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Abstract Measurements in nanoscopic imaging suffer from
blurring effects modeled with different point spread func-
tions (PSF). Some apparatus even have PSFs that are lo-
cally dependent on phase shifts. Additionally, raw data are
affected by Poisson noise resulting from laser sampling and
“photon counts” in fluorescence microscopy. In these appli-
cations standard reconstruction methods (EM, filtered back-
projection) deliver unsatisfactory and noisy results. Starting
from a statistical modeling in terms of a MAP likelihood es-
timation we combine the iterative EM algorithm with total
variation (TV) regularization techniques to make an efficient
use of a-priori information. Typically, TV-based methods
deliver reconstructed cartoon images suffering from contrast
reduction. We propose extensions to EM-TV, based on Breg-
man iterations and primal and dual inverse scale space meth-
ods, in order to obtain improved imaging results by simulta-
neous contrast enhancement. Besides further generalizations
of the primal and dual scale space methods in terms of gen-
eral, convex variational regularization methods, we provide
error estimates and convergence rates for exact and noisy
data. We illustrate the performance of our techniques on syn-
thetic and experimental biological data.
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1 Introduction

Image reconstruction is a fundamental problem in many
fields of applied sciences, e.g. nanoscopic imaging, med-
ical imaging or astronomy. Fluorescence microscopy for ex-
ample is an important imaging technique for the investiga-
tion of biological (live-) cells, up to nano-scale. In this case
image reconstruction arises in form of deconvolution prob-
lems. Undesirable blurring effects can be ascribed to a dif-
fraction of light.

Mathematically, image reconstruction in such applica-
tions can often be formulated as the computation of a func-
tion u € U(S2) from the operator equation

Ki=g. ey

Typically, this is a Fredholm integral equation of the first
kind with given exact data g € V(%) and the desired exact
solution u.

Here, K denotes a linear and compact operator K :
URQ) — V(X) and U(2) and V(X) are Banach spaces of
functions on bounded and compact sets 2 respectively .
In the case of nanoscopic imaging i is a convolution opera-
tor

(Ku)(x) = (k #.0) (x) = fQ K(x — u(y)dy,

where k is a convolution kernel, describing the blurring ef-
fects caused by a nanoscopic apparatus.
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Since K cannot be inverted continuously (due to the com-
pactness of the forward operator), most inverse problems
are ill-posed. Furthermore, in real-life applications the ex-
act data g are usually not available, but a noisy version f
instead. Hence, we need to compute approximations to the
ill-posed problem

Ku=f 2)

instead of (1), with u e U(2) and f € V().

Since direct inversion of K is not suitable, regulariza-
tion techniques are needed to produce reasonable recon-
structions. A frequently used way to realize the latter is
the Bayesian model, whose aim is the computation of an
estimate u of the unknown object by maximizing the a-
posteriori probability density p(u|f) with measurements f.
The latter is given according to Bayes formula

p(flu)p)
p(f)

This approach is called maximum a-posteriori probability
(MAP) estimation. If the measurements f are given, we de-
scribe the density p(u|f) as the a-posteriori likelihood func-
tion which depends on u only. The Bayesian approach (3)
has the advantage that it allows to incorporate additional in-
formation about u via the prior probability density p(u) into
the reconstruction process. The most frequently used prior
densities are Gibbs functions

pulf) = (€)

pu) ~e W, 4

where « is a positive parameter and J a convex regular-
ization energy J : W(Q2) — R U {oo} (Geman and Geman
1984; Geman and McClure 1985). Since stochastic model-
ing is often done in discrete terms based on the modeling of
random variables, we introduce a semi-discrete, linear and
compact operator

K UK — D), ©)

with a finite-dimensional range D(X), to be able to derive
corresponding continuum models. Typical models for the
probability density p(f|u) in (3) are Gaussian-, Poisson- or
Multiplicative-distributed data f, i.e.
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(Gaussian),

(Poisson), (6)
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i

where K is a semi-discrete operator derived from sam-
pling K.
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Most works deal with the case of Gaussian distributed
noise so far. However, in real-life there are several ap-
plications, in which different types of noise are of a cer-
tain interest, such as Positron Emission Tomography (PET)
(Wernick and Aarsvold 2004), Microscopy, CCD cameras
(Snyder et al. 1995), or radar. For instance, in addition
to fluorescence microscopy, Poisson noise appears also in
PET in medical imaging. Other non-Gaussian noise mod-
els are salt and pepper noise or the different types of mul-
tiplicative noise (Huang et al. 2009; Shi and Osher 2008;
Rudin et al. 2003), for example appearing in Synthetic Aper-
ture Radar (SAR) imaging to reduce speckle noise. Aubert
and Aujol (2008) assumed 7 in f = (Ku)n to follow a
gamma law with mean one and derived the conditional prob-
ability p(f|u) above. For such cases different variational
models (fidelities related to the log-likelihood of the noise
distribution) can be derived in the framework of MAP es-
timation, which need different analysis than in the case of
Gaussian distributed noise (Csiszar 1991).

In the canonical case of additive Gaussian noise (see
(6)), the minimization of the negative log likelihood func-
tion (3) leads to classical Tikhonov regularization (Bertero
et al. 2008; Engl et al. 1996) based on minimizing a func-
tional of the form

(1 )

The first term, the so-called data-fidelity term, penalizes the
deviation from equality in (1) whereas R is a regularization
term as in (4). If we choose K = Id and the total varia-
tion (TV) regularization technique J (1) := |u|py, we obtain
the well-known ROF-model (Rudin et al. 1992) for image
denoising. The additional positivity constraint is necessary
in typical applications as the unknown represents a density
image.

In nanoscopic imaging measured data are stochastic
and pointwise, more precisely, the data are called “pho-
ton counts”. This property refers to laser scanning tech-
niques in fluorescence microscopy. Consequently, the ran-
dom variables of measured data are not Gaussian- but
Poisson-distributed (see (6)), with expected value given by
(Ku);. Hence a MAP estimation via the negative log likeli-
hood function (3) leads to the following variational problem
(Bertero et al. 2008)

min{/(Ku—flogKu)du—i—aJ(u)}. ®)
u>0 )

Up to additive terms independent of u, the data-fidelity term
is the so-called Kullback-Leibler functional (also known as
cross entropy or I-divergence) between the two probability
measures f and Ku. A particular complication of (8) com-
pared to (7) is the strong nonlinearity in the data fidelity term
and resulting issues in the computation of minimizers.
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The specific choice of the regularization functional R
in (8) is important for the way a-priori information about
the expected solution is incorporated into the reconstruction
process. Smooth, in particular quadratic regularizations have
attracted most attention in the past, mainly due to the sim-
plicity in analysis and computation. However, such regular-
ization approaches always lead to blurring of the reconstruc-
tions, in particular they cannot yield reconstructions with
sharp edges.

