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REPRESENTATIONS OF CROSSED PRODUCTS BY
CANCELLING ACTIONS AND APPLICATIONS

BERNHARD BURGSTALLER

Communicated by Kenneth R. Davidson

ABSTRACT. The algebraic crossed product of a cancelling action of an amenable
group on a locally matricial algebra allows only one faithful C'*-representation.
We give examples, and actually prove a more general uniqueness theorem
for algebraic G-bundles.

1. INTRODUCTION

If G is an amenable group then the full and reduced C*-algebras, C x G and
C %, G, are isomorphic, but usually there exist many different C'*-norms on the
algebraic crossed product C X, G. In contrast, we shall prove the following
uniqueness theorem: if A is a locally matricial x-algebra (i.e. an algebraic direct
limit of finite dimensional C*-algebras), G an amenable group, and « a cancelling
G-action on A (see Section 4) then the canonical map A Xu, G — C*(A) X0 G
is the only existing C'*-representation, up to isomorphism, which is faithful on
A and has dense image, see Proposition 5. In particular, there exists only one
C*-norm on A X, G.

In Section 4.2 we show that the canonical shift action on an infinite tensor
product, indexed by a group, of copies of n x n-matrices is a cancelling action. In
Section 4.3 we give a tractable and sufficient condition when a group action on a
locally compact zero-dimensional space T' gives rise to a cancelling action on (a
dense subalgebra of) Co(T). In Section 4.4 we show that an aperiodic subshift T
of a full shift Q¢ (Q discrete), where G is a group, induces a cancelling action on
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Co(T). Although it does not directly apply to our setting as the circle S* is not a
discrete set, let us remark that subshifts of (S1)¢ for amenable groups G appear,
for instance, in Deninger [5] and Deninger and Schmidt [6]; Schmidt commuted
to us that one may take the same construction as in [6] (see the first paragraph
of the introduction in [6]) but with S! replaced by Z/pZ, p € N.

Actually, we shall consider a somewhat more general setting than cancelling
actions. We start with a x-algebra X generated by an alphabet A, a homomor-
phism ¢ from the set of nonzero words to a (usually amenable) group G, and
show a uniqueness theorem for the universal C*-representation X — C*(X) un-
der some assumptions in Theorem 2.1. The uniqueness is relying on the fact that
a sufficiently injective representation of X in a C*-algebra gives always one and
the same Fell bundle, see Proposition 2; the uniqueness for amenable groups G
follows then from Exel’s work [7] on the amenability of Fell bundles. We fur-
ther state pure infiniteness and ideal structure results in Theorems 2.2 and 2.3,
generalizing effortlessly corresponding known results when the bundle group is
abelian [4]. For an abelian bundle group the stabilization of C*(X) by compact
operators can always be realized as a crossed product by a cancelling action, see
Proposition 6. In Section 3 we show that a (essentially) faithful representation
of X even exists if all words in X are partial isometries, see Theorem 3.1 and
Corollary 1. The core of the proof is relying on a left regular representation of X.
This existence theorem is not obvious in general, but clear for crossed products,
where one is readily provided with the left regular representation.

The Sections 2-3 are technical, and the reader interested in cancelling actions
and examples may directly go to Section 4, after maybe reading the first page of
Section 2 for gathering some notation.

2. AMENABLE CANCELLING SYSTEMS

In this section we will generalize the discussion of [2, Sections 2-3].

