GEODESIC FLOW FOR CAT(0)-GROUPS

ARTHUR BARTELS AND WOLFGANG LUCK

ABSTRACT. We associate to a CAT(0)-space a flow space that can be used
as the replacement for the geodesic flow on the sphere tangent bundle of a
Riemannian manifold. We use this flow space to prove that CAT(0)-group
are transfer reducible over the family of virtually cyclic groups. This result is
an important ingredient in our proof of the Farrell-Jones Conjecture for these
groups.

INTRODUCTION

In [1] we introduced the concept of transfer reducible groups with respect to a
family of subgroups. This definition is somewhat technical and recalled as Defini-
tion 0.4 below. We showed that groups that are transfer reducible over the family
of virtually cyclic subgroups satisfy the Farrell-Jones Conjecture with coefficients in
an additive category. For further explanations about the Farrell-Jones Conjecture
we refer for instance to [1, 3, 8], where more information about the applications,
history, literature and status is given.

By a CAT(0)-group we mean a group G that admits a cocompact proper action
by isometries on a finite dimensional CAT(0)-space. The following is our main
result in this paper and has already been used in [1].

Main Theorem. Every CAT(0)-group is transfer reducible over the family of vir-
tually cyclic subgroups.

A similar result for hyperbolic groups has been proven in [1, Proposition 2.1]
using the technical paper [2], where an important input is the flow space for hy-
perbolic groups due to Mineyev [9]. The methods for hyperbolic groups cannot be
transferred directly to CAT(0)-groups, but the general program is the same and
carried out in this paper.

An important step in the proof of the theorem above is the construction of
a flow space FS(X) associated to CAT(0)-spaces X, which is a replacement for
the geodesic flow on the sphere tangent bundle of a Riemannian manifold of non-
positive curvature. In particular, the dynamic of the flow on FS(X) is similar to
the geodesic flow. As in the hyperbolic case, the flow space FS(X) is not a bundle
over X.

In Section 1 we assign to any metric space X its flow space FS(X) (see Def-
inition 1.2). Elements in FS(X) are generalized geodesics, i.e., continuous maps
c: R — X such that either c is constant or there exists c_,cy € R = RII{—o0, 00}
with ¢_ < ¢4 such that ¢ is locally constant outside the interval (c_,c4) and its
restriction to (c_, ¢4 ) is an isometric embedding. The flow on FS(X) is given by
D (¢)(t) := c(t + 7). The topology on FS(X) is the topology of uniform conver-
gence on compact subsets; this is also the topology associated to a natural metric
on FS(X). Many properties of X can be transported to FS(X). For example, if
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a group G acts by isometries on X, then there is an induced isometric action on
FS(X). If the action on X is cocompact, then the induced action is also cocompact.

In Sections 2, 4 and 3 we study properties of F\S(X) under the assumption that X
is a CAT(0)-space. The main observation in Section 2 is that the endpoint evalua-
tion maps ¢ +— c(400) from FS(X) to the bordification of X of X are continuous on
the complement of the subspace FIS(X)® of constant generalized geodesics. These
are used in Proposition 2.6 to give coordinates on FS(X)— FS(X)® and allow a de-
tailed study of the topology of FS(X)— FS(X)®. We also discuss in Subsection 2.5
the case where X is a non-positively curved manifold. In Section 3 we prove our
main flow estimates for FS(X). These are crucial for our main result and differ
from the corresponding estimates in the hyperbolic case. In the hyperbolic case the
flow acts contracting on geodesics that determine the same point at infinity. This is
not true in the CAT(0)-situation, for instance on flats the flow acts as an isometry.
This problem is overcome by using a variant of the focal transfer (formulated as
a homotopy action) from [7]. In Section 4 we assume that G acts properly and
by isometries on X and study the periodic orbits of FS(X) with respect to the
induced action. In Theorem 4.2 we construct certain open covers for the subspace
FS(X)<y of FS(X) consisting of all geodesics of period < . The dimension of
this cover is uniformly bounded and the cover is long in the sense that for every
c € FS(X )<y there is a member U of this cover that contains ®_, (c). (In fact,
U will contain even ®g(c).) This result is much harder than the corresponding
result in the hyperbolic case, because in the CAT(0)-case the periodic orbits are no
longer discrete, but appear in continuous families.

Section 5 contains the final preparation for the proof of our main theorem. We
show in Proposition 5.11 that the existence of a suitable flow space for a group G
implies that G is transfer reducible over a given family. This result depends very
much on the long thin covers for flow spaces from [2].

In Section 6 we put our previous results together and prove our main theorem.
It is only here that we assume that the action of G on the CAT(0)-space X is
cocompact. All previous results are formulated without this assumption. This
forces for example the appearance of a compact set K in Theorem 4.2 and in
Definition 5.5. There are of course prominent groups, for instance SL, (Z), that are
naturally equipped with an isometric proper action on a CAT(0)-space, where the
action is not cocompact. We hope that the level of generality in Sections 1 to 5 will
be useful to prove the Farrell-Jones Conjecture for some of these groups.

Conventions. Let H be a (discrete) group that acts on a space Z. We will say
that the action is proper, if for any x € X there is an open neighborhood U such
that {h € H | h-UNU # 0} is finite. If Z is locally compact, this is equivalent to
the condition that for any compact subset K C Z theset {h€ H |h- K N K # 0}
is finite.

We will say that the action is cocompact if the quotient space H\Z is compact. If
Z is locally compact, this is equivalent to the existence of a compact subset L C Z
such that G- L = Z.

Let X be a topological space. Let I be an open covering. Its dimension dim(U) €
{0,1,2,...}1I{c0} is the infimum over all integers d > 0 such that for any collection
Uy, Uy, ..., Ugy1 of pairwise distinct elements in ¢ the intersection ﬂfiol U; is
empty. An open covering V is a refinement of U if for every V € V there is
U e U with V C U. The (topological) dimension (sometimes also called covering
dimension) of a topological space X

dim(X) €4{0,1,2,...} I {co}
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is the infimum over all integers d > 0 such that any open covering U possesses a
refinement V with dim(V) < d.
For a metric space Z, a subset A C Z and € > 0, we set

B.(A) = {z€ 7|32 € Awith dz(z,7") < €}.
B(A) = {z€Z|32 € Awithdz(z,72) <€}

We abbreviate B.(2) = B.({z}) and B.(2) = B-({z}). A metric space Z is called
proper if for every R > 0 and every point z € Z the closed ball Br(z) of radius R
around z is compact. A map is called proper if the preimage of any compact subset
is again compact.

A family of subgroups of a group G is a set of subgroups closed under conjugation
and taking subgroups. Denote by VCyc the family of virtually cyclic subgroups.

Homotopy actions and S-long covers. Next we explain the notion of transfer
reducible. In [1] we introduced the following definitions in order to formulate con-
ditions on groups that imply that a group satisfies the Farrell-Jones conjecture in
K- and L-theory.

Definition 0.1 (Homotopy S-action). Let S be a finite subset of a group G. As-
sume that S contains the trivial element e € G. Let X be a space.

