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REPRESENTATIONS OF CROSSED PRODUCTS BY
CANCELLING ACTIONS AND APPLICATIONS
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Abstract. The algebraic crossed product of a cancelling action of an amenable

group on a locally matricial algebra allows only one faithful C∗-representation.

We give examples, and actually prove a more general uniqueness theorem

for algebraic G-bundles.

1. Introduction

If G is an amenable group then the full and reduced C∗-algebras, C o G and
C or G, are isomorphic, but usually there exist many different C∗-norms on the
algebraic crossed product C oalg G. In contrast, we shall prove the following
uniqueness theorem: if A is a locally matricial ∗-algebra (i.e. an algebraic direct
limit of finite dimensional C∗-algebras), G an amenable group, and α a cancelling
G-action on A (see Section 4) then the canonical map A oalg G → C∗(A) oα G

is the only existing C∗-representation, up to isomorphism, which is faithful on
A and has dense image, see Proposition 5. In particular, there exists only one
C∗-norm on Aoalg G.

In Section 4.2 we show that the canonical shift action on an infinite tensor
product, indexed by a group, of copies of n×n-matrices is a cancelling action. In
Section 4.3 we give a tractable and sufficient condition when a group action on a
locally compact zero-dimensional space T gives rise to a cancelling action on (a
dense subalgebra of) C0(T ). In Section 4.4 we show that an aperiodic subshift T
of a full shift ΩG (Ω discrete), where G is a group, induces a cancelling action on
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2 B. BURGSTALLER

C0(T ). Although it does not directly apply to our setting as the circle S1 is not a
discrete set, let us remark that subshifts of (S1)G for amenable groups G appear,
for instance, in Deninger [5] and Deninger and Schmidt [6]; Schmidt commuted
to us that one may take the same construction as in [6] (see the first paragraph
of the introduction in [6]) but with S1 replaced by Z/pZ, p ∈ N.

Actually, we shall consider a somewhat more general setting than cancelling
actions. We start with a ∗-algebra X generated by an alphabet A, a homomor-
phism φ from the set of nonzero words to a (usually amenable) group G, and
show a uniqueness theorem for the universal C∗-representation X → C∗(X) un-
der some assumptions in Theorem 2.1. The uniqueness is relying on the fact that
a sufficiently injective representation of X in a C∗-algebra gives always one and
the same Fell bundle, see Proposition 2; the uniqueness for amenable groups G
follows then from Exel’s work [7] on the amenability of Fell bundles. We fur-
ther state pure infiniteness and ideal structure results in Theorems 2.2 and 2.3,
generalizing effortlessly corresponding known results when the bundle group is
abelian [4]. For an abelian bundle group the stabilization of C∗(X) by compact
operators can always be realized as a crossed product by a cancelling action, see
Proposition 6. In Section 3 we show that a (essentially) faithful representation
of X even exists if all words in X are partial isometries, see Theorem 3.1 and
Corollary 1. The core of the proof is relying on a left regular representation of X.
This existence theorem is not obvious in general, but clear for crossed products,
where one is readily provided with the left regular representation.

The Sections 2-3 are technical, and the reader interested in cancelling actions
and examples may directly go to Section 4, after maybe reading the first page of
Section 2 for gathering some notation.

2. Amenable cancelling systems

In this section we will generalize the discussion of [2, Sections 2-3].
In this note, a ∗-algebra X is an algebra over the complex numbers endowed

with an involution. If A is a set then we denote by FA the free nonunital ∗-algebra
generated by A. If a ∗-algebra X is generated by a subset A of X as a ∗-algebra,
then we say that (X,A) is a system of generators and relations, and write IX

for the kernel of the canonical epimorphism FA → X. For a subset M of FA,
the universal ∗-algebra generated by A subject to the relations M is the quotient
of FA by the two-sided selfadjoint ideal generated by M . A projection p in a
∗-algebra X is a self-adoint and idempotent element, that is, p = p2 = p∗, and a
partial isometry s in X satisfies s = ss∗s per definition. We introduce the usual
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order p ≤ q ⇔ pq = p for projections p, q ∈ X. We write p - q for Murray–von
Neumann order in X, that is, when there is a partial isometry s in X such that
p ≤ ss∗ and s∗s = q. If M is a subset of X, then P(M) denotes the set of nonzero
projections in M . We say that X is a G-graded ∗-algebra if G is a group, X is
a direct sum

⊕
g∈GXg as a vector space, and multiplication and taking adjoints

in X are given in such a way that XgXh ⊆ Xgh and X∗
g = Xg−1 (g, h ∈ G).

