

K*1yx, Kuy
In order to verify that the iteration scheme (26) actually preserves positivity, we
proceed analogous to the EM algorithm in Section 2.3. Due to the nonnegativity

constraint in (21), the KKT conditions formally provide the existence of a Lagrange
multiplier A > 0, such that the stationary points of (22) need to fulfill

* * f
Oele—K (m +068|U|BV(Q)—)\,

0 = lu.

U " U
et — e K ( ! ) + CVKTI;_Ekarl =0, prt1 € 0 |urtalpy(q) - (26)

(27)
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By multiplying the first equation in (27) by w, the Lagrange multiplier A can be
eliminated by the second equation and the subsequent division by K*1x, leads to a
fixed point equation of the form

U U
u - K*lzK*<KfU> tagp =0, peOlulp@ (25)
which is just the optimality condition (24) multiplied by u, i.e. this multiplication
corresponds to the nonnegativity constraint in (21). Now, the iteration (26) is just a
semi-implicit approach to the fixed point equation (28). In Section 4.3, we will prove
that this iteration method actually preserves positivity if the operator K preserves
positivity and the initialization ug is positive.

It is remarkable that the second term in the iteration (26) is just a single EM
step in (20). Consequently, the method (26) solving the variational problem (21) can
be realized as a nested two step iteration

ug f
Up, 1 = K* , EM step
k+5 K*1y (Kuk> ( ) (29)
ug
Ukl = Upi — aﬁpk+1 ,  DPk+1 € 0 |uk+1\BV(Q). (TV step)

Thus, we alternate an EM reconstruction step with a TV correction step to compute a
solution of (21). In Section 3.3 we will see that this iteration scheme can be interpreted
as a modified forward-backward (FB) splitting strategy and thus denote it as FB-EM-
TV algorithm. The complex second half step from w1 t0 ug+1 in (29) can be realized
by solving the convex variational problem

K*1s (u — uy, 1)’
Up+1 € argmin %/ al k+4) + alulgy@) (- (30)
u € BV(Q) Q Uk
Inspecting the first order optimality condition confirms the equivalence of this
minimization with the TV correction step in (29). It is interesting to note that the
problem (30) is just a modified version of the Rudin-Osher-Fatemi (ROF) model,
with the difference of a weight Ku—iz in the fidelity term. This analogy creates the
opportunity to carry over efficient numerical schemes known for the ROF model. In the
numerical realization in Chapter 5, we offer an algorithm analogous to the projected
gradient descent algorithm of Chambolle in [22]. In this way, the weighted ROF
problem with the exact definition of TV can be solved by using duality, obtaining an

accurate, robust, and efficient algorithm.

3.2. Damped FB-EM-TYV algorithm

The alternating structure of the proposed iteration (29) has the particular advantage
that we might control the interaction between reconstruction and denoising via a
simple adaption of the TV correction step. A possibility is a damped TV correction
step, namely

Uk
U1 = (l—wk)uk + wkukJr% — wkampk+17 wE € (071]7 (31)

which relates the current EM iterate u;, 1 with the previous TV denoised iterate wuy
via a convex combination by using a damping parameter wy. The damped half step
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(31) can be realized in analogy to (30), namely by minimizing the following variational
problem

- 2

1Ky

Ugy1 € argmin 7/ 2
Q Uk

5 + we o fulgy (g (32)
u € BV (Q)

with

ﬂk_._% = wku,ﬁ_% + (1 fwk)uk .
This aspect of damping is not only motivated by numerical results, see Section 5,
but also required to attain a monotone descent of the objective functional in (21)
and (22) during the minimization process (see Section 4.4). Finally, for wy, = 1, the
iteration (31) simplifies to the original TV denoising step in (29). For a small wy, the
iterations stay close to regularized solutions uy. For an adequate choice of wy, € (0, 1],
we will prove the convergence of the proposed two step iteration with respect to the
damped regularization step (31) in Theorem 4.14. Additionally, we will present an
explicit bound on wy, for the convergence in the special case of denoising problems (see
Corollary 4.15), i.e. K being the identity operator.

3.3. (Damped) FB-EM-TV algorithm in context of operator splitting

In the previous Sections 3.1 and 3.2, we introduced the FB-EM-TV reconstruction
method as a two step algorithm (29) with an additional damping modification (31).
This two step strategy can be interpreted as an operator splitting algorithm. In convex
optimization such splitting methods arise in the context of decomposition problems.
Recently, some works in literature picked up these splitting ideas, providing efficient
algorithms in image processing, see e.g. [73, 17, 25, 26]. Most of the papers dealing
with convex splitting strategies go back to early works of Douglas and Rachford [30]
and other authors in [54] and [79].

The optimality condition (24) of our underlying variational problem (21),
respectively (22), can be interpreted as a decomposition problem (C = A + B),
regarding the convex Kullback-Leibler functional and the convex TV regularization
term (respectively their subdifferentials). Hence, we consider the stationary equation

0 € Cu) := K*1y — K* (;) + ad |ulgy g » (33)
u —_——

=: B(u)

=: A(u)
with two maximal monotone operators A and B. Hence, the damped two step iteration
(29) with the modified regularization step (31) and wy, € (0, 1] reads as follows,

K1 (g3 — )
Uk
K*1s (ups1 — Wk Ug41 — (1 —wr)ur)

Uk

—|—Auk =0

(34)

+ wg Bugyr = 0

and can easily be reformulated as a forward-backward splitting algorithm of the form
K*1yx (ak-i-% — uk)

Wi Uk
K*1y (uk+1 — ﬂk_,_% )

Wg Uk

+ Au, =0 (forward step on A)

+ Bugsr = 0 (backward step on B)
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with
ﬂk+% = wkuk+% -+ (1 —wk)uk .

Compared to the undamped FB-EM-TV strategy (29), in the case of the damped
iteration scheme, the artificial time step size is not only given by wux, but can also be
controlled via the additional damping parameter wy. In a more compact form, the
whole iteration can be formulated as

-1
Wk Uk Wi Uk
U = (I + B I — Al u
o < K*1y ) < K*1y > * (35)

= (L + B 'Ly — A) ug

with a multiplication operator Lj defined by %

The forward-backward splitting approach for maximal monotone operators has
been suggested independently by Lions and Mercier [54] and Passty [65]. In our
case, we will see in Theorem 4.14 that the key to proving the convergence of the
FB-EM-TV splitting algorithm lies in the incorporation of damping parameters wy.
Finally, notice that there are alternatives to the forward-backward splitting strategy
such as the Peaceman-Rachford or Douglas-Rachford splitting schemes, see e.g. [54]
or [74], which are indeed unconditionally stable. However, these approaches have the
numerical drawback that also an additional backward step on A has to be performed,
which would mean an inversion of the operator K*K, cf. e.g. [37] or [75]. There,
the authors use an augmented Lagrangian approach and a split Bregman method,
which are equivalent [35] and correspond to the Douglas-Rachford splitting strategy
applied to the dual problem of (21) [74]. However, these methods require an inversion
of the operator K*K and hence are only efficient if K* K is diagonalizable and can be
inverted efficiently, for example in the case of the convolution operator K using the
fast Fourier transform or the discrete cosine transform.

3.4. Stopping rules and pseudocode for the (damped) FB-EM-TV algorithm

Moreover, we need to define appropriate stopping rules in order to guarantee the
accuracy of the proposed (damped) FB-EM-TV algorithm. In addition to a maximal
number of iterations, the error in the optimality condition (24) can be taken as a basic
stopping criterion in a suitable norm. For this purpose, we define a weighted norm
deduced from a weighted scalar product,

(u,v),, = /uvw X and ully,, = 1/(u,u),, (36)
Q

with a positive weight function w and the standard Lebesque measure A on ). Hence,
the error in the optimality condition can be measured reasonably in the norm
2

optps1 = HK*lE — K*< (37)

+ apgt1
KukJrl) 2,Uk41

Furthermore, due to the fact that we use a damped two step iteration, we are not only
interested in the improvement of the whole optimality condition (24), but also in the
convergence of the sequence of primal functions {uy} and the sequence of subgradients
{pr} with pr, € 0 |uk‘BV(Q)' Hence, in order to establish appropriate stopping rules
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for these iterates, we consider the damped TV correction step (31) with the EM
reconstruction step in (29),

Uk * f Uk
U - w K - (1—wp)u Wi ¢ ——— =0.
k1 o (Kuk> ( k) Uk + wr oy, P
By combining this iteration scheme with the optimality condition (28) evaluated at uy,
which must be fulfilled in the case of convergence, we obtain an optimality statement
for the sequences {py} and {uy},
K*lg (uk+1 — uk)

1 — + = 0.
a (Pry1 Dk) Wk Uk

With the aid of the weighted norm (36), we now have additional stopping criteria for
the FB-EM-TV algorithm, which guarantee the accuracy of the primal functions {uy}
and the subgradients {py}, namely

K* 1y (ugpy1 — ug)
WE U

Uoptj 41 )

2, U1 (38)

3 2
Poptyyr = || «a (pk-i-l - pk) ||2,uk+1 :

We finally mention that the stopping criteria (37) and (38) are well defined, since we
can prove that each iterate uy of the damped FB-EM-TV splitting strategy is strictly
positive, see Lemma 4.12.

Based on the observations in previous sections we can use Algorithm 1 to solve
the TV regularized Poisson likelihood estimation problem (21).

Algorithm 1 (Damped) FB-EM-TV Algorithm
1. Parameters: [, « > 0, w € (0,1], mazxEMIts € N, tol > 0

2. Initialization: £k = 0, ug := ¢ > 0

3. Iteration:
while ( (k& < maxEMIts ) and
(optp > tol or U, > tol or pop, > tol)) do 1 (37), (38)
i) Compute uy, 1 via EM step in (29).
1) Set wp = w.
i71) Compute uy11 via modified ROF model (32). > Section 5
w) k+ k+1
end while

return u;

Remark. Selecting a reasonable regularization parameter « in our model is a common
problem. In the case of additive Gaussian noise, there exist several works in
literature dealing with this problem, see e.g. [53, 78, 82]. Most of them are
based on the discrepancy principle and Chi-square distributions, generalized cross
validation methods or unbiased predictive risk estimates. Finding an ”optimal”
regularization parameter is, in general, more complicated for non-Gaussian noise
models. Nevertheless, there exist a few works in literature addressing this issue, see
e.g. [9] and the references therein or [15].
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3.5. Bregman-FB-EM-TV algorithm

The presented FB-EM-TV algorithm (29) solves the estimation problem (21) and
provides cartoon-like reconstructions with sharp edges. However, the realization of
TV correction steps via the weighted ROF model (30) has the drawback that the
reconstructed images suffer from contrast reduction [58, 63]. Thus, we propose
to extend the TV regularized Poisson likelihood estimation problem (21), and
therewith also the (damped) FB-EM-TV, by an iterative regularization strategy to a
simultaneous contrast correction. More precisely, we perform a contrast enhancement
by inverse scale space methods based on Bregman distance iteration. These techniques
have been derived by Osher et al. in [63], with a detailed analysis for Gaussian-
type problems (4), and have been generalized to time-continuity [21], LP-norm data
fitting terms [20] and nonlinear inverse problems [5]. Following these methods, an
iterative refinement in our case is realized by a sequence of modified Poisson likelihood
estimation problems based on (21).

The inverse scale space methods concerning TV, derived in [63], follow the concept
of iterative regularization by Bregman distance [18]. In the case of the Poisson model,
the method initially starts with a simple FB-EM-TV algorithm, i.e. it consists in
computing a minimizer u' of (21), respectively (22). Then, updates are determined
subsequently by considering variational problems with a shifted TV term, namely

1+1 . l l l

U € argmin {DKL f, Ku +a(u — p,u)}7 p € 0 |u .(39
avmin {Dicy (£ Ku) + (Il o) — 00 oy -(39)
u>0a.e.

The mentioned Bregman distance with respect to |- | BV(Q) 18 defined via
f|BV<m (u,a) = |u|BV(Q) - |a‘BV(Q) — {(p,u—1a), p e \ﬂ|BV(Q) ,
where (-, -) denotes the standard duality product. The introduction of this definition
allows for characterizing the sequence of modified variational problems (39) by adding

of constant terms as
w1l e argmin {DKL(f, Ku) + aDP,

u € BV(Q) HBV(SZ)
uw>0a.e.

(u,ul)}, pled |ul’BV(Q). (40)

Note that the first iterate u! can also be realized by the variational problem (39) or
(40), if the function u° will be chosen constant and we set p° := 0 € 9 ’u0|BV(Q).

