A CUNTZ-KRIEGER UNIQUENESS THEOREM FOR
SEMIGRAPH C*-ALGEBRAS

B. BURGSTALLER

ABSTRACT. Higher rank semigraph algebras are introduced by mixing
concepts of ultragraph algebras and higher rank graph algebras. This
yields a kind of higher rank generalisation of ultragraph algebras. We
prove Cuntz—Krieger uniqueness theorems for cancelling semigraph al-
gebras and aperiodic full semigraph algebras.

1. INTRODUCTION

Tomforde’s ultragraph algebras [16] and Bates and Pask’s C*-algebras
of labelled graphs [1] are C*-algebras which generalise graph algebras [12]
by introducing - beside a directed graph - a further projection set which
allows higher flexibility to design the C*-algebra. For instance, Exel-Laca
algebras [9] are ultragraph algebras according to Tomforde [16], but are
only proved to be Morita equivalent to graph algebras [10]. In another
direction, graph algebras by Enomoto and Watatani [7] and Kumjian, Pask,
Raeburn and Renault [12] were generalised to higher rank graph algebras by
Kumjian and Pask in [11] and Raeburn, Sims and Yeend in [14]. A central
result for Cuntz—Krieger algebras [6], ultragraph algebras and labelled graph
C*-algebras is the existence of a Cuntz—Krieger uniqueness theorem, firstly
proved for the Cuntz-algebras [5].

In this work we extend Tomforde’s concept [16] of allowing an extra pro-
jection set in the construction of the algebra to higher rank graphs. Such
a graph algebra will be called a higher rank semigraph algebra, see Defi-
nition 5.1. We do not use a strict concept by decorating the graph, but
use a slightly more flexible concept by allowing the algebra to be generated
by partial isometries coming from a higher rank semigraph (Definition 3.1)
and a projection set, and mix it with relations which are reminiscent of the
relations of higher rank graph algebras [11]. Then ultragraph algebras, C*-
algebras of labelled graphs and higher rank Exel-Laca algebras [3] are higher
rank semigraph algebras. We prove a Cuntz—Krieger uniqueness theorem for
cancelling semigraphs (Definition 7.2) in Theorem 7.3.

A side benefit of higher rank semigraph algebras is that they are stable
under quotients (provided the quotient allows a gauge action), see Lemma
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8.1, and so are predestinated for studying quotients (see also [4]). In the
theory of graph algebras one has to go over to relative graph algebras as
studied by Sims [15] when dealing with quotients.

In Section 9 we associate to every semigraph algebra another semigraph
algebra, called the full semigraph algebra, by adding relations which are
analogs to Cuntz’ relation s1s]+s2s5 = 1 in the Cuntz algebra Q2. The main
result of this section is that an aperiodic full semigraph algebra (Definition
9.5) is cancelling, see Proposition 9.6, and so statisfies the Cuntz—Krieger
uniqueness theorem according to Theorem 7.3. Our aperiodicity condition
may be compared with Cuntz and Krieger’s aperiodicity condition in [6]
or Lewin and Sim’s aperiodicity condition in [13] for higher rank graph
algebras.

We give a brief overview of this paper. In Sections 2-3 we introduce the
notion of a finitely aligned k-semigraph. In Sections 3-6 we define higher
rank semigraph algebras and make sufficient analysis (in particular of the
core) to be prepared for the proof of the Cuntz—Krieger uniqueness theorem,
Theorem 7.3, for cancelling semigraph algebras in Section 7. In Section 8 we
state stability under quotients, and in Section 9 we discuss full semigraph
algebras.

2. SEMIMULTIPLICATIVE SETS

In higher rank graph C*-algebra theory [11] a graph is a small category.
We are going to introduce higher rank semigraph C*-algebras which are
relying on a similar but more general structure called a semimultiplicative
set.

Definition 2.1. A semimultiplicative set T is a set equipped with a subset
T® C T and a multiplication

T® — T (s,) — st,

which is associative, that is, for all s,t,u € T, (st)u is defined if and only if
s(tu) is defined, and both expressions are equal if they are defined.

When we say (st)u is defined then we mean (s,t) € T and (st,u) € T?).
An example which is relevant for us is the semimultiplicative set A which is
a graph [11]. Then the product A\u of two elements of A is defined if and
only if s(A) = r(u). A graph is even a semi-groupoid [8]. A semi-groupoid is
a semimultiplicative set with the property that (st)u is defined if and only
if both st and tu are defined. The second example - and this comes closer
to what we do here in this paper - is to think of a semimultiplicative set as
a graph A without the projections, so the set T' = A\A(O).

3. SEMIGRAPHS

We define Ny = {0, 1,2, ...} and denote by T the unit circle. In this paper
k denotes an index set. If k is infinite then Z* denotes the set of functions
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f :+ k — Z with finite support (and similarly N’g and T* denote the set of
functions with finite support).

Definition 3.1. Let k£ be an index set (which may be regarded as a natural
number if k is finite). A k-semigraph T is a semimultiplicative set T equipped
with a map d: T — ng satisfying the unique factorization property which
consists of the following two conditions:

(1) For all z,y € T for which the product zy is defined one has

d(zy) = d(z) +d(y).
(2) For all z € T and all ny,ny € NE with d(z) = ny + ng there exist unique

x1,x2 € T with x = x1x9 satisfying d(x1) = ny and d(z2) = no.
The map d is called the degree map.

Often we shall call a k-semigraph T just a semigraph when £ is unim-
portant or clear from the context. We shall occasionally denote the degree
d(t) of an element ¢ in a k-semigraph also by |t|. We denote the set of all
elements of T with degree n by T(™ (n € Nf). The cut-down k-semigraph
T(=") is the k-semigraph consisting of all elements of T with degree less or
equal to n.

Definition 3.2. If x € T and 0 < n; < ny < d(x) then there are unique
x1,x2,x3 € T such that x = zjxexs, d(z1) = ni,d(z2) = ny — n; and
d(xz3) = d(x) — n2. z2 will be denoted by x(n1,ng).
Definition 3.3. A k-semigraph T is called finitely aligned if for all z,y € T
the minimal common extension of x and y, which is the set
T (2 ) = {(o, 8) € T x T|zer and yf are defined,
za=yp, d(za) = d(z) vV d(y)},

is finite.