In this note, a *-algebra X is an algebra over the complex numbers endowed
with an involution. If A is a set then we denote by F 4 the free nonunital x-algebra
generated by A. If a x-algebra X is generated by a subset A of X as a x-algebra,
then we say that (X,.A) is a system of generators and relations, and write Ix
for the kernel of the canonical epimorphism F4 — X. For a subset M of F 4,
the universal x-algebra generated by A subject to the relations M is the quotient
of F4 by the two-sided selfadjoint ideal generated by M. A projection p in a
x-algebra X is a self-adoint and idempotent element, that is, p = p? = p*, and a
partial isometry s in X satisfies s = ss*s per definition. We introduce the usual
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order p < q & pg = p for projections p,q € X. We write p 3 ¢ for Murray—von
Neumann order in X, that is, when there is a partial isometry s in X such that
p < ss* and s*s = ¢q. If M is a subset of X, then P(M) denotes the set of nonzero
projections in M. We say that X is a G-graded x-algebra if G is a group, X is
a direct sum € e Xy as a vector space, and multiplication and taking adjoints
in X are given in such a way that X, X, C Xy and X; = X1 (9,h € G).
A sx-homomorphism 7 : X — A is called X.-faithful if = is injective on X., and
7 is called a C*-representation if A is a C*-algebra. If X is also endowed with
a norm and the natural projection F' : X — X, is bounded, then X is called
a topologically G-graded *-algebra. Recall that a locally matricial algebra X is a
x-algebra X which is the union of (a net of) finite dimensional C*-algebras. A
x-algebra X satisfies the C*-property [4] if zz* = 0 implies x = 0, for all z € X.
For a system of generators and relations (X, .A), the set of words is

W={a...ap, € X|n>1,0a, € AUA"}.

Definition. The system I' = (X, A, ¢, G) is called a balance system if (X, A) is
a system of generators and relations, G is a discrete group, and ¢ (the balance
function) is a map ¢ : W\{0} — G satisfying ¢(zy) = ¢(x)d(y) and ¢(z*) =
$(z)"" for all @,y,z #0, zy # 0.

In this section I' = (X, A, ¢, G) denotes a balance system. We write W, for
the set of nonzero words in W with balance g (g € G), i.e. w € W, if and only
ifweW, w# 0 and ¢(w) = g. The fiber X, is defined as the linear span of
Wy in X, ie. Xy = span(W,;) C X. A nonzero word w is called zero-balanced
(or neutral-balanced) if ¢(w) = e (the neutral element of G), and otherwise
called nonzero-balanced. If we want to emphasize to which balance system the
distinguished sets refer then we shall write W) X @) Wg(r) and Xg(F) rather than
W, X, W, and X,;. Two balance systems I' = (X, A,¢,G) and A = (Y,B,¢,G)
are said to be isomorphic if there is a *-isomorphism ¢ : X — Y such that
©(X,) =Y, for all g € G. Notice that I' is isomorphic to I'yy = (X, W, ¢, G).

Definition. A balance system I' is called a cancelling system if X, is a locally
matricial algebra and the following condition (C’) is satisfied.

(C’) For every nonzero-balanced word z in W\W, and every nonzero projec-
tion p in X, there is a nonzero projection g in X, such that ¢ < p and
qrq = 0.

If X also satisfies the C*-property then I' is sometimes called a C*-cancelling
system.
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Each of the following conditions is equivalent to (C’) by an elementary argu-
ment which uses Murray-von Neumann equivalence of projections and induction,
see [2, Lemma 2.5] or [3, Lemma 2.3].

(C") Forall x € - (o} Xy and all p € P(X,) there exists ¢ € P(X,) such
that ¢ < p and qzq = 0.

(C*) There exist subsets P C P(X,) and B C X such that for each ¢ € P(X,)
there is a p € P satisfying p 3 ¢ in X,, W\W, C span(B), and for all
x € B,p € P there exists ¢ € P such that ¢ < p and qzq = 0.

Using condition (C”) rather than (C’), one may verify that if A and I' are
isomorphic balance systems, then A is a cancelling system if and only if I" is one.
Given two balance systems I'; = (X, A;, ¢;, G;) we define the tensor product
system I'; @'y = (X7 ® Xa, A1 X Az, 1 @2, G1 X Ga), where (¢1 @ ¢2)(a1 ®ag) =
(¢1(a1), p2(az)).