The Bregman distance D"f | does not represent a distance in the common
BV (Q)

(metric) sense, since it is not symmetric in general and the triangle inequality does
not hold. However, the formulation in (40) has the advantage over (39), that DY

Il 5v )
is a distance measure in the following sense

(u,@) > 0 and DP (w,0) = 0 for w = a@.

2
HBV(Q) HBV(Q)

Besides, the Bregman distance is convex in the first argument because |- | BV(Q) 18
convex. In general, i.e. for any convex functional J the Bregman distance can be
interpreted as the difference between J in v and the Taylor linearization of J around
@ if, in addition, J is continuously differentiable (see e.g. [20]).

From the statistical point of view in Section 2.2, the Bregman distance regularized
variational problem (40) uses an adapted a-priori probability density p(u) (15) in
the Bayesian model formulation (13). Namely, instead of a zero centered a-priori
probability R(u) = [u|gy () as in the case of the FB-EM-TV algorithm, here we
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consider in every Bregman refinement step a new a-priori probability which is related
to a shifted total variation, i.e we use the following Gibbs function (15)
1
plu) ~ o @ Pl ()
This means that images with smaller total variation and a close distance to the
maximum likelihood estimator u! of the previous FB-EM-TV problem are preferred
in the minimization of (40).

Before deriving a two step iteration corresponding to (29), we will motivate the
contrast enhancement by iterative regularization in (40). The regularization with TV
in (22) prefers functions with only few oscillations, ideally piecewise constant functions.
As a consequence, the reconstruction results suffer from a loss of contrast. The
iterative Bregman regularization has the advantage that, with u! as an approximation
to the possible solution, additional information is available. The variational problem
(40) can be interpreted as follows: search for a solution that matches the Poisson
distributed data after applying K and simultaneous minimizes the residual of the
Taylor approximation of |- | BV(Q) around u!. This form of regularization hardly

changes the position of gradients with respect to the last iterate u!, but that an
increase of intensities is permitted. This leads to a noticeable contrast enhancement.

For designing a two step iteration analogous to the FB-EM-TV algorithm, we
consider the first order optimality condition for the variational problem (40). Due to
the convexity of the Bregman distance in the first argument, we can determine the
subdifferential of (40). Analogous to the derivation of the FB-EM-TV iteration, we
can split the subdifferential of a sum of functions to a sum of subdifferentials due to
the continuity of the Kullback-Leibler functional. Now, since the subdifferential of the
KL functional can be expressed formally by Fréchet derivatives analogous to (24) and

a(—@hu) = {0}
holds, the first order optimality condition of (40) for a positive solution u/*! is given
by

. i 141 ! ! !
0 € K'1y — K (Ku“rl +a(8|u+’BV(Q)—p), p 68|u|BV(Q). (41)

For u° constant and p° := 0 € 0 ’u , this condition yields a well defined update

0
|BV(Q)
formula of the iterates p', namely

1 f
+1 . * * I+1
po=p - a<K 1y - K (Kul+1>> € ™ 5y 0 - (42)
Now, analogous to the FB-EM-TV algorithm, we can apply the idea of the nested two
step iteration (29) in every refinement step, I = 0,1,---. Thus, for the solution of
(40), the condition (41) yields a strategy consisting of an EM reconstruction step
I+1
Ykt T Ky (Kugjl) ; (43)
followed by solving the adapted weighted ROF problem
K*1 (u — ulft )2
. 1 x k+3
u%j_ll € argmin 7/ T 2 + « (J(u) — <pl, u>) . (44)
u € BV(Q) Q Up
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Following [63], we provide an opportunity to transfer the shift term (p!, u) to the data
fidelity term. This approach facilitates the implementation of contrast enhancement
with the Bregman distance via a slight modification of the FB-EM-TV algorithm.
With the scaling K*1xv! := ap’ and (41) we obtain the following update formula
for the iterates v',

1 f
+1 _ 1 * 0 _
v = v - (1Q—K*12K (Kul“))’ v’ = 0. (45)
Using this scaled update, we can rewrite the second step (44) to
* I+1 \2 I+1 1
ultl € argmin 1/ e ((U _ UkJr%) R U) + a |y
k+1 venve ) 2o uéjl BV(Q)
Note that in the equation
2
(u — uic‘:_lé) — 2uu2+1 ot

2

= (0= Gty ) = 2l
the last two terms on the right-hand side are independent of v and hence the variational
problem (44) simplifies to

2
I+1 1 KT (u _ (ui:rl% " u?lvl)) |ul (46)
U € argmin 7/ + alu , (46
BT e BV Q ultt BV

i.e. the second step (44) can be realized by a minor modification of the TV
regularization step introduced in (30).

In Section 3.2 we additionally introduced a damped variant of the FB-EM-TV
algorithm. This damping strategy can be also realized in each Bregman refinement
step, namely the TV regularization step (46) simply needs to be adapted to

2
1/K“2@—@$9
Q

I+1 - I+1
w,', € argmin . + wp o |ulgy g (47)
u € BV (Q) uk
with
S N AR R A 41, 14+1 1 141y, 141
U = Wyl oW (1 —w ™ )u .

3.6. Stopping rules and pseudocode for the Bregman-FB-EM-TYV algorithm

As usual for iterative methods, the described refinement strategy via the iterative
Bregman distance regularization needs a suitable stopping criterion. Optimally, this
rule should stop the method at an iteration, which offers a solution that approximates
the desired true image as good as possible. This is essential in order to prevent that
too many small scales, in particular the noise, are incorporated into the reconstruction
results by the inverse scale space strategy. In the case of Gaussian noise, the authors
in [63] and [21] suggested to use the so-called generalized discrepancy principle (cf.
[33] and [66] for a detailed discussion). This strategy consists in stopping the iteration
at the index I, = 1,.(6, f), where the residual HK ul+ reaches the noise level

6 or an estimate of the noise level, i.e.
l., = max{! €N : HKul—fHLQ(E) > 70}, T > 1.

= Fllras)
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However, in the case of raw data corrupted by Poisson noise, it makes more sense
to stop the Bregman iteration, when the Kullback-Leibler (KL) distance between the
given data f and the signal Ku' reaches the noise level. For synthetic data, the noise
level § is naturally given by the KL distance between f and K, i.e.

0 = DKL(f7Ka)7

where u denotes the exact and noise free image. For experimental data, it is necessary
to find a suitable estimate of the noise level § from the data counts.

In addition to a stopping criterion for the outer Bregman iteration, we also need
suitable stopping rules for the inner FB-EM-TV iteration loop. For this purpose, we
can proceed analogously to the discussion of stopping rules in the case of the FB-
EM-TV algorithm in Section 3.4. In addition to a maximum number of iterations, we
consider the error in the optimality condition (41) as a basic stopping criterion using
the weighted norm |- |, ,, (36), i.e.

2

optity = || K'ly — K JZ+1 + aply — ap
Kuk+1 2,41%1
- (48)
= HK*IE - K* ( {4_1) + Oépﬁj_i_ll — K*lgvl
Ktk 20l

Analogous to (38), we also obtain additional stopping criteria to guarantee the

accuracy of the primal function sequence {uﬁjl} and the subgradient sequence { péjl

. 141 I+1
with p,"" € 3’1% |BV(Q),namely
2
* I+1 +1
S K*1y (Uk+1 - Uy )
opt; - I+1  1+1 4
k41 Wy Ug 27“2111 (49)
o I+1 141y |2
poptﬁgt_ll T H @ (pk+1 by, ) ||2,u;’€:11 .

Summarizing the observations above, we can make use of Algorithm 2 to solve the
stepwise refinement (39) of the TV regularized Poisson likelihood estimation problem
(21).

Remark.

e Note that the update variable v in (45) has an interesting interpretation as an
error function with reference to the optimality condition of the unregularized
Poisson log-likelihood functional (18). That means that in every refinement step
of the Bregman iteration the function v**! differs from v' by the current error in
the optimality condition of (18),

K*ly — K* (Igu) - 0.

Hence, caused by the TV regularization step (46), we can expect that the
iterative regularization based on the Bregman distance leads to a stepwise contrast
enhancement. The reason is, that instead of fitting the new regularized solution

ufj_ll to the EM result ui:;ll in the weighted L? norm, as it occurs in the

2
case of the FB-EM-TV step (30), the Bregman refinement strategy (46) uses
an adapted "noisy” function in the data fidelity term, where the intensities of
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Algorithm 2 Bregman-FB-EM-TV Algorithm

1. Parameters: f, « > 0, w € (0,1], maxBreglts € N, 6 > 0, 7 > 1,
marEMIts > N, tol > 0

2. Initialization: | = 0, u} = ug := ¢ > 0, v° :== 0

3. Iteration:
while ( Dy (f, Kub™) > 70 and [ < maxBreglts ) do
a) Set k = 0.
while ((k < mazEMIts) and
(optéjl > tol or wu, L > tol or

1+1 Z tol ) ) do > (48), (49)

k

pt
Popt

i) Compute u;f:_l% via EM step in (43).
i) Set wil = w.
i1i) Compute ufj_ll via modified ROF model (47). > Section 5
w) k+— k+1

end while

b) Compute update v'*! via (45).

¢) Set upt? = ultt.

d) 1+ 1+1

end while
return ué“

the EM solution uifill are increased by a weighted error function v
2

additionally [58] or [81], the elements of the dual space of BV (), in our case

pto= Elugl ¢ 8|ul+1‘BV(Q) C (BV(9Q))*, can be characterized as textures

respectively strongly oscillating patterns. Based on this interpretation, it makes

sense to consider v! as the current error function of the unregularized Poisson

log-likelihood functional (18).

e Asan alternative to the approach in Section 3.5, a dual inverse scale space strategy
based on Bregman distance iterations can be used to obtain simultaneous contrast
correction, see [19]. However, both inverse scale space methods compute very
similar iterates and we could not observe a difference in the performance so
far. But in the case of the dual approach we can provide error estimates and
convergence rates for exact and noisy data (see [19]), which are not possible for
the primal approach in Section 3.5 so far.

. Following

e Motivated by the work in [63], one may also consider the modeling of an iterative
reconstruction refinement inside the FB-EM-TV algorithm. On the basis of the
two step iteration proposed in (29) and (30), this strategy would lead to a TV
regularization step which can be realized by a sequence of modified ROF problems
based on (30). More precisely, for any fixed index k, the iterate ug1 is determined
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via a sequence of the following minimization problem,

. 2
I+1 1/ K1y (u — uyyy)
Q Uf

upy; € argmin q ~ +a (|U|BV(Q) - <pl7u>) (50)

wueBV(Q) | 2
with p! € 0 |u§€+1 |BV(Q)7 a constant initialization uf,, and p° = 0 €
0 ’ug_H |BV(Q). Analogous to Section 3.5, the scaling K*15, v! := auy p' transfers

the shift term <pl, u> to the data fidelity term in such a way that (50) can be
rewritten similar to (46), namely

u

2
; 1 K*]_E (U — (Uk_;'_% + ’Ul))
11 € argmin f/ + o lulgy(g)
Q

k+1
u € BV (Q) Uk

with the update formula

+1 _ 1 I+1 0 _
v = v+ (upys — upi) v =0.

However, this iteration scheme with the update formula seems rather related to an
additive than a multiplicative setting and hence is less promising for our Poisson
framework. Additionally, computational experiments indeed confirm that the
inner refinement leads to worse reconstructions than the outer one presented in
Section 3.5.

4. Analysis

In this chapter we carry out a mathematical analysis of the TV regularized Poisson
based variational model (21). More precisely, we prove that the problem is well-
posed, that the FB-EM-TV algorithm preserves the positivity of the solution and
that the proposed damped FB-EM-TV iteration scheme has a stable convergence
behavior. Note that the same results can also be extended to the general case
of regularized Poisson likelihood estimation problem with an arbitrary convex
regularization functional, including those which are non differentiable in the classical
sense (see [71]).

4.1. Assumptions, definitions and preliminary results

At the beginning of this section, we will repeat the properties of the operator K,
having been assumed in the previous sections, and will introduce other necessary
assumptions, which will be used in the following analysis.