Recently, singular regularization energies, in particular
those of £! or L!-type, have attracted strong attention. In this
work, we introduce an approach which uses total variation
(TV) as the regularization functional. TV regularization has
been derived as a denoising technique in Rudin et al. (1992)
and generalized to various other imaging tasks subsequently
(Bardsley and Luttman 2009; Dey et al. 2006; Jonsson et al.
1998; Le et al. 2007; Panin et al. 1999). The exact definition
of TV (Acar and Vogel 1994), used in this paper, is

J(u) = |ulpy = sup / udivg, O]
gECE (RY) /&2
llglleo=<1

which is formally (true if u is sufficiently regular) |u|py =
fQ |Vu|. The motivation for using TV is the effective sup-
pression of noise and the realization of almost homogeneous
regions with sharp edges. These features are attractive for
nanoscopic imaging if the goal is to identify object shapes
that are separated by sharp edges and shall be analyzed
quantitatively.

Unfortunately, images reconstructed by methods using
TV regularization suffer from loosing contrast. In this paper,
we suggest to extend EM-TV by iterative regularization to
Bregman-EM-TV, attaining simultaneous contrast enhance-
ment. More precisely, we apply total variation inverse scale
space methods by employing the concept of Bregman dis-
tance regularization. The latter has been derived in Os-
her et al. (2005) with a detailed analysis for Gaussian-type
problems (7). Furthermore, it has been generalized to time-
continuity (Burger et al. 2006) and L”-norm data fitting
terms (Burger et al. 2007a). In Goldstein and Osher (2009)
the Bregman iteration has successfully been used for fast
splitting algorithms solving /1 regularized problems. In the
case of additive Gaussian noise, blind deconvolution strate-
gies based on TV and Bregman iterations have been pro-
posed e.g. by He et al. (2005) and Marquina (2009). Here,
in the case of Poisson-type problems, the method consists in
computing a minimizer u' of (8) with J(u) := |u|gy first.
Updates are determined successively by computing

Wt = argmin{/ (Ku — flogKu)du
ueBV () L Jx

+a(lulgy — <pl,u>)}, (10)

with p! as an element of the subgradient of the total varia-
tion semi norm in u!. Introducing the Bregman distance with
respect to | - |py defined via

DY, (. v) = lulay — |vlpy — (p.u—v) (1)

with p € d|v|py € BV*(R2), where (-, -) denotes the duality
product, allows to characterize u't1in (10) as

A argmin{/ (Ku — flogKu)du
ueBV(2) x

!
+aD?

m u’)}, (12)
with an appropriate update formula for «'. In the case of a
Gaussian-noise model with corresponding L?> data fidelity,
i.e. (7), the iterative Bregman regularization strategy reads
as follows,

|1
ut = argmln{5||l<u = = flifa, +a|u|3v}, (13)
ueBV ()

with the update formula

I+1 !

V=0l —(ku! Tt = ), W0=0,

using the setting p! = éK*v’ € 3J (u"). To derive the dual
counterpart of the primal inverse scale space strategy in (12),
one can take the dual formulation of (8) and improve the re-
sulting dual regularization term by the corresponding itera-
tive Bregman regularization. This sequence yields a dual in-
verse scale space strategy. Interestingly, the once more bid-
ual formulation reads as follows

Wt = argmin{ f (Ku+r" — flog(Ku+r'))du
ueBv) L Js

+01|M|BV},

with the update of the residual function r/

P =l Kyt — f, r0=0.

In comparison to (13) this dual scale space method also has
a very simple structure and a nice interpretation in terms
of a dynamically changing background model based on the
residual function 7. In this work we will see, that primal and
dual inverse scale space strategies can noticeably improve
reconstructions for inverse problems with Poisson statistics
like optical nanoscopy.

In the following section we will study primal and dual
inverse scale space methods for general, convex variational
regularization methods based on Bregman distances. In the
dual perspective, we are going to provide general error esti-
mates and convergence rates for the cases of exact and noisy
data. In Sect. 3 we will apply the proposed scale space strate-
gies to Poisson noise modeling and to regularization with
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TV. Particularly, we will classify the latter in the context
of EM-TV based reconstruction methods. Subsequently we
will illustrate the performance of the proposed techniques by
application to synthetic and experimental optical nanoscopy
data. In the last section we will conclude and formulate open
questions.

2 Inverse Scale Space Methods

In the following we present primal and dual inverse scale
space strategies for solving inverse problems such as (2) de-
scribed in the introduction. These techniques are based on it-
erative Bregman distance regularization for general, convex
functionals and arise in the oversmoothed limit. From a dual
view point of the variational model we also derive a dual in-
verse scale space flow, which coincides with the primal one
in the case of the Gaussian noise case. In more general cases
of fidelities, the dual flow appears to be easier with respect
to analysis and even allows us to derive error estimates. In
the course of this work we use the following definitions:

K:UQ) = V(E)

denotes a linear and compact operator where U/ (£2) and
V(%) are Banach spaces of functions on bounded and com-
pact sets €2 respectively 2.

Hy: V(X)) — RU {oo}

is a convex data fidelity using the operator K. In order to
guarantee that the data fidelity is centered at zero, we use
Ku — f as the argument, i.e. Hy(Ku — f)=0if Ku = f.
This notation is particularly useful for duality arguments.
Moreover

J:W(Q) cU(R) = RU {oo}

denotes a convex regularization functional. Furthermore, we
call g exact data and f noisy data with a given noise esti-
mate

Hy(g) <4. (14)

A major step for error estimates and multi-scale techniques
in the case of regularization with singular energies has been
the introduction of (generalized) Bregman distances (cf.
Bregman 1967; Kiwiel 1997) as an error measure (cf. Burger
and Osher 2004). The Bregman distance for general convex,
not necessarily differentiable functionals, is defined as fol-
lows.

Definition 1 (Bregman Distance) Let I/ be a Banach space
and J : U4 - R U {oo}s be a convex functional with non-
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empty subdifferential dJ. Then, the Bregman distance is de-
fined as

DY (w,v) = {J @) = () = (p,u = vhulp € 3T (W)},

The Bregman distance for a specific subgradient ¢ is defined
as DY :U x U — R* with

Di(u, v):=Jw)—JWw)— (¢, u—v)y, ¢e€diJ().

Since we are dealing with duality throughout this work, we
are going to write

{a, DYy := (a, DYy xu = (b, A)yuxur+s

for a € U* and b € U, as the notation for the dual prod-
uct, for the sake of simplicity. The Bregman distance is
no distance in the usual sense; at least Dy (u,u) = 0 and
Dj(u,v) > 0 hold; the latter due to convexity of J. If J is
strictly convex, we even obtain D;(u, v) > 0 for u # v. In
general, no triangular inequality nor symmetry holds for the
Bregman distance. The latter one can be achieved by intro-
ducing the so-called symmetric Bregman distance.

Definition 2 (Symmetric Bregman Distance) Let U be a
Banach space and J : U/ — R U {oo} be a convex func-
tional with non-empty subdifferential 9J. Then, a symmet-
ric Bregman distance is defined as D;y MU x U - RY
with

D™ (w1, u2) := DY (uz, ur) + DY (ur, u2)
= (ur —uz, p1 — p2)u*»

with p; € 9J (u;) fori € {1, 2}.