(i) A homotopy S-action (¢, H) on X consists of continuous maps ¢4: X — X
for g € S and homotopies Hy ,: X x [0,1] — X for g,h € S with gh € S
such that Hy p(—,0) = ¢4 0 ¢, and Hy p(—,1) = @gp, holds for g,h € S
with gh € S. Moreover, we require that He .(—,t) = ¢. = idx for all
te[0,1];

(i) Let (o, H) be a homotopy S-action on X. For g € S let Fy(p, H) be the
set of all maps X — X of the form = — H, s(z,t) where ¢ € [0,1] and
r,s € S with rs = g;

(iii) Let (¢, H) be a homotopy S-action on X. For (g,z2) € G x X and n € N,
let S7 ;(g,7) be the subset of G x X consisting of all (h,y) with the
following property: There are zq,...,z, € X, a1,b1,...,an,b, € S,
flaflw'-vfnafn: X — X, such that g = z, ¥, = y, fi € Fu,(p, H),
fi € By, (o, H), fi(zi—1) = fi(x;) and h = gal_lbl ey oy

(iv) Let (p, H) be a homotopy S-action on X and U be an open cover of G x X.
We say that U is S-long with respect to (@, H) if for every (g,z) € G x X

there is U € U containing SLS:LI(g, x) where |S| is the cardinality of S.

Definition 0.2 (N-dominated space). Let X be a metric space and N € N. We
say that X is controlled N-dominated if for every € > 0 there is a finite CW-
complex K of dimension at most N, maps i: X — K, p: K — X and a homotopy
H: X x[0,1] — X between poi and idx such that for every € X the diameter
of {H(z,t) |t e€0,1]} is at most &.

Definition 0.3 (Open F-cover). Let Y be a G-space. Let F be a family of sub-
groups of G. A subset U C Y is called an F-subset if

(i) For g € G and U € U we have g(U) = U or U N g(U) = (), where
g(U) :=={gz |z € U};
(ii) The subgroup Gy :={g € G| g(U) =U} lies in F.
An open F-cover of Y is a collection U of open F-subsets of Y such that the
following conditions are satisfied:

(i) Y= UUeL{ U;
(ii) For g € G, U € U the set g(U) belongs to Y.
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Definition 0.4 (Transfer reducible). Let G be a group and F be a family of
subgroups. We will say that G is transfer reducible over F if there is a number NV
with the following property:

For every finite subset S of G there are

e a contractible compact controlled N-dominated metric space X;
e a homotopy S-action (¢, H) on X;
e a cover U of G x X by open sets,

such that the following holds for the G-action on G x X given by g- (h, z) = (gh, z):
(i) dimif < N;
(ii) U is S-long with respect to (¢, H);
(iii) U is an open F-covering.
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1. A FLOW SPACE ASSOCIATED TO A METRIC SPACE

Summary. In this section we introduce the flow space FS(X) for arbitrary metric
spaces. We show that FS(X) is a proper metric space if X is a proper metric space
(see Proposition 1.9). If X comes with a proper cocompact isometric G-action,
then FS(X) inherits a proper cocompact isometric G-action (see Proposition 1.11).

Definition 1.1. Let X be a metric space. A continuous map c: R — X is called
a generalized geodesic if there are c_,cy € R := R][{—00, 00} satisfying

c_ <cy, c_F00, cy F—00,
such that ¢ is locally constant on the complement of the interval I, := (c_, ¢4) and

restricts to an isometry on I..

The numbers c_ and c; are uniquely determined by ¢, provided that c is not
constant.

Definition 1.2. Let (X, dx) be a metric space. Let F'S = FS(X) be the set of all
generalized geodesics in X. We define a metric on FS(X) by

drs(x)(c, d) ::/M

dt.
R 26"5‘

Define a flow
®: FS(X) xR — FS(X)
by ®.(c)(t) =c(t+7) for T €R, c € FS(X) and t € R.

The integral [©°° 2040 gt exists since dx (c(t), d(t)) < 2|t| +dx (c(0), d(0))

—o0 2eltl
by the triangle inequality. Obviously ®,(c) is a generalized geodesic with
D (c)- = c_—T;
q)‘f' (C)+ = 4+ =T,

where —oo — 7 := —oc0 and co — 7 := 00.
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We note that any isometry (X,dx) — (Y,dy) induces an isometry FS(X) —
FS(Y) by composition. In particular, the isometry group of (X, dx) acts canoni-
cally on FS(X). Moreover, this action commutes with the flow.

For a general metric space X all generalized geodesics may be constant. Later
we will consider the case where X is a CAT(0)-space, but in the remainder of this
section we will consider properties of FiS(X) that do not depend on the CAT(0)-
condition.

Lemma 1.3. Let (X,dx) be a metric space. The map ® is a continuous flow and
we have for ¢,d € FS(X) and 7,0 € R

dps(x) (B (0), Bo(d)) < € dpgxy(e,d) + o — 7).

Proof. Obviously ®; 0 &, = ®,,, for 7,0 € R and &y = idpg(x). The main task
is to show that ®: FS(X) x R — FS(X) is continuous.
We estimate for ¢ € FS(X) and 7 € R

drsix)(c, ®r(c)) = /Rdx (c(t;,e‘ct(lthT)) »

/—'Tl‘t‘ dt
R 2e
1
7] / L
R 26'“

= 7l

We estimate for ¢,d € FS(X) and 7 € R

drsx) (Br(c), () = /

dx (c(t+7),d(t+7))

2eltl
. /dX(C(t)7d(t)) dt
- R 26|t77|
/ dx (c(t),d(t)) ”
= Jg 2elti=I7]
i dx (c(t),d(t))
¢ \./R x\b), av)) o

= eIl dpgx)(c,d).

The two inequalities above together with the triangle inequality imply for ¢,d €
FS(X) and 7,0 € R

drs(x)(®-(c), ®s(d))
= dFS(X) (q)T(C)v Po_ro CI)T(d))

< dFS(X) ((I)T (C)v q)T (d)) + dFS(X) ((I)T(d)? (I)O'—T o (I)T (d))
< el dpgxy(e,d) + o — 7).
This implies that ® is continuous at (c, 7). O

The following lemma relates distance in X to distance in FS(X).

Lemma 1.4. Let ¢,d: R — X be generalized geodesics. Consider ty € R.
(Z) dx (C(to), d(to)) < eltol . dps(C, d) + 2;
(ii) If dps(c,d) < 2e~10l=1 then
dx (C(to), d(to)) < vV 4eltol+1 . \/ dps(c, d)

In particular, ¢ — c(tg) defines a uniform continuous map FS(X) — X.
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Proof. We abbreviate D := dx (c(to),d(to)). Since c and d are generalized geodesics,
we conclude using the triangle inequality for t € R

dx(c(t),d(t)) > D — dx (c(to), c(t)) — dx (d(to),d(t)) > D —2- [t — tol.
This implies

+oo
dps(x)(c,d) = / Mdt

oo 2¢lt]
Dl2tto p_9. |t —¢
—D/2+to 2e
bz p_o.t
_ / e |||dt
—D/2 2e 0
br2p_9.|t
= / \t|+|t|\|dt
—-D/2 2e 0
D/2
_ e—\m./ D-2-1¢ .,
—-D/2 26'“
D/2
= e*‘tf)'-/ (D—2t)-e " dt
— el [(—D+2+2). 7))
(1.5) = e ftol. (2 e P24 D 2)

Since e~ltol . (2. e7P/2 4 D —2) > e~Itl. (D — 2), assertion (i) follows. It remains
to prove assertion (ii).