A ∗-homomorphism π : X → A is called Xe-faithful if π is injective on Xe, and
π is called a C∗-representation if A is a C∗-algebra. If X is also endowed with
a norm and the natural projection F : X → Xe is bounded, then X is called
a topologically G-graded ∗-algebra. Recall that a locally matricial algebra X is a
∗-algebra X which is the union of (a net of) finite dimensional C∗-algebras. A
∗-algebra X satisfies the C∗-property [4] if xx∗ = 0 implies x = 0, for all x ∈ X.
For a system of generators and relations (X,A), the set of words is

W = {a1 . . . an ∈ X|n ≥ 1, ai ∈ A ∪A∗}.

Definition. The system Γ = (X,A, φ,G) is called a balance system if (X,A) is
a system of generators and relations, G is a discrete group, and φ (the balance
function) is a map φ : W\{0} → G satisfying φ(xy) = φ(x)φ(y) and φ(z∗) =
φ(z)−1 for all x, y, z 6= 0, xy 6= 0.

In this section Γ = (X,A, φ,G) denotes a balance system. We write Wg for
the set of nonzero words in W with balance g (g ∈ G), i.e. w ∈ Wg if and only
if w ∈ W , w 6= 0 and φ(w) = g. The fiber Xg is defined as the linear span of
Wg in X, i.e. Xg = span(Wg) ⊆ X. A nonzero word w is called zero-balanced
(or neutral-balanced) if φ(w) = e (the neutral element of G), and otherwise
called nonzero-balanced. If we want to emphasize to which balance system the
distinguished sets refer then we shall write W (Γ), X(Γ),W

(Γ)
g and X(Γ)

g rather than
W,X,Wg and Xg. Two balance systems Γ = (X,A, φ,G) and Λ = (Y,B, ψ,G)
are said to be isomorphic if there is a ∗-isomorphism ϕ : X → Y such that
ϕ(Xg) = Yg for all g ∈ G. Notice that Γ is isomorphic to ΓW = (X,W, φ,G).

Definition. A balance system Γ is called a cancelling system if Xe is a locally
matricial algebra and the following condition (C’) is satisfied.

(C’) For every nonzero-balanced word x in W\We and every nonzero projec-
tion p in Xe there is a nonzero projection q in Xe such that q ≤ p and
qxq = 0.

If X also satisfies the C∗-property then Γ is sometimes called a C∗-cancelling
system.
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Each of the following conditions is equivalent to (C’) by an elementary argu-
ment which uses Murray-von Neumann equivalence of projections and induction,
see [2, Lemma 2.5] or [3, Lemma 2.3].

(C”) For all x ∈
∑

g∈G\{e}Xg and all p ∈ P(Xe) there exists q ∈ P(Xe) such
that q ≤ p and qxq = 0.

(C∗) There exist subsets P ⊆ P(Xe) and B ⊆ X such that for each q ∈ P(Xe)
there is a p ∈ P satisfying p - q in Xe, W\We ⊆ span(B), and for all
x ∈ B, p ∈ P there exists q ∈ P such that q ≤ p and qxq = 0.

Using condition (C”) rather than (C’), one may verify that if Λ and Γ are
isomorphic balance systems, then Λ is a cancelling system if and only if Γ is one.
Given two balance systems Γi = (Xi,Ai, φi, Gi) we define the tensor product
system Γ1⊗Γ2 = (X1⊗X2,A1×A2, φ1⊗φ2, G1×G2), where (φ1⊗φ2)(a1⊗a2) =
(φ1(a1), φ2(a2)).

Balance systems for locally matricial algebras were also considered in [2, Section
2], though they were not called this way, but subsumed under two conditions
called (A0) and (B). The algebra X is always written as a quotient FA/IX = X

in [2]. There appears a further property (C) in [2] which is stronger than (C’). It
states that for all nonzero-balanced words x ∈ W and all p, p1, p2 ∈ P(Xe) there
are smaller projections q ≤ p, q1 ≤ p1, q2 ≤ p2 in P(Xe) such that qxq = 0 and
q1xq2 = 0.