2.1 Primal Inverse Scale Space Methods

Starting from a general, convex variational problem with
data fidelity Hy and regularization functional J, we obtain
the standard form:

Problem 1 (Variational Problem)

mi?Q){Hf(Ku—f)—I-otJ(u)}. (15)

u

The corresponding iterative Bregman regularization strat-
egy can be written as

Problem 2 (Inverse Scale Space)

I+1 . P i
u™ =argmin{Hg(Ku — f) +aDj (u,u’)}
ueW ()

= argmin{H(Ku — ) +a(J (@) — (u, p')}, (16)
ueW(Q2)

with p! € 87 (u').
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The first-order optimality condition of this Bregman-
regularized functional reads as follows,

a(pl+1 B pl) — _K*(aHf(KulJrl -,
with p! € 3.7 (u),

and basically provides an update rule for p’. In the limit
é J 0, the latter can be interpreted as a forward Euler dis-
cretization of the flow

d
5 PO= K*(Hy(Ku(®) — ), p0)=0€3J@(0)),

which has been termed nonlinear inverse scale space
method (cf. Burger et al. 2006, 2007a, 2007b). The termi-
nology inverse scale space method is due to the fact that this
approach somehow behaves in an inverse way to the pop-
ular scale space methods (cf. Scherzer and Groetsch 2001;
Witkin 1983; Perona and Malik 1990). In the case of in-
verse problems with Gaussian noise modeling, i.e. L? data
fidelity, inverse scale space strategies have been well stud-
ied and error estimates could be attained (cf. Burger et al.
2007b). Unfortunately, in the general case above, the resid-
uals Ku(t) — f are enclosed by the derivative of the data
fidelity. Unlike the special case of a L? data fidelity, this
aspect leads to mathematical difficulties if one want to es-
tablish error estimates respectively convergence rates of the
scale space method, since we need to invert 0 Hy enclosed
by K*. A different way to see the issues is to write the in-
verse scale-space method as

d
aH;((K*)—lap(t)> = (Ku(t) = f),

with p(0) = 0 € 9J(u(0)), which is a strongly nonlinear
equation for the dual variable. We are able to overcome these
difficulties in the following section by using an alternative
dual scale space strategy.

2.2 Dual Inverse Scale Space Methods

In this subsection we are going to derive a dual inverse scale
space method in terms of an iterative Bregman regulariza-
tion of a dual reconstruction functional. Fortunately, it is
possible to derive error estimates and convergence rates of
the corresponding dual inverse scale space flow.

In order to derive the dual formulation of the Bregman
regularization functional in (16), we use the zero centered
data fidelity Hy(-) and introduce the convex conjugates

Hi(g)= sup ({g,v)vs)— Hr()),
veV(X)

J*(p)= sup (p,u)uq —JW)).

UEW(Q)

Under appropriate conditions, the Fenchel duality theorem
(cf. Ekeland and Temam 1999) implies the following primal-
dual relation.

jnf (Hp(Ku = )+ @) - (p',u))}

=infsup{Hy(Ku — ) +a(J(u) — (Pl, u)).
u,v q

- sup{ inf(H () + (0. )
q
1

+ai2f<](u) - <pl + ;K*q,u» + (ﬁq)}

Using the convex conjugates and inf(-) = — sup(—-) we get
* * 1 * I
=supy—H;(—=q)+(f. q) —aJ EK q+p )
q

with LK*q + p' € 3J (u) C W(Q)*.

Defining p = %K*q + p!, hence ¢ = a(K*)" 1 (p —
p') implies the dual formulation of the (primal) Bregman
method above:

Problem 3 (Inverse Scale Space, Dual Form)

Pt = argmin{H}@(K*)~ (p' — p))
pel(Q)*

—(fra(KH 7 (p = ph) +ad* (p)},

with «(K*) "1 (p! — p) € 3H ¢ (Ku) and p € 3J (u).

Now we are going to use the primal-dual relation above
to provide a dual iterative Bregman regularization technique.
Considering the standard regularized reconstruction model
in (15), the described primal-dual relation above, with p! =
0, yields the dual formulation of the variational problem:

Problem 4 (Variational Problem, Dual Form)

. * sy —1 * *y—1
perl?ll(rgll)*{aj (p) = (fa(K")""p) + Hp(—a(K™) " p)}.

Note that the conjugate of J and the duality product act as
a fidelity term and the conjugate of Hy as a regularization
term in this formulation.

Consequently, the natural dual counterpart of the pri-
mal inverse scale space method, using the substitution g :=
a(K*)"'presp. ¢' := a(K*)~! p!, reads as follows

@ Springer
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Problem 5 (Dual Inverse Scale Space)

gt = argmin{a]*(éK*(QO —(f.q)

qeV(s)*
1
. % 1 *
=argmin yaJ*| =K*(q) | = (f. q)
geV(B)* «
+H}‘(—q)+(r’,q>}
with rl € BH;(—QZ)

The corresponding dual formulation of this variational
problem, i.e. the primal (equal to the bidual) formulation,
has a structure we are familiar with. The definition of the
convex conjugate and the Fenchel duality theorem under ap-
propriate conditions once more imply the following dual-
primal relation:

infa/*(p) = (£ a(K) ™! p) + Hj(a(K") "' p)
+ (2 (K7 p)}
= infsup(H} () + (r' = f.q) +aJ*(p)
+(K*q —ap,v)}

= sup{ inf(H} (~q) + ' = £.q) + (Kv.q))
+ainf(/*(p) = (p. v)) |
p
= sup{—sup, (H} (~g) + (Kv +7" = £.q)) -/ ()]

= —inf,(Hp(Kv+r' — f) +aJ ().

We obtain the simple primal (bidual) iterative regularization
technique, equivalent to the dual formulation in Problem 5
above:

Problem 6 (Dual Inverse Scale Space, Primal Form)

u™ = argmin{H (Ku +r' — f) +aJ )}, (17)
ueW()

with ! € BH?(—a(K*)’lpl). Since both Hy and J are
proper, lower semi-continuous and convex, and since H ris
locally bounded, we have

O(Hyp(Ku) +oaJ))=0Hr(Ku) +adJ(u)

for all u € W(S2), due to Ekeland and Temam (1999).
Hence, the optimality condition of (17) is given via

0€ K*@Hy(Ku'™" — f +dH (—a(K") ' p')) +ap*!

@ Springer

= (K N—ap™™yedH (KuT' — f
+OH (—a(K*)~' p'))
= OHj(—a(K) ™' pH =0H}(—a(K") ™' p))

+ Kutt— 1.

Consequently, the first order optimality condition of this
variational problem provides an update of the residual func-

tion r!,

P =l kUt - f (18)

for ' € 9H}(—a(K*)'p!) and r'*! € 8HF (—a(K*) ™! x
p!'™1). This recursion formula yields an interesting decom-
position of f involving “noise” at levels / and [ + 1 and
signal at level [ + 1.

2.2.1 Well-Definedness of the Iterates

In the following we show that the iterative dual-Bregman
procedure is well-defined, i.e. that (18) has a minimizer u'*!
and that we may find a suitable subgradient r*1.

