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Abstract

A semimultiplicative set G is a set which has a partially defined
associative multiplication. We associate a reduced C*-algebra C}(G)
to G and define reduced crossed products A x G. Moreover, we intro-
duce a G-equivariant K K-theory and show the existence of a Kasparov
product.

1 Introduction

In this work we introduce and analyze some rudiments of semimultiplica-
tive sets in connection with C*-algebras. Semimultiplicative sets appear
in [1], and the somewhat stronger notion of a semigroupoid is due to Exel
[3]. A semimultiplicative set G is a set which is endowed with a partially
defined associative multiplication (Definition 1). That means we allow, as
in groupoids, that a product xy may or may not be defined. When G is a
group then there exists a left regular representation \ : G — B(¢%(G)). In
a similar way we define a left regular representations for semimultiplicative
sets G (Definition 2), thereby canceling all invalid multiplications in G. This
concept can also be used to define a reduced product A x, G for any left
G-C*-algebra A, that is, a C*-algebra A which is endowed with a morphism
a: G — End(A). (Technically, one uses the right regular representation in
this case.)

In the second and final part of this work we focus on the K-theory of
G-C*-algebras. We introduce a G-equivariant K K-theory K K¢ (A, B) (Def-
initions 16, 17 and 22) for Hilbert C*-algebras A, B and discrete countable
semimultiplicative sets G. A Hilbert C*-algebra A is a C*-algebra which is
endowed with a left action G — End(A) and a right action G — End(A)
under which A become a G-Hilbert A-module in the natural way. When
G happens to be a group, then any G-C*-algebra is a Hilbert C*-algebra
and our equivariant K K-theory has a similarity to Kasparov’s equivariant
K K-theory for discrete groups G, the difference being that the underlying
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G-actions on Hilbert modules need not be full but degenerate (a “unit prob-
lem” so to say), see Lemma 7 and its preceding paragraph for the details.
Our main work is to prove the existence of a Kasparov product for K K¢
(Theorems 2 and 3), and to show its functoriality and associativity (Section
7).

An ongoing study of continuous semimultiplicative sets and their crossed
products seems to be necessary to find the right continuity assumptions
in KK, and actually we aim to continue our investigation in this direc-
tion. Kasparov’s equivariant K K-theory [7] was generalized by Le Gall for
groupoids G in [11] and [12], see also Tu [15] for an overview. Since discrete
semimultiplicative sets generalize discrete groupoids it is tempting to com-
pare Le Gall’s theory with ours when G is a groupoid (though there seems
to be an obvious difference already in the group case), but we will not go
into that in this paper.

We give a brief overview of this paper. The Sections 2 and 3 are dedicated
to semimultiplicative sets, some of their basic examples, and their crossed

products. In Sections 4-6 we introduce K K% (A, B) (cycles divided out by
operator equivalence) for left G-C*-algebras A, B and prove the existence of

a Kasparov product for K K. By definition we require a left and a right G-
action for Hilbert modules, though, we are only provided with a left action
for the C*-algebras. This anomaly turns out to be a weak point in the theory,
with bad functorial properties, whence in the last Section 7 we consider
KKC(A, B) exclusively for Hilbert C*-algebras A and B. Comparing the
category of G-C*-algebras and Hilbert C*-algebras, the latter one seems
be the “smooth” one when working in KK© (at least in the approaches
presented here). In the K K-theory part of this paper we closely follow
Kasparov’s exposition in [8] and Skandalis’ paper [14]. This sometimes goes
without saying. Influencing in general was also Valette’s book [16], which is
also recommendable as an introduction to K K-theory.

2 Semimultiplicative sets

Definition 1 A semimultiplicative set G is a set which is endowed with
a partially defined associative multiplication, that is, there exists a subset
G® C G'x @G and a multiplication G® — G, (a,b) — ab such that whenever
(ab)c or a(be) is defined then both (ab)c and a(bc) are defined and are equal.

If one also requires in the last definition that (ab)c is defined when-
ever both ab and bc are defined then one would speak of a semigroupoid,
see Exel [3]. Let Ly denote the left multiplication operator on G, that is,
Ly(h) = gh for g,h € G. Its domain is {h| gh is defined}. Write R, for the
right multiplication operator. We say that G has injective left (resp. right)
multiplication if Ly (resp. Ry) is injective for all g € G. We write (eg)q4ec



for the canonical base in £2(G).

Definition 2 Assume that G has injective left multiplication. The left reg-
ular representation of G is the map \ : G — B({*(G)) given by

)\g( Z aheh) = Z QhCgh,

heG heG, gh is defined

where aj, are scalars in C. The C*-subalgebra of B(¢?(G)) generated by
AQ) is called the reduced C*-algebra of G and denoted by C(G).

Analogously, for G with injective right multiplication we can define a
right regular representation p : G — B(¢*(G)) in the obvious way.

We are going to give some simple examples of semimultiplicative sets.
Clearly, groups, groupoids, semigroups, semigroupoids and multiplicative
sets are semimultiplicative sets. If R is a ring then R\{0} is a semimulti-
plicative set under multiplication (however not a semigroupoid in general).
The set of natural numbers under addition is a semimultiplicative set (and
semigroup), and its reduced C*-algebra is the Toeplitz algebra.

If A is a higher rank graph [9], that is one has a degree map d mapping
A in NF| then the truncated graph ASN) = {a¢ € S|d(a) < N} is a semi-
multiplicative set (that is, a product ab is defined if and only if d(ab) < N)
which has injective left multiplication. This is not a semigroupoid.

For N > 0, the real interval [0, N] is a semimultiplicative set (but not a
semigroupoid) under addition. That means, we let the composition a o b be
defined if and only if a + b € [0, N], and in this case we put aob = a + b.
More generally, the interval [0, N - 1] in a C*-algebra is a semimultiplicative
set.

Take the non-negative reals Ry and the compact interval [0, N] of reals
whose elements are formally written as tu for ¢ € [0, N]. Then R4 U [0, N]
is a semimultiplicative set (but not a semigroupoid) under the composition
aob = a+bif both a and b are in Ry, and aoby = (a+b)uifa € Ry, b € [0, N]
and a + b < N. Other compositions are not allowed.

If G is a semimultiplicative set with injective multiplication, and X is
the left regular representation, then the set of nonzero words in the letters
AMG) UX(G)* is a semimultiplicative set G*). Though one is now provided
with a left inverse A(s)* for A(s), in general G*) need not to be a groupoid,
see the next examples.

Consider the two graphs

o 'Y} [ Yo
oC od oh — .CT> od



Assume the left graph is realized in a C*-algebra where a, b, ¢, d are mutually
orthogonal projections, and g, h are partial isometries with source and range
projections as indicated in the diagram (s(g) = a +b,7(9) = c+d). Let G
be the semimultiplicative set which consists of all nonzero products in the
letters {a, b, s, 7, g, h}. Then G is not a semigroupoid since ga # 0 and hg # 0
but hga = 0. The semimultiplicative set G associated to the right graph
has injective left multiplication and is a semigroupoid but not a groupoid,
as naturally choosing the source and range maps causes a problem: the
composition ha exists but s(h) = a + ¢ # a = r(a).

Take a semimultiplicative set G and a family (G;);c; of copies of G.
Set H = | |;c; G; and write m; : G — G for the canonical bijection. We
define a multiplication on H by m;(x)m;(y) = m;(zy) for all x,y € G,i,j € I
and whenever zy is defined. Then H is a semimultiplicative set which has
injective left multiplication if G does so. The left regular representation A,
however, is not injective, as Ly, (z) = L, (x) for all x € G,i,j € 1.

Though the emphasis of this paper lies on discrete semimultiplicative
sets, we will give one continuous example. Take the real intervall [0, N] as
our semimultiplicative set G as described above. The formal convolution

axb= “/ a(s)dsds/ b(t)d.dt”
[0,N] [0,N]

leads us to the convolution product

(axb)(t) = /0 a(s)b(t — s)ds.

It is straightforward to check that this convolution product is associative.
So the continuous left regular representation A : C(G) — B(L?[0, N]) given
by A(f) = f x g for g € L?[0, N] yields a reduced C*-algebra C}(G) =
C*(AM(C(G))) associated to the continuous semimultiplicative set G.

3 Crossed products

For the rest of this paper G denotes a semimultiplicative set, which is occa-
sionally regarded as a discrete topological set.