As introduced in Section 2.1, we consider the forward operator K as a semi
discrete operator based on K : L'(Q) — L'(X), which transforms, in contrary to
K, a function from L'(f2) to the discrete data space RY. Nevertheless, to be able
to present a unified theory with respect to the continuous problem formulation (21),
we passed over from a discrete to a continuous representation of the raw data using a
point measure p in Section 2.2. There, we assumed that any element g in the discrete
data space RY can be interpreted as a sampling of a function in LL(Z), which we
denote for the sake of convenience with g again and where L}L(E) denotes the space of
Lebesque measurable functions with respect to the measure pu. Note that in the case
of a fully continuous formulation of the forward operator, the measure p has to be set
to the Lebesque measure and we have L\ (¥) = L'(X). Finally, for the assumptions
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below, note that the operator K is linear, compact and additionally obtains positivity.
Hence, based on the observations above, we make the following assumptions.

Assumption 4.1.

(i) The operator K : L'(Q) — L() is linear and bounded.

(i) The operator K preserves positivity, i.e. it satisfies Ku > 0 a.e. for anyu > 0
a.e. and the equality is fulfilled if and only if u = 0.

(iii) If u € LY(Q) satisfies c1 < u < ¢y a.e. for some positive constants c,ca > 0,
then there exist cs,cqy > 0 such that cs < Ku < ¢4 a.e. on X.

Remark. At the first glance, the Assumption 4.1 (iii) is restrictive, but there are many
classes of linear ill-posed problems for which the required condition is fulfilled. An
example are integral equations of the first kind, which have smooth, bounded and
positive kernels. Such integral equations appear in numerous fields of application,
e.g. in geophysics and potential theory or in deconvolution problems as fluorescence
microscopy or astronomy. Another interesting example of operators, which fulfill the
Assumption 4.1 (iii), is the X-ray transform which assigns the integral values along
all straight lines to a given function. This transform coincides in two dimensions with
the well-known Radon transform and is strongly applied in medical imaging. The
Assumption 4.1 (iii) is fulfilled in this example, if the length of the lines is bounded
and bounded away from zero, a condition which is obviously satisfied in practice.

Next we will give a definition of the Kullback-Leibler functional in order to
simplify the following analysis of the regularized Poisson likelihood estimation problem
(21).

Definition 4.2 (Kullback-Leibler Functional). The Kullback-Leibler (KL) functional
is a function Dk, : LY(X) x LY(Z) — Rso U {+o0o} with ¥ C R™ bounded and
measurable, given by

Dir(p,v) = /2 (cplog (z) — o+ z/J> dv  forall o, > 0 ae , (51)

where v is a measure. Note that, using the convention 0log0 = 0, the integrand in
(51) is nonnegative and vanishes if and only if ¢ = .

Remark. In the literature there exist further notations for the KL functional, like cross-
entropy, information for discrimination or Kullback’s I-divergence, cf. e.g. [27, 31, 67].
The functional (51) generalizes the well known Kullback-Leibler entropy,

Exr(e,v) = /Z plog (z) dv ,

for functions which are not necessarily probability densities. In the definition above,
you get the extension by adding (linear) terms which are chosen so that (51) is a
Bregman distance or divergence with respect to the Boltzmann-Shannon entropy [67].

In the next Lemmas, we will recall a collection of basic results about the KL
functional and the total variation ||z () functional from [67] and [1], which will be
used in the following analysis. For further information to the both terms, we refer to
(67, 31] and [1, 2, 3, 36, 41].

Lemma 4.3 (Properties of KL Functional). Let K satisfy Assumption 4.1 (i) and
(ii). Then the following statements hold:
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(i) The function (p,¥) — Dgr(p,) is convex and thus, due to the linearity of the
operator K, the function (p,u) — Dgr(p, Ku) is also convez.

(ii) For any fized nonnegative ¢ € LY (X), the function u — Dy (¢, Ku) is lower
semicontinuous with respect to the weak topology of L*(X).

(iii) For any nonnegative function ¢ and v in L'(3), one has

) 2 4
le=¥lm < (36l + 3 Wl ) Dxeliod)

Proof. See [67, Lemma 3.3 - 3.4]. O
Corollary 4.4. If {©,} and {1,} are bounded sequences in L' (%), then
nlimeKL(wn’wn) =0 = Jlm len = Ynllprsy = 0.

Lemma 4.5 (Properties of TV Functional). The following statements hold:

(i) ||y (q) is convez on BV (§2).

(it) |- |py ) is lower semicontinuous with respect to the weak topology of LY(Q).
(iii) Any uniformly bounded sequence {u,} in BV (Q) is relatively compact in L'(Q).
Proof. See [1, Theorem 2.3 - 2.5]. O

4.2. Well-posedness of the minimization problem

In the following we verify existence, uniqueness, and stability of the minimization
problem (21). In order to use the known properties of the KL functional from Lemma
4.3 for the analysis of (21), we add the term flogf — f to the data fidelity term.
Because this expression is independent of the desired function u, the stationary points
of the minimization problem are not affected (if they exist) and (21) is equivalent to
ue%i\gl(ﬁ) F(u) == Drr(f,Ku) + alulgyq) a > 0, (52)
u>0a.e.
where Dy, is the Kullback-Leibler functional as in Definition 4.2. For the following
analysis, the precompactness result from Lemma 4.5 (iii) is of fundamental importance.
Hence, in order to use this property we introduce the following definition.

Definition 4.6 (BV-Coercivity). A functional F defined on L*(QY) is BV-coercive (cf.
(48], Def. IV.3.2.6), if the sub-level sets of F' are bounded in the | - || gy (o) norm, i.e.
for allr € Rsq the set {u € LY(Q) : F(u) < r} is uniformly bounded in the BV
norm; or equivalent

F(u) = +o0 whenever lull gy (o) — +oo - (53)

Lemma 4.7 (BV-Coercivity of the Minimization Functional). Let K satisfy
Assumption 4.1 (i) and (ii). Moreover, assume that o > 0, f € L, (X) is nonnegative
and that the operator K does mot annihilate constant functions. Since K is linear, the
latter condition is equivalent to

Klg # 0, (54)

where 1q denotes the characteristic function on ). Then, the functional F defined in
(52) is BV-coercive.
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Remark. According to the definition of the function space of functions with bounded
(total) variation, BV () C L'(f) is valid and we can extend the admissible solution
set of the minimization problem (52) from BV(Q) to L'(Q). To this end, we
continue the total variation to a functional on L'(£2) by setting |u|BV(Q) = 400

if u € LY(Q)\ BV (), where furthermore solutions from BV (Q) are preferred during
minimization.

Proof of Lemma 4.7. For the proof of BV-coercivity, we derive an estimate of the form

2
||U||BV(Q) = ||UHL1(Q) + |U|BV(Q) s a (F(U)) + o F(u) + 3, (55)

with constants ¢; > 0, co > 0 and c¢3 > 0. Then, the desired coercivity property
(53) follows directly from the positivity of the functional F for all u € L'(Q) with
u > 0a.e.

For the derivation of this estimate we use that any v € BV(Q) has a
decomposition of the form

u=w+v, (56)

where

d
w — <IQ|?2| x) 1q and v = u — w with /v dr = 0. (57)
Q

First, we estimate |v[gy (o) and [v[[;1q). Because constant functions have no
variation, the positivity of the KL functional yields

1
algy) < alulgyo < Fu) = vlpy@) < EF(U)-

This together with the Poincaré-Wirtinger inequality (see e.g. [3, Sect. 2.5.1]) yields
an estimate of the L' norm,

1
Wiy = Cilvlpyie) < Cro Flu), (58)

where C; > 0 is a constant that depends on Q@ C R? and d only. Now, using the
decomposition (56) and the estimates for |v|gy(q) and [[v]|f1(q), the problem (55)

reduces to the estimation of the L' norm of constant functions, since
lull gy < llwllpig) + vl + vlgve)

1F(u)

«

(59)
< wllprgy + (Cr+1)

To estimate ||w]| 11 (g, we consider the L}, distance between Ku = Kw + Kv and f.
With Lemma 4.3 (iii) we obtain an upper bound,

[(Kv = f) + KwHi}L(E)

IN

2 4
(310 + 310 + Kulyys) ) Drcs(s )

2 4 4
< (3Wliyeor + 31Ky + 5 1Kulym) ) P,
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and as a lower bound we obtain,

2
2
I(kv = ) + Kollysy = (1Ko = fllyg — 1Kwls)

V

Combining (58) with both inequalities yields

1
K wlay ey (W) — 2 (1K1 € 2P ) + 1y )

2 4 1 4
< (3l + 3IKICLF@) + 3 1Kulye ) ).

=z ||Kw||L‘1‘(z) <|\Kw||L;L(z) - 2| Kv - fHL;L(z)) :

26

(60)

This expression contains terms describing the function w only in dependence of the
operator K. For the estimate of [[wl|}: (g, itself, we use the assumption (54) on K.

Thus, there exists a constant Co > 0 with

_ fE |K].Q| d,u
1€

This identity used in the inequality (60) yields

Co and ||Kw“[,i(2) = Gy ||w||L1(Q) :

1 4
Calollsiay (Collwllsray = 2 (IKICI2F@ + Wiy ) — 3F)

2 4 1
< (31l + 3 IK1C2F@) Flo

To receive an estimate of the form (55), we distinguish between two cases:

Case 1: If
1
Callwllney — 2 (1K1 CLF @) + 1)) -

then we conclude from (62) that

1 /2 4 1
ey < g (31l + 3 IKI1C13F@) F@ .

and obtain with (59),

401 ||K|| 2 2
lull gy oy < 3C, (F(w)” + 30, HfHL}L(E) T

Case 2: If the condition (63) does not hold, i.e.
L 1 20 ||K||C 1F 4F
ol < & (1 + 2UIKIC ) + (1l ) + 5F@) )
then we find from (59) that

2|K||Cii+4 041 L+ 2l (s
< (&3 F [ —
oy < (P GEE 4 D) P+ ——,

4

Ci +1

)Fw.

(61)

(62)

(63)

(64)

(65)

Now, with Assumption 4.1 (i) we have that ||K| < oo. Moreover, since f € L (%),
O

we obtain from (64) and (65) the desired coercivity property (55).
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Theorem 4.8 (Existence of Minimizers). Let K satisfy Assumption 4.1 (i) and (ii).
Moreover, assume that o > 0, f € L}L(Z) is nonnegative and that the operator K
satisfies (54). Then, the functional F' defined in (52) has a minimizer in BV ().

Proof. We use the direct method of the calculus of variations, see e.g. [3, Sect. 2.1.2]:
Let {u,} C BV(Q), u, > 0 a.e., be a minimizing sequence of the functional F, i.e.
lim F(u,) = inf  F(u) = Fpin < 0.
n— oo u€ BV ()

With the assumptions on the operator K, Lemma 4.7 implies that the functional F’
is BV-coercive and with it also that all elements of the sequence {u,,} are uniformly
bounded in the BV norm. Hence, as a consequence of the precompactness result
from Lemma 4.5 (iii), there exists a subsequence {u,,} which converges to some
@ € LYQ). Actually, the function @ lies in BV(Q), since |- |Bv(q) is lower
semicontinuous (see Lemma 4.5 (ii)) and the sequence {u,} is uniformly bounded
in BV (). Simultaneously, caused by Lemma 4.3 (ii), also the objective functional F
is lower semicontinuous and implies the inequality

F(a) < liminf F(up;) = Fpin ,
j — oo
which means that @ is a minimizer of F'. O

Next, we consider the uniqueness of the minimizers, for which it suffices to verify
the strict convexity of the objective functional F. For this purpose, it is straight-
forward to see that the negative logarithm function is strictly convex and consequently
also the function u +— Dgr(f, Ku), if f € L}, () fulfills infs; f > 0 and the operator
K is injective, i.e. the null space of K is trivial since K is linear (cf. Assumption
4.1 (i)). Since the regularization term is assumed convex (see Lemma 4.5) we can
immediately conclude the following result.

Theorem 4.9 (Uniqueness of Minimizers). Let K satisfy Assumption 4.1 (i) and ().
Assume that K is an injective operator and f € L}L(Z) fulfills infs, f > 0. Then, the
function w — Dgr(f, Ku) and also the functional F' from (52) is strictly convex. In
particular, the minimizer of F' is unique in BV (Q).

After existence and uniqueness of minimizers we will show the stability of the
TV regularized Poisson estimation problem (52) with respect to a certain kind of
data perturbations in the following. In Section 2.1 we already described that the
given measurements in practice are discrete and can be interpreted in our framework
as averages of a function f € L!(X). The open question certainly is the suitable
choice of the function f. Moreover, the physically limited discrete construction of
the detectors leads to a natural loss of information, because not all signals can be
acquired. Consequently, a stability result is required guaranteeing that the regularized
approximations converge to a solution u, if e.g. the approximated data converge to
a preferably smooth function f. Because the measurements are still a realization of
Poisson distributed random variables, it is natural to assess the convergence in terms
of the KL functional, as shown in (66).