Proposition 1 Assume Hy to be a strict convex fidelity with
operator K having a trivial null space and J to be a con-
vex functional. Let u® := 0, p®:=0e 3dJ?, r'=0¢
BH;‘-(—a(K*)’lpO) and a > 0. Then, the minimizers u't!
in (17) are well-defined.

Proof As described above, rewriting the optimality condi-
tion of (17) yields the update (18) of the residuals. Since
r9 =0, the [ — th residual can be expressed explicitly by

l
== 3(f - Kul) € dHF(—a(K*) ™' ph,
i=1

consequently (18) changes to

1
u*! = argmin Hy| Ku+ Z(Kui) —(+Df
ueW ()

i=1
+ot](u)}.

Hence, the existence of minimizers can be traced back to
existence of minimizers for the original reconstruction prob-
lem, just with modified given data, which can be treated as
usual. Moreover, as K has only a trivial null space, the strict
convexity of Hy and the convexity of J implies the strict
convexity of the functional (17), and therefore the minimiz-
ers u/*! are unique. O
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2.2.2 Dual Inverse Scale Space Flow

To derive a dual nonlinear inverse scale space flow we have
to take a look at the update formula (18) due to the optimal-
ity condition of (17). In the limit « | 0, this can be inter-
preted as a forward Euler discretization of the flow

%r(l) =Ku()— f, r(0)=0, (19)

with (1) € dH}(—a(K*)™' p(r)), which is termed dual
nonlinear inverse scale space method (in analogy to previ-
ous works Burger et al. 2006, 2007a). By defining the inte-
grated residual in that way, we obtain

1
p(t)ZEK*(q(t))- (20)
2.2.3 Error Estimates

In order to derive error estimates in the iterative Bregman
distance setting we need to introduce the so-called source
condition

Ap € dJ(@),3g € V(X)*: ﬁ:éK*c}. (SO
The nowadays standard source condition (SC) will in some
sense ensure that a solution & contains features that are en-
hanced by the regularization term J. Recent works on error
estimates can be found e.g. in Benning and Burger (2009),
Bissantz et al. (2007), Burger et al. (2009), Hofmann et al.
(2007), Hohage (2009), Lorenz and Trede (2008), Resmerita
and Scherzer (2006). Notice the resemblance between the
time dependent subgradient p(¢) in (20) and p in the source

condition. Now we consider the Bregman distance for the
IHF(=q(1) o
H (=4, —q(t)), which is

finite due to the source condition. Then

convex conjugate of Hy, D

d , 9H}(=q()

E( H; (_qv _q(t)))

d
= —(H}(=§) = H}(=q(1))

—HF(—q(1))(—=q +q(1)))

=g —q0) 2 (f - Ku@).q() - §)

=(f—8q@)—q)— (Ku(t)—g,q) —q)
=(f—8.q1) —§) —afu@) — i, p(t) — p)
=(f—8q@) —q) —aD}" W), 1)

<(f—8.9() —q) —aD)" @, u()

= —1(). 1)

In the following we want to analyse the monotony behavior
of I(¢). For that purpose, we deduce a relation between ¢,
and the second derivative of the data fidelity Hy from the
dual inverse scale space flow in (19) first, which is

d
TOHF(—=q(1) = 0 (HF (=4 (1)) (=q0)

=Ku(t) — f.
By using an equivalent definition of the convex conjugate in
the differentiable case (0H} = (0H f)_l) and by using the
derivative of inverse functions this yields

q:(1) = 0, (a(K*) ™" p())
=[5 (H} (=N (f — Ku())
= [3u[ @ Hp QHF(—q()) " N~ (f — Kur))
=0, Hp (r(0)(f — Ku(@), r(t) € JHF(—q(1),

Consequently, the temporal properties of the estimate /()
read as follows:

dIt
S

=—{g. f -8 +a%<D5’“)(ﬁ, u(r)))
=—(qr, f — &) —alu —u(t), pr)
=—{q, f — g) — (¢ — Ku(®), % (@(K*) ™ p(t)))
=—(f—8& )
— (g — Ku(t). Hy(r())(f — Ku(1)))
=—(f — g Hy(r)(f — Ku(®)))
— (g — Ku(®), Hy(r())(f — Ku(t)))
=—(f — Ku(@), Hy(r))(f — Ku(1)))
<0
<= Hessian H} is positive semidefinite
& Hy convex (22)

with r(¢) € BH; (—q(?)). Hence, after integrating inequality
(22) from O to t we get a decrease of [ in time and obtain

t
1) <I(s) Vi>s = t~I(t)§/I(s)ds. (23)
0

Now, integrating (21) from O to ¢ yields
t
Dy (=3, =) = Dy (=3, ~q(0) < — /0 I(s)ds
@3 [!
> 102 [ 1615 < DY 3. ~q0)
0

- Di}if?(—q, —q(1). (24)
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In the case of noise-free data, i.e. § =0, I(¢) reduces to
the time dependent Bregman distance we want to estimate.
Hence, we can conclude

ro- DV (@, u(t))<Dr(0)( d,—q(0)) — Drm( q.—q(1))

<0

and thus:

Theorem 1 (Exact data) Let u € U(RQ) satisfy Ku=g=f,
and (SC). Moreover, with q(t) := (K*)_lp(t), let u be a
solution of the dual inverse scale space flow

ohr(t)=Ku(t)—g, r()e HH;(—q(t)).

Then the convergence rate Dﬁ(t)(ft, u(t)) = (9(%) holds,
more precisely

’(f)( G, —q(0))
ot

DY (@, u(r)) <

In the case of noisy data some further effort is necessary,
since the temporal derivative of the Bregman distance with
respect to H}f in (21) is not only bounded by the negative
Bregman distance. Therefore, (24) reads as follows:

’(”( Lq(1) — (t(f — 8),q(t) — §) +taDP (i@, u(1))

’“”( g, —q(0)). (25)

To find a lower bound of the first two terms on the left hand
side, we provide the following lemma.

Lemma 1 Let F : X — R U {oo} be a convex functional,
u,ve X, p,g € X* and t € R*. Then the duality product
can be estimated by a sum of Bregman distances,

AF (u) .

JF*
(tu—v),p—q)x <ct D u) + Dps (q)(P,CI),

with a constant,

ci=(int 1F" @) (it 177 @1)

wE'UM

depending on the norm of the second derivative of F and its
convex conjugate.