Consider the function f(z) =e™® +2 —1—%-. We have f'(z) = —e™* +1 -2
and f’(x) = e ®—e~ 1. Hence f”(x) > 0 for x E [O 1]. Since f/(0) = 0, this implies
f'(x) > 0 for x € [0,1]. Since f(0) = 0, this implies f(z) > 0 for = € [0, 1]. Setting

2
x = D/2 we obtain % < e P24 D/2—-1for D€ [0,2]. From (1.5) we get
dps(c,d) > 2e~ Il (e=P/2 4+ D/2 —1). Therefore
D? .
W ~ dFS (C, d) if D S 2.

Consider the function g(z) = e ™ + 2 — 1. Since ¢'(z) = —e *+1> 0 for z > 1,
we conclude g(x) > g(1) = e~! for x > 1. Hence (1.5) implies
dps(x)(e,d) > 2e~ 0171 if D > 2.
Hence we have
dx (c(to),d(tg)) = D < Vdeltol+1. \/dpg(c,d).

if dpg(c,d) <2-e~Itol=1, O
Lemma 1.6. Let (X,dx) be a metric space. The maps

FS(X)-FS(X)® — R, cr e

FS(X)-FS(X)®* — R, cr ey,
are continuous.

Proof. By an obvious symmetry it suffices to consider the second map. Let ¢ €
FS(X)— FS(X)®. Let ap € R with g < c;. We will first show that there is &g
such that di > ag if drs(c,d) < g¢. Pick sg,tg € R such that ag < sg < tg < ¢4
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and ¢(sg) # c(tg). By Lemma 1.4 (ii) there is &g > 0 such that drs(c,d) < &g
implies

max {dx (c(s0), d(s0)), dx (c(to). d(to)) } < dX(C(S%)vC(tO))_

For d with dpg(c,d) < g9 we have dx (d(so),d(ty)) > dx(c(so),c(to))/3 by the
triangular inequality and in particular, d(sg) # d(tp). This implies dy > so and
therefore d4 > ag. If ¢y = 400, then this shows that the second map is continuous
at c.

If ¢4 < oo, then we need to show in addition that for a given a3 > c;, there
is 1 > 0 such that dy < a4 for all d with dpg(c,d) < 1. Note that the previous
argument also implied that d_ < tg < ¢4 if dpg(c,d) < g¢ (because then d(sg) #
d(tg)). Pick now s1,t; € R with ¢y < s1 < t; < ;. By Lemma 1.4 (ii) there is
e1 € R satisfying 0 < &1 < gp such that dpg(c,d) < &1 implies

max {dx (c(s1),d(s1)),dx (c(t1),d(t1)) } < tl_TSl

Because c(s1) = c(t1) we get dx (d(s1),d(t1)) < t1 — s1 for d with dps(c,d) < e;.
This implies d+ < t; or d_ > s1, because otherwise dx (d(51)7d(t1)) =t — 81.
However, d_ < ¢y < s1 because €1 < g9. Thus dy < t1 < 3.

Proposition 1.7. Let (X,dx) be a metric space. Let (¢p)nen be a sequence in
FS(X). Then it converges uniformly on compact subsets to ¢ € FS(X) if and only
if it converges to ¢ with respect to dpg(x)-

Proof. From Lemma 1.4 (ii) we conclude that convergence with respect to dpg(x)
implies uniform convergence on compact subsets.

Let (¢n)nen be a sequence in FS(X) that converges uniformly on compact subsets
to c € FS(X). Let € > 0. Pick a > 1 such that f;o 2142 4t < e. Because of uniform
convergence on [—a, o], there is ng such that dx(c,(t),c(t)) < e/a for all n > ny,
t € [—a,a]. In particular, dx (¢, (t), c(t)) < e+ 2Jt| for all ¢, provided n > ng. Thus

for n > ng
* dx(en(t), c(t
drs(cn,c) = / —X( 2(6‘1)” ())dt

— 00

IN
™
+
™
I
[N}
™

This shows ¢, — ¢ with respect to dpg, because € was arbitrary. O

Lemma 1.8. Let (X, dx) be a metric space. The flow space FS(X) is sequentially
closed in the space of all maps R — X with respect to the topology of uniform
convergence on compact subsets.

Proof. Let (¢, )nen be a sequence of generalized geodesics that converges uniformly
on compact subsets to f: R — X. We have to show that f is a generalized geodesic.
By passing to a subsequence we can assume that either ¢, € FS® for all n, or
cn & FS® for all n. In the first case f € FS®. Thus it remains to treat the
second case. In this case we have well-defined sequences (¢, )— and (¢,)4. After
passing to a further subsequence we can assume that these sequences converge in
[-00,00]. Thus there are a_,a; € [—00,00] such that (¢,)+ — ayx as n — oc.
We will show that f is a generalized geodesic with fi = ay or f € FS®. Clearly,
dx(f(s), f(t)) < |t —s| for all s,t.
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If «_ > —oo, then we have to show that f(s) = f(¢) for all s < ¢t < a_. Pick
e > 0. There is ng such that |f(7) — ¢, (7)| < e for all T € [s — &,t], n > ng. Since
(cn)— — a_, there is k > ng such that s —e,t — e < (¢x)—. Thus

dx(f(s), () < dx(f(s—e), f(t—¢))+2
< dx(er(s—e),ex(t —e)) +4e
4e.

Because ¢ is arbitrary, we conclude f(s) = f(¢). If a; < oo, then a similar argument
shows that f(s) = f(t) for all s,¢t > ay. If a_ = a,, then f € FS(X)R® and
we are done. It remains to treat the case a— < ay. We have to show that
dx(f(s), f(t)) =t—sforall s,t € R with a_ < s <t <ag. Pick e > 0, such that
2¢ < t — s. There is ng such that |f(7) — s,(7)| < € for all 7 € [s,t], n > ng. Since
(cn)+ — o, there is k > ng such that (¢x)- < s+e<t—¢e < (cx)4. Thus

dx(f(s), f(t)) = dx(f(s+e) f(t—¢))—2¢
> dx(ck(8+€),ck(t—€))—4€
= ((t—e)—(s+¢e)) —4e
= t—s—6e.

This implies dx (f(s), f(t)) =t — s, because ¢ was arbitrarily small. O

Proposition 1.9. If (X,dx) is a proper metric space, then (FS(X),dps(x)) is a
proper metric space.

Proof. Let R > 0 and ¢ € FS(X). It suffices to show that the closed ball Bg(c) in
FS(X) is sequentially compact since any metric space satisfies the second count-
ability axiom. Let (c,), € N be a sequence in Br(c). By Lemma 1.4 (i) there is
R’ > 0 such that ¢,(0) € Br/(c(0)). By assumption Bp/(c(0)) is compact. Now
we can apply the Arzela-Ascoli theorem (see for example [4, 1.3.10, p.36]). Thus
after passing to a subsequence there is d: R — X such that ¢, — d uniformly on
compact subsets. Lemma 1.8 implies d € FIS(X). O

Lemma 1.10. Let (X,dx) be a proper metric space and to € R. Then the evalua-
tion map FS(X) — X defined by c — c(tg) is uniformly continuous and proper.

Proof. The map is uniformly continuous by Lemma 1.4 (ii). To show that is is also
proper, it suffices by Proposition 1.9 to show that preimages of closed balls have
finite diameter. If dx (c(tg), d(to)) < r, then dx(c(t),d(t)) < r + 2|t — tg|. Thus

drs(c,d) < / T+ 2t —to

R 2ell dt  provided dx (c(to), d(to)) < r.