Definition. Define ΓP = (XP ,P, φP , {e}) to be the cancelling system given by
the formal alphabet P = {p1,c2,...,cn

|n ≥ 1, ci ∈ {1, 2}} and the universal ∗-
algebra XP generated by P subject to the relations p = p2 = p∗, pq = qp, p1p = p

and p1,c2,...,cn
= p1,c2,...,cn,1 + p1,c2,...,cn,2 for all p, q ∈ P and all ci ∈ {1, 2}. In

other words, P forms a kind of tree consisting of commuting projections which
are mutually either orthogonal or comparable.

The following lemma was proven in [3, Theorem 2.1] when G is an abelian
group, but the proof works in the same way for non-commutative G.

Lemma 1. Γ⊗ ΓP is a cancelling system and satisfies condition (C).

In the next proposition we prove that X is a G-graded ∗-algebra when it
satisfies the C∗-property, and show how we can test the C∗-property.

Proposition 1. (a) If x =
∑

g∈G xg (xg ∈ Xg) is an elements of X and x∗x = 0
then x∗gxg = 0 for all g ∈ G.

(b) If x∗x implies x = 0 for all fiber elements x ∈
⋃

g∈GXg then X satisfies
the C∗-property.
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(c) If X satisfies the C∗-property then X is the G-graded ∗-algebra X ∼=⊕
g∈GXg.

Proof. The system Λ = Γ ⊗ ΓP satisfies conditions (A0), (B) and (C) of [2]
by Lemma 1. So assume x ∈ X(Λ) and y = x∗x = 0. Write y =

∑
g∈G yg for

yg ∈ X(Λ)
g . By [2, Proposition 2] we may choose Q ∈ X(Λ)

e such that QyQ = QyeQ

and QyeQ is nonzero if ye is nonzero. Thus, since QyQ = 0, ye = 0. Hence
ye =

∑
g∈G x

∗
gxg = 0, and so x∗gxg = 0 for all g ∈ G, and thus xg = 0 for all

g ∈ G by the assumed condition. This proves the claims not only for the system
Λ, but also for Γ since X(Γ) ∼= X(Γ) ⊗ Cp1 ⊆ X(Λ). �

In the next proposition (part (c)) we shall come to the point why cancelling
systems are defined the way they are. The point is that the closure of the image
of every Xe-faithful C∗-representation π of X is the closure of one and the same
unique Fell bundle which is independent of π.

Proposition 2. Let π : X → A be a Xe-faithful C∗-representation. Then
(a) π is isometric on Xe,
(b) π is injective if and only if X satisfies the C∗-property,
(c) π(X) is a topologically G-graded C∗-algebra, since it is the closure of the

G-graded ∗-algebra and Fell bundle
⊕

g∈G π(Xg), which is independent of π, and
(d) the canonical projection Fπ : π(X) → π(Xe) is a contractive conditional

expectation.

Proof. (a) Since Xe is a locally matricial algebra, π is isometric on Xe. (d) The
system Λ = Γ⊗ ΓP satisfies the conditions (A0), (B) and (C) of [2] by Lemma 1.
Write ι : XP → C∗(XP) for the identical embedding. By [2, Lemma 2.6], applied
to the homomorphism π ⊗ ι : X ⊗ XP → A ⊗ C∗(XP), we obtain a canonical
contractive conditional expectation F . Restricting F toX⊗Cp1 yields the desired
conditional expectation Fπ. (c) Let x =

∑
g∈G xg, where xg ∈ Xg. Assume that

π(x) = 0. Then 0 = Fππ(x∗x) =
∑

g π(x∗gxg). Thus π(x∗gxg) = 0 for all g ∈ G,
and so π(xg) = 0 for all g ∈ G. This proves that we have aG-graded algebra π(X).
Since π is faithful on Xe, one has ‖π(yg)‖2π(Xg) = ‖π(y∗gyg)‖π(Xe) = ‖y∗gyg‖Xe

for all g ∈ G, yg ∈ Xg, and so all fibers π(Xg) give the same closure π(Xg)
independent from π. (b) If X satisfies the C∗-property, then (by a computation
as before) π(x) = 0 implies π(x∗gxg) = 0 and so x∗gxg = 0 (since π is faithful on
Xe), and so xg = 0 for all g ∈ G, and so x = 0. �
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Definition. If Γ = (X,A, φ,G) is a cancelling system then we denote by C∗(X)
(or C∗(Γ)) the enveloping C∗-algebra of X, and write πC∗ : X → C∗(X) for the
universal C∗-representation of X.