Balance systems for locally matricial algebras were also considered in [2, Section
2], though they were not called this way, but subsumed under two conditions
called (Ag) and (B). The algebra X is always written as a quotient F4/Ix = X
in [2]. There appears a further property (C) in [2] which is stronger than (C’). It
states that for all nonzero-balanced words x € W and all p, p;,ps € P(X,) there
are smaller projections ¢ < p,q1 < p1,¢2 < py in P(X,) such that gzg = 0 and
q1zq2 = 0.

Definition. Define I'p = (Xp, P, ¢p, {e}) to be the cancelling system given by
the formal alphabet P = {p1c,,...c.|n > 1,¢ € {1,2}} and the universal x-
algebra Xp generated by P subject to the relations p = p? = p*, pg = qp, p1p = p
and P1.cy.....cn = Plicar.end + Plica.....cn2 for all p,g € P and all ¢; € {1,2}. In
other words, P forms a kind of tree consisting of commuting projections which
are mutually either orthogonal or comparable.

The following lemma was proven in [3, Theorem 2.1] when G is an abelian
group, but the proof works in the same way for non-commutative G.

Lemma 1. T'® I'p is a cancelling system and satisfies condition (C).

In the next proposition we prove that X is a G-graded x-algebra when it
satisfies the C*-property, and show how we can test the C*-property.

Proposition 1. (a) Ifx =} ;x4 (x4 € Xg) is an elements of X and 2"z =0
then xyzy =0 for all g € G.

(b) If x*x implies x = 0 for all fiber elements x € U,cq Xy then X satisfies
the C*-property.
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(¢) If X satisfies the C*-property then X is the G-graded %-algebra X =2
®QGG Xg‘

PROOF. The system A = I' ® I'p satisfies conditions (Ag), (B) and (C) of [2]
by Lemma 1. So assume z € X and y = z*z = 0. Write y = deG yg for

Yg € XéA). By [2, Proposition 2] we may choose @ € Xe(A) such that QyQ = Qy.Q
and Qy.Q is nonzero if y. is nonzero. Thus, since Qy@Q = 0, yo = 0. Hence
Yo = EgeG zyrg = 0, and so zyzy, = 0 for all g € G, and thus z, = 0 for all
g € G by the assumed condition. This proves the claims not only for the system
A, but also for I since X =~ X(I) @ Cp; € XA, O

In the next proposition (part (c)) we shall come to the point why cancelling
systems are defined the way they are. The point is that the closure of the image
of every X-faithful C*-representation m of X is the closure of one and the same
unique Fell bundle which is independent of 7.

Proposition 2. Let m: X — A be a X.-faithful C*-representation. Then

(a) 7 is isometric on X,

(b)  is injective if and only if X satisfies the C*-property,

(c) m(X) is a topologically G-graded C*-algebra, since it is the closure of the
G-graded *-algebra and Fell bundle @gecﬂ Xg), which is independent of w, and

(d) the canonical projection Fy : m(X) — w(X,) is a contractive conditional
expectation.

PROOF. (a) Since X, is a locally matricial algebra, 7 is isometric on X. (d) The
system A = I' ® I'p satisfies the conditions (Ag), (B) and (C) of [2] by Lemma 1.
Write ¢ : Xp — C*(Xp) for the identical embedding. By [2, Lemma 2.6], applied
to the homomorphism 7 ® ¢ : X ® Xp — A ® C*(Xp), we obtain a canonical
contractive conditional expectation F. Restricting F' to X ® Cp; yields the desired
conditional expectation Fr. (c) Let x =3 o x4, where 25 € X;. Assume that
m(z) = 0. Then 0 = Frr(z*z) = 3, m(zjzg). Thus m(zjz,) = 0 for all g € G,
and so 7(z,4) = 0 for all ¢ € G. This proves that we have a G-graded algebra 7(X).