Proof One observes from a Taylor expansion of F* in p
around ¢ with a residual term,
F*(p)=F*(q)+ ((F")(q).p —q)

1
(p—q,(F)Y"&(p—q)

T3

@ Springer

with & € [g, p], that a lower bound for the corresponding
Bregman distance is given by

DY p.g) = F*(p) — F* () — (F) (@). p— )
(p—aq.(F)" & (p—q)

Ilp—qll,

NI”\ l\)l>—‘

with € :=infzeig p) I(F*)" (€)].
In analogy a Taylor expansion of F in v around u,

F()=Fu)+ (F'(u),v—u)

+—(v—u, F'(w)(v —u)),

1
2
with w € [u — v], yields

1 F
—DE“ (v, u)

1
=—(F() — F(u) — (F'(u),v —u))
C€

=—(@w—u, F'(w)(v—u))
2ce
1
> ool —vl?,
€
with é := infyepy, 1 | F” (W)
Using Young’s inequality we obtain
2

t €
(tw—v),p—q) < —||u—v||2+ —||p—q||2

< DY 0,u) + DY@ (p.g)

With constant ¢ := é we get the desired estimation. (I

Now, applying Lemma 1 to functional H yields the es-
timate

(t(f —8,q(t)—§ ><D’(’>< —G,—q (1)

aHf(f)

+ct D & )

such that the Bregman distance regarding to H;? is annihi-
lated in (25) and that we can conclude

ot D f(f)

(8. f) + ta D) i, u(r))
’(0’( G, —q(0)).

Finally, since Hy(f) =0, 0Hy(f)
bound of the noise (14) we have

=0 and with the upper

3Hf(f)

Dy (g, f)=Hys(g) <4,

provides a general error estimate for the dual inverse scale
space method:
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Theorem 2 (Noisy data) Let u € U(S2) satisfy Ku = g and
(8C), and let f be noisy data satisfying (14). Moreover, with
q(t) := (K*)_lp(t), let u be a solution of the dual inverse
scale space flow

ohr(t)y=Ku@®)— f, r@)e BH;(—q(t)).

Then the error estimate

D;,(;”(—ci, —q(0))

DY (@, u(r)) < + c8t

holds. In particular, for the choice t,(8) := (’)(%) we obtain
the convergence rate Df(t*)(ﬁ, u(ty)) = O0(09).

Remark 1 In the case of Poisson noise modeling, i.e. if Hy
is the Kullback-Leibler data fidelity, ck, reads as follows:
-1

-1
cxkv=(_inf 193H @) (_inf JOZHF©I)
k=, dnf 193H Qo) (_int 1B HE)

_ max{sup g, sup f1?
N inf f

8 max{sup(1 — @), sup(l — g (1))}?
inf f

’

since 92 Hy(w) = L, Hi(§) = [y —flog(l — &) and
wiey_ S ‘
VIO = g

3 Reconstruction with Poisson Noise: Bregman-EM-TV
Methods

In the following we present reconstruction algorithms for
inverse problems with measured data drawn from Pois-
son statistics (e.g. deconvolution problems in fluorescence
microscopy). More precisely, we use the Kullback-Leibler
functional, i.e.

Hy(Ku— f) ::L(flog(%) —f+Ku) du  (26)

as the data fidelity and the (exact) total variation (TV),
see (9), as regularization J(u). Interestingly, the iteration
steps of reconstruction methods proposed in this chapter, in-
cluding the primal and dual inverse scale space methods of
the last section, are all based on the following variational
framework:

min /(Ku+b—f10g(Ku+b))d,u
b

ueBV(R2)
u>0

+a(ulpy — (p,u)), 27)

with

o:=0, p:=0 for EM,

p:=0, for EM-TV,

b:=0, pi= pl for Bregman-EM-TV,

b:=r!, p:=0 for Dual-Bregman-EM-TV.

In comparison to (26), we skipped terms independent of u
in (27) for simplicity without affecting minimizers. In the
following subsection we will explain the EM reconstruc-
tion algorithm and will proceed with the presentation of EM
combined with TV regularization. Finally we are going to
introduce the EM-TV based inverse scale space methods

Bregman-EM-TV and Dual-Bregman-EM-TV.
3.1 Reconstruction Method: EM Algorithm

In literature there are two types of reconstruction methods
that are used in general: analytic (direct) and algebraic (it-
erative) methods. A classical example for a direct method is
the Fourier-based filtered backprojection (FBP). Although
FBP is well understood and computationally efficient, iter-
ative type methods obtain more and more attention in the
applications mentioned above. The major reason is the high
noise level (low SNR) and the type of statistics, which can-
not be taken into account by direct methods. Hence, we will
give a short review on the Expectation-Maximization (EM)
algorithm (Shepp and Vardi 1982; Dempster et al. 1977),
which is a popular iterative algorithm to maximize the like-
lihood function p(u|f) in problems with incomplete data.
In the absence of prior knowledge any object u has the
same relevance, i.e. the Gibbs a-priori density p(u) in (4)
is constant. We can then normalize p(u) such that J(#) =0.
Hence (8) reduces to the constrained minimization problem

u>0

min / (Ku~+b— flog(Ku+b))du, (28)
)

which is (27) with « := 0 and p := 0. With the natural scal-
ing assumption

K*1=1,

a suitable iteration scheme for computing stationary points,
which also preserves positivity (assuming K preserves pos-
itivity), is the so called EM algorithm (cf. Natterer and
Wiibbeling 2001; Lucy 1974; Richardson 1972)

Mk+1=MkK*< f ) k=0,1,.... (29)

Kuy+b

For noise-free data f several convergence proofs of the
EM algorithm to the maximum likelihood estimate, i.e. the
solution of (28), can be found in literature (Natterer and
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Wiibbeling 2001; Resmerita et al. 2007; Vardi et al. 1985;
Iusem 1991). Besides, it is known that the speed of con-
vergence of iteration (29) is slow. A further property of
the iteration is a lack of smoothing, whereby the so-called
“checkerboard effect” arises.

For noisy data f it is necessary to differentiate between
discrete and continuous modeling. In the discrete case, i.e.
if K is a matrix and u is a vector the existence of a mini-
mum can be guaranteed since the smallest singular value is
bounded by a positive value. Hence, the vectors are bounded
during the iteration and convergence is ensured. However, if
K is a general continuous operator the convergence is not
only difficult to prove, but even a divergence of the EM algo-
rithm is possible. Again the reason is the ill-posedness of the
integral equation (1), which transfers to problem (28). This
aspect can be taken as a lack of additional a-priori knowl-
edge about the unknown u resulting from J(u#) = 0. The
EM algorithm converges to a minimizer if it exists. Conse-
quently, in the continuous case it is essential to ensure con-
sistence of the given data to prevent divergence of the EM
algorithm. As described in Resmerita et al. (2007), the EM
iterates show the following typical behavior for ill-posed
problems. The (metric) distance between the iterates and the
solution decreases initially before it increases as the noise is
amplified during the iteration process. This issue might be
regulated by using appropriate stopping rules to obtain rea-
sonable results. In Resmerita et al. (2007) it is shown that
certain stopping rules indeed allow stable approximations.
Ways to improve reconstruction results are TV or Bregman-
TV regularization techniques that we will consider in the
following subsections.

3.2 Reconstruction Method: EM-TV Algorithm

The EM or Richardson/Lucy algorithm is currently the stan-
dard iterative reconstruction method for deconvolution prob-
lems with Poisson noise based on the linear equation (1).
However, with the assumption J (1) = 0, no a-priori knowl-
edge about the expected solution is taken into account, i.e.
different images have the same a-priori probability. Espe-
cially in case of measurements with low SNR the multi-
plicative fixed point iteration (29) delivers unsatisfactory
and noisy results even with early termination. For this pur-
pose we propose to integrate nonlinear variational methods
into the reconstruction process to make an efficient use of
a-priori information and to obtain improved results.