O

Proposition 1.11. Let G act isometrically and proper on the proper metric space
(X,dx). Then the action of G on (FS(X),drg) is also isometric and proper. If
the action of G on X is in addition cocompact, then this is also true for the action
on FS(X).

Proof. The action of G on FS(X) is isometric. The map FS(X) — X defined by
¢ — ¢(0) is G-equivariant, continuous and proper by Lemma 1.10. The existence of
such a map implies that the G-action on FS(X) is also proper. This also implies
that the action of G on FS(X) is cocompact, provided that the action on X is
cocompact. O

Lemma 1.12. Let (X,dx) be a metric space. Then FS(X)® is closed in FS(X).
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Proof. Note that FS(X)® is the space of constant generalized geodesics. Let
c € FS(X) — FS(X)®. Pick tg, t; € R such that c(tg) # c(t1). Set § :=
dx(c(to),c(t1))/2. For x € X then dx(z,c(to)) > 6 or dx(x,c(t1)) > . Denote by
¢, the constant generalized geodesic at x. If dx (x, c(tp)) > d, then dx (x, c(t)) > /2
ift € [to—0/2,t0 + /2]. Thus in this case

t0+5/2 5 2
dps(cq, ) Z/ —Q/Mdt— €0
to—6/2 <€
Similarly,
t1+5/2 5 2
des(en0)> [ e,
t1—6/2 <€

if dx (x,c(t1)) > §/2. Hence B.(c)NFS(X)® = 0 if we set € := min{eg/2,e1/2}. O

Notation 1.13. Let X be a metric space. For ¢ € FS(X) and T € [0, 00], define
cl-r,m) € FS(X) by
co(=T) ift < -T;
C|[—T,T] (t) = C(t) if —T S t S T7
o(T) ift>T.

Obviously ¢|_c,00) = ¢ and if ¢ ¢ FS(X)® and (=T,7T) N (c—,cq) # 0 then
(cli=r1)_ = max{c_,—T} and ((:|[,TJ~])+ = min{cy, T'}.
We denote by
FS(X)p:={ce FS(X)— FS(X)* | ¢ > —00,c4 < 00} UFS(X)®
the subspace of finite geodesics.
Lemma 1.14. Let (X,dx) be a metric space. The map H: FS(X)x[0,1] — FS(X)

defined by H;(c) = c|n(r),—n(r)] 5 continuous and satisfies Hy = idpg(x) and
H.(c) € FS(X)y for > 0.

Proof. Observe that for ¢ € FS(X) and 7,7’ > 0
dx (C[—T,T] (1), Cl—T",T1] (t)) <|T- T’| for all t € R.

Recall from Proposition 1.7 that the topology on FS(X) is the topology of uniform
convergence on compact subsets. Let ¢, — ¢ uniformly on compact subsets, and
T, — 7. Let a > 0. We need to show that Cn|[1n(7'n),—1n(‘r)] — Clln(r),— In(7)]
uniformly on [—a, «].

Consider first the case 7 = 0. Then ¢ = ¢|{in(r),— m(r)]- Moreover, —In(7,) > «
for sufficient large n. Thus ¢, (t) = ¢ulfin(r,),— n()](t) for such n and t € [~a,a].
This implies the claim for 7 = 0.

Next consider the case 7 € (0,1]. Let € > 0. There is ng = no(¢) € N such that

dx (cn(t), c(t))
[In(7) — In(7,)]

Then for t € [—«, ], n > ny,

< e if n>ngt€[—a,a
< ¢ if n>ng.

dX (Cn|[ln(rn),f In(7y)] (t)v C‘ [In(7),— In(7)] (t))
S dX (Cn ‘ In(7y),— In(7y)] (t)v Cn | [In(7),— In(7)] (t))
+dx (enln(r),— () (©)s €lpnr),— () (¢)
< 2e.

This implies the claim in the second case because € was arbitrary. O
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2. THE FLOW SPACE ASSOCIATED TO A CAT(0)- SPACE

Summary. In this section we study F'S(X) further in the case where X is a CAT(0)-
space. Let X be the bordification of X. We construct an injective continuous
map from FS(X) — FS(X)® to R x X x X x X x R which is a homeomor-
phism onto its image (see Proposition 2.6). It sends a generalized geodesic ¢ to
(c—,e(—00),¢(0),¢(00), c4 ), where ¢(—oo) and c(co) are the two endpoints of c.
This is used to show that FiS(X)—FS(X)® has finite dimension if X has (see Propo-
sition 2.9), and that FS(X) — FS(X)® is locally connected (see Proposition 2.10).
We will relate our construction to the geodesic flow on the sphere tangent bundle
of a simply connected Riemannian manifold with non-positive sectional curvature
in Subsection 2.5.

For the definition of a CAT(0)-space we refer to [4, II.1.1 on p. 158], namely to
be a geodesic space all of whose geodesic triangles satisfy the CAT(0)-inequality.
We will follow the notation and the description of the bordification X = X U9X
of a CAT(0)-space X given in [4, Chapter I1.8]. The definition of the topology of
this bordification is briefly reviewed in Remark 2.3. In this section we will use the
following convention.

Convention 2.1. Let

e X be a complete CAT(0)-space;
e X := X UO9X be the bordification of X, see [4, Chapter IL.8].

2.1. Evaluation of generalized geodesics at infinity.

Definition 2.2. For ¢ € FS(X) we set ¢(£00) := limy—, 4o ¢(t), where the limit is
taken in X.

Since X is by assumption a CAT(0)-space, we can find for z_ € X and 2, € X
a generalized geodesic ¢: R — X with ¢(f£o00) = x4 (see [4, I1.8.2 on p. 261]). It is
not true in general that for two different points _ and x; in 0X there is a geodesic
¢ with ¢(—o0) = z_ and ¢(o0) = 4.

Remark 2.3 (Cone topology on X.). A generalized geodesic ray is a generalized
geodesic ¢ that is either a constant generalized geodesic or a non-constant general-
ized geodesic with c_ = 0. Fix a base point zo € X. For every x € X, there is a
unique generalized geodesic ray ¢, such that ¢(0) = g and ¢(c0) = z, see [4, 11.8.2
on p.261]. Define for r > 0

Pr = Praxg X — B, ()

by pr(z) := c,(r). The sets (p,)~1(V) with 7 > 0, V an open subset of B,.(zo) are
a basis for the cone topology on X, see [4, I1.8.6 on p.263]. A map f whose target
is X is continuous if and only if p, o f is continuous for all r. The cone topology is
independent of the choice of base point, see [4, I1.8.8 on p.264].

Lemma 2.4. The maps
FS(X)— FS(X)®
FS(X)—-FS(X)® —

|
alle

, ¢ c(—00);
¢ — c(00),
are conlinuous.

The proof of this Lemma depends on the following result.

Lemma 2.5. Givene > 0, a > 0 and s > 0, there exists a constant T = T'(e, a, s) >
0 such that the following in true: if x, ' € X withdx(z,2') < a, ifc:R— X isa
generalized geodesic ray with ¢(0) = x, and if o¢: [0,d(a’, c(t)] — X is the geodesic
from ' to c(t), then dx(o4(s), oue(s)) < e for allt > T and all t’ > 0.
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Proof. In [4, 11.8.3 on p.261] this is proven under the additional assumptions that ¢
is a geodesic ray and that dx(x,2’) = a. But the proof given in [4] can be adapted
as follows to give our more general result.