The last definition is a straight generalisation of finitely alignment in
graphs ([14]).

Lemma 3.4. Let A be a finitely aligned semigraph. For every finite subsets
E of A there exists a finite subset F' of A containing E such that the following
implication holds.

(33171’2,%,3/2 € F, d(r1) = d(z2), d(y1) = d(y2), (o, ) € A(min)(ﬂfl,y1)>

(1) = (arga € F if xo is defined, yo28 € F if yo3 is deﬁned)

Proof. If A is a graph then this lemma is a restatement of [14, Lemma 3.2].
If A is a graph T' without the idempotent set T'©, so A = T\I'®)| then
the assertion of this lemma follows also directly from [14, Lemma 3.2] by
applying it to the graph I'. If A is none of these cases then this lemma
may be proved along the lines of [14, Lemma 3.2] with obvious adaption:
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one always takes into account whether a given product in A is defined and
restricts to the defined products. For example, instead of the definition of
the set E; given in the proof of [14, Lemma 3.2], one uses

E, = {.73 = )\1(0, d()\l)) ce )\j(d()\j—l)v d()\J)) | Al € VE;,
x exists, d(A) < d(Nyqp) for 1 <1<j}

O

Definition 3.5. T is called a non-unital k-semigraph if there exists a k-
semigraph 77 which has a unit 1 € T} such that 7' = T7\{1}.

Suppose that T is a non-unital k-semigraph. Then d(1) = 0 since we have
d(1) =d(11) = d(1) + d(1). Moreover, by the unique factorization property
in 77 the identity t = 1t = t1 yields that 1 is the only element in 77 which
has degree zero. Consequently we have d(t) > 0 for all t € T'.

4. THE DEGREE OF A WORD

The setting of this section is as follows. P is a set and 7 is a k-semigraph
or a non-unital k-semigraph. F denotes the free non-unital x-algebra gen-
erated by the letter set 7 U P. In other words, I is the vector space over
the complex numbers with base being all non-empty formal words a{* ... a5
(n > 1) in the letters a; € T U P. Here ¢; € {1,x}. Multiplication and
taking adjoints within F is done formally.

Definition 4.1. The degree d(x) of a word x = z1...2, in F (n > 1,
x; € PUT UP*UTY) is defined to be

d(z) =d(x1) + ...+ d(xy,),

where d(z;) is to be the semigraph-degree d(x;) when x; € T, d(z;) = 0 if
x; € P, and d(z}) = —d(z;) for any z; € T UP.

Since this degree map extends the degree map for 7, we use the same
notation d. Note that the last definition is unambiguous: by the unique
factorization property in 7 we have

d(z) =d(st) = d(s) + d(t)

for any decomposition x = st of z,s,t € T in T, and this is all we had to
check. The degree map satisfies the following formulas:

d(wv) = d(w) + d(v) and d(w*) = —d(w)

for all nonzero words w and v with wv # 0 in the first identity. In general
we may call such a map a degree map, even without the special form given
in Definition 4.1. Note also that in order that Definition 4.1 is without
contradiction we need to have that the intersection P N 7T, if non-empty, is
a subset of 7).
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In this chapter we shall write W,, for the words with degree n € Z. Having
the degree map d, we may write F as a direct sum of fibers, where a fiber
F,, is the linear span of all words with degree n, i.e. we may write

(2) F= P F,= P span(Wy,).

nezk nezk
Definition 4.2. We call the set F' = | J,,czx Fr = U, cz» span(W,,) the fiber
space of F.

Consider a quotient X = F/I of F. A word w € F will also be called a
word in the quotient X, so w + I is called a word in X when w is a word in
F. Assume that we are given a two-sided self-adjoint ideal I of F which is
generated by some subset of the fiber space. Then the quotient F/I inherits
the degree map from F as we are going to prove:

Lemma 4.3. The degree map d for words in F induces a well defined degree
map for the nonzero words in X when X is a quotient of F by a subset of

the fiber space. (Formula: d(x + 1) = d(z).)

Proof. For two nonzero words v +1 = w+ 1 in X, where v and w are words
in F, we need to show that d(v + 1) := d(v) = d(w) =: d(w + I). We have
v —w € I. Thus there are scalars «; € C, words a;,b; € F, and elements
z; € Fj, N1 such that

(3) v—w =Y oamib;,
i=1

where each summand «;a;z;b; is obviously in the fiber Fj, 4 j(a)+q@p)- Since
v and w are words, and thus elements of single fibers, say v € F,,, and
y € Fp,, a compare of fibers in (3) and using the direct sum representation
(2) shows that either d(w) = d(v) (what we wanted to prove) or both v
and w are elments in I, which means that v 4+ I is zero in X (the case we
exclude). O

Definition 4.4. The fiber space of X is the image of the fiber space of F
under the quotient map F — X.

Definition 4.5. Let o : TF — Aut(F) be the gauge action defined by
(4) oap)=p and  ox(t) = At
for all pe P,t € T and \ € T*.

The gauge action carries over to a canonically in the same way defined
gauge action o’ : TF — Aut(X). Indeed, since X = F/(Y) is the quotient
of F by a subset Y of the fiber space, and each element r € [F,,, of the fiber
space satisfies o)(r) = A™r, one has o)((Y)) C (Y). Hence o) induces
oy :F/(Y) — F/(Y). Note also that o' = gy~ and similarly so for o).
For simplicity we shall denote the gauge action on X also by ¢ if there is no
danger of confusion.
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Definition 4.6. Let o0 : TF — Aut(X) denote the gauge action on X
determined by the formulas (4).

Lemma 4.7. X is the x-algebraic quotient of F by a subset of the fiber space
if and only if there is a gauge actions on X as defined in Definition 4.6.