Definition 3 A morphism (resp. antimorphism) o : G — H between two
semimultiplicative sets G and H is a map satisfying o(gh) = o(g)o(h) (resp.
o(gh) = a(h)a(g)) for all (g,h) € G@.

Definition 4 If X is a linear space then a left (resp. right) linear action
a on X is a morphism (resp. antimorphism) « : G — L(X), where L(X)
denotes the set of linear maps on X. If X is a C*-algebra then an action
a on X is a linear action on X such that a(g) is a *-homomorphism for all
g € G. In this case we call X a left (resp. right) G-C*-algebra.



Definition 5 A left action of a semimultiplicative set G on a set X is given
by a subset (G x X)® C G x X and a multiplication (G x X)? — X,
(g,x) — gz such that (gh)x is defined if and only if g(hx) and gh is defined,
and then (gh)x = g(hz), for all g,h € G,z € X.

Example 1 (a) Suppose G has injective left multiplication, and X is a
discrete set endowed with a left action by G. We obtain a right G-action on
the C*-algebra Cp(X) by letting

(fg)(x) = 1{990 is deﬁned}f(gx)

for f € Cy(X) and g,x € G. Similarly, a left action on Cy(X) is given by

(9f)(gz) = f(z), (9f)(y) =0if y # gx.

(b) Analogously, if G has injective right multiplication and X has a right
G-action then Cy(X) is a left and right G-C*-algebra by

(gf)(a:) = 1{909 is deﬁned}f(xg)a
(f9)(xzg) = f(z), (f9)(y) =0ify# zg.

Definition 6 Assume that G has injective left multiplication. Suppose that
A is a C*-algebra which is endowed with a right G-action and which is
essentially represented on a Hilbert space H. Let U : G — B({?(G, H)) and
the C*-representation 7 : A — B(¢2(G, H)) be given by

m(a)(&en) = ((ah)§)en,
Ug(Een) = 1{gh is deﬁned}geghv
where e, stands for the function h — 1§ (9,h € G,€ € H,a € A).

Then the reduced crossed product G x,. A is defined as the C*-subalgebra of
B(?(G, H)) generated by Ugm(A) = {Uyn(a)|a € A, g € G}.

Definition 7 Assume that G has injective right multiplication. Suppose
that A is a left G-C*-algebra essentially represented on H. Let V.U : G —
B(*(G,H)) and 7 : A — B({*(G, H)) be given by

m(a)(&en) = ((ha)d)en,
Vy(&en) = 1{hg is deﬁned}gehg’ Ug =V,

(9,h € G,§£ € Hya € A). Then the reduced crossed product A x, G is defined
as the C*-subalgebra of B(¢?(G, H)) generated by m(A)Ug = {r(a)Uy|a €
A g€ G}.



If A = C and the action of G on C is trivial, that is, ag = a for all
a € A, g € G, then the reduced C*-algebra C(G) coincides with the reduced
crossed product G, C. If 7’/ : A — B(H') is another essential representation
then a canonical unitary W : £2(G, H) — £%(G, H') shows that the definition
of the reduced product does not depend on the representation m up to *-
isomorphism.

Definition 8 A left action of G on a Hilbert space H is a morphism U :
G — B(H) such that each U, is a partial isometry (¢ € G). We call H
with such an action U a (left) G-Hilbert space. The action is called strong
it U,U}, = 0 for all undefined compositions gh.

Definition 9 If A is a right G-C*-algebra and H a left G-Hilbert space,
then a *-homomorphism 7 : A — B(H) is called equivariant if

U,Ugm(ag) = Ugn(a)Uy, m(a)U,Uy = UgUym(a), m(a)Us;Uy = U Ugm(a)

forall a € A, g € G. If the action on A is from the left then the first identity
has to be replaced by U,U;m(ga) = Ugm(a)U;.

It is easily verified that 7 of Definition 6 is an equivariant representation,
and the action U on £2(G, H) is strong. If the action on A satisfies (ag)h = 0
for all a € A whenever gh is not defined (g,h € G) then one would have
U m(a)Uy = m(ag) for all a € A,g € G for the representation of Definition
6. However, this requirement is too restrictive for us as we also want to
consider the trivial action on C.

The next lemma links convolution algebras and equivariant representa-
tions.

Lemma 1 Endowing C.(G, A) with the convolution product given by

(9-a)(h-b) =gh- ((ah)b)l{gh s defined)>

where a,b € A, g,h € G, and g - a denotes the map h — 1g,_gya, the map
o(g-a) = Ugn(a) extends to an algebra homomorphism from C.(G,A) to
span(Ugm(A)) for any equivariant representation (w,U) with strong action
U.

Proof. Straightforward. Q.E.D.

Definition 10 A right (resp. left) G-action a : G — End(A) on a C*-
algebra A is called left-invertible (resp. right-invertible) if for all g € G there
is a T, € End(A) such that a(h)a(g)T, = a(h) for all h € G for which gh
(resp. hg) exists.



If G has injective right multiplication then we may introduce a virtual
inverse g~! for each g € G, and write zg~! = h if £ = hg, and let ¢!
otherwise undefined. (In general one does not obtain a semimultiplicative
set in this way; take for example [0, N] as a counterexample: [—N, N] is not
a semimultiplicative set.) If we suggestively write T, = a(g~!) in the last
definition then it becomes clear that invertibility of a left G-action « is the
counterpart to injective right multiplication in G.

Lemma 2 Assume that G has injective left (resp. right) multiplication and
A is a right (resp. left) G-C*-algebra whose G-action is left-invertible (resp.
right-invertible). (We will write g=* := T, for any choice T, as in Definition
10.) Then the representation of Definition 6 (resp. 7) satisfies

Ugr(@)U; = g™ @)U,V

(resp. Ugm(a)Uy = W(g‘l(a))U;Ug) forallae A,geG.

Proof. Straightforward. Q.E.D.

4 Equivariant K K-theory

In the rest of this paper all C*-algebras are supposed to be graded. A
C*-algebra B is graded if there is a grading automorphism € : B — B,
€2 = 1. The grading is called trivial if ¢ = 1. An element a € B has
degree i = 0,1 if e(b) = (—1)b. (Notation: b = i.) All homomorphisms
in the category of graded C*-algebras are graded, i.e. commute with . All
commutators are graded, that is, [a,b] = ab — (—1)%*%ab for homogenous
elements a,b, and the commutator is extended by linearity to all a,b. A
Hilbert module £ over a C*-algebra B is always supposed to be graded,
that is, there is a grading linear map € : £ — &, €2 = 1, which is compatible
with the grading of B, i.e. e(xb) = e(x)e(b) and e((x,y)) = (¢(x),e(y)), for
all z,y € £,b € B. The space of linear maps L(£) on & is graded by the
grading operator ¢(T') = eTe, T € L(E). We write L(E) for the C*-algebra
of adjointable operators T': &€ — &, and K(€) C L(E) for the C*-algebra of
compact operators, that is, K(&) is generated by the elements 6¢, € L(E),
Oc n(x) = &{(n, ), for all £, € &, see Kasparov [6] or the books [10], [5].
We write M(A) for the multiplier algebra of a C*-algebra A, see also [6],
Theorem 1, for an isomorphism M(K(E)) = L(E).

For the rest of this paper we (may) drop the associativity requirement
on G, that is, G is only a set together with a subset G® C G x G and
a function G — G. However, we still call G a semimultiplicative set.
All semimultiplicative sets G are supposed to be discrete and countable
(thus locally compact, o-compact Hausdorff spaces). All algebras and C*-
algebras are left G-C*-algebras (if nothing else is said). All homomorphisms



o : A — B between C*-algebras A, B are supposed to be x-homomorphisms
which are graded (i.e. commute with ) and equivariant (i.e. o(ga) = go(a)
forall g € G,a € A).

Definition 11 Let B be a G-C*-algebra. An action of G on a Hilbert B-
module € consists of a left linear G-action U : G — L(€) on &, and a right
linear G-action V : G — L(E), which we denote by U* =V, satisfying

UgUpUg = Uy, UsU,Us = Uy,

(Ugz,y) = g(z,Ugy), Uy(ab) = (Ugx)(gb)

for all z,y € £,b € B,g € G. Uy and U, must respect the grading (i.e.
commute with €) for each g € G. Further we require g to be isometric on

By = span{(U, Uy, y) € Blz,y € £}
for all g € G. Given such maps U and V we call £ a G-Hilbert B-module.