The argument given in [4] can be applied without change to show that there is T’
such that dx (0¢(s), o141 (s)) < eforallt > T, ¢ > 0 provided that t+t' < cy. (This
is needed to deduce that [t —a| < dx (2, c(t)) and that [t+t' —a| < dx(2/, c(t+1').)

It remains to treat the case where t > T, t' > 0 and t +t' > cy. If t > ¢y,
then oy = oy (because c(t + ') = ¢(t) = ¢(cy)) and there is nothing to show.

Thus we can assume t < c¢;. Set ¢ := c+ —t. Then t +t" < ¢y, t” > 0 and
ot = oy (because c(t +t') = c(t + ") = ¢(cy)). Thus dx(o4(s),o114(s)) =
dX(O't(S)7Jt+t//(S)) < E. O

Proof of Lemma 2.4. By an obvious symmetry it suffices to consider the second
map. Let ¢ € FS(X) — FS(X)®. Set s := max{0,c_} + 1 and x¢ := ¢(sq). Then

c(t+s0) t>0;

c:R—-X, t—
c(so) t <0,

is a generalized geodesic ray starting at xg. We need to show that the map
fr: FS(X) — B,(zg) defined by f.(d) := p,.(d(c0)) is for all # > 0 continuous
at ¢, see Remark 2.3. Note that f,.(c) =¢(r) = c(so + 7).

Let € > 0 be given. By Lemma 1.6 there is dg such that d_ < sq for all d with
drs(c,d) < ég. In partlcular we obtain for any such generalized geodesm ray d a
generalized geodesic ray d by putting d(t) = d(t + so) for t > 0 and d(t) = d(so) for
t <0.

For t > 0 and d € FS with dps(c,d) < &y denote by o : [0, dx (z0,d(so +1))] —
X the geodesic from zg to d(sp +t). By Lemma 2.5 there is a number T (not
depending on d!) such that dx (og(r), Uf+t,(r)) <eforallt >0,t>T, provided
that dx(d(sg),r0) < 1. We extend of to a generalized geodesic ray by setting
oid(s) :=d(sg +t) for s > dx (w0, d(so +t)) and o(s) := x¢ for s < 0. The unique
generalized geodesic ray cg(oo) from g to d(co) can be constructed as the limit of
the o, see [4, Proof of (8.2) on p.262]. It follows that o (1) — c4(00)(7) as t — oc.
By definition of p, we have cq)(7) = fr(d). Therefore dx(or(r), fr(d)) < ¢,
provided that dx (d(so),c(s0)) < 1.

By Lemma 1.4 (ii) there exists 0 < d; < dg such that

dx(c(s0),d(s0)) <1 and dx(c(so+T),d(so+T))<e

if dps(c,d) < ;. Consider the triangle whose vertices are xo = ¢(so), c¢(so + 1)
and d(so +T). Recall that o2 is side of this triangle that connects zg to d(so+ T).
Using the CAT(0)-condition in this triangle it can be deduced that if dpg(c, d) < 01
then

dx(c(so +1),0%(r)) < 2.
Therefore for dps(c,d) < 6; we conclude
dX(fT(c)afT(d)) dx(C(T+ So)acd(oo(r))

< dx(e(r + 50),0%(r)) + dx (0F(r), Ca(oo) ()
< 3e.

Because € was arbitrary this implies that f,. is continuous at c. O
2.2. Embeddings of the flow space.

Proposition 2.6. If X is proper as a metric space, then the map

E: FS(X) - FS(X)® = RxXxXxXxR
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defined by E(c) := (c—,c(—0),¢(0), c(00), c4) is injective and continuous. It is a
homeomorphism onto its image.

Proof. Lemmas 1.4 (ii), 1.6 and 2.4 imply that E is continuous.

Next we show that E is injective. Let ¢ € FS(X)—FS(X)®. If tg € [c_, c4], then
t— c(t+tp), t > 0 is the unique [4, I1.8.2 on p.261] (generalized) geodesic ray from
¢(to) to c(o0), and similarly ¢ — c(to —t), ¢ > 0 is the unique (generalized) geodesic
ray from c(tg) to ¢(—o0). Let ¢, d € FS(X) — FS(X)®, with ¢(fo0) = d(+o0),
¢y = dg. Then c and d will agree if and only if ¢(t) = d(t) for some ¢ € [c_, c4],
t # too. If E(c) = E(d), then there is such a ¢: if one of c_ and cy is real (not
+00), then it can be used, otherwise ¢t = 0 works.

It remains to show that the inverse E~! to E defined on the image of F is
continuous. Let (¢,)nen be a sequence in FS(X) — FS(X)® and ¢ € FS(X) —
FS(X)® such that E(c,) — E(c) as n — oo. We have to show that ¢, — ¢
as n — 0o. We proceed by contradiction and assume this fails. Then there is a
subsequence ¢, and p > 0 such that dpg(c, c,, ) > p for all k. We can pass to this
subsequence and assume dpg(c, ¢,) > p for all n. We have ¢,,(0) — ¢(0) as n — oc.
The evaluation at ¢ = 0 is a proper map FS(X) — X by Lemma 1.10. Thus we can
pass to a further subsequence and assume that ¢,, — d as n — oo with d € FS(X).

We claim that d ¢ FS(X)R. Because ¢ ¢ FS(X)® we have either c(—o0) # ¢(0)

or ¢(o0) # ¢(0). By symmetry we may assume ¢(—o0) # ¢(0). We consider now
two different cases.
First case: ¢— # —oo. Then c¢_ € R and we can consider the evaluation at c_.
We have (¢,)— — c_, cp(—00) — ¢(—00) and ¢,(0) — ¢(0) since E(c,) — E(c)
as n — 0o. Moreover ¢,(c_) — d(c_) and ¢,(0) — d(0) since ¢, — d as n — oo.
Therefore ¢(0) = d(0) and we get

dx(d(c_),c(c-)) < dx(d(co),cnlco)) +dx (cnlc-), en((cn)-))
+dx (cn((cn)_),c(c_))
< dx(d(co),en(cm)) + oo = (en)=| + dx (cn(—00), c(—o0))
— Oasn— oo.
Thus d(c_) = ¢(c_) = ¢(—00) # ¢(0) = d(0). Therefore d ¢ FS(X)~.
Second case: ¢_ = —oo. Because (¢,)+ — ¢4 # —oo, there is K > 0 such that

—K < (cy)4 for all n. Since (¢,)- — ¢— = —oo we have (¢,)- < —2K for all
sufficiently large n. Then

dx (en(~2K),(0))

dx (cn(—2K), cp(—K)) + dx (cn(—K), cn(0))
> dx(cn(—2K), cn(—K))
= K
for sufficiently large n. Using Lemma 1.10 we conclude dx (d(—QK),d(O)) > K.
Therefore d ¢ FS(X)®. This finishes the proof of the claim.
Because d € FS(X)—FS(X)® we can apply E to d and deduce E(d) = E(c) from

continuity of E. Thus ¢ = d because F is injective. This contradicts dps(c, c,) > p
for all n and finishes the proof. O