Proof. One direction we have proved. For the reverse direction assume that
X has a gauge action. Write X = /I canonically for a two-sided self-adjoint
ideal I in F. Let x be an arbitrary element of I. We may write x = >z,
for x,, in the fiber I, for all n € Z*. We have, in X,

0=ox(z+1) = Z ANx, +1

nezk

for all A € T*. Thus z,, €I for all n € Z*, and so z,, € INF,,. Since = was
arbitrary, I is the linear span of (J,c,x(INFy,). So X is the quotient of a
subset of the fiber space. O

Since it is somewhat shorter, we shall occasionally write |x| for the degree

d(x).
5. SEMIGRAPH ALGEBRAS

We shall use the following notions when we speak about algebras. A x-
algebra means an algebra over C endowed with an involution. An element s
in a x-algebra is called a partial isometry if ss*s = s, and a projection p is
an element with p = p? = p*. If I is a subset of a *-algebra then (I) denotes
the self-adjoint two-sided ideal generated by I in this x-algebra.

Definition 5.1 (Semigraph algebra). A k-semigraph algebra X is a *-
algebra which is generated by disjoint subsets P and T of X, where

(i) P is a set of commuting projections closed under taking multiplica-
tions,
(ii) 7 is a set of nonzero partial isometries closed under nonzero prod-
ucts,
(iii) 7 is a non-unital finitely aligned k-semigraph,
(iv) for all z € T and all p € P there is a ¢ € P such that px = xq,
(v) for all z,y € T there exist gy 4.8 € P such that

(5) a:*y = Z aquny,oz,ﬁﬁ*a and
(@.B)eT ™™ (z.y)

(vi) X is canoncially isomorphic to the quotient of F by a subset of the
fiber space (Definition 4.2).

We denote the unitization of the non-unital semigraph 7 by 77 (77 appears
in identity (5)). Note that 77 := T U{1} is a finitely aligned k-semigraph by
Definition 5.1 (iii). It is understood in (5) that the unit 1 of 77 is also a unit
for X. So we may assume that 1 is the unit of the unitization of X, which is
X = X @ C1. The only reason why we use non-unital k-semigraphs instead
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of k-semigraphs is that we wanted to avoid forcing a semigraph algebra to
be unital.

Note that the product of two elements s and ¢t of T stays in T (so is
composable in T) if and only if st # 0. This is a somewhat subtle implication
of Definition 5.1 (ii). In general, such a construction is a typical example
of a semimultiplicative set; for instance if R is a ring, then R\{0} is a
semimultiplicative set under multiplication.

We shall occasionally write line (5) as

(6) Ty = Z aqu,a,ﬁﬁ*-
ra=yf
Note that in the last identity d(za) = d(x) + d(a) = d(yB) = d(y) + d(B),
so that in formula (6) we have
d(z*y) = —d(x) + d(y) = d(a) — d(8) = d(agz,y.qa,58")-
This shows that formula (6) is a relation in the fiber space.

The precise meaning of point (vi) of Definition 5.1 is that the kernel of
the canoncial epimorphism F — X is an ideal which is generated by a
certain subset of the fiber space. In other words, X can be regarded as the
free x-algebra F generated by 7 and P divided by a family of equations
x; = 0, where x; is a linear combination of words w with common degree

d(w) (depending only on i). Equivalently, there is a gauge action on X
(Lemma 4.7).

Lemma 5.2. There is a degree map on the set of nonzero words of X which
extends the degree map on T (see Definition 4.1).

Proof. This is Lemma 4.3 in combination with Definition 5.1 (vi). O
Lemma 5.3. Let X be a semigraph algebra. Then

(i) d(1) = 0, (i) d(t) > 0 for allt € T, (iti) t*t € P for allt € T, and
(iv) s*t = 6Ls*s for all s,t € T with d(s) = d(t).

Proof. (i) and (ii) were proved in Section 3.

(iii)-(iv) If d(s) = d(t) then s*s = 1¢gs1,11 € P and s*t = 0 for s # ¢ by
(5). O
Definition 5.4. The enveloping C*-algebra C*(X) of X is called the sem-
igraph C*-algebra associated to X.

Lemma 5.5. Points (ii), (iv) and (v) of Definition 5.1 also hold for x,y €
Ti.
Proof. (iv) Of course, pl = 1p. (v) Say z = 1. Then (y,1) is the only
element in ﬂ(mln)(l, y) and one has formula (5), namely 1*y = y(y*y)1 with
Qyy1 =Yy € P (Lemma 5.3 (iii)). O
Definition 5.6. We shall use the following notations:

TP = {speX|seT,peP},

TIPT = {spt*e X |s,teT,peP}.
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Definition 5.7. We shall use the following vocabulary for better readability
of this paper:

We call an element of T1PT;* a standard word (of the semigraph algebra
X). We call an element of 71P a half-standard word.

So an element w of a semigraph algebra is a standard word if it allows a
representation w = spt* for some s,t € 71 and p € P. In particular, p, sp
and pt* are also standard words (since 1 € 77). A half-standard word is a
standard word.

The first important observation we shall make is that the word set of a
semigraph algebra is an inverse semigroup. Note in particular that this also
means that the range and source projections of all words commute among
each other (also between different words). It is however not true that the
standard words form an inverse semigroup. They do not form a stable set
under multiplication.

Lemma 5.8. (a) The word set of X is an inverse semigroup of partial
1sometries.
(b) For each word w there are half-standard words a;, b; and ¢; such that

n m

* Ak _ X

(7) ww* = E a;a; and w = g bjc;
i=1 j=1

with d(w) = d(bjc}) for all1 < j < m.

Proof. We are going to show that range projections of half-standard words
commute. Let a and b be half-standard words. Then we may choose x,y € Ty
and p,q € P such that a = zp and b = yq. We have

aa*bb* = xp(x*y)qy* = Z TPy y 0,88 qY"
(@,B)eT ™™ (z,y)

= 2Paley.0s8BY =D UBPalr.y.0p138 Y

for certain pn,qg € P such that pa = apa, B = Bgg by Definitions 5.1 (iv)
and (v), and since za = yB. We see by the above identity that aa*bb* is
self-adjoint (since P is a commuting set, Definition 5.1 (i)). Thus aa* and
bb* commute.