Since 7 is faithful on X,, one has ||7T(yg)||fr(Xg) = ||7T(y;yg)||,r(xe) = ||y;yg||xe

for all ¢ € G,y, € X,, and so all fibers 7(X,) give the same closure 7(X})
independent from m. (b) If X satisfies the C*-property, then (by a computation
as before) m(x) = 0 implies 7(z;x,) = 0 and so zjz, = 0 (since 7 is faithful on
X.), and so z, =0 for all g € G, and so z = 0. O
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Definition. If I' = (X, A, ¢, G) is a cancelling system then we denote by C*(X)
(or C*(T")) the enveloping C*-algebra of X, and write mo+ : X — C*(X) for the
universal C*-representation of X.

Note that the enveloping C*-algebra C*(X) exists as X, is a locally matricial
algebra, and so

. n1/2
supHﬂ( E ch)H < sup g [7(xq)| < E ||az:ga:g||X/e < 0.
T T
g g

g

Definition. A cancelling system I' is called amenable if the universal represen-
tation 7o~ is faithful on X, and its conditional expectation Fy . of Proposition
2.(d) is faithful.

We shall see in the next section that X,.-faithfulness of mo« is automatic in
many situations. If wo- is faithful on X, then C*(X) coincides with the full cross
sectional C*-algebra C*(mex (X)) (see [7]), where mo+(X) (by sloppy notation)
denotes the G-graded algebra (or Fell bundle) of Proposition 2.(c). By [8, 1.9],
Fr. is faithful if and only if the Fell bundle ¢+ (X)) is amenable in the sense of
Exel [7, 4.1].

The following proposition follows immediately from the fact that a Fell bundle
over an amenable group is amenable [7, 4.7].

Proposition 3. If G is an amenable group and the universal representation me+
is faithful on X, then the cancelling system is amenable.

Theorem 2.1 (Uniqueness). A cancelling system T’ = (X, A, ¢, G) is amenable if
and only if the canonical homomorphism wo« from X to the enveloping C*-algebra
C*(X) is faithful on X., and for any X.-faithful C*-representation = : X — A
the induced map p : C*(X) — A is injective.

Proor. IfT'is amenable, the conditions (‘uniqueness’) follow directly from Propo-
sition 2.(c) and [7, 4.2]. To prove the reverse implication, notice that C*(X) is the
closure C*(me+(X)) of the Fell bundle e+ (X). Also, there is a homomorphism
p: C*(X) = C*(me-(X)) — C5(me+ (X)), the left regular representation intro-
duced in [7]. Since the left regular representation is injective on mo=(X,) = X,
p is injective by assumption. Hence 7o+ (X) is an amenable Fell bundle by [7,
41]. O

In the next two theorems I' = (X, A, ¢, G) denotes an amenable cancelling
system.
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Theorem 2.2. C*(X) is purely infinite if and only if each nonzero projection in
X, is infinite in C*(X).

PROOF. This can be proved in exactly the same way as [4, Theorem 3.2]. O

Theorem 2.3. Assume that X is injectively embedded in C*(X) (confer Propo-
sition 4). Write ¥ for the set of closed two-sided ideals in C*(X). For any
x-subalgebra Z of X. define

Yz ={JNZ|J is a two-sided self-adjoint ideal in X}.

(a) If Z = X,, then Xz is a lattice of ideals of X. and consists exactly of those
two-sided self-adjoint ideals J in X, which satisfy aJb C J whenever a,b € W
and ¢(a)o(b) = e.

(b) For every x-subalgebra Z of X, there is an injective map @z : ¥z — X
such that ®z(J) is the closed two-sided ideal in C*(X) generated by J (J € ¥z),
and conversely, ®,"(I) = I N Z for a two-sided closed ideal I in C*(X) in the
image of ®.