Recall that FS(X)y is the subspace of finite geodesics, see Notation 1.13.
Proposition 2.7. Assume that X is proper as a metric space. Then the map
E;: FS(X); — FS(X)® — RxXxX
defined by Ef(c) = (c—,c(—00),c(00)) is a homeomorphism onto its image
im Ey = {(r,z,y) | = # y}.
In particular, FS(X); — FS(X)® is locally path connected.
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Proof. Lemmas 1.6 and 2.4 imply that Ey is continuous. The map E is injective
with the stated image because of existence and uniqueness of geodesics between
points in X, see [4, I1.1.4 on p.160],

Next we show that the induced map

Ep: FS(X)f = FS(X)* — {(r,z,y) | = # y}

is proper. Let K C {(r,x,y) | © # y} be compact. We will show that E; '(K) is
sequentially compact. Let (c,)nen be a sequence in E;~(K). After passing to a
subsequence, we may assume that Ef(c,) converges in K. Thus (¢,)- — to € R,
cn(—00) = z_ € X, ¢p(00) = x4 € X, and x_ # x4. We have
dx (cn(to), z-) dx (en(to), en(—00)) + dx (cn(—00), 2-)

[to — (cn)-| + dx (cn(—00), 2 ).

Thus ¢, (tg) — x— as n — oo. Using Lemma 1.10 we deduce that (c,)nen has a
convergent subsequence in FS(X), that we will again denote by ¢,. So now ¢, — ¢
in FS(X) for some ¢ € FS(X).

We will show next that ¢ € FS®. We have (¢, )4 —(¢n)— = dx (¢n(00), ¢n(—00)) —
dx(z_,x4), as n — oco. Thus (¢,,)4 — t1 :=to +dx(x_,z4). We have
dx (en(t1),4) < dxc(en(tr), en(00))+dx (n(00),24) < [t1—(cn) s [dx(en(00), 24).
Thus ¢, (t1) — =4+ as n — oo. From Lemma 1.10 we conclude

c(t1) =lime,(t1) = x4 # 2 = c(to).
Thus c(t;) # c(ty) and ¢ € FS — FS®.

Now Ef(cn) — Ef(c) as Ey is continuous. Therefore c_ = ty, ¢(—o00) = z_,
c(00) = x4. Thusc € B~ (K). Hence Ef: FS(X);—FS(X)® — {(r,z,y) | z # y}
is an injective continuous proper maps of metric spaces. This implies that it is a
homeomorphism (see [12, 2.2 and 2.7]).

By the existence of geodesics the image of Ey is locally path connected. Hence
FS(X)f — FS(X)® is locally path connected. O

IAIA

2.3. Covering dimension of the flow space. We will need the following ele-
mentary fact.

Lemma 2.8. If X is proper as a metric space and its covering dimension dim X
is < N, then dim X < N.

Proof. Let U = {U; | i € I'} be an open covering of X. Recall from Remark 2.3 that
a basis for the topology on X is given by sets of the form p, 1(W) for r > 0 and
open W C B,.(z¢), where we fix a base point x.) Thus for every € X there are
T4, Wo C By, (z0) and U, € U such that x € p,-'(W,) C U,. Because X is compact
a finite number of the sets p; ! (W,) cover X. Note that p, = PrlB., (o) © P if
r’ > r. Therefore we can refine U to a finite cover V, such that there is r and a
finite cover W of B,(z) such that
V= o V) = (o (W) | W € W),

The result follows because B,.(xg) is closed in X and thus dim B, (zp) < dim X. O

Proposition 2.9. Assume that X is proper and that dim X < N. Then
dim(FS(X) — FS(X)¥) <3N +2.

Proof. The image of any compact subset under a continuous map is compact and a
bijective continuous map with a compact subset as source and Hausdorff space as
target is a homeomorphism. Hence every compact subset K of FS(X) — FS(X)®
is homeomorphic to a compact subset of Rx X xX x X xR by Proposition 2.6 and
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hence its topological dimension satisfies because of Lemma 2.8 Since FS(X) is a
proper metric space by Lemma 1.9, it is locally compact and can be written as the
countable union of compact subspaces and hence contains a countable dense subset.
This implies that FS(X) has a countable basis for its topology. Since FS(X) —
FS(X)® is an open subset of FS(X), the topological space FS(X) — FS(X)® is
locally compact and has a countable basis for its topology. Now dim(FS (X) —
FS(X)®) <3N + 2 follows from [10, Exercise 9 in Chapter 7.9 on page 315]. [

2.4. The flow space is locally connected. A topological space Y is called semi-
locally path-connected if for any y € Y and neighborhood V of y there is an open
neighborhood U of y such that for every z € U there is a path w in V from y
to z. Recall that Y is called locally connected or locally path-connected if any
neighborhood V' of any point ¥ € Y contains an open neighborhood U of y such that
U itself is connected or path-connected respectively. Suppose that Y is semi-locally
path-connected. Then any open subset of Y is again semi-locally path-connected
and each component of any open subset of Y is an open subset of Y. The latter is
equivalent to the condition that Y is locally connected. Hence semi-locally path-
connected implies locally connected. The notion of semi-locally path-connected is
weaker than the notion of locally path-connected.

Proposition 2.10. Assume that X is proper as a metric space. Then FS(X) —
FS(X)® is semi-locally path-connected. In particular, FS(X) — FS(X)® is locally
connected.

Proof. Consider ¢ € FS(X) — FS(X)® and a neighborhood V C FS(X) — FS(X)¥
of ¢. By Lemma 1.14 there is a homotopy H;: F'S(X) — FS(X) such that Hy = id
and Hy(FS(X)) C FS(X); for all t > 0. Lemma 1.12 implies that V is also
open as a subset of FS(X). Since H is continuous, there is 6 > 0 and an open
neighborhood Uy C V of ¢ such that Hy(U;) C V for all ¢ € [0,6]. For any
d € Uy, wq(t) := His(d) defines a path in V from d to Hs(d). We have Hs(c) €
FS(X)¢. From Proposition 2.6 we conclude that FS(X); — FS(X)® is open in
FS(X) — FS(X)R. By Proposition 2.7 we can find a path-connected neighborhood
W CVn(FS(X)s— FS(X)®) of Hs(c). Set now U := Uy N (Hs)"H(W).
Consider d € U. Then Hs(c) and Hs(d) both lie in W. Thus there is a path in
W from Hs(c) to Hs(d). This is in particular a path in V', since W C V. Then
W 1= W * U *wq is a path in V from ¢ to d. Hence FS(X) — FS(X)® is semi-locally
path connected. O

2.5. The example of a complete Riemannian manifold with non-positive
sectional curvature. Let M be a simply connected complete Riemannian mani-
fold with non-positive sectional curvature. It is a CAT(0)-space with respect to the
metric coming from the Riemannian metric (see [4, I.A.6 on page 173]). Let STM
be its sphere tangent bundle. For every z € M and v € ST, M there is precisely
one geodesic ¢, : R — M for which ¢, (0) = z and ¢,,(0) = v holds. Given a geodesic
c:R— Min M and a_,ay; € R with a_ < a,, define the generalized geodesic
Cla_,ay]: R — M by sending t to c(a_) if t < a_, to c(t) if a- <t < ay, and to
c(ay) if t > ay. Obviously ¢j_ o) = ¢. Let d: R — M be a generalized geodesic
with d_ < d4. Then there is precisely one geodesic d: R — M with C,l\[d,,d+] =d.
Define maps

a: STM x {(a;,a) €ERxR|a_ <ay} — FS(M), (v,ai,a4) = colia_a,7;
B: FS(M) — STM x {(a;,ay) ERxR|a_ <ay}, c— (€(0),c_,cy).