One may observe that By is a two-sided closed ideal (without G-action)
in B, see Lemma 3 below. Notice that Definition 11 consistently redefines
G-Hilbert spaces when B = C with the trivial action and grading.

Lemma 3 Let £ be a G-Hilbert module with action U. Then each Uy is a
partial isometry on € with self-adjoint source and range projections UzU,

and UgUy respectively in L(E), and inverse partial isometry Ug. Moreover,
(z,Ugy) = g(Uyz,y) and Uy (xg(b)) = Uy ()b for all x,y € £,9 € G,b € B.

Proof. Let us begin with proving the following claim: (x, Uyy) = (Uyy, z)"
(9(y,Uyx))* = g{Ujz,y). Then one has g(U;U,U Ugz,y) = g{Us Uy, U;Ugy),
and by injectivity of g on By this shows that (U;Uyz,y) = (UyUgz, UsUgy).
This shows that UjUj is selfadjoint and hence in £(£). Each Uy is a partial
isometry, that means, ||Uy(UyUy)|| = ||U;Uyz|| and Uy(1-UzU,) = 0. The
last claim follows from U UyUy (2g(b)) = Uy (UgUg (2)g(b)) = Uy (Uy(Ug (2)D)).
Q.ED.

Definition 12 A Hilbert C*-algebra A is a G-C*-algebra which is also a G-
Hilbert module over A with inner product (z,y) = z*y and action U,(z) =

g(x) for all z € A, g € G. We also require that U is a *-homomorphism for
all g € G.

The algebra Cy(X) of Example 1 is a Hilbert C*-algebra. Any C*-algebra
A with trivial action g(a) = a, a € A, g € G, is a Hilbert C*-algebra.

Definition 13 Given a G-Hilbert module £, we endow £(&) with the left
linear action g(T') = U,TU; and the right linear action g~ (T) = U;TU,
for g e G, T € L(E).



L(€) and subalgebras of it are usually not regarded as G-algebras, as
the action is not a C*-action. Note that g~!(T) is indeed adjointable: from
g(UsTUgx,y) = g{z,U;T"Ugy) for all x,y € £,g9 € G, the injectivity of g
on B, and self-adjointness of U; U, it follows (U;TUyx,y) = (x,U;T*Ugy).
With Lemma 3 one checks that g(T),g (T) € K(€) for all ¢ € G and
compact operators T' € KC(&).

Definition 14 A subalgebra A of £L(£) is called G-invariant if for all g € G
the sets g(A), g 1(A), UgUg A, AU, Uy, UgU A, AUSU, are subsets of A.

Definition 15 If A is a left G-C*-algebra and £ is a G-Hilbert B-module,
then a x-homomorphism 7 : A — L(€) is called equivariant if

UgUgm(ga) = Ugm(a)Uy,

UgUym(a) = m(a)U,Uy,  UyUgm(a) = m(a)U U,

for all a € A, g € G. Moreover, we require that U;m(A)Uy; C UsUym(A) for
all g € G (‘G™-invariance’).

In the rest of this article all Hilbert modules are supposed to be G-
Hilbert modules, and all homomorphisms from C*-algebras into £(€) are
supposed to be equivariant. We call a Hilbert B-module £ together with
an equivariant s-homomorphism ¢ : A — L(€) a Hilbert (A, B)-bimodule.
(Notice that a - = := p(a)(z) makes € a left A-module.) With some abuse
of notation we shall often identify elements of A with operators on £.

Example 2 If C is endowed with the trivial action and £ is a G-Hilbert
B-module then € is a G-Hilbert (C, B)-bimodule.

Any C*-algebra A with the trivial action is a Hilbert (A, A)-bimodule.

Consider C*-algebras A, B (without G-action) and a homomorphism
o: A — B. Let X and G be as in Example 1. Then 4; = Cyp(X,A4) =
Co(X)® A and B; = Cy(X, B) are Hilbert C*-algebras, and Cy(X, B) is
a Hilbert (Aj, By)-bimodule with Aj-action (ab)(z) = o(a(x))b(z) (a €
A,be By, € X)

Somewhat more generally, one may consider a family B = (B;)zex of
C*-algebras with a family of isomorphisms ¢y, . : B, — By, whenever gz is
defined (g € G) such that ¢ngs gz © Pz = Phga,e Whenever (hg)x is defined.
Then the (continuous) sections I'g(B) of B vanishing at infinity are a Hilbert
C*-algebra under the G-action f(,(b;6,) = 1{gx is deﬁned}%m(bx)égx' One
may also consider another C*-family A = (Ay;9;)zex and a family of ho-
momorphisms o, : Ay — B, (z € X) satisfying ¢gp 20, = 0429 gz« to obtain
a G-Hilbert (I'g(A), [o(B))-bimodule T'y(B).

If G has injective right multiplication and A is a C*-algebra with invert-
ible left G-action then the representation (7, U) of Definition 7 is equivariant
in the sense of Definition 15 by Lemma 2.



Let S be an inverse semigroup and « an S-action on a C*-algebra A in
the sense of Sieben [13], i.e. a morphism of S into the partial actions on
A. Assume there exist commuting Hilbert-module-self-adjoint projections
Qss, Qs+s € End(A) projecting onto the range and source, respectively, of
as (s € §). Then s = asQs+s € End(A) is a S-Hilbert C*-action on
A. Indeed, note that (o o ag)Qs+rts = QuriasQs<+ts (s,t € S), and
50 Qsrprts = g QprasQsrprgs. Hence ayQprrasQsrs = Qe Qssr vsQsrs =
Qs Qprp s Qors = ps Qs s

For the definitions of the internal and skew tensor products of Hilbert
modules see Kasparov [7], Section 2. The grading operator for tensor prod-
ucts of Hilbert modules or C*-algebras is the diagonal grading operator
e ® e. We denote the skew commutative (minimal) tensor product be-
tween C*-algebras A, B (see Kasparov [7], Section 2) by A ® B (that is
(a1 br)(az @ ba) = (~1)1992(aya3 @ biby), (a @ b) = (—1)7%(a”  b7)
for a,a; € A,b,b; € B). We endow A ® B with the diagonal action
gla®b) =g(a) ® g(b) for all g € G,a € A,b € B.

Lemma 4 If & are G-Hilbert Bi-modules (i =1,2) and ¢ : By — L(&2) is
an equivariant x-homomorphism (not necessarily satisfying the G~ -invariance)
then the internal tensor product £ ®@p, &2 is a G-Hilbert Ba-module under
the diagonal-action UV @ UR). If & is a G-Hilbert (A, By)-bimodule, then
&1 ®p, & is a G-Hilbert (A, Ba)-bimodule (under the A-action m : A —
ﬁ(gl [2g: 52), 7r(a) =a® 1).

Proof. Consider the algebraic tensor product & © & with its natu-
ral structure of a Bo-module and with the Bs-scalar product given by the
formula

(1 © 22,91 © y2) = (T2, 0({T1,91))Y2)

for all z1,y1 € &1, 22,y2 € E. Factoring out the Ba-submodule N = {z €
E10&] (z,z) = 0} and then completing the factor module in the norm ||z|| =
(2, 2)||'/? we obtain a Hilbert Bs-module which is denoted by & ®p, .
This tensor product will be endowed with a G-action that comes from the
diagonal action (Ug(l) @Uy))(xl Oxg) = Ug(l)(ml)(DUéz) (z2) on E1© &y, where
the “adjoint” operator to W, = Ug(l) © Uf) is given by Wy = (Uél)) ©
(Uém)*. Indeed, it is straightforward to compute that

<(Ug(1) © Ug(2))(901 ® Z2), 41 © Y2) = g{z1 © T2, (Ug(l)* © Ug(Q)*)(yl © y2))

for all x1,y1 € &1,29,y2 € E2,9 € G. It is also straightforward to check
that (Uél) © Ug@)) (Uél) ©) Uéz)) is self-adjoint, idempotent and seminorm-
contractive on & ® & by a similar argument usually used to show that
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L(E)®1C L(E ® &) (see for instance Lance [10], Section 4). Hence for
x,y € &1 © & one has

<Wgﬂ?, Wgy> = g(z, W;Wgy> = 9<W;Wg$a W;Wgy%

and since g is isometric on (Wy;Wyx,y) € spana7b<Ug(2)*U§2)a, b), one gets
[Wyz|| = [[Wy;Wyz|| < [[z]|, and consequently also |[Wyz|| = [[W,W z| <

||| by WyW Wy =W,. Thus W, and W, let N invariant and their linear
quotient maps extend by continuity to linear maps on £ ®p, &2 denoted by
U @ U and UV @ U which make & ®p, & a G-Hilbert module.
Q.E.D.