PRrROOF. This was proved in [4] (Lemma 4.4 and Theorem 4.6) when G is abelian,
but the proof works also for general G. O

3. FAITHFUL REPRESENTATIONS

The following useful proposition shows how to convert a cancelling system into
a C*-cancelling system. In particular, the new X embeds injectively in C*(X) by
Proposition 2.(b).

Proposition 4. Let ' = (X, A, ¢,G) be a cancelling system. Let J be the two-
sided self-adjoint ideal in X generated by {x € UgeG Xglz*z = 0}, and o :
X — X/J the quotient map. Then Do« = (0(X),0(A), 01, G) is a cancelling
system, o(X) satisfies the C*-property, o|x, : X — o0(X.) is an isomorphism,
and 0(X) = D cq 0(Xy) is G-graded. Of course, C*(X) = C*(o(X)).

Ifm: X — A is an X.-faithful C*-representation then ker(mw) = J.

PRrOOF. In this proof, W, X, W, and X, are related to the system I'.
Step 1. Let v,w € W such that o(v) = o(w). Then

v-w= E E :/\gﬂ'agw'xgﬂﬂg,i

geG i
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for some Ay ; € C, oy, 85 € WU {lc} and z,; € X, such that z} ,2,,; = 0.
Assume that ¢(v) # ¢(w). Then, ordering words by their balance, notice that

(1) O=w—-v+ Z Ag,iCg,iTg,iBgi = (W — j1) + (v — j2) + J3
g5t
for certain ji, j2, j3 € J such that j1 € Xy, J2 € Xg(v),J3 € X, An application
of Proposition 1 shows that (w—j1)*(w—j1) = 0. Thus w—j; € J and so o(w) = 0.
This proves that ¢o~! is well defined, and thus I'c- is a balance system.
Step 2. Let w € JN X.. We claim that w € K, where

K = span{ayfeJnNX.|ae X, U{l},0e X, U{l},yeX,,
y'y =0,0(g1)0(92)0(g3) = e}-

Indeed, similarly as in (1) we may choose j; € K and j3 € UgeG\{e} X, such that
w—j1+j2 = 0. An application of Proposition 1 shows that (w—ji)*(w—j;) = 0.
Hence w — j; = 0 since w — j; € X, and X, is a pre-C*-algebra.

Step 3. We claim that K = {0}. Let j = ayf € K for «,y, 5 as described in
the definition of K. Define v = y33*y*. Then v*y = 0. Thus v = 0 since v € X,.
Then we get 757 = aya™ = 0. Hence 57 = 0 since j € X,.

Step 4. Steps 2-3 show that J N X, = {0}. First, this proves that O'|Xér) :
Xér) — Xérc*) is an isomorphism. It is now easy to check that I'c+ is a cancelling
system. Second, by the criterion in Proposition 1 this proves that I'c« is a C*-
cancelling system. Indeed, z, € X, and o(zy)*o(x,) = 0 imply that xjz, €
J N X, = {0}, and hence z, € J, and so o(z4) = 0.

Step 5. Notice that J C ker(m). On the other hand, if x = }_ z, € ker(m),
zg € Xg, then 0 = Frm(z*x) = 3 w(xyxg) by Proposition 2. Hence zjz, = 0
for all g since 7 is faithful on X., and so x4, € J for all g, and € J. Hence
J = ker(m). O

Lemma 2. Let X = @gGG Xy be a G-graded *-algebra satisfying the C*-property
and suppose that X. is endowed with a C*-norm. Assume further that for all
y € Uyeq Xg there exits My > 0 such that |ly*ay| < Myllal| for all a € X.. Then
there exists a left-reqular representation X : X — Cf(X) in the sense of Exel [T]
such that X is isometric on X,.