An interesting approach to improve the reconstruction
is the EM-TV algorithm. In the classical EM algorithm,
the negative log likelihood functional (28) is minimized.
We modify the functional by adding a weighted TV term
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(cf. Rudin et al. 1992),

i K b — flog(K b))d
uert?‘lfgﬂ){/):( u+ Sflog(Ku+b))du
uz

+a|u|BV}. (30)
This is (27) with p = 0. Using |u|py as a regularization
functional ensures, that images with smaller total varia-
tion are preferred in the minimization (have higher prior
probability). BV (€2) is a popular function space in image
processing since it can represent discontinuous functions.
By minimizing TV the latter are even preferred (Evans and
Gariepy 1992; Giusti 1984). Hence, expected reconstruc-
tions are cartoon-like images. Obviously, such an approach
cannot be used for studying very small structures in an ob-
ject, but it suits well for segmenting different cell structures
and analyzing them quantitatively. For the solution of (30),
we propose a forward-backward splitting algorithm, which
can be realized by alternating classical EM steps with al-
most standard TV minimization steps as encountered in im-
age denoising. The latter is solved by using duality (Cham-
bolle 2004), obtaining a robust and efficient algorithm. For
designing the proposed alternating algorithm, we consider
the first order optimality condition of (30). Due to the to-
tal variation, this variational problem is not differentiable in
the usual sense. But the latter is convex since TV is con-
vex and since we can extend the data fidelity term to a
Kullback-Leibler functional, cf. Resmerita and Anderssen
(2007), without affecting the stationary points. For such
problems powerful methods from convex analysis are avail-
able, e.g. a generalized derivative called the subdifferential
(Hiriart-Urruty and Lemaréchal 1993), denoted by 9. With
the natural scaling assumption K *1 = 1, this generalized no-
tion of gradients and the Karush-Kuhn-Tucker (KKT) condi-
tions (Hiriart-Urruty and Lemaréchal 1993, Theorem 2.1.4)
yield the existence of a Lagrange multiplier A > 0 such that

f
{OEI—K*(Ku+b)+a8|u|BV—A}. 31

0=Au

By multiplying (31) with u we can eliminate the Lagrange
multiplier and derive the following semi-implicit iteration
scheme

f

—_— 32
Kup+b (32)

Uks1 —ukK*< )+aukpk+1 =0
with piy1 € d|uk+1|pyv. Remarkably, the second term within
this iteration scheme is the EM step in (29). Consequently,
method (32) solving variational problem (30), can be real-

ized as a nested two step iteration,

!Mk_‘_%:ukK*(ﬁ) (EMStep) }

33
U] = Uy y | — Ol P 1 (TV step) 33)
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Thus, we alternate an EM step with a TV correction step.
The complex second half step from u;_ 1 to ux41 can be
2

realized by solving the following variational problem,

(1 = “k+%)2
Uk+] = argmm{—/ — +05|“|BV}~ (34)
uev(@ 2 Ja Uk

Inspecting the first order optimality condition confirms the
equivalence of this minimization with the TV correction step
in (33). Problem (34) is just a modified version of the Rudin-
Osher-Fatemi (ROF) model, with weight ﬁ in the fidelity
term. This analogy creates the opportunity to carry over ef-
ficient numerical schemes known for the ROF-model.

For the solution of (34) we use the exact definition of TV
(9) with a dual variable g and derive an iteration scheme
for the quadratic dual problem similar to Chambolle (2004).
The resulting algorithm reads as follows: We initialize the
dual variable g% with O (or take the resulting g from the
previous TV correction step) and for any n > 0 we compute
the update

™ 4 7V Vo) _
il g 4+ tVaurdivg uk+%)

T 14 1|V (aug divg™ — ”k+%)|12 ’

8

1

O<t<———1)
ddallug o

(35
with the constrained damping parameter t to ensure stabil-
ity and convergence of the algorithm where d denotes the
dimension. Based on these observations we can use Algo-
rithm 1 to solve (30). Selecting a reasonable regularization
parameter « in our model is a usual parameter estimation
problem. In the case of additive Gaussian noise there exist
several works in literature dealing with this problem, e.g.
Haiyong Liao and Ng (2009), Strong et al. (2006), Vogel
(2002). Most of them are based on the discrepancy princi-
ple and Chi-square distributions, generalized cross valida-
tion methods or unbiased predictive risk estimates. Finding
an “optimal” parameter is in general more complicated for
non-Gaussian noise models. Nevertheless, there exist a few
works in literature addressing this issue, see e.g. Bardsley
and Goldes (2009) and the references within. For a detailed
analytical examination of EM-TV and stopping criteria of

Algorithm 1 EM-TV

1. Initialization: ug :=c > 0, g(()o) =0
2. Fork=0,1,2,...:
Compute Uiyl via EM step in (33).

Set g,(((_): | to dual solution regarding previous k.

Forn=0,1,2,...:
Compute g,?jj]) via dual update in (35)

Update ujy1 via optimality condition of (34).

the algorithm we refer to Brune et al. (2010). In the case of
deconvolution the EM steps in (33) can be performed very
efficiently since the application of the forward operator K
respectively its adjoint can be implemented via FFT.

3.3 Inverse Scale Space Method: Bregman-EM-TV

The presented EM-TV algorithm (33) solves the problem
(30) and delivers cartoon-reconstructions with sharp edges
due to TV regularization. However, the realization of TV
steps via the weighted ROF-model (34) has the drawback
that reconstructed images suffer from losing contrast. Thus,
we propose to extend (30) and therewith EM-TV by iter-
ative regularization to a simultaneous contrast correction.
More precisely, we perform a contrast enhancement by in-
verse scale space methods and by using the Bregman it-
eration (Brune et al. 2009a; Remmele et al. 2008). These
techniques have been derived in Osher et al. (2005), with a
detailed analysis for Gaussian-type problems (7), and have
been generalized in Burger et al. (2006, 2007a). Following
these methods, an iterative refinement is realized by a se-
quence of modified EM-TV problems based on (30).

The inverse scale space methods concerning TV, derived
in Osher et al. (2005), follow the concept of iterative regular-
ization by the Bregman distance (Bregman 1967). In case of
the Poisson-model the method initially starts with a simple
EM-TV algorithm, i.e. it consists in computing a minimizer
u' of (30). Then, updates are determined successively by
considering variational problems with a shifted TV, namely
(10), where p is an element of the subgradient of the to-
tal variation in u!. The Bregman distance concerning TV is
defined in (11). The introduction of this definition allows to
characterize the sequence of modified variational problems
(10) by addition of constant terms as

)
u'*! = argmin / (Ku— flogKu)du +aD|’?|BV(u,u’).
ueBV(Q) /X

(36)

Thus, the first iterate u! can also be realized by the varia-
tional problem (36), if uY is constant and p® :=0 € 9[u®|py.
We point out, that (36) is (27) with b:=0and p := pl. The
Bregman distance Df lav does not represent a distance in the
common (metric) sense, since D is not symmetric in gen-
eral and the triangle inequality does not hold. Though, com-
pared to (10), the formulation in (36) offers the advantage
that Df oy is a distance measure with

Dflsv(u’ﬁ)zo and D\I.J|BV(M,I/~!)=0 foru=u.