Theorem 4.10 (Stability with Respect to Perturbations in Measurements). Let K
satisfy Assumption 4.1. Fix o > 0 and assume that the functions f, € L}L(E),
n € N, are nonnegative approximations of a data function f € Llﬂ(E) in the form

nli)mooDKL(fn,f) = 0 (66)



Forward-Backward EM-TV methods for inverse problems with Poisson noise 28

Moreover, let

u, € argmin {Fn(v) = Dgr(fn, Kv) + a|v|BV(Q)} , n € N, (67)
u € BV (Q)
u>0 a.e.
and let u be a solution of the regularized problem (52) corresponding to the data
function f. Additionally, we assume that the operator K does not annihilate constant
functions and that log f and log Ku belong to the function space LZ"(E), i.e. there
exist positive constants cy,...,cq such that

0 <c < f < e and 0 < c3 < Ku < ¢4 a.e. on ¥ . (68)

Moreover, we suppose that the sequence { f,,} is uniformly bounded in the L; (X)-norm,
i.e. it exists a positive constant cs such that

”f”HLb(E) < c5, Vn € N. (69)

Then, the problem (52) is stable with respect to the perturbations in the data, i.e.
the sequence {u,} has a convergent subsequence and every convergent subsequence
converges in the L' norm to a minimizer of the functional F in (52).

Proof. For the existence of a convergent subsequence of {u,}, we will use the
precompactness result from Lemma 4.5 (iii). To this end, we have to show the
uniform boundedness of the sequence {F,(u,)} and the uniform BV-coercivity of
the functionals F;,, see the definition below.

We show the uniform boundedness of the sequence {F,,(u,)} first. Let « > 0 be
a fixed regularization parameter. For any n € N, the definition of u, as a minimizer
of the objective functional F;, in (67) implies that

Fn(un) = DKL(fn,Kun) + « |un|BV(Q) < DKL(fn,KU) + « |u|BV(Q) . (70)

Hence, the sequence {F,(u,)} is bounded, if the sequence {Dgr (fn, Ku)} on the
right-hand side of (70) is bounded. To show this, we use the uniform boundedness
of sequence {f,} in the L} (X)-norm (69). Hence, condition (66) and the result in
Corollary 4.4 yield the strong convergence of {f,} to f in L, (X), i.e. we have

nlimw\|f - fn||LL(z) = 0. (71)
Thus, the condition (68) implies together with the inequality
Dictfs Ku) = Dice(f.Kw) = Dicn(fos ) = | [ QogKu — log )(f = f2) d
b

< Jlog Ku — 10gf||Lzo(2) If - f”HLi(E)’

< o
the following convergence,
n — oo

Because u is a minimizer of the regularized problem (52) corresponding to the data
function f, the expressions Dy (f, Ku) and |u|BV(Q) are bounded, and thus also the
sequence { Dk, (fn, Ku)} is bounded, since convergent to Dg,(f, Ku). Together with
(70) this fact yields the uniform boundedness of the sequence {F}, (u,)}.
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Next, we prove that the functionals Fj, are uniform BV-coercive, i.e. for any
sequence {u,} in L' (Q) with u, > 0 a.e.,

Fy(un) — +oo whenever lunll gy = +o0-

For the proof we put u, = wy, + v, asin (56) and (57), and repeat the proof of Lemma
4.7 with u,, and F,, instead of v and F. Since the operator K does not annihilate
constant functions, we obtain ||Kwn| 1 (s = Czllwallf1 ) with Co as in (61) and

hence analogous to (62),

1 4
Calwalus (Calonllisiey = 2 (IKICI Fultn) + Ufallymy ) = 3Fa(un))

2 4 1
< (31llgm + 5 1K1 €3 Fulun) ) Fulun).

Since the sequence {f,} converges strongly to f in LL(E) (71), it is also bounded in
the L), (¥)-norm. The upper bound on each ”f"HLi(E) and the boundedness of the
operator norm of K yield the uniform BV-coercivity of the functionals F}, analogous
to both cases in the proof of Lemma 4.7.

The uniform BV-coercivity implies together with the boundedness of the sequence
{F.(uy)} that the sequence {u,} is uniformly bounded in the BV norm. Then, the
precompactness result from Lemma 4.5 (iii) ensures the existence of a subsequence
{un,} which converges strongly to some @ € L'(€2). Actually, the function @ lies in
BV (Q), since |- |BV(Q) is lower semicontinuous with respect to the weak topology of

L'(Q) (see Lemma 4.5 (ii)), i.e. we have
gy (o) < I;Igifof |tn, ’BV(Q) < -

Now let {un]} be an arbitrary subsequence of {u,} which converges to some
@ € LY(Q) with respect to the L'-norm. The boundedness of the operator K (see
Assumption 4.1 (i)) implies the strong convergence of the sequence { Kuy,, } to K in
L/i(E), as well as the pointwise convergence almost everywhere on . Additionally,
a similar behavior holds also for the sequence {f,}, which converges strongly to f in
L,,(X) (71). Thus, since the functions f,, and u, are nonnegative for all n € N and K
is an operator that preserves positivity (see Assumption 4.1 (ii)), we can apply Fatou’s
Lemma to the sequence { Jn;log(fn; [ Kun,) — fn, + K unj} and obtain

Dir(f, Ka) < liminf Drr(fn;, Kun;) - (73)
j— o0

Due to the lower semicontinuity of the functional |- |5y () (see Lemma 4.5 (ii)) and
due to (70), (72) and (73), we now obtain the following inequality,

(73)
Dgr(f,Ka) + « |ﬂ\BV(Q) < liminf Dgp(fr,, Kun,) + ali_minf}un

j— o0 j— o0 J‘|BV(Q)

IN

limiglof (DKL(fnijunj) + |u”j|BV(Q)>

J—

< 1imsup(DKL(fnj,Kun,-) + a ‘u”j’BV(Q))
J — o0

(o)

< hmsup(DKL(fnj,KU) + «a |“|BV(Q)>

j— oo
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(72)
= Dkr(f, Ku) + « |u|BV(Q) )

which means that @ is a minimizer of the functional F in (52). O

Remark.

e For the proof of stability, condition (68) is required, which assumes that the
functions log f and log K'u belong to L7°(¥), where u is a regularized solution of
the minimization problem (52). In the case of the data function f, this assumption
is not significantly restrictive in most practical situations. The boundedness
from above is fulfilled naturally due to the finite acquisition time of the data.
The almost everywhere boundedness on ¥ away from zero is reasonable, when
a sufficient amount of measurements has been collected. In addition, in most
practical applications a certain level of background noise is present, which causes
the positivity of the data. In the case of the function Kwu, condition (68) is
not simple to justify and requires a more precise analysis of the variational
problem (52). Due to Assumption 4.1 (iii), it suffices to prove that u is bounded
and bounded away from zero. For instance, the authors in [67] show that this
condition on u is available, if we replace the TV functional in (52) by the KL
functional Dy (-,u*) as regularization energy, where u* denotes the a-priori
estimation of the solution and satisfies the boundedness condition from above
and away from zero. Roughly speaking, this is possible because, during the
minimization, the linear part of the KL functional in u tries to keep the function
bounded and the log part tries to push the function away from zero. However,
in the case of total variation regularization we did not yet succeed to prove a
similar property. Nevertheless, note that in Section 4.3 we can show at least
that the iterate sequence {uy} of the FB-EM-TV splitting algorithm (29) has
the boundedness and the boundedness away from zero property, assuming that
the data function f belongs to L;°(X) with infy, f > 0 and the initialization
function wug is strictly positive. For this reason, we think that condition (68) is
an acceptable assumption.

e Analogous to the reasoning above, the convergence of subsequences {unj} in
Theorem 4.10 can also be proved in the LP(2)-norm with 1 < p < d/(d — 1),
Q C R? since any uniformly bounded sequence {u,} in BV(Q) is actually
relatively compact in LP(Q) for 1 < p < d/(d — 1), see [1, Thm. 2.5].

e Asin Theorem 4.10 it is also possible to consider perturbations of the operator K.
The proof is similar to the one above and only slight modifications are necessary.
However, several assumptions on the perturbed operators K, are needed, like
the boundedness of operators for each n € N and pointwise convergence to K.
Unfortunately, it is also essential that the operators K, fulfill the assumption
(68), i.e. that K,u is bounded and bounded away from zero for any n € N,
where u is a solution of the minimization problem (52). Therefore, this condition
is severely restrictive for the possible perturbations of the operator K.

e We finally mention that some stability estimates for the TV regularized Poisson
likelihood estimation problem (52) have been also derived in [8], but in a different
setting. There, the assumptions on the possible data perturbations are more
restrictive (convergence in the supremum norm), while the assumptions on the
operator perturbations are relaxed.
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4.3. Positivity preservation of the FB-EM-TV algorithm

In the following we consider a particular property of the iteration sequence {ug}
obtained by the FB-EM-TV splitting approach (29) and its damped modification (31),
namely the positivity preservation of this iteration scheme. Given a strictly positive
u, € BV(Q) for some k > 0, it is straight-forward to see that the result u; 1 of the
reconstruction half step is well defined and strictly positive due to the form of the EM
iteration step in (29), if the data function f is strictly positive and the operator K
fulfills the positivity preservation property in Assumption 4.1 (iii). Consequently, an
existence and uniqueness proof for the regularization half step (30) and its damped
variant (32), analogous to the classical results for the ROF model, delivers also the
existence of ugy; € BV(). Now, in order to show inductively the well-definedness
of the complete iteration sequence {uy}, it remains to verify that ug41 is again strictly
positive.

However, note that if any w; is negative during the iteration, the objective
functional in the regularization half step (30) is in general not convex anymore.
Moreover, the minimization problem becomes a maximization problem and the
existence and uniqueness of uy41 cannot be guaranteed. Thus, the non-negativity
of a solution in the regularization half step, and with it also the positivity of the
whole iteration sequence, is strongly desired, in particular since in typical applications
the functions represent densities or intensity information. The latter aspect is
considered explicitly by using the positivity constraint in the Poisson based log-
likelihood optimization problem (21).

Now, to clarify the positivity preservation of the (damped) FB-EM-TV iteration
scheme, we present a maximum principle for the following weighted ROF problem,

1 u — q)?
LGy T = g /Q (Tq) o+ Blulpvey ., B >0, (1)
which represents the more general form of the regularization half step (30) and its
damped modification (32) in the forward-backward splitting strategy.

Lemma 4.11 (Maximum Principle for the Weighted ROF Problem). Letu € BV ()
be a minimizer of the variational problem (74), where the function q belongs to L>(Q)
with info g > 0 and let the weighting function h be strictly positive. Then the following
mazimum principle holds

0 < infg < infa < supa < supgq . (75)
Q Q Q O
Proof. Let @ be a minimizer of the functional J defined in (74). For the proof of the
maximum principle, we show that there exists a function v with

0 < infg < infv < supv < supq (76)
Q Q Q Q

and
J(v) < J(a) . (77)

Then, the desired boundedness property (75) follows directly from the strict convexity
of the functional J in (74), i.e. from the uniqueness of the solution.
Now, we define the function v as a version of @ cut off at infg ¢ and supg, ¢, i.e.

v := min{max{a, inf ¢}, sup ¢} .
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With this definition, the property (76) is directly guaranteed. To show (77), we use
M ={z e Qv = dax)} C Q

and estimate [v| gy, (o) by |8 gy (q) first. Since the function v has (due to its definition)
no variation on Q \ M, we obtain

Wsvie) = Plevan = lUsvan < lilpye) - (78)

Moreover, we see that the data fidelity terms of J in (74) with respect to v and @
coincide on M, due to the definition of the function v. In case of x € Q\ M, we
distinguish between two cases:

Case 1: If a(x) > sup ¢ then v(z) = sup ¢ and
0 < w(@) = qz) = supq — q(z) < a(z) — q(x)
= (@) — q(@)® < (a(z) - q(2)).
Case 2: If 4(z) < inf ¢ then v(z) = inf ¢ and
0 < —ov(@) + q@) = —infq + q(z) < —a(z) + q(2)
= (v(x) — q(@)?® < (alx) - q(2))*.
Finally, we obtain
(v —¢q° < (@— g7, Vr € Q,
and property (77) is fulfilled due to the strict positivity of the weighting function h
and (78). O

Lemma 4.12 (Positivity of (damped) FB-EM-TV Algorithm). Let {wy} be a given
sequence of damping parameters with wr € (0,1] for all kK > 0 and ug > 0.
Additionally, we assume that f € Li°(X) with infs f > 0 and that the operator
K satisfies the positivity preservation property in Assumption 4.1 (iii). Then, each
half step of the (damped) FB-EM-TV splitting method and therewith also the solution
1s strictly positive.