PROOF. We follow the approach in [7]. Notice that X is a ‘pre-Hilbert module’
over the pre-C*-algebra X, with algebraic operations inherited from X and with
Xe-valued inner product (z,y) = > cqagyy for © = 3 xg and y = 3 vy,
where z4,y, € X,;. By taking the norm closure of X, we can copy the usual
proofs for pre-Hilbert modules to show that ||z||x = |(x,z)||*/? is a norm on X
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which coincides with the given C*-norm on X,, and satisfies ||za|| < ||z]|||a| and
I{z, )| < ||z|||ly|| for all z,y € X and @ € X.. The completion X of X then
becomes a Hilbert module over X,. We consider the left regular representation
A X — B(X), where A(x) is determined by \(z)y = zy (multiplication in X)
for € Xy and y € X. We will show that A(z) is bounded, and extend A(x) to
X by continuity. Take x € X ¢,y € X. By Cauchy-Schwartz’s inequality we have

lzyllx = ey, 2 llx. = Iy, " 2m)|l < lyllla*zy]
S Dl 2 )2yl <<y P D) ) .

Since

lagll® = | - wga*ays|| < - My, lla*al
g g

for all @ € X, by assumption, we get ||zy|? < ||y||?|[z*z| by letting n tend to
infinity. Hence A(x) is bounded by ||z|| and can be continuously extended to X.
On the other hand, ||A(z)z*|| = ||z||? for # € X.. Hence ||A(z)|| = |z|. By
linearity we extend A to X. O

Definition. The left reqular representation of a cancelling system I' is the com-
position A o g of the quotient map o of Proposition 4 with the left regular repre-
sentation A : X('e*) — C*(XTe)) of Lemma 2 (recall Proposition 1), provided
that A of Lemma 2 exists.

Theorem 3.1. The following conditions are equivalent for a cancelling system
I'=(X,4,¢,G).

(1) Vy e W, 3M,, > 0,Va € Xe  [ly*aylx. < Myllal|x.-

(2) The left regular representation A : X — C*(X) ewxists and is faithful on

X..

(3) The universal representation o« of X is faithful on X,.
Each of the following conditions is sufficient for one of the above conditions.

(4) W C U, eqspan{z € X,| z is a partial isometry}.

(5) W consists of partial isometries.

PROOF. The implications (2) = (3) = (1) and (5) = (4) are trivial. (1) = (2):
By Theorem 3.1.(1) we have
()l azll = lly"azz"a"yll* < My 2llazz"a”|V? < M2 2272 fa

for all g € G, y,z € W, and a € X.. From this, Theorem 3.1.(2) easily follows
from Proposition 1 and Lemma 2 in case that I' is a C-cancelling system. If
I" is only a cancelling system, then we take the C*-cancelling system I'c~ of



10 B. BURGSTALLER

Proposition 4 instead of I' and observe that Theorem 3.1.(1) also holds with
respect to T'e«. Then we put A1) = XTc*)g where o is the quotient map of
Proposition 4.

(4) = (1): Take g € G and w = Y., a,ys € W, where y,yiy, = y, and
as € C,y, € X, for all s. Fix s and define y = y,. Choose a finite dimensional C*-
algebra M C X, containing yy*. Enlarge {yy*} to a maximal abelian subalgebra
S of M. Then choose a self-adjoint system (e;;) of matrix units e;; € M (e;; =0
is allowed) which generates M, and such that (e;;); is the collection of all minimal
projections of S. Then, for all i, either (yy*)e;; = 0 or (yy*)es; = €. Put M’ =
yy*Myy*. Then, ¢ : M’ — X, given by ¢(e;;) = y*e;;y is a *-isomorphism.

Thus we get [ly*ayll = [ly*yy ayy*yll = lle(yy ayy™)ll < [la] for all a € M,
and consequently for all a € X,. Thus, by a similar estimate as in (2), we get
[[w*aw| < My ||al for all a € X,. O

Using the fact that idempotent partial isometries are automatically self-adjoint,
one easily sees W is an inverse semigroup (so the range and source projections
commute) when W consists of partial isometries. The next corollary immediately
follows from the last theorem and Proposition 3.