We are going to show the first identity in (7). We shall prove it by
induction on the length of the word w. Assume that ww* = )", a;af =
> wigizy is proved (for z; € 71 and ¢; € P with a; = z;q;). If t € T then
tww*t* = ), tr;g;xt* and we are done with this inductive step. If p is in
P then

pwwp* = prigript =Y  zipipix;
7 [



A CUNTZ-KRIEGER UNIQUENESS THEOREM FOR SEMIGRAPH C*-ALGEBRAS 9

for the p; € P of Definition 5.1 (iv) satisfying pz; = x;p}, and so we are also
done with this inductive step. If t € T then

trww*t = Z t*riqixit = Z(t*xl)qz(t*xz)*

2 K3

_ * / 1%
- § E O‘i‘]t,xi,cxi,ﬁiﬁi qi E Bi(k,mi,a;,ﬁgai

i tay=xi 54 ta;leﬁ;

:Z Z Gt,z;.0,80" B 31 wi,0,60

1 tai=z;B;

by Definition 5.1 (v) in the second line, and Definition 5.1 (iv) (¢:5; = 8'¢; 51)
and Lemma 5.3 (iv) in the third line. Note here also that o/ = « since
necessarily 8/ = 3, and one 3’ allows only one solution o’ in the equation
ta/ = x;8; by the unique factorization property (Definition 3.1). This proves
the inductive step also in this case.

The proof of the second sum in (7) is very similar.

By the first formula of (7) and the fact that the a;a}’s commute (as we
have proved at the beginning of this lemma) it is evident that ww* and vv*
commute for all words w and v. Now P and T consist of partial isometries.
Hence also their compositions are partial isometries since their source and
range projections commute. And so further we see by induction that words
of any length are partial isometries. This proves point (a). ([

Corollary 5.9. A semigraph algebra is spanned by its standard words.
The range projection of a word is a sum of range projections of half-
standard words.

Proof. This is a restatement of Lemma 5.8 (b). O

Corollary 5.10. A semigraph algebra is generated by the inverse semigroup
of all its words.

Proof. The semigraph algebra is the linear span of its words, and the word
set is an inverse semigroup by Lemma 5.8. ([

Lemma 5.11. If vy,...,v, are half-standard words then there are half-
standard words w1 ..., wy,, such that

(8) P, P, ...P, =Py +...+ Py,

where the Py, ’s are mutually orthogonal and the wy,’s have common degree,
i.e. d(wg) = d(w;) for all 1 < k,i <m.

Proof. By induction hypothesis assume that (8) is already proved. We may
write vp,41 = sp and wg = trqx for some s,t; € 71 and p,pr € P. Assume
that d(tx) = d(t;) for all k and i and that the ;’s are mutually distinct. By
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Definition 5.1 (iv) and (v) we have
m m

Popy > Pu, = > (sps™)(tranti)

k=1 k=1

n

k=1 s =ty Pk

n
E § / * gk
- Sakpk>aquysztk’ak76kqk,ﬁkﬂktk
k=1 sak:tkﬁk

n
= E: E: Ptkﬁkpk,aka,s,tk,ak,qu;.cﬁk’

k=1 sak:tkﬂk

where pkyoék,qz,ﬁk € P such that poy, = appr.q, and qiB; = qu;ﬂﬂk‘ This
proves the claim since the t;0;’s are mutually distinct. [l

Lemma 5.12. The source projection of a half-standard word is in P.

Proof. Let ap (o € Ti,p € P) be a half-standard word. Then pa*ap € P
by Lemma 5.3 (iv) and Definition 5.1 (i). O

The idempotent elements of the inverse semigroup of words in a semi-
graph algebra are the range projections of words. By Lemma 5.8 the range
projection, and thus also the source projection, of any word is the orthog-
onal sum of range projections of half-standard words. It is thus natural to
consider common refinements of such range projections in the further anal-
ysis, and this is what the next definitions are all about. These common
refinements will be called standard projections. They will be useful in the
further analysis of semigraph algebras.

Definition 5.13. For an element x of a x-algebra X we put P, = zx* and
@z = z¥z. For a subset Z of a x-algebra X we set

P(Z) = {P.(1-Py,)...1-Py,)eX |z, y,€Z m>0}.

Definition 5.14. For better readability we introduce the following vocab-
ulary.

We call an element of P(71P) a standard projection (of the semigraph
algebra X).

We call an element of P(P) an elementary standard projection.

For instance, xpz*(1 — yqy*) is a standard projection given z,y € 71 and
p,q € P.
6. THE CORE

Definition 6.1. The core of a semigraph algebra X is the 0-fiber Xy, that
is, the linear span of all words with degree zero.
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Since we have d(vw) = d(v) + d(w) and d(v*) = —d(v) for words v and
w in X, the core is even a x-subalgebra of X. The next proposition is the
basic tool for the analysis of the core.

Proposition 6.2. (i) Suppose X is a *-algebra and G = {s1,...,s,} a
finite, self-adjoint subset of partial isometries of X with commuting range
projections. Let {p1,...,pn} be the collection of all minimal projections of
the finite dimensional commutative subalgebra Z of X generated by the range
projections {Ps, }1; of the elements of G.

Assume that for all 1 < 1,5 < n there exist nonnegative reals Ay, ..., Ay >
0 such that

9) 585 = " s
k=1

Assume that for all 1 <i,j <n
(10) s;Ps.s; € Z.

55

Then for all 1 < x,y < N and all 1 <i <n one has

(11) PaSipy 7 0 = DPuSiPy = DzSi = SiPy-

(ii) Assume further that for all1 < x,y < N and all 1 <i,j <n one has
(12) pzsipy #0 and pys;py # 0 = PzSiSjPx 1S a projection.
Then the linear span M of G is a finite dimensional C*-algebra with gener-
ating canonical matriz units (eq,y)i1<zy<N, where e, = pzS;py when there

is some 1 <1 < n such that pys;p, # 0, and ez, = 0 otherwise. Actually,
exy does not depend on i. If ey, # 0 then ey, = py.