Proof. Since ug > 0, f > 0 and the operator K and therewith also the adjoint
operator K* does not affect the strict positivity, the first EM reconstruction step u1
in (29) is strictly positive. Because the TV correction step in (29) can be realized
via the weighted ROF problem (30), the maximum principle in Lemma 4.11 using

q = up > 0 and h := Kﬁf‘iz > 0 yields u; > 0. With the same argument, we
also obtain u; > 0, if we take the damped regularization step (31) via the variational
problem (32), using the maximum principle with ¢ := wy uy + (1 —wo)ug > 0 for
wo € (0,1] and h := K’i‘iz > 0. Inductively, the strict positivity of the whole nested
iteration sequence {uy} and with it the strict positivity of the solution is obtained by
the same arguments using Lemma 4.11. O

Finally we consider also the positivity preservation of the Poisson denoising
strategy, which can be obtained from the (damped) FB-EM-TV algorithm by using
the identity operator K. In this case the FB-EM-TV splitting strategy (29) with the
damped modification (31) result in the following iteration scheme (note that the EM
reconstruction step vanishes in the denoising case, i.e. it holds wy 1= ),

upyr = (I —wp)ur + wif — wpaugpetr Prt1 € Olupti|py o) » (79)
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with wi € (0, 1], in order to denoise an image corrupted by Poisson noise. Analogous
to the FB-EM-TV algorithm, this iteration step can be realized by solving a weighted
ROF problem of the form (cf. (30) and (32)),

{1/ (0 — (wef + (1—w)u))’

2 Uk

Up41 € argmin

+ wra ‘U|BV(Q) } - (80)
u € BV(Q)

Although this denoising iteration is a special case of the damped FB-EM-TV
algorithm, we study its properties here explicitly, because it will later simplify the
convergence criteria of the Poisson denoising method.

Lemma 4.13 (Maximum Principle and Positivity of the Poisson Denoising Scheme).
Let {wy} be a sequence of damping parameters with wy, € (0,1] for allk > 0, the data
function f lies in L7 (Q) with info f > 0 and the initialization function ug fulfills

0 < inff < infug < supug < supf . (81)
Q Q Q O
Moreover, let {uy} be a sequence of iterates generated by the damped Poisson denoising
scheme (80). Then, the following mazimum principle holds,
0 < inf f < infuy < supup < supf, vk > 0. (82)
Q Q QO Q

Simultaneously, this result guarantees also that each step of the damped Poisson
denoising method (79) and with it also the solution is strictly positive.

Proof. We prove the assertion by induction. For k& = 0, the condition (82) is fulfilled
due to (81). For a general k& > 0, Lemma 4.11 offers a maximum principle for the
Poisson denosing model (80) using ¢ := wi f + (1 —wg) ur and h := ug, i.e. we have

0 < igf{wkf + 1—wp)ur} < igf’uk+1

83
< SUD U1 < sgp{wkf + (1 —wr)ur } - (83)

Due to the fact that wy € (0, 1] for all ¥ > 0 and the inequalities

iréf{wkf + (1—wr)ur} > wg igff + (1 —wy) igfuk
and

Slép{u%f + (1 —wp)ur} < wy Sgpf + (1 —wg) Sup .,

we obtain from (83) and the induction hypothesis the desired maximum principle
(82). O

Remark. The assumption (81) on the initialization function wg is fulfilled in general,
since ug will be usually chosen as a positive and constant function or as the given
noisy image f itself.
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4.4. Convergence of the damped FB-EM-TV algorithm

In Section 3.3 we interpreted the (damped) FB-EM-TV reconstruction method as a
forward-backward operator splitting algorithm. In the past, several works in convex
analysis have been proposed dealing with the convergence of such splitting strategies
for solving decomposition problems, see e.g. Tseng [79] and Gabay [38]. For the
proposed algorithm (35),

-1
WE Uk WE Uk
= (I B I - A
Uk+1 ( + K*ls ) ( K1y, )uk y
Gabay provided in [38] a proof of weak convergence of the forward-backward splitting
approach under the assumption of a fixed damping parameter w strictly less than twice
the modulus of A~%. On the other hand, Tseng gave later in [79] a convergence proof,

where in our case, the damping values 7% ’1‘; need to be bounded in the following way,

WUk < g — €, e € (0,2m]

b
where the Kullback-Leibler data fidelity functional needs to be strictly convex with
modulus m. Unfortunately, the results above cannot be used in our case, since we
cannot verify the modulus assumption on the data fidelity and in particular, we cannot
provide the upper bounds for the iterates uy.

For these reasons we prove the necessity of a damping strategy manually, in
order to guarantee a monotone descent of the objective functional F' in (21) with
respect to the iterates uy of the FB-EM-TV algorithm. In the following theorem we
will establish the convergence of the damped FB-EM-TV splitting algorithm under
appropriate assumptions on the damping parameters wy.

Theorem 4.14 (Convergence of Damped FB-EM-TV Algorithm). Let K satisfy
Assumption 4.1 and do not annihilate constant functions. Moreover, let (uy) be a
sequence of iterates obtained by the damped FB-EM-TV algorithm (34) and let the
data function f € LZ"(E) fulfill infs; f > 0. Now, if there exists a sequence of
corresponding damping parameters {wg}, wr € (0, 1], satisfying the inequality

/K 15 ( Uk—i—l — uy)? O\
wr <

- /f Kuk+1 - KUk) d

(1 —¢, e € (0,1), (84)

sup
v € [Uk,Uk+1]

i

then the objective functional F deﬁned in (52) is decreasing during the iteration. If,
in addition, the function K*1y,, the damping parameters and the iterates are bounded
away from zero by positive constants c1, co and c3 such that for all k > 0,

0 < c < K1y, 0 < e < wg, 0 < ¢c3 < uy, (85)

then the sequence of iterates {uy} has a convergent subsequence in the weak™* topology
on BV(Q) and in the strong topology on L'(Q) and every such a convergent
subsequence converges to a minimizer of the functional F.

Proof. This proof is divided into several steps. First, we show the monotone descent of
the objective functional F'. In the following steps, we prove the existence of convergent
subsequences of the primal iterates {uy} and of the subgradients {py} corresponding
to {ug}. Subsequently, we verify that the limit p of the dual iterates {py} is actually
a subgradient of the TV regularization functional at the limit u of the primal iterates
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{up}, ie. p € 8|u|BV(Q). In the last step, we show that the limit u actually is a
minimizer of the objective functional F'.

First step: Monotone descent of the objective functional

To get a descent of the objective functional F using an adequate damping strategy, we
look for a condition on the damping parameters {wy}, which guarantees for all & > 0
a descent of the form

K*1 — uy)?
Flupi1) + i/ 2 (et = W)” 03 o P e>0.  (86)
Wk Jao Uk

>0

This condition ensures actually a descent of F', since the second term on the left-hand
side of (86) is positive due to wr > 0 and due to the strict positivity of the iterates
uy, (see Lemma 4.12). To show (86), we start with the damped TV regularization step
(31), multiply it with up41 — ug and integrate the result over the domain 2. Thus,
for pr+1 € O |ukt1|py (q), We obtain

0 = dX

/ K1y (ups1 — we gy — (1= wp) ue) (up+1 — u)
0 Uk

+ Wi @ (Prt1, Upr1 — Ug)
/ K*1y (ups1 — up)? K1y (up — upy2)(Upgr — uk)
Q

+ Wi dA
Uk Uk

+ We @ (Prg1, Ukp1 — Uk) -

Due to the definition of subgradients in (23), we now have that

(Prr1, w1 — uk) = |uktilgyi) — |uklpy (o)

and thus
1 K*1s, (uk+1 - uk)Q

o U1 — o |ug + — dX

|tk |BV(Q) | ‘BV(Q) wr Jo g
K1y (up — upy1)(ugs1 — ug
- _/ ( k1) (Ui )d/\.
Q Uk

Adding the difference D (f, Kuk+1) — Drr(f, Kug) on both sides of this inequality
and considering the definitions of the KL functional Dgy, in (51) and the objective
functional F' in (52) yields

1 K*1s, (uk_H — uk)Q A\

F(ugy1) — F(ug) + o o "
f

/Z<flog (Ku];rl) + Kugyr — flog <KW€> - Kuk> du

N K*]_Z U/k+%
7/ K 12 (uk+1 — uk) — T (uk+1 - uk) d\ (87)
Q

= (s () - o)) o
. /Q<K (wa) (s 1a _uk))d)\.

IN
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The last equality in (87) holds, since u,, 1 is given by the EM reconstruction step in
(29) and K* is the adjoint operator of K, i.e. we have

/Ku du = (1, Ku)y = (K'1x,u)q = /K*lgu dX .
b Q

Now, we characterize the right-hand side of (87) using an auxiliary functional

f
- s (i)

and consider the directional derivatives of G. That is, we define for any w; € L'(Q)
a function ¢y, (t) := G(u + twy) and see that the directional derivative G’ (u; wy) of
G at u in the direction w; is given by

0
G (u; wy) = (bwl()‘t:O = /E&<flog (KquftKun>> s t=0

- () = (e (L))

Interpreting the right-hand side of inequality (87) formally as a Taylor linearization
of G yields

1 K*1 _ 2
Fluk1) — Flup) + —/ Z(“fz: u)” oy
= G(ukJrl) - G(Uk) - G/(uk; Ukl — Uk)

L (88)
= 5 GV werr — U, U1 — un) v € [up, upt1]

1
< sup 5 G"(v; Ukg1 — Uk, U1 — Up) -
v € [up,upt1]

We can now compute the second directional derivative G”(u; wy, wg) of G using the
function @y, (t) := G'(u + tws; wy) for any we € L1(),

9 f
G (u; = ¢, (t = [ 2 (—L Kuw)d
(w3 w1, w2) = G, (0], /28t<Ku+tKw2 wl) My
o wag le d
s e
Plugging the computed derivative G” (u; wy, ws) in the inequality (88), we obtain
K*1 —
Flugs1) — Flug) + / s (upy1 — ug)® A\
89
< / f K'U,k+1 - KUk) ( )
< sup du .
v € [ug,up+1] 2
Finally, we split the third term on the left-hand side of (89) with e € (0,1),
K*1 — K*1 —
Flupsr) + 7/ s (e = w)? oL / » (ukpr — w)?
Ul Ul
K — K
S sup / f uk+1 Uk) d,LL + F(Uk) ’
v € [ug,up+1] 2
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and obtain the desired condition (86), i.e. a descent of the objective functional F', if

f(Kuk+1 — Kuk)2 d,u < 1—c¢ K* 12 (uk+1 — uk)
(Kv)? -

sup dX. (90)

v E (U, k1] Uf

By solving (90) for wg, we obtain the required condition (84) for the damping
parameters {wy } in order to have a descent of the objective functional F. Additionally,
by a suitable choice of € in (84), we can guarantee that wy < 1 for all k& > 0.

Second step: Convergence of the primal iterates

Next, to show that the iteration method converges to a minimizer of the functional
F', we need a convergent subsequence of the primal iterates {uy}. Since the operator
K does not annihilate constant functions, the functional F' is BV-coercive according
to Lemma 4.7 and we obtain from (55),

lurll gy < ea (F(ur))® + cs Flug) + c6 < ca (F(ug))® + s Flug) + o,

for all £ > 0 with constants ¢4 > 0, ¢s > 0 and ¢ > 0. The latter inequality
holds due to the positivity of F' and due to the monotone decrease of the sequence
{F(ug)} with the corresponding choice of the damping parameters {wy} in (84). For
this reason, the sequence {u} is uniformly bounded in the BV norm and the Banach-
Alaoglu theorem (see e.g. [57, Thm. 2.6.18]) yields the compactness in the weak*
topology on BV (2), which implies the existence of a subsequence {uy, } with

up, —" u in BV(Q) .
Moreover, the definition of the weak* topology on BV () in [2, Def. 3.11] also implies

the strong convergence of the subsequence {ug, } in L' (),

Up, — U in L'(Q) .

Subsequently, we can also consider the sequence {uj41} and can choose with the same
argumentation further subsequences, again denoted by k;, such that

Up41 —F @ in BV(Q),
Uk 41 — T in LY(Q) .