Note that the enveloping C∗-algebra C∗(X) exists as Xe is a locally matricial
algebra, and so

sup
π

∥∥∥π( ∑
g

xg

)∥∥∥ ≤ sup
π

∑
g

‖π(xg)‖ ≤
∑

g

‖x∗gxg‖1/2
Xe

<∞.

Definition. A cancelling system Γ is called amenable if the universal represen-
tation πC∗ is faithful on Xe and its conditional expectation FπC∗ of Proposition
2.(d) is faithful.

We shall see in the next section that Xe-faithfulness of πC∗ is automatic in
many situations. If πC∗ is faithful on Xe then C∗(X) coincides with the full cross
sectional C∗-algebra C∗(πC∗(X)) (see [7]), where πC∗(X) (by sloppy notation)
denotes the G-graded algebra (or Fell bundle) of Proposition 2.(c). By [8, 1.9],
FπC∗ is faithful if and only if the Fell bundle πC∗(X) is amenable in the sense of
Exel [7, 4.1].

The following proposition follows immediately from the fact that a Fell bundle
over an amenable group is amenable [7, 4.7].

Proposition 3. If G is an amenable group and the universal representation πC∗

is faithful on Xe then the cancelling system is amenable.

Theorem 2.1 (Uniqueness). A cancelling system Γ = (X,A, φ,G) is amenable if
and only if the canonical homomorphism πC∗ from X to the enveloping C∗-algebra
C∗(X) is faithful on Xe, and for any Xe-faithful C∗-representation π : X → A

the induced map ρ : C∗(X) → A is injective.

Proof. If Γ is amenable, the conditions (‘uniqueness’) follow directly from Propo-
sition 2.(c) and [7, 4.2]. To prove the reverse implication, notice that C∗(X) is the
closure C∗(πC∗(X)) of the Fell bundle πC∗(X). Also, there is a homomorphism
ρ : C∗(X) ∼= C∗(πC∗(X)) → C∗

λ(πC∗(X)), the left regular representation intro-
duced in [7]. Since the left regular representation is injective on πC∗(Xe) ∼= Xe,
ρ is injective by assumption. Hence πC∗(X) is an amenable Fell bundle by [7,
4.1]. �

In the next two theorems Γ = (X,A, φ,G) denotes an amenable cancelling
system.
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Theorem 2.2. C∗(X) is purely infinite if and only if each nonzero projection in
Xe is infinite in C∗(X).

Proof. This can be proved in exactly the same way as [4, Theorem 3.2]. �

Theorem 2.3. Assume that X is injectively embedded in C∗(X) (confer Propo-
sition 4). Write Σ for the set of closed two-sided ideals in C∗(X). For any
∗-subalgebra Z of Xe define

ΣZ = {J ∩ Z| J is a two-sided self-adjoint ideal in X}.

(a) If Z = Xe, then ΣZ is a lattice of ideals of Xe and consists exactly of those
two-sided self-adjoint ideals J in Xe which satisfy aJb ⊆ J whenever a, b ∈ W

and φ(a)φ(b) = e.
(b) For every ∗-subalgebra Z of Xe there is an injective map ΦZ : ΣZ → Σ

such that ΦZ(J) is the closed two-sided ideal in C∗(X) generated by J (J ∈ ΣZ),
and conversely, Φ−1

Z (I) = I ∩ Z for a two-sided closed ideal I in C∗(X) in the
image of ΦZ .

Proof. This was proved in [4] (Lemma 4.4 and Theorem 4.6) when G is abelian,
but the proof works also for general G. �

3. Faithful representations

The following useful proposition shows how to convert a cancelling system into
a C∗-cancelling system. In particular, the new X embeds injectively in C∗(X) by
Proposition 2.(b).

Proposition 4. Let Γ = (X,A, φ,G) be a cancelling system. Let J be the two-
sided self-adjoint ideal in X generated by {x ∈

⋃
g∈GXg|x∗x = 0}, and σ :

X → X/J the quotient map. Then ΓC∗ = (σ(X), σ(A), φσ−1, G) is a cancelling
system, σ(X) satisfies the C∗-property, σ|Xe : Xe → σ(Xe) is an isomorphism,
and σ(X) =

⊕
g∈G σ(Xg) is G-graded. Of course, C∗(X) = C∗(σ(X)).