Note that by formula (9) and the fact that G is self-adjoint and finite, M
of the last proposition is surely a finite dimensional *-algebra. The point is
that M is even a C*-algebra together with the relatively explicit computation
of the matrix units. Note also that the minimal projections p, are just the
common refinements of the projections P,.

Proof. Since G is self-adjoint (that is, G* C G) Z contains also the source
projection of every element of G. We have s;Zs; C Z by (10) for every
s; € G. This also implies s7Zs; C Z as s; € G too. In particular, s;p,s; € Z
foralll1 <z < N and 1 <7 < n. Thus we have

DaSiDyDySi Py € Pa5iZ8iPe C pelpr € Z
forall 1 <z < N and all 1 <7 < n. Since p, and s; are partial isometries
with commuting source projection p, and range projection s;s;, p.s; is also
a partial isometrie. By such considerations we check that

Sis PxSiy SiSj, PxSiDy
are partial isometries with source and range projections living in the com-
mutative algebra Z. The partial isometry

i
Cxy = PxSiPy
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is either zero or has source projection p, and range projection p, by min-
imality of the p,’s. Hence, the composition eéyei,y, is a partial isometry
again for all 1 < z,y,2’,y’ < N and all 1 <4,7’ <n. If e, # 0 then, since
Z is a commutative algebra,

(13) €iy = Pz SiPyPyS; 8iby = P (8iPyS; )i = D Si

as the minimal projection p, absorbs the projection s;p,s; € Z. This proves
claim (11). A

Hence, if €}, # 0 and e}, # 0, then
e;y(eéy)* = PzSiS;Pa-

By assumption (12) (also recall that s; € @), this is a projection. Since,
zy :
projection py, this is only possible when e, = e%y. This proves that ey, :=

as noted above, e’ and e, have common source projection p, and range

3
Ty’

M is a finite dimensional *-algebra by assumption (9). Since Z@]L p; is
a unit of M, the collection of all e;,’s span M. We have to show that the
linear map ¢ : M — My(C) determined by ¢(e;;) = é;; for e;; # 0, where
é;; denote the canonical matrix units of My (C), is a *-homomorphism. It
will then automatically follow that ¢ is injective. That the nonzero e;,’s
are linearly independent, follows from a standard proof exploiting the above
mentioned fact that the source and range projections of e, are p, and p,
respectively. Suppose that e;, and e,. are nonzero. Then

el.,, if nonzero, does not depend on 1.

0 7é e;k:y = pysjpx = Cyg
by the above proved uniqueness of ey;. Thus ¢(e},) = ¢(exy)*. Now we
have

n
CxyCyz = Pz SiSjPz = Z AkPzSkDz = Aegz
k=1
for certain A\, > 0 and A > 0 by (13), by assumption (9), and by the above
proved uniqueness of the e’;Z’s. Since both e,y ey, and e, are nonzero partial
isometries (as mentioned above), |A\|> =1, and so A = 1 as A > 0. Hence we
have e;ye,. = €., and so

(p(ezyeyz) = (P(e;tz) = éSEZ = émyéyz = @(emy)(p(eyz)'

O

For the remainder of this section assume that we are given a semigraph
algebra X.

Lemma 6.3. For every finite set D of half-standard words there exists a
finite set H of half-standard words containing D such that

(14) G={zy" e X |z,ye H, d(z)=d(y) }

satisfies all assumptions stated in Proposition 6.2.
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Proof. Let D be a finite set of half-standard words. There are z1,...,x, € Ty
and l1,...,l, € P such that D = {x1ly,...,z,l,}. By Lemma 3.4 there
exists a finite subset F' which contains F = {x1,...,x,} and satisfies the
stability condition (1). By Definition 5.1 (v), for every z,y € F we may
choose ¢z 4.3 € P such that

x*y = Z O“h:,y,oc,ﬁﬁ*-

(a,8)eT™™ (2,)

Write L for the finite collection of these ¢, 4 o 3’s. Set A = [J;;, 7€) Define
the following finite letter set A,

A={a€ Al Ja,p € Ti such that aap € F'}.

In other words, A is the collection of those letters which are part of a word
in . Consequently, for every x € I there are a; € A such that x = a; ... q;.
For every ¢ € P and every a € A choose a projection Q(a,q) in P such that
ga = aQ(a,q) according to Definition 5.1 (iv). Successively applying the
last identity we get

qaj...a; = aiQ(a1,q)az...aq;

(15) = aj...a;Q(a;, Q(ai—1,...Qa2,Q(a1,q))...)).
Define Ly to be the finite set

Lo={1,l1,...,l,} UL.
For n € Nf set

L, = Lou{Q(a;,Q(ai-1,...Q(a2,Q(a1,q))...)) € P|
ieN, al,...,a; €A, |la1|+...+|a;i| <n,q€ Ly}

Define II,, to be the set of all finite products of elements of L,,. That is, an
element of II, is a finite product of projections which arise as projections
from Lo which then skip at most n letters of A (which is the letter set for
the words in F'). Notice that since Ly is a finite set, L, is a finite set. Thus,
since P is a commuting set, II,, is a finite set. Note also that (R,), and
(I1,),, are families of sets which increase in size. Now define

H={aqgeTiP|a€F, qell\{1}.

Then H is a finite set. It contains the set D as x; € E C F and [; € Ly C
I, for every 1 < 4 < n. This is the desired H which appears in (14).
Define G as in (14).

We aim to check that the requirements stated in Proposition 6.2 for a set
G there hold also for this G. Let us be given

g=aiqipa; €G and  h=az@ua; € G,
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where a1q1,...,a4qs € H with aq,...,a4 € F, |aq| = |aa|, |as] = |ay],
q1, 492 € jq,) and g3, g4 € 1)y, Then
gh = (a1q1q205)(3q3q40vy)
= > G192 G0s,05,2,5Y 439400
()T (az,03)
(16) = Z alwq£x)q§y)y*a2

(fﬁvy)€7'1<min) (a2,03)

where q1qax = xq; for some 1 € 1|y, |4z by (15) (because qig2 consists of
elements which at most skipped || letters of A, so ¢ consists of elements

which at most skipped |a1|+ |z| letters of A), and where we have put q%x) =

Q1902,08,2y € Hja,|4z|- Similarly we have g3quy = ngy) for some qéy) €

jos 41y by (15).
By condition (1) of Lemma 3.4 we have
(17)
mrA0ay£0 = omoayeF = g’ 0yes” € H.