Now, we show that the limits of the subsequences {uy, } and {uy,+1} coincide, i.e. that
it holds w = 4. For this purpose, we apply inequality (86) recursively and obtain the
following estimate,

K* 12 Uj+1 —

\2
Flugsr) e UGN < Flug) < 0o, V> 0.
J—O J

Thus, the series of functional descent values on the left-hand side is summable and
the Cauchy criterion for convergence delivers
K*1 _ 2
lim s (Up1 — ug)
k—oco Jo WE Wk

d\ = 0. (91)

Additionally, the Cauchy-Schwarz inequality yields the following estimate,
wk Uk d/\ K* ]-E Uk+1 — Uk)Q
K *1x Wk Uk

luktr — uklfrgy < dx . (92)

85) (91)
< e llukllpigg -0
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The first term on the right-hand side of (92) is uniformly bounded for all k& > 0, since
wr € (0,1], the function K*1y is bounded away from zero (85) and the sequence
{ux} is uniformly bounded in the BV norm. Moreover, since the second term on the
right-hand side of (92) converges to zero (cf. (91)), we obtain from (92) that

g1 — up — 0 in LY(Q) . (93)
Hence, the uniqueness of the limit implies u = .

Third step: Convergence of the dual iterates

In addition to the second step, we also need a convergent subsequence of the
subgradients {py} corresponding to the sequence {uy}, i.e. pp € 0 |uk|BV(Q)' To this
end, we use the general property that the subdifferentials of a convex one-homogeneous
functional J : X — R U {400}, X Banach space, can be characterized by

OJ(u) = {p € X* : (p,u)y = Ju), (pv) < Jw) Ww € X}.
In the case of TV, we see that for each subgradient p; the dual norm is bounded by

lpxll = sup (pk,v) < sup |U|Bv(Q) < sup ”U”B\/(Q) = 1.
lvll gy (o) =1 loll gy (o) =1 ol gy o) =1

Hence, the sequence {py} is uniformly bounded in the (BV(Q))*-norm and the
Banach-Alaoglu theorem yields the compactness in the weak* topology on (BV (2))*,
which implies the existence of a subsequence, again denoted by k;, such that

Pr+1 =" p in (BV(Q))" .
Fourth step: Show thatp € 0 |u|py o
Now we have the weak® convergence of sequences {ug, } and {ug,+1} in BV(2) and
the weak™ convergence of {py,+1} in (BV(2))*. Next, we will show that the limit p
of the dual iterates is a subgradient of |- |BV(Q) at the limit v of the primal iterates,

i.e. p € 9|ulpy (q)- Hence we have to prove (see the definition of the subgradients in
(23)) that

lulpy@) + Pv—u) < |vgy) Yo € BV(Q). (94)

For this purpose, let p, 1 € 0|uk,+1|5y(q), then the definition of the subgradient of
|- |BV(Q) (23) yields

|ukz+1|BV(Q) + (Phi+1,0 = Uy 1) < MBV(Q) ) Yo € BV(Q). (95)

Since ||y (q) is lower semicontinuous (see Lemma 4.5 (ii)), we can estimate the BV
seminorm at u from above,

ulpy (o) = lminflug1lpy ) < luk+ilpyv)
and (95) delivers
lulpvio) + (Prt1,0 = uk11) < vlgyq) > Vv € BV(Q). (96)

In addition, in the third step we verified the weak* convergence of {pg,4+1} in
(BV(€))*, i.e. it holds

(Pri+1,0) = (pyv) Yo € BV(Q).
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Hence, to prove p € 0 |u|py (g, it remains to show with respect to (96) and (94) that

<pkz+17ukz+1> - <p’u>' (97)

For this purpose we consider the complete iteration scheme of the damped FB-EM-TV
algorithm (31) with w1 in (29),

ug, of T Uk
Up+1 — (1 —wi,) up, — wr, (K*llg K (Kuk,)> + wklaK*i]igple =0, (98)

which is equivalent to

K*1s (u —u
Capra = s (ka1 = k) K1y - K* Fy
wkl ukl Kukl

Multiplying this formulation of the iteration scheme with wug,+; and integrating over
the domain ) yields

K1y (ug,+1 — uk,) Wky+1 f
— = d\ 1y — — K
@ <pk1+17uk1+1> o Wkl Ukl + > KUkl ’ ukz-{-l
K* 15 (ug, 11 — ug,)? < f
= dh 4+ ( 1y — ——, Kuyg
/Q Wiy Uk, Kukl v
Oy (99)

+ / K*]‘Z (ukl+1 — ukl)ukl d\
Q Wk Uk

(93 0

The second term on the right-hand side of (99) vanishes in the limit, since the term
Kw—klz is uniformly bounded in the supremum norm (caused by the boundedness away
°l

from zero of wy (85) and the boundedness preservation of K in Assumption 4.1 (iii))
and due to the L'(Q)-norm convergence (93). Now, using the boundedness of the

operator K for the convergence of =—, we obtain
ukl

f f
1y — -1 K e — LK
<E Kuy, Sttt ) 7 s 7 g i

and thus can deduce from (99) that

. . 101
— o (P41, Up 1) — / <K 1y — K (;)) wdx —a(p,u) .
Q u

Hence, we can conclude (97) and therewith p € 9|u|gy (q)-

Fifth step: Convergence to a minimizer of the objective functional

Now, let {uy,} and {ug,+1} be arbitrary convergent subsequences of the primal
iteration sequence {ug}, which converge to some u € BV(Q2) in the weak* topology
on BV () and in the strong topology on L'(£2). Then, as seen in the third and
fourth step, there exists a weak* convergent subsequence {py, 1} of the dual iteration
sequence {py}, which convergence to some p € (BV(2))* such that p € 8|u\BV(Q).
To verify the convergence of the damped FB-EM-TV splitting algorithm, it remains
to show that w is a minimizer of the functional F'. For this purpose, we consider the
complete iteration scheme of the damped FB-EM-TV algorithm (98) with reference
to the convergent subsequences and show their weak™ convergence to the optimality
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condition (24) of the variational problem (22). Note that it actually suffices to prove
only the convergence to (24) and not to (28), since the function u is positive due to
the strict positivity assumption on the iterates wuy for all & > 0 in (85). An equivalent
formulation to equation (98) reads as follows

Uk +1 — Uk 1 * f &7
_— 1 — K =0. 100
Wi, Uk, + @ K*]_E (Kuk,> + K*lg Phi+1 ( )

The convergence can be verified in the following way. Due to the boundedness away
from zero assumptions in (85), we can use result (91) in order to deduced the following
convergence,

o 2 K*1 _ 2
c1 Co 63/ 7(1%“ k) d\ < » (W1 k) Wi U dA (9—12 0.
Q

wil uj, - Ja wi uj,
Since the integrand on the left-hand side is positive, we obtain with the uniqueness of
the limit, that

lim Sl T Yk
I — oo W, Uk,
Therefore, if we pass over to the weak* limit of the subsequences in (100) using the
boundedness of the operator K in Assumption 4.1 (i) for the convergence of , We

Kuk
obtain that both limit functions u and p of the sequences {uy, } and {py,+1} fulfill the
optimality condition (24) of the variational problem (22),

1 f o
10 — K[ — = 0. 101
7 Koy, (Ku> G (101)
This means that the subsequence {uy,} converges in the weak* topology on BV ()
and in the strong topology on L'(2) to a minimizer of the functional F. O
Remark.

e We note that inequality (90) in the proof above at the same time motivates the
mathematical necessity of a damping in the FB-EM-TV splitting strategy. In the
undamped case, i.e. wy = 1, the term on the right-hand side of (90) is maximal
for ¢ —,07, due to the strict positivity of K*1x and uy for all & > 0 in (85).
In general, one cannot say whether this term is greater than the supremum on
the left-hand side of (90) or not and with it whether the objective functional F is
decreasing during the iteration or not. Hence, we need a parameter wy € (0,1),
which increases the term on the right-hand side of (90) in order to guarantee a
descent of the objective functional F.

e Analogous to the proof above, the strong convergence of the sequence {uy} to a
minimizer of the functional F' in Theorem 4.14 can also be proved in the LP norm
with 1 < p < d/(d—1), since any uniformly bounded sequence {u;} in BV ()
is actually relatively compact in LP(Q) for 1 < p < d/(d —1) (see [1, Thm.
2.5]). Therefore, since the subsequence {uy,} is furthermore uniformly bounded
in the BV norm, there exists a subsequence {uklm} with

Uk, — U in LP(Q) with 1 <p < d/(d-1).
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With the uniqueness of the limit and the definition of the weak* topology on
BV (Q), we obtain

ug,  —" u in BV (),
U, — U in L'(Q) .

Due to the uniqueness of the limit, i.e. & = wu, we can pass over in the proof from
{ug, } to {Ukzm }

e The assumptions on boundedness away from zero in (85) are reasonable from
our point of view. In the case of the function K*1y, the assumption is practical
since if there exists a point x € Q with (K*1x)(z) = 0 then it is a-priori
impossible to reconstruct the information in this point. Moreover, the assertion
on the damping parameters wy makes sense because a strong damping is certainly
undesirable. The boundedness away from zero of the iterates uy is fulfilled due
to the strict positivity of each half step of the (damped) FB-EM-TV splitting
method (see Lemma 4.12).

e Inspired by the relaxed EM reconstruction strategy proposed in [62, Chap. 5.3.2],
another possibility of influencing convergence arises in the FB-EM-TV strategy
by adding a relaxation parameter v > 0 to the EM fixed point iteration in the
form,

1 f Y
1 = K* EM .
Upy ug (K*lg (Kuk)> (relaxed step)

Corresponding, one can obtain a reasonable TV denoising step in the FB-EM-TV
splitting idea via

1 1 v
Upp1 = (u]:+% — auy pk+1) , Dk+1 € 0 |uk+1|BV(Q) , (relaxzed TV step),

with the relaxed EM step w1 above. The relaxed terms in the TV denoising
step are necessary to fit the basic variational problem (21) and its optimality
condition (24). Due to the computational challenge of the relaxed TV denoising
step, which would require again novel methods, a comparison of this strategy
with our damping strategy proposed in Section 3.2 would go beyond the scope of
this paper.

In practice, determining the damping parameters wy via the general condition in
(84) is not straight-forward and one would be interested in an explicit bound for all
damping parameters wy. Unfortunately, this is not possible in the case of a general
operator K, but we can provide such an explicit bound on wy, in the case of the Poisson
denoising strategy (79), i.e. for the identity operator K.

Corollary 4.15 (Convergence of the Damped Poisson Denoising Scheme). Let {uy}
be a sequence of iterates generated by the damped Poisson denoising scheme (80) and
let the given noisy function f € L3°(Q) satisfy infq f > 0. In order to guarantee
the convergence in the case of the identity operator K, the condition (84) in Theorem
4.14 on the damping parameters simplifies to

2 (lan f)2
(supg f)?

Proof. In the special case of the identity operator K, the maximum principle of the
damped Poisson denoising scheme from Lemma 4.13 is the main idea for simplifying

Wk (1-¢), e € (0,1) . (102)
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the desired condition (84) on the damping parameters. For this sake, we consider the
inequality (90), which guarantees a monotone descent of the objective functional if

1 — 2 1— _ 2
L[ fue (i = ) gy - 6/ (Wi = )" 0y vy € ] -
k Q

2 Joq v? U - U

Our goal is now to find an estimate for the coefficients ’;Zé Due to the fact that
v € [ug,urt1] and that {uy} are iterates generated by the damped Poisson denoising
scheme (80), we can use the maximum principle from Lemma 4.13 and obtain an

estimate for the coefficients,

fux _ (supg f) (supgux) _  (supg f)?

202 T 2 (ian {uk, uk+1})2 - 2 (ian f)2 ’
which should be less or equal % Thus, choosing wy, according to the estimate (102)
guarantees a monotone descent of the objective functional. O

vk > 0,

5. Numerical realization of the weighted ROF problem

To solve the TV regularized Poisson likelihood estimation problem (21), we proposed
the (Bregman-)FB-EM-TV algorithm as a nested two step iteration strategy in
Sections 3.1 and 3.5. However, we left open the question of the numerical realization
of the complex TV correction half step (30), (32), (46) and (47) contained in both
iteration strategies. Fortunately, all these regularization half steps have a similar
form, so that we can propose a uniform numerical framework, which is also valid
for the image denoising variational problem (80). The most general form of all the
schemes above is
w L[ —a” 0 103
o ) i/ﬂT + By . 8> 0, (103)
with an appropriate setting of the "noise” function ¢, the weight function h and the
regularization parameter 5. The choice of all these parameters with respect to the
desired restoration method is summarized in Table 1.