Then o and 3 are to another inverse homeomorphisms. They are compatible with
the flow on FS(M) of Definition 1.2, if one uses on STM x {(a;,at) € R x R |
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a_ < a+} the product flow given by the geodesic flow on STM and the flow on R
which is at time ¢ given by the homeomorphism R — R sending s € R to s —t, —o0
to —o0, and oo to oo.

3. DYNAMIC PROPERTIES OF THE FLOW SPACE

Summary. In Definition 3.2 introduce the homotopy action that we will use to show
that CAT(0)-groups are transfer reducible over VCyc. It will act on a large ball in
X. (The action of G on the bordification X is not suitable, because it has to large
isotropy groups.) In Propositions 3.5 and 3.8 we study the dynamics of the flow
with respect to the homotopy action. In the language of Section 5 this shows that
FS(X) admits contracting transfers.

Throughout this section we fix the following convention.

Convention 3.1. Let

e (X,dx) be a CAT(0)-space which is proper as a metric space;
e 1oy € X be a fizxed base point;
e G be a group with a proper isometric action on (X,dx).

Forz,y € X andt € [0,1] we will denote by t-x+ (1—t)-y the unique point z on the
geodesic from x to y such that dx(z,z) = tdx(x,y) and dx(z,y) = (1 —t)dx(z,y).
For xz,y € X we will denote by ¢, ,, the generalized geodesic determined by (¢y.y)— =
0, ¢(—0) =z and c¢(o00) =y. (By [4, 11.1.4(1) on p.160] and Lemma 1.7, (z,y)
Ca,y defines a continuous map X xX — FS(X). Note that g - ¢z y = Cgz,gy-)

3.1. The homotopy action on Bpg(z). Recall that for r > 0 and 2z € X we denote
by pr.: X — B,(z) the canonical projection along geodesics, i.e., p, .(z) = ¢, (1),
see also Remark 2.3. Note that ¢ - p, .(z) = prg.(g2) for z,z € X and g € G.

Definition 3.2 (The homotopy S-action on Bg(xg)). Let S C G be a finite subset

of G with e € G and R > 0. Define a homotopy S-action (o, H®) on Bg(x) in
the sense of Definition 0.1 (i) as follows. For g € S, we define the map

(,05"2 ER({E()) — ER({E())

by o (x) == pr.w,(97).

For g, h € S with gh € S we define the homotopy

R . R__R., R
H'y: o5 00y >~ ey
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by Hgh,(2,) = proao (t - (gha) + (L= 1) - (9 - pr.ay (h2))).

"-BR(LL'())
T e
Yy _pR,Io(hx)
LO @====coooTTTTTTT T oIS oo oo oosoooooooooooooooe ®----—--- - hx
______________ L N
H.lfh(w?t) qy gnr

Remark 3.3. Notice that H ;fh is indeed a homotopy from cpff ol to pgp since
H_th(x70) = PR,xo (O ' (ghl‘) +1- (g ' PR,zo (h{E)))
= PR (9 PRay ()
= piopr(e),
and
Hp(@,1) = pra(1- (gha) +0-(g- proe, (he))
= PR, (ghw)
_ R
- Sogh (.I')

It turns out that the more obvious homotopy given by convex combination (x,t) —
t- cpgh(x) + (1 —1t) - ol o pf(x) is not appropriate for our purposes.

Definition 3.4 (The map ¢). Define the map
t: Gx X — FS(X)
as follows. For (g,z) € GxX let 1(g, ) := Cgazq,ga-
The map ¢ is G-equivariant for the action an Gx X defined by g- (h, z) = (gh, x).
3.2. The flow estimate.

Proposition 3.5. Let 3,L > 0. For all § > 0 there are T,r > 0 such that for
x1,x9 € X with dx(z1,22) < B, © € By (x1) there is 7 € [—[3, 8] such that

dFS ((I)T(Cxl Orzq (w))a (I)T+T (sz,pr,xz (x))) < 0.

The proof requires some preparation.
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Lemma 3.6. Let v, L,3>0,r" > 3. SetT :=7vr" +7v', r:=r"+2r + 3. Let
x1,79 € X such that dx(z1,22) < 3. Let * € B,yr(x1). Set 7 := dx(v2,2) —
dx(z1,x). Then for allt € [T — ', T +1']

(i) dx (Coy a(t). Cayat + 7)) < ZELELZAR,

(i) Cayprz, () (t) = Cz,,2(t) and Ca,primy ()t +T) = Copa(t +7).
Proof. (i) Let t € [T — ¢/, T 4+ r’']. Note that |7| < 8. From T —r' =" > [ we
conclude ¢,t +7 > 0. If t > dx(x,21), then cgy »(t) = ¢ = ¢4,,.(t + 7) and the
assertion follows in this case. Hence we can assume 0 < t < dx(x,21). A straight
forward computation shows that 0 < t + 7 < dx(z,22) and dx(csz, (t),2) =
dx(Cpya(t+7),2). Wegetr” =T —1" <t < dx(z,z1). Applying the CAT(0)-
condition to the triangle A, 4, », we deduce that

2-dx(z1,22) - (dx(x,21) — t) < 2.0 (dx(xz,x1) —t)
dx(x,x1) - dx(z,x1) '
Combining this with dx(z,z1) > r” and dx(z,z1) =t < (r+ L) — (T —7') =
" +2r' + B+ L—1"—1"+71" =2r"+ 3+ L we obtain the asserted inequality.
(ii) We have t < T +v' =2 +¢r" =r—fFandt > T —+r =" > (. Thus
t,t+7 € [0,7]. Thus ¢y, p, . (2)(t) = oy 2(t) and oy p, o (@) (E+T) = Cpp o (t+7). O

dx (Cm,w (t), Ca:z,m(t +7)) <

Proof of Proposition 3.5. Let § > 0 be given. Pick v’ > 0, 7" > 3,1 > ¢ > 0 such

that ) )
s " 5
/_oo g0 =3 /Melt\dtﬁﬁ

and
2-B(L+2r"+03)

"

<4

T
Set r:=2r+ "+ and T :=r' +71". Let 1,25 € X with dx(x1,22) < (. Let
x € B.(x1) be given. Set 7 := dx(z2,z) — dx(x1,2). Then |7| < dx(z2,21) < (.
Using Lemma 3.6 we conclude that for all ¢ € [—r, 7]
dx (thpr’ml (z) (T =+ t), CI2’p7‘)m2(m)(T +t+ ’7'))
= dx(caya(T+1), Cogu(T+t+7))
2-B(L+2r"+5)

- T/I

< 9.
Thus

dFS (q)T (le Pr,zy (z) ) 5 (PT+T (cacg \Pr,zy (z) ))

_ /  dx (Corppm @+ 1) Conprmy @ T HEHT))
o oo 2eltl

ot + 6 v 0§ 42|t
< / 1+ dt+/ dt+/ +||dt
oo 2eltl _p 2elt] o 2eltl

)+ 1 T %] 4|
< /_Oo i+ - St + BT dt

< §+é+§—5
- 3 '3 3 7

Lemma 3.7. Let e >0, 8> 0. Then there is § > 0 such that for all |7| <
drs(co,c1) <6 = dps(P-(cp), ®r(c1)) <e
for co, 1 € FS(X).