We have seen that G is a finite, self-adjoint set such that for all g,h € G,
gh is the sum of certain elements in G as we can see from expression (16).

This fact proves the requirement (9) in Proposition 6.2.
By (16) we have

(gh)(gh)” = > arzg\” ¢y oy’ g\ o oy

(@), () €T™™ (az,a3)
m

= D o9
=1

for some g; € G as y*y' = 55/Qy in the above sum. This exactly proves (10)
of Proposition 6.2.

To prove (12) of Proposition 6.2, we have to show that if p, ¢ are minimal
projections in Z (the commutative algebra generated by the range projec-
tions of the elements of G), and g, h € G satisfy pgq # 0 and phq # 0, then
pghp is a projection.

We may assume pghp # 0. We may write g = a1q1g205 and h = aigqzqac
as above. Then gh equals (16). To analyse the sum (16), we consider
(x,y) € ’7'1(mm) (g, a3). Set p, = al:rqu)qgm):c*a’{. If p, # 0 then ayx # 0
and so p, € G by conclusion (17). Thus p, = p,p% is an element of Z.
Note that the p,’s are mutually orthogonal for different x’s. Since p is a
minimal projection of Z, there is at most one zy such that p = pp,, # 0.
Comsequently, by (16) we have

0 # pghp = ppayghpe,p = ppxoalxoqgm)qéyO)yo*aszop

(Io)qéxo)

= PPzy01T0q; 20" QPP = PPaoPaoProl = P
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for (xo,y0) € ﬂ(min)(ag,ag), and where the facts yo*ajps,, # 0 and

lanzg| = |aayo| forces the conclusion ayyg = ajxp. This shows that pghp is
a projection. We have proved that G satisfies all the requirements stated in
Proposition 6.2, and this was the claim. O

The next corollary is the main result of this section. The core is locally
matrical (i.e. the algebraic direct limit of finite dimensional C*-algebras).

Corollary 6.4. The core is the union of a net of finite dimensional C*-
algebras, each one allowing a matriz representation where each projection
on the diagonal is a finite sum of mutually orthogonal standard projections.
A C*-representation of X is injective on the core if and only if it is non-
vanishing on nonzero standard projections.

Proof. The core is the linear span of words with degree zero. Thus, by
Lemma 5.8, the core is the linear span of words xy* where z,y are half-
standard words with degree d(z) = d(y). Let f = {z1y],...,zny;} be a
finite subset of the core with d(z;) = d(y;). Set D = {x1,...,Zn,y1,- .., Yn}-
Choose G for D according to Lemma 6.3. Then f C G. The linear span of G
is a finite dimensional C*-algebra by Proposition 6.2. This finite dimensional
C*-algebra may be represented by a direct sum of matrices with diagonal
entries e;, = pg, where p, is a minimal projection of the commutative
algebra generated by the range projections Py’s (¢ € G). Thus p, is a
common refinement of such P,’s, that means,

(18) Pz =Py ... Py, (1 —=PFpy,)...(1—Pp,)

for some g;,h; € G. Now an element of G is of the form zy* (z,y half-
standard words), and so Py = zQuaz* = P, for the half-standard word
z = x@Qy. Hence, if we expand Py, ... Py, in (18) according to Lemma
5.11, we see that p, is the orthogonal sum of standard projections. This
proves the first claim of the corollary. The second claim is now clear, as a
homomorphism defined on the core is injective if it is non-vanishing on the
nonzero standard projections (thus non-vanishing on the matrix diagonal
entries). O

7. THE CUNTZ-KRIEGER UNIQUENESS THEOREM

In this section we are going to prove a Cuntz—Krieger uniqueness theorem
for a semigraph algebra. To this end we shall apply theorems of our paper
[2].

Let us recall what we need. In [2] we consider a *-algebra X which
is generated as a x-algebra by a subset A. One has given an amenable
group G. One is equipped with a degree map d assigning to each nonzero
word in the letters of A an element in G, such that d(vw) = d(v)d(w) and
d(v*) = d(v)~! when w,v,wv # 0. The *-algebra X together with these
data A, d and G is called a balance system.
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Let us anticipate that we shall apply this setting to a semigraph algebra
X. We define G to be Z*, A the standard words, and d the degree map.

In [2], a criterion (C)* is given (explained below) which characterizes
special balance systems, which are then called cancelling systems. If we
have a cancelling system, and the word set is an inverse semigroup of partial
isometries then the cancelling system is even a so-called amenable cancelling
system ([2], Corollary 1). Such a system satisfies the following uniqueness
theorem ([2], Theorem 2.1).

Theorem 7.1 ([2], Theorem 2.1). If X is an amenable cancelling system
then the universal C*-representation m : X — C*(X) (so C*(X) is the en-
veloping C*-algebra) is injective on the core, and actually this is the only ex-
isting C*-representation which is injective on the core (up to isomorphism).

If we can verify the condition (C)* for a semigraph algebra then it is a
cancelling system. It is then automatically an amenable system as the word
set forms an inverse semigroup of partial isometries (Lemma 5.8). Then the
above theorem applies.

The criterion (C)* can now be formulated as follows:

There exists a subset P of the core consisting of nonzero projections such
that for any nonzero projection g in the core there is a projection p in P
satisfying p = ¢ (Murray—Von Neumann order). There exists a subset B of
the algebra X such that any word with nonzero degree can be expressed as
a linear combination of elements of B. For every x € B and every p € P
there is a ¢ € P such that ¢ < p and qzq = 0.

We are going to introduce a definition which is designed to guarantee the
validity of (C)*.