Lemma 5 If & are G-Hilbert B;-modules (i = 1,2) then the skew tensor
product & ® & is a G-Hilbert (B; ® Ba)-module under the diagonal action
of G. If & are G-Hilbert (A;, B;)-bimodules (i = 1,2), then & ® & is a
G-Hilbert (A1 ® Ag, B1 ® Bay)-bimodule.

Proof. This may be proved similarly as Lemma 4. We only discuss the
G~ '-invariance of Definition 15: Let U denote the diagonal action on £ ® &>
and 7 : A1 ® As — L(&E1 ® &) the canonical homomorphism. It is clear that
U;W(Al ® A2)U, C Ug*Ugﬂ(Al ® Ag) =: X for all ¢ € G. But then also
U,m(A1 ® A2)Uy C X, as X is the closed image of the *-homomorphism o,
where o(z) = UjUgm(x). Q.E.D.

For a Hilbert (A, B)-bimodule £ and a subset C' C £(&), we denote

Qc(&) = {TeLE)[T,ceK(E),VecelC},
Ic(€) = {Te€L()| Tcand T in K(E), Ve e C}.

Definition 16 Let A and B be G-C*-algebras. A cycle over (A, B) is a
pair (£,T"), where £ is a countably generated G-Hilbert (A, B)-bimodule,
and T is an operator in Q4(€) of degree 1 such that

T T T -1, p1(9) = U,TU; — UU;TUUy = g(T) — g9~ (T),
pa(g) = U,U;T —TUGUG, p3(9) = U,;UT —TU,U,
belong to I4(€) for all ¢ € G. We shall not distinguish between cycles
(E1,T1) and (&2, T3) if there is an isometric, grading preserving isomorphism
u: & — & of G-Hilbert (A, B)-bimodules with T, = uTyu~!. The set of all

cycles will be denoted by E¢(A, B). A cycle (€,T) will be called degenerate
if the elements

[aaT]7 a(T - T*)> a(TQ - 1)> agpl(g), a@2(g)7 (I(pg(g)

are 0 for all a € A,g € G. The set of degenerate cycles is denoted by
DY (A, B).
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Lemma 6 If (£,T) € IEG(A, B) then U;TU, = U U, TU U, € I14(&) for all
a€A.

Proof. By the rules of Definition 15 it is straightforward to check that
ag~"(T) —ag~"g(T) = g~ (g9(a)gg~(T) — g(a)g(T)) € K(£). QE.D.

We define an addition of cycles (£1,T1), (€2, T2) € E¢(A, B) by taking
the direct sum: (&1,T1) @ (E2,T2) = (&1 @ E2,T1 @ T).

Definition 17 Two cycles (&y, Tp) and (€1, T1) over (A, B) are operatorially
homotopic if & = & and there exists a norm continuous path t — T} €
L(&) (t € [0,1]) such that for each t € [0,1] the pair (£y,7}) is a cycle
over (A, B). Two cycles (€, Tp) and (&1, T1) in E9(A, B) are operatorially
equivalent if there are degenerate cycles (Fo, So), (F1,51) € DY (A, B) such
that (&, To) @ (Fo, So) is operatorially homotopic to (£1,71) ® (F1, S1). The

—_—~—

set KKG(A,B) is defined as the quotient of E¥(A, B) by the equivalence
relation given by operatorial equivalence.

Proposition 1 KKG(A, B) is an abelian group with addition given by di-
rect sum.

Proof. One proves this along the lines of [7], Section 4, Theorem 1, or
[14], Proposition 4. Q.E.D.

We remark that the G-action of a Hilbert module can be completely
degenerate to zero, and cycles of such Hilbert modules in the sense of Def-
inition 16 coincide with cycles in the sense of Kasparov [8] for the trivial
group. One may circumvent this difference by restricting to unital semi-
multiplicative sets G (possibly by adjoining a unit) and requiring that the
unit of G always acts as the identity on C*-algebras and Hilbert modules.
Otherwise we have the following elementary observation.

Lemma 7 If G is a group and & is a G-Hilbert module then UyU; = U U
and UyUy = UZUe for all g € G, and U is the adjoint of U, € L(E). If
ker(Ue) = 0 then UyUy = UyUy =1 and Uy = Uy for all g € € (and thus
€ is a G-Hilbert module in the sense of [7]).

Proof. The first claim follows from Uy Uy = Uyg-1,U; = UgUgUgUy-13,Up
UgUgUUp and similarly U,Uy = UgUgURU; for all g,h € G. Further,
Ue = (UU})(UrU,) € L(E) and its adjoint is (UrU,)(UUF) = UZ. For
the last claim, P = UU. = UyU, is a full selfadjoint projection and
hence P = 1. Moreover, by Lemma 3 all U, are bijective and consequently

Ur=U;'=Us;1. QED.
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5 Kasparov’s technical theorem

If nothing else is said, approximate units are supposed to be positive, in-
creasing and all their elements having degree 0. If A is a subalgebra and A
a subset of an algebra B then A derives A if [a,d] € A for all a € A,d € A.
(All commutators are graded.) In this section we prove a modification of
the so called Kasparov technical theorem, see Kasparov [7], Section 3. We
follow closely Kasparov [8], Section 1.4, a simplification of Kasparov’s orig-
inal proof due to Higson [4]. If X is a locally compact Hausdorff space and
A a C*-algebra then we also write A(X) for the C*-algebra Cy(X, A).

Lemma 8 Let £ be a G-Hilbert module with G-action U, A a G-invariant
o-unital subalgebra of L(E), Y a o-compact locally compact Hausdorff space,
and ¢ 1Y — L(E) a function such that [p(y),a] € A for alla € A,y €Y,
and y — [p(y),a] is a continuous function on'Y (norm topology in L(£))
for all a € A. Then there is a countable approximate unit (u;) C A for A
such that the limits

lim {|[ui, (y)]l

1—00

'lim ||UgulU; — uiUgU;H, 'lim ||’LLZUgU; — UgU;uiH,
1—00 1—00
lim |Uju;Ugy — w;U U], lim [[u;UgUg — UgUgus]|,
1—00 71— 00

are 0 for ally € Y,g € G. These limits are uniform on compact subsets of
Y and G respectively.

Proof. Let X1 C X5 C ... be an increasing sequence of open sets in G,
with compact closures and |J,, X, = G. Let also Y1 C Y5 C ... be a similar
sequence in Y and (v;) € A a (positive increasing) countable approximate
unit for A. Using induction, suppose that we have already constructed
u < ug < ... < u, out of finite convex linear combinations of elements of
v;, and the following conditions are fulfilled:

urv; —vill < 1/k, fur, o))l < 1/k, JurUyUy — UgUgugl| < 1/k;,

lurUsUq — UsUgul| < 1/k, [lg(ur) — g9~ " (ue)|| < 1/k

for all j < k,y € Y, g € X1,k < n. To construct u,1, note that v; > u,
for all 4 > m for some m > 1. Let A be the convex hull of {v,,, vpm41, ...}
Denote by Z the disjoint union of {vi,...,vp41},Y,y1 and three copies

Xm_l(l) Yn_t'_l(g) Xn+1(3) of X;11. For any v € A let a, € A(Z) be the
function defined by

ay(vj) = vvj = vj, au(y) = [v, (Y], avlg) = UgUgv — vU,Uy,

ap(h) = UjUpv — vU; Uy, ay(1) = 1(v) — 17 (v)
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foralll1 <j<n+1,y€Yy1,9¢ Ygll,h € Yﬁi)rl,l € Y,(i)rl Suppose
that there is no element u,4+1 € A with the required properties. Since the set
of functions {a,|v € A} is convex, the separation theorem gives a bounded
linear functional f on A(Z) with |f(a,)| > 1 for all v € A. This leads to a
contradiction in the following way.