Table 1. Overview for the setting of the functions ¢, h and parameter 8 in (103)
with respect to the different algorithms proposed in Chapter 3.

Algorithm q h B
Poisson Denoising (80) f U
Damped Poisson Denoising (80) wi f 4+ (1 —wk) ug [ W
FB-EM-TV Algorithm (30) Upyy Ki’“lz
Damped FB-EM-TV Algorithm (32) Wiyt + (1= wi) g Kliiz wi a

wl
Bregman-FB-EM-TV Algorithm (46) ui:lé 4wk ol K”j . el

I+1

Damped Bregman-FB-EM-TV Algorithm (47) wfj’l utf% + wﬁcﬂ ulk'*'1 o+ (1 - wL‘H) uij’l Igilg wfj’l @

We see that the variational problem (103) is just a modified version of the well
known ROF model, with an additional weight h in the data fidelity term. This analogy
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creates the opportunity to carry over the different numerical schemes known for the
ROF model, e.g. we refer to [24, 4, 23] and the references therein, where most of these
computational schemes can be adapted to the weighted modification (103). Here, we
use the exact dual TV approach (6) for the minimization of (103), which does not need
any smoothing of the total variation. Then, our approach is analogous to the projected
gradient descent algorithm of Chambolle in [22], which characterizes the subgradients
of TV as divergences of vector fields with supremum norm less or equal one. Using
this method, the weighted ROF problem (103) can be solved efficiently, obtaining an
accurate and robust algorithm. Note that another efficient numerical scheme to solve
the weighted ROF problem (103) has been proposed in [71], which is similar to the
alternating split Bregman algorithm of Goldstein and Osher in [42]. In [71] a slightly
modified augmented Lagrangian approach of the alternating split Bregman algorithm
has been used in order to handle the weight in the data fidelity term better.

In the following, we establish an iterative algorithm to compute the solution of the
variational problem (103) using a modified variant of the projected gradient descent
algorithm of Chambolle [22]. To this end, the formulation (103) can be written as a
saddle point problem in the primal variable v and the dual variable g using the exact
dual definition of the TV functional in (6),

1 _ 2
inf sup L(u,g) = f/ (w=a)” + ﬂ/udivg. (104)
u € BV (Q) g € C(2,RY) 2 Q h Q
lolle <1

Formally, the infimum regarding u and the supremum regarding p can be swapped.
In the case of the standard ROF model, i.e if the weight A in (103) is missing, this
property is proved in [59], which can be carried over to the weighted variant (103) with
minimal modifications. Moreover, a more precise analysis of this property for general
saddle point problems is available in [32, p. 175, Prop. 2.3]. After exchanging inf and
sup, the primal optimality condition for the saddle point problem (104) is given by

%L(u,g) =0 & u = q — Bhdivg . (105)

Hence, if an optimal dual variable § is available, the condition (105) can be used to
obtain a solution of (104) and (103), i.e. the primal solution u is given by

u = q — Bhdivg . (106)

For the computation of g, we substitute (105) into (104) and obtain a purely dual
problem which depends on g only. With terms that are constant with respect
to optimization variable and hence do not change the supremum, and under the
substitution of maximization by minimization of the negative functional, we obtain

- . / (Bhdivg — q)?
§ = argmin e
g€ Ce(,RY) Jo h (107)

st g(@)] — 1 <0, Ve e Q,

where |- |2 is the Euclidean vector norm. For the choice of this vector norm, compare
the remark at the end of this chapter. The constraint for the dual variable ¢ in (107)
is a consequence of the exact (dual) definition of total variation (6).

Since the dual problem (107) is a (weighted) quadratic optimization problem with
a nonlinear inequality constraint, we use the Karush-Kuhn-Tucker (KKT) conditions
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(cf. e.g. [48, Thm. 2.1.4]) to compute the optimal dual variable §. Hence, the KKT
conditions yield the existence of a Lagrange multiplier A\(z) > 0 a.e. on €, such that

—V(Bhdivg — ¢)(x) + AMz)g(z) = 0, Ve € Q, (108)
and
Az) (lg(x)) — 1) = 0, Vo e Q. (109)

Now, the multiplier A can be specified explicitly from the complementarity condition
(109), which implies that for any x € €2,

AMz) > 0 and |g(z)|. =1 or Az) = 0.
Thus, in any case we obtain from (108),
Az) = Mz)g(@)l,, = [V(Bhdivg — ¢)(@)]e , vz € Q,

and can write (108) as a fixed point equation for g, obtaining the following iteration
sequence,

g9"(x) + 7 (V(Bhdivg" — q)(x))
1+ 7 |[V(Bhdivg" — q)(2)]e
Finally, in a standard discrete setting on pixels with unit step sizes and first
derivatives computed by one-sided differences, the convergence result of Chambolle in
[22, Thm. 3.1] can be transferred to the weighted ROF problem (103). The proof
based on the Banach fixed point theorem and required the condition
0 <7 < (447 [Bllpwqey) (111)
in order to obtain a contraction constant less one, where 4 d is the upper bound of the
discrete divergence operator. Hence, we can guarantee the convergence of (110) to a
optimal solution, if the damping parameter 7 satisfies the condition (111). Note that
the weight h can be interpreted as an adaptive regularization, since the regularization
parameter 3 is weighted in (110) by the function h.

g z) = , Vo € Q. (110)

Remark. Finally, we point out that the definition of the total variation in (6)
is not unique for d > 2. Depending on the definition of the supremum norm
9]l = sup, c o |g9(x)],. with respect to different norms on R% with 1 < s < oo, one
obtains equivalent versions of the BV seminorm | - | Bv (). More precisely, we obtain
a family of total variation seminorms defined by

/ |Dul,. = sup {/udivg dr : g € C(QLRY), |g],. < 10nQ} ,
Q Q

for 1 < r < oo and the Hélder conjugate index s, i.e. 7! + s~! = 1. The most
common formulations are the isotropic total variation (r = 2) and the anisotropic
total variation (r = 1). For the sake of completeness, we anticipate here that the

different definitions of TV have effects on the structure of solutions obtained during
the TV minimization. In the case of isotropic TV, corners in the edge set will not
be allowed, whereas orthogonal corners are favored by the anisotropic variant. For a
detailed analysis, we refer e.g. to [58, 34, 14, 77].

6. Numerical results in PET and fluorescence microscopy

In this section we will illustrate the performance of the proposed numerical schemes
and will test the theoretical results by 2D and 3D reconstructions on synthetic and
real data in positron emission tomography and fluorescence microscopy.
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6.1. Fluorescence microscopy

In recent years revolutionary imaging techniques have been developed in light
microscopy with enormous importance for biology, material sciences, and medicine.
The technology of light microscopy has been considered to be exhausted for a couple of
decades, since the resolution is basically limited by Abbe’s law for diffraction of light.
By developing stimulated emission depletion (STED)- and 4Pi-microscopy [45] now
resolutions are achieved that are way beyond this diffraction barrier [51, 44]. STED-
microscopy [84] takes an interesting laser sampling approach, which in principle would
even allow molecular resolutions. Fluorescent dyes are stimulated by a small laser spot
and are directly quenched by an additional interfering laser spot. Since this depletion
spot vanishes at one very small point in the middle, fluorescence of the simulating spot
is only detected at this tiny position. Hence, data with previously unknown resolution
can be measured. However, by reaching the diffraction limit of light, measurements
suffer from blurring effects and in addition suffer from Poisson noise due to laser
sampling.

In the case of optical nanoscopy the linear, compact operator K describes a
convolution operator with a kernel & € C(Q C RY),

(Ru)(x) = (Fxu)(x) := /Q R —y)uly) dy . (112)

The kernel is often referred to as the point spread function (PSF), whose Fourier
transform is called object transfer function. From a computational point of view, it
is important to say that the convolution operator in the proposed algorithms can be
computed efficiently by FFT following the Fourier convolution theorem,

kxu = F ' (Fk) F(u) .

To get an impression of images suffering from blurring effects and Poisson noise,
we refer to Figure 1. Exemplary, we can see a synthetic data set in Figure 1(a)
regarding a special 4Pi convolution kernel, which is illustrated in Figure 1(d) and
1(e). Compared to standard convolution kernels, e.g. of Gaussian type, the latter
one bears an additional challenge since it varies considerably in structure. This
leads to side lobe effects in the object structure of the measured data as we can
see in Figure 1(d) and 1(e). In practice, this type of convolution can be found for
instance in 4Pi microscopy [45], since two laser beams interfere in the focus. Under
certain circumstances, convolution kernels can also be locally varying, such that blind
deconvolution strategies are in need. In this section we assume a 4Pi convolution
kernel of the form

F(z,y) ~ cos’ ((2;) y> (&= (F) (113)

with the standard deviations o, and o,, and where A denotes the refractive index
characterizing the doubling properties.

6.2. Positron emission tomography (PET)

Positron emission tomography (PET) is a biomedical imaging technique, which enables
to visualize biochemical and physiological processes, such as glucose metabolism, blood
flow or receptor concentrations (see e.g. [83, 80, 6]). This modality is mainly applied
in nuclear medicine and can be used for instance to detect tumors, to locate areas of
the heart affected by coronary artery disease and to identify brain regions influenced
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by drugs. Therefore, PET is categorized as a functional imaging technique and differs
from methods such as X-ray computed tomography (CT) that depict priori anatomy
structures. The data acquisition in PET is based on weak radioactively marked
pharmaceuticals, so-called tracers, which are injected into the blood circulation,
and bindings dependent on the choice of the tracer to the molecules to be studied.
Used markers are suitable radio-isotopes, which decay by emitting a positron, which
annihilates almost immediately with an electron. The resulting emission of two
photons will then detected by the tomograph device. Due to the radioactive decay,
measured data can be modeled as an inhomogeneous Poisson process with a mean
given by the X-ray transform of the spatial tracer distribution [62, Sect. 3.2]. The
X-ray transform maps a function on R? into the set of its line integrals [62, Sect. 2.2].
More precisely, if § € S9! and z € 6+, then the X-ray transform K may be defined
by

(Ru)(0,2) = /Ru(x +10) dt

and corresponds to the integral of u over the straight line through = with direction
0. Up to notation, in the two dimensional case the X-ray transform coincides with
the more popular Radon transform, which maps a function on R? into the set of
its hyperplane integrals [62, Sect. 2.1]. If § € S9! and s € R, then the Radon
transform can be defined by

(Ku)(0,s) = / u(z) de = /‘9L u(s@ + y) dy ,

z-0=s
and corresponds in the two dimensional case to the integral of u over the straight line
represented by a direction 6 and a distance to origin s.

6.3. 2D synthetic results in fluorescence microscopy

At the beginning we will illustrate our proposed techniques using synthetic 2D
fluorescence microscopy data f € R200%290 (see Figure 1(c)) simulated for a simple
object i € R200%200 (gee Figure 1(a)). The data are obtained via a 4Pi convolution
kernel (113) presented in Figure 1(d) and 1(e), where additionally Poisson noise is
simulated.

In Figure 2 we present EM reconstructions for different numbers of iterations
following algorithm (20) with data f illustrated in Figure 1(c). We can observe that
early stopping in Figure 2(a) leads to a natural regularization, however with blurring
effects and undesired side lobes in the whole object. A higher number of iterations
leads to sharper results, as in Figure 2(b), however the reconstructions suffer more
and more from the undesired ”checkerboard effect”, as in Figure 2(c). In Figure 2(d)
we additionally display the expected monotone descent of the objective functional in
(18) for 100 EM iterations. Finally, we present in Figure 2(e) the typical behavior of
EM iterates for ill-posed problems as described in [68]. Namely, the (metric) distance,
here Kullback-Leibler, between the iterates and the exact solution decreases initially
before it increases as the noise is amplified during the iteration process. The minimal
distance in Figure 2(e) is reached approximately after 50 iterations.

In Figure 3 we illustrate reconstruction results obtained with the FB-EM-TV
algorithm using different regularization parameters «. In comparison to the EM
reconstructions in Figure 2, the regularized EM algorithm deconvolves the given
data without remaining side lobes and reduces noise and oscillations very well.
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Figure 1. Synthetic 2D fluorescence microscopy data using 4Pi PSF and Poisson
noise. (a) Exact object (ground truth) @ € R200X200 (1) Convolved object
f = Ka (112) using 4Pi PSF shown in (d). (c) Simulated measurements f,
where f in (b) is perturbed by Poisson noise. (d) Assumed 4Pi microscopy PSF
with parameters A = 0.12, o0, = 0.02, oy = 0.07 in (113). (e) 3D visualization
of the 4Pi PSF in (d).