If π : X → A is an Xe-faithful C∗-representation then ker(π) = J .

Proof. In this proof, W,X,Wg and Xg are related to the system Γ.
Step 1. Let v, w ∈W such that σ(v) = σ(w). Then

v − w =
∑
g∈G

∑
i

λg,iαg,ixg,iβg,i
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for some λg,i ∈ C, αg,i, βg,i ∈ W t {1C} and xg,i ∈ Xg such that x∗g,ixg,i = 0.
Assume that φ(v) 6= φ(w). Then, ordering words by their balance, notice that

(1) 0 = w − v +
∑
g,i

λg,iαg,ixg,iβg,i = (w − j1) + (v − j2) + j3

for certain j1, j2, j3 ∈ J such that j1 ∈ Xφ(w), j2 ∈ Xφ(v), j3 ∈ Xµ. An application
of Proposition 1 shows that (w−j1)∗(w−j1) = 0. Thus w−j1 ∈ J and so σ(w) = 0.
This proves that φσ−1 is well defined, and thus ΓC∗ is a balance system.

Step 2. Let w ∈ J ∩Xe. We claim that w ∈ K, where

K = span{αyβ ∈ J ∩Xe |α ∈ Xg1 t {1}, β ∈ Xg2 t {1}, y ∈ Xg3 ,

y∗y = 0, φ(g1)φ(g2)φ(g3) = e}.

Indeed, similarly as in (1) we may choose j1 ∈ K and j2 ∈
⋃

g∈G\{e}Xg such that
w−j1 +j2 = 0. An application of Proposition 1 shows that (w−j1)∗(w−j1) = 0.
Hence w − j1 = 0 since w − j1 ∈ Xe and Xe is a pre-C∗-algebra.

Step 3. We claim that K = {0}. Let j = αyβ ∈ K for α, y, β as described in
the definition of K. Define γ = yββ∗y∗. Then γ∗γ = 0. Thus γ = 0 since γ ∈ Xe.
Then we get jj∗ = αγα∗ = 0. Hence j = 0 since j ∈ Xe.

Step 4. Steps 2-3 show that J ∩ Xe = {0}. First, this proves that σ|
X

(Γ)
e

:

X
(Γ)
e → X

(ΓC∗ )
e is an isomorphism. It is now easy to check that ΓC∗ is a cancelling

system. Second, by the criterion in Proposition 1 this proves that ΓC∗ is a C∗-
cancelling system. Indeed, xg ∈ Xg and σ(xg)∗σ(xg) = 0 imply that x∗gxg ∈
J ∩Xe = {0}, and hence xg ∈ J , and so σ(xg) = 0.

Step 5. Notice that J ⊆ ker(π). On the other hand, if x =
∑

g xg ∈ ker(π),
xg ∈ Xg, then 0 = Fππ(x∗x) =

∑
g π(x∗gxg) by Proposition 2. Hence x∗gxg = 0

for all g since π is faithful on Xe, and so xg ∈ J for all g, and x ∈ J . Hence
J = ker(π). �

Lemma 2. Let X =
⊕

g∈GXg be a G-graded ∗-algebra satisfying the C∗-property
and suppose that Xe is endowed with a C∗-norm. Assume further that for all
y ∈

⋃
g∈GXg there exits My ≥ 0 such that ‖y∗ay‖ ≤My‖a‖ for all a ∈ Xe. Then

there exists a left-regular representation λ : X → C∗
r (X) in the sense of Exel [7]

such that λ is isometric on Xe.