Write B = L(£), and denote by B(Z)"” and A(Z)" the universal envelop-
ing von Neumann algebras of B(Z) and A(Z), respectively, and identify
A(Z)" as a subset of B(Z)". Regarding v; as an element in B(Z) (constant
function with value v;), we have v; T p in the weak operator topology for
some element p € B(Z)"”. Since Z is compact, by a simple compactness
argument we see that v; is an approximate unit for A(Z), and so p is a
unit for A(Z)". Write ¢’ € B(Z) for the function ¢'ly; = = ¢|y ,, and

90,|Z\7n+1 = 0. Since [p,¢'] € A(Z)",
[0, ¢'] = P% ¢'] = plp, @] + [, @'l = 2[p, ¢,

which implies that [p, ¢'] = 0. Define ¢(z) = U, U} for z € Ylell C G and
¥(z) = 0 for other z. By the G-invariance of A, [p,v¢] € A(Z)", and by the
same argument as before we thus obtain [p,¢] = 0. For a € A(Z), write
o(a),07Y(a) € A(Z) for the functions

o(a)(z) = z(a(2)) = Uza(2)U7,
o7 a)(2) = 27 (a(2)) = UZa(2)U:

for z € Yfi)rl C G, and o(a)(z) = 0 (a)(z) = 0 for other 2. As

(z
lo(vi)oo™ (a) — oo™ a)l| < Jvio™ (a) = o (a)ll,
< _

loo (w)oo (@) oo @) < [uic La—o " (1)a

for all @ € A(Z), and since 0~ (a),0 " (1)a € A(Z), the sequences o(v;) =
oo to(v;) and oo~ (v;) are (not necessarily increasing and positive) ap-
proximate units for the C*-subalgebra A, = oo~ 1(A(Z)) C A(Z). Hence
the weak operator topology limits «, 3 of o(v;) and oo~ (v;) in B(Z)" (if the
sequence o(v;) does not converge, we go over to a weak operator topology
convergent subsequence o(vg,)) are units of A7, and so a = f3.

The above calculations show that the weak operator topology limit of
ay, vanishes in A(Z)"”. Hence lim; f(ay,) = 0 (by a well known linear topo-
logical identification of A(Z)” with the bidual space A(Z)**), which is a
contradiction. Obviously, the constructed sequence uy satisfies the claim.
Q.E.D.

In the next theorem we regard M(J) as a subalgebra of £L(£), see [10],
Proposition 2.1.

Theorem 1 Let £ be a Hilbert module, J a nondegenerate o-unital G-
invariant subalgebra of L(E), A1 a o-unital G-invariant subalgebra of M(J),
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and Ag a o-unital subalgebra (without G-action) of M(J). Let A be a norm-
separable subset of M(J) which derives Aj. Let Q be a o-compact locally
compact Hausdorff space, and @, : Q — M(J) be bounded functions. As-

sume that
A1A27 Al@(Q)7 ¢(Q)Al g J)

and the functions
W ap(w), w - 9(W)a, w - (W), w - Y(w)a

are continuous on ), with respect to the norm topology in M(J), for all
a € Ay + J. Then there are positive elements My, My € M(J) of degree 0O
such that My + My =1,

M;a;, [M;,d)], Map(w), (w)My C J,

g(MZ) - gg_l(Mi)7 [g(l)aMz]a [g_l(l)aMi] C J
foralla; € Aj,d e Ayge Gyw e Q (i=1,2), and the functions

w = Map(w), w = ¢ (w) My
are norm continuous on §).

Proof. The proof is similar to the proof of the Theorem of subsection
1.4 on page 151 of Kasparov’s paper [8], with some adaption we discuss
now. In Kasparov’s paper G is a group, and somewhere in the proof of the
theorem one chooses approximate units (u;) C A; for Ay and (v;) C J for J
according to the lemma on page 152 in Kasparov’s paper satisfying (among
other things)

3) [lg(un) — unl|l <277, Vn, Vg Ei(m and

6) [lg(bn) — bu|l <277, ¥n,Vg € Xy,

where b, is defined by b, = (v, — vn,1)1/2. The sought element Ms €
L(E) is defined as the series ) -, byunb, which converges in the strict
topology. By the estimates 3) and 6) one gets the estimate | g(b,unby,) —
bpunby| < 3-27" for all n > 1 (see the bottom of page 153 in Kasparov’s
paper).

We modify Kasparov’s proof as follows. At first, Kasparov’s stated the-
orem deals only with one function . But it is quite obvious how to modify
the proof that one can handle both functions ¢ and ¢. Next, Kasparov’s
function ¢ has domain G. At the beginning of the proof he writes G as
G = Upen Xn with open subsets X, C G with compact closures. We mod-
ify the proof in that we also choose a union Q = (J, cyy ©2n of open subsets
Q,, C Q with compact closures, and substitute X,, by €2, everywhere there
where X, acts as a domain of ¢ or 1. Instead of the subset W, C J defined
under point 4) in Kasparov’s proof, we take

Wn = {k, unh27 un+1h2}uun¢(ﬂn) Uun—&-l@(ﬂn-l—l)Uw(ﬁn)unuw(ﬁn—i—l)un—l—l-
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Next, we choose the mentioned approximate units (u;) and (v;) by Lemma
8 in such a way that we have the estimates
3) lg(un) — g9~ (un) | + 1UgUgun — ualUyUg ||+
+|UsUgtin — unUsUyl| <277, Vn,Vg € X, and
6') llg(cn) — 997 (en) | + 1UgUgen — enUgUyg |+
+|UsUgen — enUiUy|| < (1/100)27" /N2, Vn,Vg € X,
rather than the estimates 3) and 6) in Kasparov’s paper. Thereby de-
notes ¢, = b2, Y20 ja(zr — 1)¥ = z'/2 is the power series of z/2 at 1, and
N, is chosen such that 3772 \ ) [ag| < (1/100)27" for all n € N. Note
that ||b,, — fogo ag(c, —1)¥|| < (1/100)27™ for all n € N. From 6) we thus
deduce
6) lg(bn) — 997" (bu) | + 1UgUsbr — buUgUy ||+
+|UsUgbn — b UUgl| <277, Vn,Vg € X,
(mainly by similar estimates we show next). This leads one to the fol-
lowing estimate.

[UgbnunbnUy — Ugbn Uy UgunUg Uygbn Uy ||
< Ug(UgUgby, — by U Ug)unbnUg || +
+[|UgbnUgUg(UgUgun, — unUg Uy )b U || +
+[|Ugbn Uy Ugun Uy Uy (UgUygbyn — b, UgUg)UG || < 3-277
for all g € G,n € N. A similar estimate yields

199 (bpunbn) — 99 (bn)gg " (un)gg ' (bn)|| < 3-27™.

Hence
1g(brunbn) — ggil(bnunbn)H
<6-27" + |g(bn)g(un)g(bn) — 99" (bn)gg ™" (un)gg ™' (bs) |
<6-27" 4 [|(g(bn) — 997" (bn))g(un)g(bn) || +
+lgg™" (bn)(g(un) = g9~ (un))g(bn) || +
+||99_1(bn)99_1(Un)(g(bn) - gg_l(bn))H <9.27"

Also,

UgUbptinby, — bpunbnUUZ | < 3-277,
U Ugbptinby, — byunbaUsUy || < 3-277

Other things of Kasparov’s proof need not to be changed. Q.E.D.

Corollary 1 Let My and My be the operators of Theorem 1, and assume
that J = KC(E). Then all claims of Theorem 1 (excepting My + My = 1) hold

also for ]\42-1/2 rather than M; (i =1,2).
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Proof. As g(M]") = g(M;)"™ and g(1)M]* = (9(1)M;)" modulo J, writing
Mil/2 as a power series shows that g(Mil/Q) — g(M)Y? € J, g(l)Mil/2 -
(g(1)M;)/? € J and [d, Mil/Q] € J for all d € A. Hence, modulo J we get

g(M}%) = g™ (M%) = g(M;)'/? — gg™" (M;)!/2
= (9(M;) — g9~ (M) (g(Mi)'/* + g9~ (M) /%) = 0.
1/2

Next, M/%a; = M,
cases. Q.E.D.

M;a; € J, and similarly we treat the remaining

6 The Kasparov cap product

Given a G-Hilbert module £, we define A(€) as the smallest G-invariant
C*-subalgebra of L£(£) generated by 1. Note that 0U, = oU; = 0 for all
g € G, whence all elements of A(E) are zero graded.

Lemma 9 If 7 : A — L() is an equivariant representation then mw(A)
commutes with A(E).
If (§,T) € EG(A, B) then a[z,T] € K(&) for alla € A,z € A(E).