Besides, the Bregman distance is convex in the first argu-
ment because | - |py is convex. In general, i.e. for any con-
vex functional J (see e.g. Burger et al. 2007a), the Bregman
distance can be interpreted as the difference between J () in
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u and the Taylor linearization of J around z if, in addition,
J is continuously differentiable.

Before deriving a two-step iteration corresponding to
(33) we will motivate the contrast enhancement by iterative
regularization in (36). The TV regularization in (30) prefers
functions with only few oscillations. The iterative Bregman
regularization has the advantage that, with u’ as an approx-
imation to the possible solution, additional information is
available. The variational problem (36) can be interpreted as
follows: search for a solution that matches the Poisson dis-
tributed data after applying K and simultaneous minimiza-
tion of the residual of the Taylor approximation of | - |py
around u'. In the following we will see that this form of reg-
ularization does not change the position of gradients with
respect to the last computed EM-TV solution u/ but that an
increase of intensities is permitted. This leads to a noticeable
contrast enhancement.

For the derivation of a two-step iteration we consider the
first order optimality condition of the variational problem
(10) resp. (36). Due to convexity of the Bregman distance
in the first argument we can determine the subdifferential
of (36). Analogous to the derivation of the EM-TV itera-
tion the subdifferential of the log likelihood functional can
be expressed by the Fréchet derivative in (31). Hence, with
the natural scaling assumption K*1 = 1 the optimality con-
dition is given by

f
*
Oel—K(m

)+a<a|u’+‘|gv—pl>, (37)
with p! € 8|u|py.

For u" constant and p° := 0 € 3|u®|y this delivers a well
defined update of the iterates p',

1 f
1. 1 A0 I+1
pi=p (x(l K <Kul+])) €0|u""|py.

Analogous to EM-TV we can apply the idea of the nested

iteration (33) in every refinement step, [ = 1, 2, .... For the

solution of (36) condition (37) yields a strategy consisting of

an EM-step uiill followed by solving the adapted weighted
2

ROF-problem

_ 412
I+1 |1 (u u“%)
Uy = argmin — —
weBv) L2 Ja  uy
+a(julpy — (P, u>>}. (38)

Following Osher et al. (2005) and Burger et al. (2006,
2007a) we provide an opportunity to transfer the shift-term
(p*, u) to the data-fidelity term. This approach facilitates the
implementation of contrast enhancement with Bregman dis-
tance via a slightly modified EM-TV algorithm. With the
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scaling v’ := ap’ and (37) we obtain the following update

formula

v’+1—v—<1— (ﬁ)) 00 =0. (39)

Using this scaled update we can rewrite the second step (38)
to

1 (u— ul'H )2 — 2uul+1 !
I+1
U = argmm—/ e + olulpy.
ueBV(Q) uy
Note that
l+1 I+1,1
(u ) —2uup" v

I+1 141 1\\2 I+1 N2
—(u—(u+]+u+v>) + )2
I+1 I1+1. 1
—2u k+luk v,
holds, where the last two terms are independent of . Hence

(38) simplifies to

(u — (uz+11 +ulth))?

1
I+1
u = argmln —/
L eBve) 2 i“
+ alu|py, (40)

i.e. the second step (38) can be realized by a slight mod-
ification of the TV step introduced in (34). Obviously, the
efficient numerical implementation of the weighted ROF-
problem in Sect. 3.2 using the exact definition of TV and
duality strategies can be applied in complete analogy to (40).
The update variable v in (39) is an error function with ref-
erence to the optimality condition of the unregularized log-
likelihood functional (28). In every refinement step of the
Bregman iteration v'*! differs from v’ by the current er-
ror in the optimality condition (28). Within the TV-step (40)
one observes that an iterative regularization with the Breg-
man distance leads to contrast enhancement. Instead of fit-

ting to the EM solution uifrll in the weighted norm, we use a

2
function in the fidelity term whose intensities are increased
by the error function vl. Resulting from the idea of adap-
tive regularization v’ is weighted by u”rl too. As usual for

Algorithm 2 Primal Bregman-EM-TV

1. Initialization: u8 =c>0,10=0
2. Forl =0, 1,2,...:
Compute u't! via iteration scheme 2. in

Algorithm 1, but with uﬁjll + uH'l !
instead of Upyd in TVsteps
Then update v' ! via (39).
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iterative methods the described reconstruction method by it-
erative regularization needs a stopping criterion. The latter
should stop at an iteration offering a solution that approxi-
mates the true image as good as possible. This is necessary
to prevent that too much noise arises by the inverse scale
space strategy. In the case of Gaussian noise, the discrep-
ancy principle is a reasonable stopping criterion, i.e. the pro-
cedure would stop if the residual || K ul — fl2 reaches the
variance of the noise. In the case of Poisson noise, however,
it makes sense to stop the Bregman iteration if the Kullback-
Leibler distances of Ku! and the given data f reach the
noise level. For synthetic data the noise level is naturally
given by the KL distance between ¢ = Ku and f, where &
denotes the true, noise-free image. For experimental data it
is necessary to find a suitable estimate for the noise level
from counts.

3.4 Dual Inverse Scale Space Method:
Dual-Bregman-EM-TV

In Sect. 2.2 we presented a dual inverse scale space method
in terms of an iterative Bregman regularization technique for
general, convex data fidelities and regularization terms. This
strategy based on a dual representation of the initial varia-
tional problem (15). A bidual formulation of the dual inverse
scale space strategy offers a simple interpretation in terms
of a familiar (primal) problem (17). In the special case of
Poisson noise modeling and TV regularization, this reads as
follows

ultl = argmin{ / (Ku+r' = flog(Ku+r"))du
ueBv() L Jx
u>0

+a|M|Bv}, 41)

with the update of the residual function rl (see (18))

P = Ku T — 0 with PO =0. (42)
The variational problem above can simply be interpreted as
(27), if b :=r! and p := 0. Comparing the proposed iter-
ative regularization technique with the EM-TV problem in
(30), reveals the noise function r/ as a dynamically updated
background model instead of a time-constant background b.
Shifting the argument of the data fidelity with ! in that ap-
propriate way, leads to the expected contrast enhancing be-
havior in each time step / — [/ 4 1.

Although the minimization problem (41) for a specific [
can intuitively be implemented in analogy to the splitting
strategy of EM-TV,

uk+%=ukK*(Ku':+r,) (EM step)
Uk+1 =uk+% — o ug pk+1  (TV step)

Algorithm 3 Dual Bregman-EM-TV

1. Initialization: u8 =c>0,r0=0, qo =0

2.Forl=0,1,2,...:
Compute u**! via iteration scheme 2. in
Algorithm 1, but with f —rl (1 + ¢')
instead of f in EM steps.
Then update g'+' via (43).
Then update the residual r'+' via (42).