Definition 7.2. A semigraph algebra X is called cancelling if for every
standard word w with nonzero degree and every nonzero standard projection
p there is a nonzero standard projection ¢ such that ¢ < p and qwq = 0.

If X is a cancelling semigraph algebra then it satisfies (C)*. Indeed,
define B to be the standard words with nonzero degree, and P the nonzero
standard projections. By Lemma 5.8 a word with nonzero degree may be
expressed as a sum of words of B. By Corollary 6.4, any nonzero projection
of the core is larger or equal in Murray—Von Neumann order than a nonzero
standard projection. So (C)* is now evident.

Theorem 7.1 thus yields the following Cuntz—Krieger uniqueness theorem.

Theorem 7.3 (Cuntz—Krieger uniqueness theorem). A cancelling semigraph
algebra X satisfies the following uniqueness:

The universal representation X — C*(X) is injective on the core, and so
non-vanishing on the nonzero standard projections, and up to isomorphism
this is the only existing representation of X in a C*-algebra which is non-
vanishing on nonzero standard projections and has dense image.
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We used here also the fact that a representation is injective on the core
if and only if it is non-vanishing on nonzero standard projections (Corollary
6.4).

8. THE QUOTIENT OF A SEMIGRAPH ALGEBRA

The following lemma tells us that a semigraph X divided by a subset of
the fiber space (Definition 4.4) is a semigraph algebra again.

Lemma 8.1. Let X be a semigraph algebra and Y the quotient of X by
a subset of the fiber space of X. Let f : X — Y be the quotient map.
Then'Y is a semigraph algebra for the new generator sets Phew = f(P) and
Toew = f(T)\{0}. The restriction

(19) Fl1Toew) 2 I H(Thew) — Thew
s a bijection.

Proof. Since by Definition 5.1 (vi) X is a quotient of F by a subset of the
fiber space of F, and Y is a quotient of a subset of a fiber space of X, Y may
also be realised as a quotient of a subset of the fiber space of F. Hence, by
Lemma 4.3 Y is endowed with a degree map defined on the nonzero words of
Y. Since the gauge actions on X and Y are essentially identic, their degree
maps are also essentially identic.

In particular, Tpew is endowed with a degree map d(f(t)) = d(t) fort € T,
f(t) # 0. To prove that (19) is injective (it is surely surjective), suppose that
f(s)=f(t) #0for s,t € T, and s # t. Then s*t = 0 since d(s) = d(f(s)) =
d(f(t)) = d(t). Hence f(s*s) = f(s*t) = 0, and so f(s) = f(ss*s) = 0,
which is a contradiction. Using this injectivity, it is now easy to check that
(Taew)1, which is isomorphic to (f~(Taew))1 C T1, is, as T1, a semigraph.

We are going to prove that Y is a semigraph algebra. Definition 5.1 (vi)
is verified for Y. Definitions 5.1 (i)-(iv) are obvious. It remains to check
Definition 5.1 (v). Suppose that z,y,«, 5 € T; and f(x)f(a) = f(y)f(B) #
0. Then f(za) = f(yB) # 0. By injectivity of (19), za = yS. Hence one
has
(20)

(Taew) V™ (F(2), F()) = { (F(@), F(B)) | (v, B) € T™™ (2, 9), f(x)f(a) #0}

for x,y € T1 with f(z) # 0 and f(y) # 0. In particular, (Thew)1 is finitely
aligned. Applying the map f to identity (5) of Definition 5.1 (v) we get

(21) fl@) fly) = > F(@) f(@eyas) F(B)"

(@,8)eT™™ (2,y)

Since the left hand side of (21) has the left unit f(z)* f(z), this must also be
a left unit for the right hand side of (21). Imaging putting this unit before
the sum in (21), we see that the summands satisfying f(z)f(«) = 0 vanish.
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So we drop these a’s and end up with

f@) fly) = > F(@) f (qeyas) (B
(@.B)eT™™ (z,), f (@) f(a)#0
By (20) this verifies Definition 5.1 (v) for Y. O

9. FULL SEMIGRAPH ALGEBRAS

The aim of this section is to associate to a given semigraph algebra X a
further semigraph algebra X by adding relations to X which are counter-
parts to the relation sys] + s2s5 = 1 in the Cuntz algebra Os.

Definition 9.1. Write ’7'1(00) for the set of all increasing sequences in 7;.

That means, an element z € 7'1(00) is a function x : NE — 77 such that
d(xzy) = n and zp,(0,n1) = zp, for all ny < ng (n1,n9 € N’g).

We may interpret an increasing sequence x € ’Tl(mm) as an infinite path

in 77.

Definition 9.2. Define O to be the set of all standard projections p € X for
)

which for every increasing sequence x € 7'1(00
for some n.

Then the full semigraph algebra X associated to X is the x-algebraic
quotient of X by O.

one has px, = 0 eventually

Since px, is a partial isometry with norm 1, lim, pz,, = 0 is equivalent to
saying that px,, = 0 eventually (or to pP,, = 0 eventually).

The idea behind fullness is to add for every coordinate i € k the formal
relation “1 = 3 7« P,” to the semigraph algebra X. (This is Cuntz’
relation in the Cuntz algebra [5] that the sum of the range projections of
the generators is the unit.) This may however be an infinite sum, and so
the meaning must be specified. With these relations we get

“1 = ZP = Z Zabb*a*:...: Z P,.

la|=e; |a|=e; |b|=e; acT(n)

Thus an element p in X seems to vanishes if and only if pl = 0 if and
only if there is an n € Nj such that pP, = 0 for all a € 7'1(n). This
condition is however somewhat too strong, and so we heuristically think of
the limits of the range projections P, of elements x € 7’1(00) as the spectrum
of a commutative algebra generated by all range projections P, (« € Tq).
Elements « in the spectrum correspond to limits x = lim P, . So we declare
p to be zero if the evaluation on the spectrum is zero everywhere, that is, if
lim, pP,, = 0 (equivalently pz, = 0 eventually) for all x € 71(00). This is
what we do in Definition 9.2.