Proof. Let W be the smallest set in £(£) which is closed under taking
products, is invariant under G and G~!, and contains 1. Since W is self-
adjoint, A(E) = spanW. That 7(A) commutes with W can be proved by
induction for expressions in W. Suppose that © € W and 7(a)z = zn(a) for
alla € A. Fixa € A,g € G. Then Ujn(a)Uy; = UyUyn(b) for some b € A
by Definition 15, and thus 7(a)U, = Uyn(b) and 7 (b)U; = U m(a). Hence,
m(a)UyzUy = UgzU,m(a). This proves the first claim of the lemma.

Let (£,T) € E¢(A, B). Take x € W and assume that a(2T —Tx) € K(&)
for all a € A. Fix a € A,g € G, and write b = UjaU, = Ug*Ugb’ for some
b € A by Definition 15. Multiplying

a(U,TU; — TU,U}) = U,U U TU; — aTU,U; € K(E)

from the right with Uy (thereby noticing that ¥'TU;U, = b'U;U,T modulo
K(E)), one gets a(U,T —TUy) € (K(E)Ug+ UgK(E)). In a similar way, by
multiplying a(U;TU, — TU;Uy) € K(E) (see Lemma 6) from the right with
U, , one obtains a(U; T —TUy;) € (K(E)U; + U, K(E)). With these formulas,
the formulas aU, = Ugyb, Uga =bU;,ax = za,bx = zb,b = U;Ugb’, and the
invariance of K(€) under G and G™1, it is straightforward to compute that
a(g(x)T—Tg(x)) = g(t/(«T—Tx)) = 0 modulo K(€). A similar computation
shows that a(g~!(z)T — Tg~ ' (z)) € K(£). Q.E.D.

Definition 18 Let & be a Hilbert Bi-module, & a Hilbert (B1, Bs)-bimodule,
and £12 = &1 ®p, &. For any £ € &1, define 0 € L(&2,E12) by 0:(n) =£®@n
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(with an adjoint given by 67(& @ n) = (,&1) - n). Let Tp € L(&2). An
element Tho € L£(E12) will be called a T-connection on &9 if for any & € &;
both

0cT> — (—1)%9T2Ty50,,

OcT5 — (—1)% 1T,
are in K(&2,&12). (Adjoining the last element gives 1507 — (—1)0€0T2 0¢Th2.)

Note that the definition of T5-connections does not involve any G-structure.
Connections were introduced by Connes and Skandalis in [2]. By Lemma 9,
1® T is a well-defined operator in £(&12) for T € A(E2).

Lemma 10 With the notation from the previous definition, let Tio be a
T5-connection.

[f T, € IBl (52) then Ty € IK(81)®1 (512).

If (52, TQ) S EG(Bl, BQ) then

Ti2 € Qr(e)wA(E:)(E12), (
9(T12) — 99~ " (T12) € Ixc(e)e1(E12), (2
(K(&1) © 1)(g(1)Tf, — g9~ (Tf)) € K(£12), (
(K(E&) @ 1)(g~ (DT, — g '9(Th)) € K(&12) (

for all pn € {1, }.
IfT € [,(51) then (’C(gl) ® 1)[T12,T1 X 1] € K(512)

Proof.  First notice that ¢, ® 1 = 0¢0; for all {,n € &. Take § €
& and write b; = (£,€)((&,€) +1/i)~!. Then 0 = lim;_. Ogp,;, and so
9§T2 = lim; ngiTg. Thus, if Ty € IBl(SQ), then 9§T2,9§T2* S IC(812,52),
and consequently T120¢0; and T750¢0; are in K(&12, &), which proves that
Tia € Ix(g))p1(&12)-

If Ty € E%(By, By), then by Lemma 9 one has OcTox = lim; 0:bThx =
lim; O¢bjaTy = BTy modulo K(&2,E12) for all z € A(E2). Hence

ngch — (—1)85'8T2T129§CC S ’C(gg,glg)
for all x € A(&;). Modulo K(&12), this gives

9§$9;T12 = 9§$T29;(—1>8n'8T2 = T1205x9;(—1)8£~8:r’2(_1)6’7‘8T2

= Tlgegxﬁ;;(—l)a(efw")'aﬁ

for all x € A(&,), for the last identity noticing that d(f¢) = 9¢ and d(x) = 0.
If 8(T12) = 6(T2), this proves that [95%‘9;,7112] € K(glg) If 0(T12) 7'5 a(Tg)
then 0(0:T2) # O(T120¢), which shows that T75 is a 0-connection, and in
this case [fgx0;, Ti2] € K(£12) is obvious. Noticing f¢zt) = (1@ x)0.0;,, this
shows (1).
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If Ty € E¢(By, Ba), and Sy = g(T) — g9~ }(T2), then By S, C K(&). By
O = lim; Ogp, we get ¢Sy, 0:5; € K(E2,E12). Denote the G-action on & and
& by U and V, respectively. Fix g € G, € & and assume that £ = UgUg¢€.
Then

Ocg(T2) — (—1)6(5)'8(T2)9(T12)9£
= (Uy® Vg)(eU;fT2 - (—1)8(5)'8(T2)T129U;§)V; € K(&, &12).

Similarly, O¢gg~(Tz) — (—1)2@)9(12) g4=1(T15)0, € K(E2, E12). Hence,

(g(T12) - 9971(T12))959;; S ]C((‘:lg)

This identity holds even for any & € &, since (g(Th2) — g9~ ' (Th2))0e =

(9(T12) — gg_l(Tlg))QUgUgg for all £ € &. The identity also holds for Tio

replaced by 775, and hence we checked (2). The claims (3) and (4) are

proved similarly. (Recall Lemma 6 when checking (4).) For the last claim,

it is straightforward to compute that [T75, 77 ® 1]6¢0; € K(€12). Q.E.D.
The following lemma is Lemma 2.7 of Kasparov’s paper [8].

Lemma 11 If & is countably generated and Ty € Qp, (E2) then there exists
a Ty-connection Tia on E1a.

Definition 19 Let A, Bi, By be G-C*-algebras. An element (£12,T12) €
E%(A, By) is called a Kasparov (or cap) product of (1,T;) € E¢(A, By) and
(E2,Ty) € EY(By, By), if £12 = & ®p, €2, Th2 is a Th-connection on &2, and
a[T1 ® 1,Ti2]a* > 0 in the quotient £(E12)/K(E12) for all a € A.

Lemma 12 Let £ be a Hilbert (A, B)-bimodule, (£, F), (£, F') € E¢(A, B),
and assume that a[F, F'la* > 0 in L(E)/K(E) for all a € A. Then (€, F)
and (€, F") are operatorially homotopic.

Proof. The proof is the same as in [14], Lemma 11, and we shall
only check the aspects involving G. As in Skandalis’ paper the operato-
rial homotopy is given by the path Fy = (1 + (cost)(sint)P)~*/?((cost)F +
(sint)F') € L(E) (t € [0,7/2]) for some operator P > 0 satisfying [F, F'] —
P € I4(€). By Skandalis’ proof, (£,F;) € E(A,B). Given Fi,...,F, €
{F,F'},a € A and b € Asuch that UjaU, = U;Uyb, one has ag(F1 ... F,) =
gOUU Yy ... Fy) = g(bU U, UG U, .. . UsUgE,) = ag(Fh) ... g(Fp) mod-
ulo K(€), as bF; = (—1)?°F;b. By induction on n one gets

ag(Fy...F,) —agg ' (Fy ... F,)
= ag(F1)...g9(F,) —agg *(F1)...99 Y(F,) =0

modulo K(&). Using power series, there are fixed scalars oy, By, Yn,dn € C
(n > 0) such that for any ¢ € A there exist K,, € K(€) (n > 0) such that

CFy =" anc(FF')"F + Buc(F'F)"F + uc(FF')"F' + 6,c(FF')"F' + K,
n>0
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Note that the series is (still) absolutely convergent. In order to show that
ag(Fy) — agg™ ' (F;) € K(£), it is enough to show that ag((FF')"F) —
agg Y((FF")"F) € K(€) for all n > 0 (and similarly for the other terms).
But we have checked this. Q.E.D.