Proof. We follow the approach in [7]. Notice that X is a ‘pre-Hilbert module’
over the pre-C∗-algebra Xe with algebraic operations inherited from X and with
Xe-valued inner product 〈x, y〉 =

∑
g∈G x

∗
gyg for x =

∑
g xg and y =

∑
g yg,

where xg, yg ∈ Xg. By taking the norm closure of Xe, we can copy the usual
proofs for pre-Hilbert modules to show that ‖x‖X = ‖〈x, x〉‖1/2 is a norm on X
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which coincides with the given C∗-norm on Xe, and satisfies ‖xa‖ ≤ ‖x‖‖a‖ and
‖〈x, y〉‖ ≤ ‖x‖‖y‖ for all x, y ∈ X and a ∈ Xe. The completion X of X then
becomes a Hilbert module over Xe. We consider the left regular representation
λ : X → B(X), where λ(x) is determined by λ(x)y = xy (multiplication in X)
for x ∈ Xg and y ∈ X. We will show that λ(x) is bounded, and extend λ(x) to
X by continuity. Take x ∈ Xg, y ∈ X. By Cauchy-Schwartz’s inequality we have

‖xy‖2X = ‖〈xy, xy〉‖Xe = ‖〈y, x∗xy〉‖ ≤ ‖y‖‖x∗xy‖

. . . ≤ ‖y‖‖y‖1/2‖(x∗x)2y‖1/2 ≤ . . . ≤ ‖y‖2−1/(2n)‖(x∗x)2
n

y‖1/(2n).

Since
‖ay‖2 =

∥∥∥∑
g

y∗ga
∗ayg

∥∥∥ ≤ ∑
g

Myg‖a∗a‖

for all a ∈ Xe by assumption, we get ‖xy‖2 ≤ ‖y‖2‖x∗x‖ by letting n tend to
infinity. Hence λ(x) is bounded by ‖x‖ and can be continuously extended to X.
On the other hand, ‖λ(x)x∗‖ = ‖x‖2 for x ∈ Xe. Hence ‖λ(x)‖ = ‖x‖. By
linearity we extend λ to X. �

Definition. The left regular representation of a cancelling system Γ is the com-
position λ ◦ σ of the quotient map σ of Proposition 4 with the left regular repre-
sentation λ : X(ΓC∗ ) → C∗

r (X(ΓC∗ )) of Lemma 2 (recall Proposition 1), provided
that λ of Lemma 2 exists.

Theorem 3.1. The following conditions are equivalent for a cancelling system
Γ = (X,A, φ,G).

(1) ∀y ∈W, ∃My ≥ 0, ∀a ∈ Xe ‖y∗ay‖Xe
≤My‖a‖Xe

.
(2) The left regular representation λ : X → C∗

r (X) exists and is faithful on
Xe.

(3) The universal representation πC∗ of X is faithful on Xe.

Each of the following conditions is sufficient for one of the above conditions.

(4) W ⊆
⋃

g∈G span{x ∈ Xg| x is a partial isometry}.
(5) W consists of partial isometries.

Proof. The implications (2) ⇒ (3) ⇒ (1) and (5) ⇒ (4) are trivial. (1) ⇒ (2):
By Theorem 3.1.(1) we have

(2) ‖y∗az‖ = ‖y∗azz∗a∗y‖1/2 ≤M1/2
y ‖azz∗a∗‖1/2 ≤M1/2

y ‖zz∗‖1/2‖a‖

for all g ∈ G, y, z ∈ Wg and a ∈ Xe. From this, Theorem 3.1.(2) easily follows
from Proposition 1 and Lemma 2 in case that Γ is a C∗-cancelling system. If
Γ is only a cancelling system, then we take the C∗-cancelling system ΓC∗ of
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Proposition 4 instead of Γ and observe that Theorem 3.1.(1) also holds with
respect to ΓC∗ . Then we put λ(Γ) = λ(ΓC∗ )σ, where σ is the quotient map of
Proposition 4.

(4) ⇒ (1): Take g ∈ G and w =
∑n

s=1 αsys ∈ W , where ysy
∗
sys = ys and

αs ∈ C, ys ∈ Xg for all s. Fix s and define y = ys. Choose a finite dimensional C∗-
algebra M⊆ Xe containing yy∗. Enlarge {yy∗} to a maximal abelian subalgebra
S of M. Then choose a self-adjoint system (eij) of matrix units eij ∈M (eij = 0
is allowed) which generates M, and such that (eii)i is the collection of all minimal
projections of S. Then, for all i, either (yy∗)eii = 0 or (yy∗)eii = eii. Put M′ =
yy∗Myy∗. Then, ϕ : M′ → Xe given by ϕ(eij) = y∗eijy is a ∗-isomorphism.
Thus we get ‖y∗ay‖ = ‖y∗yy∗ayy∗y‖ = ‖ϕ(yy∗ayy∗)‖ ≤ ‖a‖ for all a ∈ M,
and consequently for all a ∈ Xe. Thus, by a similar estimate as in (2), we get
‖w∗aw‖ ≤Mw‖a‖ for all a ∈ Xe. �

Using the fact that idempotent partial isometries are automatically self-adjoint,
one easily sees W is an inverse semigroup (so the range and source projections
commute) when W consists of partial isometries. The next corollary immediately
follows from the last theorem and Proposition 3.