Corollary 1. If T = (X, A,¢,G) is a cancelling system such that G is an
amenable group and the word set W consists of partial isometries then T is
amenable.

Corollary 2. If T" is a cancelling system and W consists of partial isometries
then there exists an epimorphism A x F — C*(T') of a partial crossed product
A X F, where A is an abelian C*-algebra and F is a free group.

PRrooOF. By Proposition 4 and Theorem 3.1 we have an injective homomorphism
XTe*) - C*(Tg+) = C*(T). The claim then follows by [1, Proposition 2.5]. O
4. CANCELLING ACTIONS

In this section G denotes a discrete group.

Definition. A group action o : G — Aut(A) on a x-algebra A is called cancelling
if for every g in G\{e}, every x in A, and every nonzero projection p in A there
is a nonzero projection ¢ in A such that ¢ < p and gza,(g) = 0.

If A is locally matricial then « extends to an action on the unique C*-norm
closure C*(A) as a4|p : B — a4(B) is an isometric isomorphism for any finite
dimensional sub-C*-algebra B of A and g € G.
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Lemma 3. An action « is cancelling if there exist a subset B of A which linearly
spans A and a subset P of nonzero projections of A such that for every nonzero
projection in A there is a smaller or equal one in P in Murray—von Neumann
order, and

Vge G\{e},Yx e B,Vpe P,3ge P q<p and qroy(q) =0.

PROOF. By a similar elementary proof as in [2, Lemma 2.4]. O

4.1. Crossed product system. Write Ax ;G for the algebraic crossed product.
Denote by AG the collection of all fibers of A x4, G, i.e.

AG ={ag € Axa,Glac A, g e G}.

Note that AG is a subset of A X, G which is closed under multiplication and
taking adjoints. Define a function ¢ : AG — G by ¢(ag) = g. The balance system
(A Xa G, AG, ¢, Q) is called a crossed product system.

Proposition 5. For a cancelling action « of an amenable group G on a locally
matricial algebra A, (A Xas G, AG, ¢,G) is a cancelling system. That is, there
exists only one C*-norm on A Xy, G, and

C*(A a1z G) = C*(A) x G.

Even more, A Xa5 G — C*(A) x G is the only existing homomorphism in a
C*-algebra (up to isomorphism) which has dense image and is injective on A.

PRrROOF. This follows from Theorem 2.1. O

4.2. Shift actions on UHF algebras.

Lemma 4. Let G be an infinite group and n > 2. The shift action a on the
algebraic infinite tensor product X = @, Mn(C) is cancelling. (So, ozg(e?j) =

e?jg for1<i,j <n,g,h € G and canonical matriz units ezhj €X.)

PROOF. Denote by P the set of nonzero, finite products of diagonal entries e?,.

Write B for the set of finite products of matrix entries ef;. Let g € G\{e},p € P
—1
and x € B. Since G is infinite, there exists some s € G such that ¢ = pej;edy ° is

—1 —1
nonzero, and x and e§;ed, * commute. Then qray(q) = pejied, “zag(p)elies, =
0 since ef; cancels e3,. Hence by Lemma 3, « is cancelling. (]
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4.3. Action on zero-dimensional space. Let T be a locally compact, zero-
dimensional (i.e. having a basis O of clopen sets) Hausdorff space, and 0 a
continuous G-action on T'. Denote by A the subalgebra of Cy(T") which is linearly
spanned by the characteristic functions of O. Then A is a locally matricial algebra
and Co(T) = C*(A). Let a be the G-action on Cy(T') induced by 0, i.e. agy(f) =
foeg_l. Say that 6 is cancelling if a is cancelling. So, by Lemma 3 (for P = B being
the characteristic functions of elements of O), we obtain a tractable condition as
follows:

Lemma 5. 6 is a cancelling action if
Vge G\{e},Vp€ 0,3g€ O qCp and ¢gNby(q) =0.