Theorem 2 If A is separable then the Kasparov product of (£1,T1) € E¢(A, By)
and (E9,Ty) € ES(By, By) exists and is unique up to operatorial homotopy.
The Kasparov product induces a bilinear map

®p, : KKG(A,B)) ® KK%(By,Bs) — KKS(A, Bs)
denoted by x @y — x Qp, Y.

Proof. Euxistence. By Lemma 11 there is a Th-connection T of degree
1 on &9, Put J = K(&12), and A1 = J + K(&1) ® A(E;). A; is closed and
o-unital by [7], Section 3, Lemma 2. Note that A; is G-invariant. Denote
by Ay the C*-subalgebra (without G-action) of L£(&12) generated by the
elements

TQ - T;,Tg -1, [TQ,Tl &® 1], [Tg,a]
for all a € A. Let
A={T1®1,Th}UA.
It is clear that A derives Aq, see Lemma 10. Of course, Tg—Tz* isa (Th—T%)-
connection, and T3 — 1 is a (T — 1)-connection. Noting Ty — T € Ip, (),
and writing
K(&) @ AE) = (1@ A&))KE)®1),

we get Ay(Ty — T3) C J by Lemma 10. Similarly, A;(73 — 1) C J. By
Lemma 10, one has Al[Tg,Tl ® 1] C J and Al[Tg,a] CJforallaec A. Tt
thus follows that A1 Ay C J. Define

1(9) = 9(T2) — 99~ (T2), alg) = g()T2 — g9~ (T2),
e3(9) = g~ (VT2 — g~ g(Th), ¥1(9) = Tog(1) — 997" (T2),
Po(g) =Tog ' (1) — g~ ' g(T2)

for all g € G. We may combine @1, 2, 3 and 11,9,0 to one function ¢
and v, respectively, with domain €2 being a threefold disjoint copy of G. We
apply Theorem 1 to obtain My, My € L(&12) and set

Ty = M(T) © 1) + My Ty,

It is well established (and straightforward to check) that (€12,7%2) is in
E(A, By) (without the set G), which is why will focus on those additional
relations showing even (€12, Th2) € E(A, By). The other properties which
show that 772 is a Kasparov product are deduced as in Skandalis [14], The-
orem 12. Denote the G-action on & and & by U and V, respectively, and
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the diagonal action U ® V on £12 by W. Write M; = Ml/2 (i =1,2). Since
[MZ, A] C J by Corollary 1, and for any a € A, W,Wja = aW,W; and there
is a b € A such that WjaW, = W;W,b by Definition 15,

aW M;W; = WeWiaW MWy = WbM;W; = W MW, a

modulo J for all 4 = 1,2. Similarly, agg 1(M) = gg 1(M )a modulo J for
all a € A,i = 1,2. Since [Mz,W*W] € J, one has g(M;T) = g(M;)g(T)
modulo J for any operator 1" € ,C(Elg) Thus

ag(My(Ty ® 1)) — agg™" (My (T} ® 1))

ag(My)g(Ty ® 1) — agg™ " (M1)gg (T1 ® 1)

g(My)ag(Ty ® 1) — gg~ ' (M1)agg ™ (T ® 1)

(Q(Ml) 99~ (M1))ag(T1 ® 1) +

+gg9~ ' (M ) (9(Th®1) —gg  (T1 ® 1))

997 (M1)gg (a)gg H(g(Th @ 1) — gg~ ' (Ty @ 1))
(Ma(g(Ti®1) —gg (1 ®1)) =0

modulo J, since MlAl C J, forall a € A,g € G. A similar computation
yields
ag(MaTy) — agg™ " (MTh)
= agg " (Mz(g(T2) — g9~ (T2)))
modulo J, since Mgg@l(g) € J,foralla € A,g € G. Thus we have proved

that a(g(Ti2)—gg~'(T12)) € J. Similar calculations show that also (g(T}2)—
g9 ' (T12))a € J. Next,

0

ag(1) My (Ty © 1) — aMy(Ty ® 1)g(1)
= Mi(ag(1)(Th1 ®1) —a(Ty ® 1)g(1)) =0
modulo J, since M A; C J, for all a € A, g € G. Note that Magg™ (1) =

MQW Wy TzW Wy = W,Wy TzW 4% My = g9~ (Tg)Mg modulo J for all
g €@G. Smce Mggpg( ) CJ and Y1(g )Mg C J, one gets

ag(1)MoTy — aMyTog(1)
aMy(g(1)Ts — g9~ (Th)) + aMa(gg ™ (Th) — Tag(1))
= algg(Ty) ~ Trg()M =0

modulo J for alla € A,g € G. It is thus evident that a(g(1)T12 —T129(1)) €
J, and by a quite similar computation, that a(g='(1)Ti2 — T129~ (1)) € J
for all a € A, g € G. We have checked that (€12, Ti2) € EG(A, By).
Uniqueness. Consider two Kasparov products (€12, F), (€12, F'). In the
above existence proof we defined sets Ay, A2, A and ® = {p1, 2, @3, 1,2}
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with respect to a given Th-connection T. To express dependence on T; and

Ty, let us rename this sets as AgTI’B),AgTI’TQ),A(Tl’T2) and ®T12) . Now

define J = K(&12), 41 = A](LTI’F), Ay to be the C*-algebra (without G-
action) generated by Ang’F) U AgTI’F,) U{F — F'}; A = ATLE) g ATLF)
and ® = 08 | (T1F") - Applying Theorem 1 with these parameters we
obtain operators Mi, Ms, and we set F/ = Mll/Q(Tl ® 1)+ M21/2F. One
has F” € E9(A, B), and a[F, F"]a* > 0 and a[F’, F"]a* > 0 in L(E)/K(E).
(Confer the proof in Skandalis [14], Theorem 12.) The conclusion follows by
Lemma 12.

Passage to KKC. TIf (£1,Ty) or (E2,Ty) is degenerate then so is their
Kasparov product. (See the proof in Skandalis [14], Theorem 12.) We
have to show that the Kasparov product respects operator homotopies. Let
(£1,TY) € E9(A, By) and (&,T%) € E¥(By, By) (t € [0,1]) be two opera-
torial homotopies. Choose a norm continuous path T¢ € £(£19) (¢ € [0,1])
such that each T% is a Ti-connection. Define J = K(&p2), A = Ang’TQO),
Aj to be the C*-algebra (without G-action) generated by U,cpo 1) Angt’TQt);
A= Ute[O,l] A(Tf7T2t)’ Q2 =Gx [07 1]7 @1(9»75) = g(j—g) - gg_l(j—g) for all
(g,t) € Q, and similarly @9, @3,1%1, 12 (see above). Entering these parame-
ters in Theorem 1 yields operators M, Ms and a desired operatorial homo-
topy (12, My*(T @ 1) + My T).

7 The Kasparov cup-cap product

In this section all C*-algebras are assumed to be Hilbert C*-algebras. We
define a slightly modified K K-theory for Hilbert C*-algebras in that we re-
define Hilbert modules and equivariant maps, taking into account the struc-
ture of Hilbert C*-algebras. We denote the actions on a Hilbert C*-algebra
B by g+ g(b) and g — g~ 1(b) for all b € B, g € G. All x-homomorphisms
between Hilbert C*-algebras are assumed to be equivariant with respect to
both actions g and g~ (that is, we require that 7g = g7 and mg~! = g~ 7
for all g € G).

Definition 20 A G-Hilbert B-module £ over a Hilbert C*-algebra B is a
G-Hilbert B-module in the sense of Definition 11 satisfying

(Usz,y) =g~ Yz, Ugy), Ug(xb) = Uy (x)g~(b)
forall z,y € £,b€ B,g € G.

With respect to the last definition: The injectivity of g on B, implies
that UjUy is self-adjoint by Lemma 3. This implication can be reversed, as

(UrUg,y) = g~ g(x, Ui Ugy) = g ' g(U; Uz, y).
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If A is a Hilbert C*-algebra then P = g~ ¢ is idempotent and self-
adjoint, and thus the range of P is an ideal in A. This shows, for instance,
that A = C[0,1] with P(f) = g(f) = ¢ '(f) = f(I)1 for all f € A,g € G
is not a Hilbert C*-algebra. ! Actually 2, the elements gg~—! and g~'g for
any Hilbert C*-algebra are elements of the center of the multiplier algebra
by identifying M(A) with £(A); [gg~!, A] = 0 is proven in Lemma 13.