Corollary 1. If Γ = (X,A, φ,G) is a cancelling system such that G is an
amenable group and the word set W consists of partial isometries then Γ is
amenable.

Corollary 2. If Γ is a cancelling system and W consists of partial isometries
then there exists an epimorphism A o F → C∗(Γ) of a partial crossed product
Ao F , where A is an abelian C∗-algebra and F is a free group.

Proof. By Proposition 4 and Theorem 3.1 we have an injective homomorphism
X(ΓC∗ ) → C∗(ΓC∗) = C∗(Γ). The claim then follows by [1, Proposition 2.5]. �

4. Cancelling actions

In this section G denotes a discrete group.

Definition. A group action α : G→ Aut(A) on a ∗-algebra A is called cancelling
if for every g in G\{e}, every x in A, and every nonzero projection p in A there
is a nonzero projection q in A such that q ≤ p and qxαg(q) = 0.

If A is locally matricial then α extends to an action on the unique C∗-norm
closure C∗(A) as αg|B : B → αg(B) is an isometric isomorphism for any finite
dimensional sub-C∗-algebra B of A and g ∈ G.
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Lemma 3. An action α is cancelling if there exist a subset B of A which linearly
spans A and a subset P of nonzero projections of A such that for every nonzero
projection in A there is a smaller or equal one in P in Murray–von Neumann
order, and

∀g ∈ G\{e},∀x ∈ B,∀p ∈ P,∃q ∈ P q ≤ p and qxαg(q) = 0.

Proof. By a similar elementary proof as in [2, Lemma 2.4]. �

4.1. Crossed product system. WriteAoalgG for the algebraic crossed product.
Denote by AG the collection of all fibers of Aoalg G, i.e.

AG = {ag ∈ Aoalg G| a ∈ A, g ∈ G}.

Note that AG is a subset of A oalg G which is closed under multiplication and
taking adjoints. Define a function φ : AG→ G by φ(ag) = g. The balance system
(Aoalg G,AG, φ,G) is called a crossed product system.

Proposition 5. For a cancelling action α of an amenable group G on a locally
matricial algebra A, (A oalg G,AG, φ,G) is a cancelling system. That is, there
exists only one C∗-norm on Aoalg G, and

C∗(Aoalg G) = C∗(A) oG.

Even more, A oalg G → C∗(A) o G is the only existing homomorphism in a
C∗-algebra (up to isomorphism) which has dense image and is injective on A.

Proof. This follows from Theorem 2.1. �

4.2. Shift actions on UHF algebras.

Lemma 4. Let G be an infinite group and n ≥ 2. The shift action α on the
algebraic infinite tensor product X =

⊗
g∈GMn(C) is cancelling. (So, αg(eh

ij) =
ehg
ij for 1 ≤ i, j ≤ n, g, h ∈ G and canonical matrix units eh

ij ∈ X.)

Proof. Denote by P the set of nonzero, finite products of diagonal entries eg
ii.

Write B for the set of finite products of matrix entries eg
ij . Let g ∈ G\{e}, p ∈ P

and x ∈ B. Since G is infinite, there exists some s ∈ G such that q = pes
11e

g−1s
22 is

nonzero, and x and es
11e

g−1s
22 commute. Then qxαg(q) = pes

11e
g−1s
22 xαg(p)e

gs
11e

s
22 =

0 since es
11 cancels es

22. Hence by Lemma 3, α is cancelling. �
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4.3. Action on zero-dimensional space. Let T be a locally compact, zero-
dimensional (i.e. having a basis O of clopen sets) Hausdorff space, and θ a
continuous G-action on T . Denote by A the subalgebra of C0(T ) which is linearly
spanned by the characteristic functions of O. Then A is a locally matricial algebra
and C0(T ) = C∗(A). Let α be the G-action on C0(T ) induced by θ, i.e. αg(f) =
f◦θ−1

g . Say that θ is cancelling if α is cancelling. So, by Lemma 3 (for P = B being
the characteristic functions of elements of O), we obtain a tractable condition as
follows:

Lemma 5. θ is a cancelling action if

∀g ∈ G\{e},∀p ∈ O,∃q ∈ O q ⊆ p and q ∩ θg(q) = ∅.