Additionally, the FB-EM-TV algorithm successfully reconstructs the main geometrical
configurations of the desired object in Figure 1(a), despite the low SNR of the given
data in Figure 1(c). The reconstruction in Figure 3(a) is slightly under-smoothed,
whereas in Figure 3(c) the computed image is over-smoothed. A visually reasonable
reconstruction is illustrated in Figure 3(b). Moreover, different statistical results for
the FB-EM-TV reconstruction in Figure 3(b) are plotted in Figure 4. As expected,
we can observe a decreasing behavior of the stopping rules proposed in Section 3.4,
the objective functional values in (22) and Kullback-Leibler distances to the given
measurements f and exact image u.

In Section 4.4, in particular in Theorem 4.14, we found out that a damping
strategy is theoretical required in the FB-EM-TV algorithm in order to attain a
monotone descent of the objective functional in (22) during the minimization process
and hence to guarantee convergence of the splitting scheme. However, in numerical
tests we could observe that the damping strategy is only needed in the case of high
values of the regularization parameter «. For instance we compare the behavior of the
objective functional values for different damping parameters in the case of « = 10
in Figure 5. Without damping (i.e. wy = 1 for all & > 0) we obtain oscillations
in Figure 5(a). These oscillations decrease in the case of a small damping (i.e. in
the case of wy less one) as plotted in Figure 5(b) and vanish if the damping is strong
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Figure 2. Synthetic 2D fluorescence microscopy data from Figure 1: EM
reconstructions. (a)-(c) Reconstruction results obtained with the EM algorithm
(20) and stopped at different iteration numbers. (d) Kullback-Leibler distances
Dy between given measurements f and convolved EM iterates Kuy for 100
iterations (blue dashed line), as well as between f and exact convolved object Ka
(magenta dash-dot line). (e) Kullback-Leibler distance between EM iterates uy
and exact object u for 10000 iterations.
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Figure 3. Synthetic 2D fluorescence microscopy data from Figure 1: FB-EM-
TV reconstructions. (a)-(c) Reconstruction results obtained with the FB-EM-TV
splitting algorithm (29) using different regularization parameters a.

enough, such that a monotone descent in the objective functional can be achieved for
wy = 0.05 for all k& > 0 in Figure 5(c).

Although the desired object in Figure 1(a) can be reconstructed quite well with
the FB-EM-TV algorithm (see Figure 3(b)), we can observe a natural loss of contrast
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Figure 4. Synthetic 2D fluorescence microscopy data from Figure 1: different
statistics for the result in Figure 3(b) with 100 FB-EM-TV iterations. (a)-(c)
Stopping rules proposed in Section 3.4. (d) Values of the objective functional in
(22). (e) Kullback-Leibler distances Dk between given measurements f and
convolved FB-EM-TV iterates Kuy (blue dashed line), as well as between f
and exact convolved object K@ (magenta dash-dot line). (f) Kullback-Leibler
distances between FB-EM-TV iterates u; and exact object u.

(a) wpy = 1forallk > 0 (b) wp, = 0.8forallk >0 (c) wg = 0.05 for all k > 0

Figure 5. Synthetic 2D fluorescence microscopy data from Figure 1: influence
of damping parameters in the FB-EM-TV algorithm with respect to the behavior
of the objective functional values. (a)-(c) Iterations vs. values of the objective
functional in (22) for different damping parameter values wy for o = 10.

as mentioned in Section 3.5. This means that some parts of the test object cannot
be separated sufficiently. To overcome this problem we proposed to use inverse scale
space methods based on Bregman distance iteration (see Section 3.5). In Figure 6 we
present reconstruction results for different refinement steps of the Bregman-FB-EM-
TV algorithm proposed in Section 3.5. Corresponding to the characteristic of inverse
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scale space methods, we observe that the results will be improved with increasing
Bregman iteration number with respect to the contrast enhancement, as we can see in
the maximal intensity of reconstructions in Figure 6. Moreover, in Figure 6(d) we plot
the expected monotone descent of the objective functional in (39) for 4 outer Bregman
refinement steps with always 100 inner FB-EM-TV iteration steps. In particular, we
can observe the occurring jumps in the functional values which correspond to the
contrast refinement effects at each Bregman step. Finally, we present in Figure 6(e)
the decreasing behavior of the Kullback-Leibler distances to the exact image u for the
complete Bregman-FB-EM-TV iteration sequence.
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(d) Functional values in (39) (e) DKL(u§€+17ﬂ)

Figure 6. Synthetic 2D fluorescence microscopy data from Figure 1: Bregman-
FB-EM-TV reconstructions. (a)-(c) Reconstruction results at different contrast
enhancement steps of the Bregman-FB-EM-TV algorithm proposed in Section
3.5. (d) Values of the objective functional in (39) for 4 outer Bregman refinement
steps with always 100 inner FB-EM-TV iteration steps. (e) Kullback-Leibler
distances between Bregman-FB-EM-TV iterates u?’l and exact object u for 4
outer Bregman refinement steps with always 100 inner FB-EM-TV iteration steps
(blue dashed line), as well as between the final results of each Bregman refinement
step and exact object 4 (red line).

6.4. 2D real data results in fluorescence microscopy

In Figure 7 we illustrate the proposed techniques by reconstructing syntaxin clusters
[84], a membrane integrated protein participating in exocytosis. Here, the contrast
enhancing property of the Bregman-FB-EM-TV algorithm in Figure 7(d) is observable
as well, compared to the FB-EM-TV result in Figure 7(c). In particular, it is possible
to preserve fine structures in the image.
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Figure 7. Immunofluorescence CW-STED microscopy measurements: recon-
struction results obtained with the (Bregman-)FB-EM-TV algorithms. (a) CW-
STED micrograph of protein syntaxin on a membrane sheet of a fixed mammalian
(PC12) cell [84], image size 1000 x 1000. (b) Assumed point spread function
(PSF) for the reconstruction process. (c) Reconstruction with the FB-EM-TV
algorithm (29). (d) Reconstruction with the Bregman-FB-EM-TV algorithm pro-
posed in Section 3.5, here 3rd Bregman refinement step.

6.5. 2D real data results in PET

In Figure 8 we illustrate the performance of the FB-EM-TV algorithm by evaluation
of cardiac Hy 1°0 measurements obtained with positron emission tomography. This
tracer is used in nuclear medicine for the quantification of myocardial blood flow [72].
However, this quantification needs a segmentation of myocardial tissue, left and right
ventricle [72, 13], which is extremely difficult to realize due to very low SNR of Hy 1°0
data. Hence, to obtain the tracer intensity in the right and left ventricle, we take a
fixed 2D layer in two different time frames.

The tracer intensity in the right ventricle is illustrated in Figure 8(a), whereby the
tracer intensity in the left ventricle is presented in Figure 8(b), using measurements
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25 seconds and 45 seconds after tracer injection in the blood circulation respectively.
To illustrate the SNR problem, we present reconstructions with the classical EM
algorithm (20) in Figure 8 (left). As expected, the results suffer from unsatisfactory
quality and are impossible to interpret. Hence, we take EM reconstructions with
Gaussian smoothing (Figure 8 (middle)) as references. The results in Figure 8 (right)
show the reconstructions with the proposed FB-EM-TV algorithm (29). We can see
that the results with the FB-EM-TV algorithms are well suited for further use, such
as segmentation for quantification of myocardial blood flow, despite the very low SNR
of Hy 10 data [13].

(a) Right ventricle: EM, Gaussian smoothed EM and FB-EM-TV results (from left to right)

(b) Left ventricle: EM, Gaussian smoothed EM and FB-EM-TV results (from left to right)

Figure 8. Cardiac Hy 'O PET measurements: tracer intensity results of
different reconstruction methods in two different time frames. (a) Tracer intensity
in the right ventricle using measurements 25 seconds after tracer injection in the
blood circulation. (b) Tracer intensity in the left ventricle using measurements 45
seconds after tracer injection in the blood circulation.

6.6. 3D real data results in PET

In this section we present 3D reconstruction results using cardiac ®F-FDG
measurements obtained with PET. The measurements and the corresponding 3D EM
algorithm for the reconstruction process were provided by K. Schéfers and T. Kosters
(EIMI, WWU Miinster). For the sake of completeness, we note that the size of the
sinograms (data domain) is 192 x 192 x 47 and the image size is 175 x 175 x 47. In
the following we use a different numerical scheme as in Section 5 in order to solve the
weighted ROF problem (103), namely an augmented Lagrangian method described in
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[71] which is a modified version of the well known alternating split Bregman algorithm.
We also note that the inversion of a Laplace operator equation is required in this
approach, which can be solved efficiently using the discrete cosine transform. To
realize this step, we use a MATLAB implementation of the multidimensional (inverse)
discrete cosine transform of A. Myronenko [60].

The '8F-FDG tracer is an important radiopharmaceutical in nuclear medicine
and is used for measuring glucose metabolism, e.g. in brain, heart or tumors. In the
following, in order to illustrate the 3D data set, we take a fixed transversal, coronal and
sagittal slice of reconstructions. In Figure 9 (left) we display a Gaussian smoothed EM
reconstruction after a data acquisition of 20 minutes as a ground truth for very high
count rates. To simulate low count rates, we take the measurements after the first 5
seconds only. The corresponding Gaussian smoothed EM reconstruction is illustrated
in Figure 9 (right).

In Figure 10 we show reconstruction results obtained from the FB-EM-TV
algorithm (left) and its extension via Bregman distance regularization (right) using
measurements after 5 seconds acquisition time of the data. Thereby, we can observe
that the major structures of the object are well reconstructed by both approaches also
for low count rates. However, as expected, the structures in the Bregman-FB-EM-
TV result can be identified better than in the standard FB-EM-TV reconstruction.
In particular, this aspect can be observed well in Figure 11, where we present scaled
versions of both reconstructions in order to allow a quantitative comparison. In Figure
11, the reconstructions from Figure 10 are scaled to the maximum intensity of the EM
result in Figure 9 (left) obtained with measurements after 20 minutes data acquisition.
There, we can observe that the result with the Bregman-FB-EM-TV algorithm has
more realistic quantitative values than the reconstruction with the standard FB-EM-
TV algorithm.

7. Summary and conclusions

In this paper we have derived novel image reconstruction methods for inverse problems
with data corrupted by Poisson noise. In particular, we concentrated on deblurring
problems in optical nanoscopy and reconstruction problems in positron emission
tomography. Motivated by a statistical modeling of such reconstruction problems
we developed an accurate, robust, and reasonably fast FB-EM-TV splitting method.
By combining the classical EM algorithm with a simultaneous TV regularization we
can reconstruct cartoon-like images with sharp edges, which yield a reasonable basis
for quantitative investigations. The main advantages of our splitting strategy is that
it enables a high flexibility, can be performed well for large regularization parameters
and is also favourably applicable for problems with a low SNR. Moreover, we could
show the positivity preservation of the proposed algorithm and provided a detailed
analysis of the TV regularized Poisson likelihood estimation problem including a
proof of the well-posedness. By interpreting the alternating FB-EM-TV algorithm
in terms of convex splitting strategies, we were able to give a proof of convergence.
Finally, to overcome the problem of contrast reduction caused by TV regularization,
we extended the Poisson likelihood estimation problem and the FB-EM-TV algorithm
to an iterative regularization strategy using inverse scale space methods based on
Bregman distance iteration. The results presented in this paper significantly improve
the ones previously obtained with total variation regularization and rise to hope for
further practical use of this approach, in particular in PET and optical nanoscopy.
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(a) Transversal view: 20 minutes (left) and 5 seconds (right) data acquisition time

(b) Coronal view: 20 minutes (left) and 5 seconds (right) data acquisition time

(c) Sagittal view: 20 minutes (left) and 5 seconds (right) data acquisition time

Figure 9. Cardiac 13F-FDG 3D PET measurements: tracer intensity results
obtained with the EM algorithm (20) for different count rates. Left: EM
reconstruction, 20 iterations, with Gaussian smoothing any 10th step after 20
minutes data acquisition. Right: As left but after 5 seconds data acquisition.
Additionally, the reconstruction is scaled to the maximum intensity of the result
on the left-hand side due to the strong presence of noise outside of region of
interest.

We finally mention that our approach, namely the FB-EM-TV splitting algorithm
as well as the Bregman distance iteration, can be carried out in a completely analogous
way for arbitrary convex regularization functionals (see [71]), which might become of
further practical importance in the future.
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to the maximum intensity of ground truth in Figure 9 (left).
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