If 6 is cancelling then (A Xa; G, AG, ¢, G) is a cancelling system, and one has
C*(A a5 G) = Co(T) x4 G. If G is amenable, then so is the said system. This
example may also be considered for 7' just being a Hausdorff space. However,
then A may be a small algebra and Cy(T) # C*(A).

4.4. Shift space. A special case of an action on a zero-dimensional space arises
by a closed subshift (T, o|r, G) of the full shift (2%, o, G), where Q denotes a dis-
crete set, and (04(2))n = 2(g71h) (g9, h € G, z € QF) the shift action. Denote the
collection of cylinder sets of T' (to be precise: the cylinder sets of Q¢ intersected
with T') by Z.

Lemma 6. If the shift T is aperiodic in the sense that for every g € G\{e},
every cylinder set of T' contains an element x such that o4(x) # x, then the
crossed product system (A a1 G, AG,¢,G) for T is cancelling.

PROOF. The cylinder sets Z are a basis for the topology of T. So it suffices to
check the condition of Lemma 5 for O = Z. Given p € Z, we may choose an x € p
such that o4(z) # 2. Hence, there is some h € G such that x,-1j, # xj,. Say that
a1 € Q,hy € G such that p = {y € T|yp, = a1} (of course, more coordinates may
be forced). Then ¢ = {y € T|yn, = a1,yn = Th,Yg-11, = T4-15} is a cylinder set
containing z such that ¢ Noy(q) = 0. O

4.5. Abelian cancelling systems. In this section we consider an abelian can-
celling system I' = (X, A, ¢, G), that means, G is abelian, and show that (the
stabilization of) C*(X) can be expressed as a crossed product with a cancelling
action. We may assume that ¢(A) generates the whole group G. By duality theory
for abelian groups there exist a compact subgroup H in T and an isomorphism
T : G — H such that T(¢(a))(A\) = A for all a € A, X = (A\g)aca € H.



CROSSED PRODUCTS BY CANCELLING ACTIONS 13

Lemma 7. T is isomorphic to Ty = (X, A, T o ¢, I;T)

Proposition 6. For an abelian amenable cancelling system (X, A, ¢, G) there is
a locally matricial algebra A and a cancelling action o on A such that

C*(X) @ K(L*(G)) = C*(A) x4 G.

PROOF. If necessary, we go over to the C*-cancelling system of Proposition 4
(in order that X is a G-graded algebra), so that there is a well defined gauge
action v : H — Aut(X) determined by ~vy(a) = Aa for A € H,a € A. We can
then apply [4, Theorem 5.1], which states the claimed isomorphism (which is just
Takai’s duality) and says that A is locally matricial. It remains to show that « is
cancelling.

By the proof of [4, Theorem 5.1], there is a family X = (X, )neq of mutually
orthogonal projections in the multiplier algebra of C*(A) x, G such that A =
spanB, where

B={wX, € Alw e W,n € G}.

Further, one has X,,w = wX,, 4(,) for all w € W,n € G. The action 3 is given
by B4(wX,) = wX, 4. Then A allows a locally matricial description, where the
projections on the diagonal of the matrices are in the set

P={X,vX,|vePW,),n e G}

Hence, for any nonzero projection in A there is a smaller or equal one in P in
the Murray—von Neumann order. Let x = wX,, in B, and p = X,,vX,, in P. If
g € G\{e}, then

q234(q) = Xm0 XpnwXn Xy g0 Xmyg = X000 X4 o (w) XnXmtg Xmag-

If gz54(q) happens to be nonzero then ¢(w) = n —m # e. In this case we may,
by condition (C’), choose a projection v' € P(X,) such that v" < v and v'wv’ = 0.
Setting ¢ = X,,v' X,,, we get ¢ < p and gz34(q) = 0. This proves by Lemma 3
that 3 is cancelling. O
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