If θ is cancelling then (Aoalg G,AG, φ,G) is a cancelling system, and one has
C∗(Aoalg G) = C0(T ) oα G. If G is amenable, then so is the said system. This
example may also be considered for T just being a Hausdorff space. However,
then A may be a small algebra and C0(T ) 6= C∗(A).

4.4. Shift space. A special case of an action on a zero-dimensional space arises
by a closed subshift (T, σ|T , G) of the full shift (ΩG, σ,G), where Ω denotes a dis-
crete set, and (σg(z))h = z(g−1h) (g, h ∈ G, z ∈ ΩG) the shift action. Denote the
collection of cylinder sets of T (to be precise: the cylinder sets of ΩG intersected
with T ) by Z.

Lemma 6. If the shift T is aperiodic in the sense that for every g ∈ G\{e},
every cylinder set of T contains an element x such that σg(x) 6= x, then the
crossed product system (Aoalg G,AG, φ,G) for T is cancelling.

Proof. The cylinder sets Z are a basis for the topology of T . So it suffices to
check the condition of Lemma 5 for O = Z. Given p ∈ Z, we may choose an x ∈ p
such that σg(x) 6= x. Hence, there is some h ∈ G such that xg−1h 6= xh. Say that
a1 ∈ Ω, h1 ∈ G such that p = {y ∈ T | yh1 = a1} (of course, more coordinates may
be forced). Then q = {y ∈ T | yh1 = a1, yh = xh, yg−1h = xg−1h} is a cylinder set
containing x such that q ∩ σg(q) = ∅. �

4.5. Abelian cancelling systems. In this section we consider an abelian can-
celling system Γ = (X,A, φ,G), that means, G is abelian, and show that (the
stabilization of) C∗(X) can be expressed as a crossed product with a cancelling
action. We may assume that φ(A) generates the whole groupG. By duality theory
for abelian groups there exist a compact subgroup H in TA and an isomorphism
T : G→ Ĥ such that T (φ(a))(λ) = λa for all a ∈ A, λ = (λa)a∈A ∈ H.
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Lemma 7. Γ is isomorphic to ΓH = (X,A, T ◦ φ, Ĥ).

Proposition 6. For an abelian amenable cancelling system (X,A, φ,G) there is
a locally matricial algebra A and a cancelling action α on A such that

C∗(X)⊗K(L2(Ĝ)) ∼= C∗(A) oα G.

Proof. If necessary, we go over to the C∗-cancelling system of Proposition 4
(in order that X is a G-graded algebra), so that there is a well defined gauge
action γ : H → Aut(X) determined by γλ(a) = λaa for λ ∈ H, a ∈ A. We can
then apply [4, Theorem 5.1], which states the claimed isomorphism (which is just
Takai’s duality) and says that A is locally matricial. It remains to show that α is
cancelling.

By the proof of [4, Theorem 5.1], there is a family X = (Xn)n∈G of mutually
orthogonal projections in the multiplier algebra of C∗(A) oα G such that A =
spanB, where

B = {wXn ∈ A|w ∈W,n ∈ G}.
Further, one has Xnw = wXn+φ(w) for all w ∈ W,n ∈ G. The action β is given
by βg(wXn) = wXn+g. Then A allows a locally matricial description, where the
projections on the diagonal of the matrices are in the set

P = {XnvXn| v ∈ P(We), n ∈ G}.

Hence, for any nonzero projection in A there is a smaller or equal one in P in
the Murray–von Neumann order. Let x = wXn in B, and p = XmvXm in P . If
g ∈ G\{e}, then

qxβg(q) = XmvXmwXnXm+gvXm+g = XmvwvXm+φ(w)XnXm+gXm+g.

If qxβg(q) happens to be nonzero then φ(w) = n −m 6= e. In this case we may,
by condition (C’), choose a projection v′ ∈ P(Xe) such that v′ ≤ v and v′wv′ = 0.
Setting q = Xmv

′Xm, we get q ≤ p and qxβg(q) = 0. This proves by Lemma 3
that β is cancelling. �
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