Definition 21 If A is a Hilbert C*-algebra and £ is a G-Hilbert B-module,
then a x-homomorphism 7 : A — £(€) is called equivariantif it is equivariant
in the sense of Definition 15 and

UsUr(g~ (@) = Ugn(a)U,
holds for all a € A, g € G.

Though we have now redefined G-Hilbert modules and equivariant rep-
resentations for Hilbert C*-algebras, we can more or less continue with Sec-
tions 4-6 without change. Indeed, we only have to ensure that all construc-
tions related to Hilbert modules and equivariant representations enjoy the
above redefinitions, and these are only the tensor product constructions and
direct sums of Hilbert modules.

Lemma 13 If A, B are Hilbert C*-algebras and 7 : A — B is a homomor-
phism then 7 : A — L(B), 7(a)(b) = w(a)b (a € A,b € B) is an equivariant
homomorphism. In particular, B is a Hilbert (B, B)-bimodule.

Proof. For instance, by Lemma 3 U,Uy is selfadjoint and thus
UgUy(a)(b) = UgUyg (m(a)b) = (UgUy ((a”))) UgUyg (b) = m(a)UgUyg (b).

Q.E.D.
By Lemmas 13 and 4 we may form the tensor product £ ®p, By if £ is
a Hilbert Bi-module and ¢ : By — By a homomorphism between Hilbert
C*-algebras By and Bs.

Lemma 14 If&; is a Hilbert (A, By)-bimodule, & a Hilbert (Ba, Bs)-bimodule
and f : By — By is a homomorphism then

T 51 ®Bl By ®32 52 — 61 ®Bl 52, 7T(I‘1 (029 b2 ®I‘2) =1 & f(bg)l‘g

is an isomorphism of Hilbert (A, Bs)-bimodules.
If A is unital then 0 : AQAE — &, o(a®x) = ax is an isomorphism of
Hilbert (A, By)-bimodules.

'T thank Christian Voigt for this “P is idempotent implies range(P) is an ideal?”-
counterexample.
2Remarked by the referee.
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Proof. Without the G-structure this is well established. It is straight-
forward to compute that 7 and ¢ intertwine the G-actions. Q.E.D.

Definition 22 An element (£,T) € E%(A, B[0,1]) generates a path t
(&,T;) € ES(A, B) (t € [0,1]) obtained by evaluation at each ¢ € [0, 1], that
is, & = € @pgopp, BTt = T ®@ 1, where B ® C[0,1] — B is evaluation
at time ¢. This path and the pair (£,T) itself will be called a homotopy
between (£, Tp) and (£1,T1). The set K K%(A, B) is defined as the quotient
of E¢(A, B) by the equivalence relation given by homotopy.

Proposition 2 KK%(A, B) is a quotient of KKG(A, B). KK%(A, B) and
KKGC(A, B) are abelian groups with addition given by direct sum.

Proof. One proves this along the lines of [7], Section 4, Theorem 1, or
[14], Proposition 4. Q.E.D.

Definition 23 Let A, Ay, B be Hilbert C*-algebras, and f : A1 — Ay
a homomorphism. Then f induces a map f* : E¢(Ay, B) — E%(A1, B) by
A (&T) = (f*(&),T), where f*(€) is the Hilbert (A1, B)-bimodule £ with

Aj-action Ay EN Ay — L(&). The map f* passes to the quotients K K¢ and
KKG, and we keep the notation f* for these maps.

Definition 24 Let A, By, Bo be Hilbert C'*-algebras and g : By — Bs a
homomorphism. Then g induces a map g, : E¢(A, B;) — EY(A, By) given
by g«((€,T)) = (£®p, B2, T®1). The map g, passes to the quotients K K¢

P

and KKC, and we keep the notation g, for these maps.
For Definition 24 one needs

Lemma 15 Let £ be a Hilbert Bi-module, By a Hilbert C*-algebra, and
T ek(E). ThenT®1,T@UU;, T ®U;U, € K(E ®@p, B2) for all g € G.

Proof. The proof is the same as in [7], page 523, or [5], Lemma 1.2.8,
taking UyUy, U Ug rather than 1. Q.E.D.

Definition 25 Let D be a o-unital Hilbert C*-algebra. Define 7p : E¢(A, B) —
E¢(A® D,B® D) by 7p(€,T) = (€ ® D,T ® 1) (where £ ® D denotes the

skew tensor product). The map 7p passes to the quotients K K¢ and K K€,
and these homomorphisms are also denoted by 7p.

Theorem 3 There is a Kasparov product as stated in Theorem 2, and this
product also induces a bilinear map

®p, : KK9(A,B)) ® KK (B, Bs) — KK (A, By).
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Proof. That the Kasparov product respects homotopy may be proved
in the same way as in Skandalis [14], Theorem 12. Q.E.D.

Proposition 3 Let Ay, Ay be separable Hilbert C*-algebras, and f : Ay —
Ao and g : By — By homomorphisms.

Ifr € KKG(Ay,B) andy € KK%(B,By) (or KKC) then f*(z) @By =
[z ®pY).

Ifx € KK9(Ay,By) and y € KK%(Ba, Bs) (or KKGC) then g.(x) ®p,
y=1rp, g*(y).

Ifr € KK%(Ay,B) andy € KK (B, By) (or KKC) then g.(r®py) =
T ®p g« (y).

Proof. The proof is the same as [14], Proposition 13. For the second
identity one uses Lemma 14. Q.E.D.

Definition 26 Let A,, By be o-unital Hilbert C'*-algebras and A;, Ay be
separable. The cup-cap product

@p: KK9(A;,Bi®D)® KK%(D® Ay, By) — KK%(A, ® Ay, B] ® Bs)

is defined by the formula 1@ pxy = 74, (21) @B, 9D® A, TB, (¥2). The cup-cap

product for KK is defined in the same way.

Lemma 16 If 2 € KK%(A,B) (or KKG(A,B)), and f : A’ — A and
g : B — B’ are homomorphisms, then tp(f*(z)) = (f @ 1)*(mp(x)) and
™0(9+(x)) = (9 ® 1)«(7D(2)).

Proof. Let x = (£,T). For the second claim we use
(€ ® D) ®pgp (B'®@ D) = (€ ®@p B') @ (D ®p D)
(see Kasparov [7], Section 2, page 523). Q.E.D.

Lemma 17 Ifz € KK%(A,B) and f : D1 — Dy is a homomorphism then
(1@ )" (D, (2)) = (1 ® f)«(7D, ()

Proof. One checks that the proof of Skandalis [14], Lemma 7, works also
in our setting. Q.E.D.

Proposition 4 Let By, B}, B}, D" be o-unital Hilbert C*-algebras and Ay, A}, As, Al
be separable. Let f1 : A} — Ay, fa : Ay, — Ag,g1 : B1 — Bi,g2 : Ba —

B, h: D — D" be homomorphisms. Then the cup-cap product of Definition

26 satisfies

f1(g1®1)u(21) @p (1 ® f2)*g2.(w2) = (f1 ® f2)" (91 ® g2)«(x1 @p x2),
(h®1)s(21) @pr 22 = 21 @p (R @ 1)"(22),

with the restriction that if fo or g1 are not trivial (i.e. are not the identity
map) then this only holds in KK©.
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Proof. This is some computation by applying the formulas of Proposition
3 and Lemmas 16 and 17. Q.E.D.

Let 1 € KKG(C,C) (or KK%(C,C)) be given by the Hilbert (C,C)-
bimodule C with trivial grading and action, and the zero operator.

Proposition 5 Let A be separable and x € KK%(A, B) (or KKCG(A, B)).
Then x®cl = . If A is unital and g(14) = 14 for allg € G then 1®cz = x.

Proof. One proves this along the lines of [14], Proposition 17. Q.E.D.

Theorem 4 Suppose that A is a separable and B a o-unital Hilbert C*-
algebra. Then the map KKG(A, B) — KKY(A, B) is an isomorphism.

Proof. The proof is the same as Theorem 19 of Skandalis [14]. Q.E.D.

Theorem 5 Assume that By, By are o-unital Hilbert C*-algebras, A1, Ao, A3, D1
are separable Hilbert C*-algebras, and 1 € KK%(Ay, Bi®Dy), 2 € KK%(D1®
A9, By ® Dy), 13 € KK%(Dy ® Az,B3). Then (r1 ®p, x2) ®p, T3 =

r1 ®p, (T2 @p, 3).

Proof. One proves this along the lines of [14], Theorem 21. Q.E.D.
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