(a)

(d) (e)

Fig. 1 (Color online) Synthetic data concerning different PSFs: (a)
true image; (b) Gaussian PSF; (¢) is convolved with Gaussian PSF and
Poisson noise; (d) PSF appearing in 4Pi microscopy; and (e) is con-
volved with 4Pi PSF and Poisson noise

we need to be aware of division-by-zero problems in the EM
step. For the dual inverse scale method, we can overcome
this problem by a partially explicit approximation. For this
sake we rewrite the optimality condition in the following
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Fig. 2 (Color online) Synthetic
data: (a) raw data using 4Pi
PSF; (b) EM reconstruction, 20
its, KL-distance: 3.20;

(¢) EM-TV, o = 0.04,
KL-distance: 2.43;

(d) Bregman-EM-TV, « = 0.1,
after 4 updates, KL-distance:
1.43; (e) true image;

(f)—(h) horizontal slices EM,
EM-TV and Bregman-EM-TV
compared to true image slice

way, using K*1 =1,

f
- K" — =0
(Ku—l—r +ep

f

= l-——+a(K) 'p=0

- Ku+r

I

Ku+r—f+aK) 'p(Ku+r)=0

I

Ku
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Ku

Now we use an approximation of the first term including the
subgradient p from the last Bregman step and obtain

f—rld+4hH

k
Upr] = urK
" < Kuy

) — QUL Pk+1,

> Yap=0 with ¢! = a(K*)~! p!. Note that ¢* does not need to be com-

puted by inverting K*, but can be obtained from the update
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Fig. 3 (Color online)
Experimental data: (a) Protein
Bruchpilot in active zones of
neuromuscular synapses in
larval Drosophila; (b) EM-TV;
(c) Bregman-EM-TV;

(d) Protein Syntaxin in cell
membrane, fixed mammalian
(PC12) cell; () EM-TV; and
(f) Bregman-EM-TV

formula

I+1 _ f—rld+4hH _

Kol 1. (43)

q
Based on these observations we can use Algorithm 3 to re-
alize the dual inverse scale space method in (41) and (42).

4 Application to Optical Nanoscopy: Results

In recent years revolutionary imaging techniques have been
developed in light microscopy with enormous importance
for biological and material sciences or medicine. For a cou-
ple of decades the technology of light microscopy has been
considered to be exhausted, as the resolution is basically
limited by Abbe’s law for diffraction of light. By developing
stimulated emission depletion (STED)- and 4Pi-microscopy
now resolutions are achieved that are way beyond these dif-
fraction barrier (Klar et al. 2000; Hell and Schonle 2006). In
the case of optical nanoscopy the inverse problem is a de-
convolution problem. Hence, the forward operator using a

(d)

convolution kernel & is defined as
(Ku)(x) = (k % 1) (x) = / k(x — u(y)dy. (44)
Q

To get an impression of nanoscopic images blurred by dif-
ferent convolution kernels (PSFs), we refer to Fig. 1. Fig-
ure 1(b), (c) refer to a convolution with a normal distribution
as convolution kernel. In the case of 4Pi microscopy the in-
terference of two laser beams in the focus leads to a special
PSF,

2w —(fLy2_(f2y2
h(xl,x2)~c0s4<7x2)e G =) ,

illustrated in Fig. 1(d). As depicted in Fig. 1(e) this leads
to side lobes in the object structure of the measured data.
Under certain circumstances, convolution kernels can also
be considered as locally dependent, in order that blind de-
convolution strategies are in need (He et al. 2005; Marquina
2009).

In this section we present the performance of the pro-
posed techniques by reconstructing synthetic and experi-
mental data. Figure 2 illustrates our techniques at a simple

@ Springer
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Fig. 4 (Color online) Synthetic
data: Comparison of primal and
dual inverse scale space
methods; (a): true image;

(b): raw data f using Gaussian
PSF; (¢)—(d): KL-distance
between u and # for
Bregman-EM-TV resp.
Dual-Bregman-EM-TV, blue
line: distance at all 250
iterations, red marker: distance
at every Bregman step (intervals
of 50 interior iterations)

(e), (g), (i): iterates u!, u> and
u® of Bregman-EM-TV;

(), (h), (j): iterates ul, u? and
u® of Dual-Bregman-EM-TV
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synthetic object by applying a 4Pi convolution and adding
Poisson noise. With EM-TV (see Figs. 2(c) and (g) we get
rid of noise and oscillations, but we are not able to sepa-

@ Springer
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rate the objects sufficiently. Using Bregman-EM-TV a con-
siderable improvement resulting from contrast enhancement
can be achieved. This aspect is underlined by the values of
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the KL-distance for the different reconstructions. In Fig. 4
we compare the primal and dual inverse scale space strat-
egy using the same synthetic object, but in this case with
a Gaussian convolution kernel. As expected, both inverse
scale space strategies compute very similar iterates and we
can observe a decrease of the Kullback-Leibler distance be-
tween u and u until the noise level is reached. Taking a
closer look at the distance measurements reveals a slightly
better decrease in the case of Dual-Bregman-EM-TV.

Figure 3(a)—(c) demonstrate the protein Bruchpilot (Kit-
tel et al. 2006) and its EM-TV and Bregman-EM-TV recon-
struction. Particularly, the latter delivers well separated ob-
ject segments and a high contrast level. In Fig. 3(d)—(f) we il-
lustrate our techniques by reconstructing Syntaxin (Willig et
al. 2007), a membrane integrated protein participating in ex-
ocytosis. Here, the contrast enhancing property of Bregman-
EM-TV is observable as well, compared to EM-TV. It is
possible to preserve fine structures in the image. Due to the
Fourier convolution theorem, the convolution operator (44)
can be computed efficiently via FFT

ksu=F YFk)- Fu)),

such that the EM steps in the proposed algorithms can be
performed quickly.

5 Conclusions and Open Questions

We have derived reconstruction methods for inverse prob-
lems with Poisson noise. Particularly, we concentrated on
deblurring problems in nanoscopic imaging, although the
proposed methods can easily be adapted to other imaging
tasks, i.e. medical imaging (PET, Sawatzky et al. 2008).
Motivated by a statistical modeling we developed a robust
EM-TV algorithm that incorporates a-priori knowledge into
the reconstruction process. By combining EM with simulta-
neous TV regularization we can reconstruct cartoon-images
with sharp edges, which yield a reasonable basis for quanti-
tative investigations. To overcome the problem of contrast
reduction, we extended the reconstruction to Bregman it-
erations and inverse scale space methods. We applied the
proposed methods to optical nanoscopy and pointed out
their improvements in comparison to standard reconstruc-
tion techniques.

An open issue remains the error estimation for the primal
inverse scale space method, which—if applicable at all—
will require novel theoretical approaches. On the other hand
the derivation of appropriate stopping rules for the dual in-
verse scale space methods is an important open problem. For
practical purposes visual inspection may however be suffi-
cient in most cases.
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