In the next lemma we shall show that the quotient of X by O is indeed a
semigraph algebra and that it is indeed full in the sense that we get nothing
new if we consider the full semigraph algebra of this quotient again.
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Lemma 9.3. (a) X is a semigraph algebra, and (XH)” =X
(b) If p is a standard projection in X then p vanishes in X if and only
ifpeO.

(c) Ift €T then t vanishes in X if and only if P, € O.

Proof. X|| is a semigraph algebra as it is the quotient of the semigraph
algebra X by a subset of the core, which is in the fiber space (Lemma 8.1).
We denote the equivalence class of * € X in X = X/(O) by [z]. We are
going to prove (b). Suppose that p is a standard projection and [p] = 0.
Then there are elements p; € O, scalars o; € C, and words v;, w; such that

K
(22) b= Z QiU PiW; .-
i=1

Since by Lemma 5.8 every word may be written as a sum of standard words,
we may assume that the v; and w;’s are standard words. Say that w; = s;¢;t
for s;,t; € 71 and g; € P. Let z € ’7'1(00). If d(zy,) > d(t;) then either
tfxy, = 0, or tfz, # 0 in which case x,(0,d(t;)) = t;. Hence, wjz, = 0
eventually for some n, or

PiW; Ty, = PiSiqit; Tn = pisiqir(d(t;),n) = pisiz(d(t;), n)qin,
which is also vanishing eventually for some n as p; € O (here ¢; skips
x(d(t;),n) and becomes g;,, € P by Definition 5.1 (iv)). Hence, by (22),

pzr, = 0 eventually. Since x was arbitrary, p € O by Definition 9.2.
We are going to show that (XH)” = X). To this end we need to show that

O (i.e. O with respect to X)) is {0}. Let [p] be a standard projection in X
(p denoting a standard projection in X). Suppose that [p] is in O). Then

by Definition 9.2 for every x € 7—1(00) [p][xn] = 0 eventually for some n. For
simplicity let us assume that p = aga*(1 — bb*) for some a,b € 71 and g € P.
Let x € 7'1(00). If d(z,,) > d(a) then z,2}aqa* = 0, or z,x}agqa™ = xnq'
for some ¢’ € P satisfying gz, (0, |a|) = 2,(0,|a|)q’. Hence

prnwh = xng ) (1 — bb*)

is a standard projection for all n > d(a). Thus, since also [pr,z)] = 0
for almost all n (as [p] € O)), by Lemma 9.3 (b), which we have proved,
prpz) € O for almost all n. Fix any such an n. Then, pz,x,znz;, =0 =
pryx), for almost m > n. Since z was arbitrary, p € O. Thus [p] = 0.

(c) follows from [t] = 0 if and only if [t¢*] = 0 if and only if ¢t* € O by
(b). O
Definition 9.4. A semigraph algebra X is called full if X = X;.

We shall introduce a condition for a semigraph algebra called aperiodic-
ity which implies that the semigraph algebra is cancelling when it is also

full. The aperiodicity condition is more or less a condition directly for the
underlying semigraph.
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Definition 9.5. A semigraph algebra X is called aperiodic if for every el-
ementary standard projection e, every x € T with ze # 0, and all distinct
0 <m,n < d(z), there exists a y in 77 such that zey # 0 and

(23) T ((ey)(m, d(zy)), (wy) (0, d(zy))) = 0.
Proposition 9.6. An aperiodic full semigraph algebra is cancelling.

Proof. We will check that X is cancelling (Definition 7.2). Let w be a
standard word with nonzero degree and p a nonzero standard projection. We
need to find a nonzero standard projection g such that ¢ < p and qwq = 0.
We may write w as w = aQp for @ € P and «, 8 € T1 with |a| # |5]. We
may write
(24) p = toqoto(l — tiqity) ... (1 — tngnty,)
for certain ¢; € 71 and ¢; € P. Since X is full, p ¢ O. Thus there
is an z € 7'1(00) such that pr; # 0 for all 4 € NE. Fix any N >
max(|al|, |5l [tol,- ., |tn]). Then prya}, # 0. Note that for every 0 < i <mn,
either t;qitfxya}y = 0 or t; = xn/(0, |t;]), in which case
tigit; INTN = TNGTN
for some ¢, € P by Definition 5.1 (iv) and (v). Thus pzyz}, is something
like
rNgurN(TNTN — TN@TN) - (aNTN — 2N T)
— andjeien(l - d)ekan . akan(l - )
(25) = an(al —d)... (1 —qp))zy
(26) = xyery,

where e denotes the elementary standard projection appearing in the middle
of (25).

Since zye # 0, we may choose a y € 71 by the aperiodicity condition
such that zyey # 0 and

(27) T (ol J21), 2(181, 1)) = 0

for z = xny. Thus 0 # q := Pryey < Prye = prnTyy < p. We may write
q=xneyy zy = oyyeytay = ze'2*

for some elementary standard projection e’ satisfying ey = ye’ by successive

application of Definition 5.1 (iv). We then have

quqg = zez*aQpf*ze 2"
= ze'2(lal, |2)"QuQQp2(IB, |2])e'2"
= ze'z(lal,|2])"2(1], [ QaQ Qse’z"
= 0

by (27), provided that z*a # 0 and $*z # 0 (if not so, we obviously obtain
Zero anyway). O
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Lemma 9.7. A representation of a full semigraph algebra is injective on the
core if and only if it is non-vanishing on elementary standard projections.

Proof. Let 7 be a representation which is non-vanishing on nonzero elemen-
tary standard projections. By Corollary 6.4 we must show that 7 is non-
vanishing on every nonzero standard projection p. Assume that 7(p) = 0.
We go into the proof of Proposition 9.6 again, and assume (24). Again, by
fullness we have pxyz} # 0 for a certain xn € 7. Then pxyz)y = xnexyy,
see (26), and thus zypry = o) (pryTy )TN = T Ne is a nonzero elemen-
tary standard projection. Since 7(p) = 0, 0 = w(azyprn) = w(zyzNe),
which contradicts the assumption that 7 is non-vanishing on nonzero ele-
mentary standard projections. O
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