18 ARTHUR BARTELS AND WOLFGANG LUCK

Proof. This follows from Lemma 1.3. O

Proposition 3.8. Let S be a finite subset of G (containing e). Then there is 3 > 0
such that the following holds:

For all § > 0 there are T, R > 0 such that for every (a,x) € GxBgr(X), s € S,
[ € Fs(of, HR) there is T € [—3, 8] such that

dps (Pr(u(a, ), Prir(t(as™, f(2)))) < 0.

Proof. Pick @ such that g > dx(sxg,z0) for all s € S. Let L := (3. Let 6 > 0 be
given. By Lemma 3.7 there is § > &y > 0 such that for |7'| < 3

1)
(39) dps(C(),Cl) < (50 — dFS ((I)TI(CQ),(I)TI(Cl)) < 5

for ¢, ¢; € FS(X). By Proposition 3.5 there are T, R > 0 such that for z,zq, 25 €
X with dx(z1,22) < 8 and dx(x,21) < R+ L there is 7 = 7(z, 21, 22) € [—g, g]
such that

drs (q)T(czl,pR,zl (I))a ©T+T(CIZ7PR,IQ(I))) < do.
Let (a,7) € G € Br(X), s € S, f € Fs(p, HR). Note that

drs (D1 (1(a,2)), B (1(as ™", (1)) = drs (®r(t(e, 7)), Oror (s~ £())))
because ¢ and ® are G-equivariant and dpg is G-invariant. Thus it suffices to
consider the case a = e. Then there are t € [0,1] and g, h € S such that s = gh
and f(x) = Hfjh(x,t) = PRrao(t - (ghz) + (1 — 1) - (g + pRywe(ha))). Therefore
sT1f(z) = PR.s—1z, (t~x—|— (1—=1)-prp-1a, (x)) Set z:=t-x+(1—t): prp-14, ().
Then (s~ %, f(z)) = ¢

5_1IO)PR15—1mO(Z)'

To

-1, e
h To®

s_lxo

We have dx(x,z9) < R. Moreover, dx(z,h txg) < dx(z,h  xo) < dx(z,20) +
dx(wo,h~tzg) < R + L. Therefore, we can set 71 = 7(x,z0,h 120), T2 =
7(2,h tag,s7'wg) and 7 := 7 + 2. Note that |r| < S, since |r;| < 5. We
have

dFS((DT(Ch_la:g,pR‘h,l

and therefore by (3.9)

(z))a (I)TJrTz (Cs—lwmpR,Sf%O(z))) < 50

E0)

IS

drs(®rir, (Ch120,05 51,4 (2))s PT+r14ma (Csm100,pp 1, (=) <
Thus
dps (Pr(t(e,2)), Pryr (L(s, f(2))))
= dFs(‘I’T(Czo,x),¢T+T(Csflmo,pR’s,1zo(z)))

(@))

o (z))v Pryrtmy (Cs*lmo,pRysfle (z)))

< dFS (@T(mex), (I)T-H'l (Chflro,pR,h,lxg

+ drs (Prir, (Ch1ag,p, ,

5 5
5t3=0

>

IN
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4. ORBITS WITH BOUNDED (GG-PERIOD

Summary. Let FS(X)<, be the part of FS(X) that contains of in some sense
periodic orbits, namely, those generalized geodesics for which there exists for every
e > 0 an element 7 € (0,7 + €] and g € G such that g- ¢ = ®,(c) holds (see (5.4)).
Our main result here is Theorem 4.2 that asserts that there is a cover of uniformly
bounded dimension for FiS(X)<, that is long in the direction of the flow. To this
end we study hyperbolic elements in G and their axis. These come in parallel
families (called FS, below) that project to convex subspaces of X. We construct
the desired cover first for the F'S, by considering the quotient Y, of FS, by the
flow. One difficulty here is that the group G, that naturally acts on Y, does so
with infinite isotropy. The isotropy groups here are virtually cyclic and this forces
the appearance of the family VCyc in Theorem 4.2 and in our main result.

Throughout this section we fix the following convention.

Convention 4.1. Let
e (X,dx) be a CAT(0)-space which is proper as a metric space and has finite
covering dimension;
e G be a group with a proper isometric action on (X,dx);
o K C X be a compact subset.

The following is the main result of this section.

Theorem 4.2. There is a natural number M such that for every v > 0 there exists
a collection V of subsets of FS(X) satisfying:
(i) Each element V €V is an open VCyc-subsets of the G-space FS(X) (see
Definition 0.3);
(i) V is G-invariant; i.e., for g € G and V €V we have g -V € V;
(iii) G\V is finite;
(iv) We have dimV < M;
(v) There is € > 0 with the following property: for ¢ € FS<. such that c(t) €
G- K for somet € R there is V € V such that B.(®|_, - (c)) C V.

4.1. Hyperbolic isometries of spaces. We recall some basic facts about isome-
tries of a CAT(0)-space from [4, Chapter I1.6]. Let v: X — X be an isometry. The
displacement function of 7y is defined by

dy: X — [0,00), z—dx(yz, ).
The translation length of « is defined by

I(y) = inf{dy(z)|zeX}.
Define a subspace of X by
Min(y) = {ze€ X |dy(z)=1(y)}.

We call v elliptic if v has a fixed point and hyperbolic if the displacement function
d., attains a strictly positive minimum, or, equivalently, [(y) > 0 and Min(y) # 0.

Lemma 4.3. Let v: X — X be an isometry.
(i) If a: X — X is an isometry, then I(v) = l(aya™t) and Min(aya™!) =
o(Min(+));
(i) Min(7) is a closed convez set;
(iii) The isometry «y is hyperbolic if and only if it possesses an axis, i.e., there
is a geodesic c: R — X and 7 > 0 such that v o c(t) = c(t + 7) holds for
t € R. In this case T = 1(%);



20 ARTHUR BARTELS AND WOLFGANG LUCK

(iv) Two axes c and d for the hyperbolic isometry -y are parallel, i.e., dx (c(t), d(t))
is constant in t € R. The union of the images ¢(R) of all axes ¢ for ~ is

Min(vy).
Proof. See [4, 11.6.2(2) on p.229] for (i). See [4, I1.6.2(3) on p.229] for (ii). See [4,
I1.6.8(1) on p.231] for (iii). See [4, I1.6.8(3) on p.231] for (iv). O

We emphasize that an axis for a hyperbolic element « is a (parametrized) geodesic
¢: R — X and not only ¢(R). So two hyperbolic elements 7 and ~2 have a common
axis if there exists a geodesic ¢: R — X such that v - ¢(t) = ¢(t + (1)) and
Y2 - ¢(t) = ¢(t +1(72)) holds for all ¢ € R. We denote by I(g) the translation length
of the isometry X — X given by multiplication with ¢ € G. We will say that g is
hyperbolic if this isometry is hyperbolic.

Lemma 4.4. Let c: R — X be a geodesic. Put

Gane) = {9 € G| g(Pr(c)) = Pr(c)}
={g € G| 3t € Rwith ge(t) = c(t + 7) for allt € R}

and
Gem) = {9 €G|g-c(R)=c(R)}.
Then Gy (e is virtually cyclic of type I and G gy is virtually cyclic.

Proof. The group G (r) acts properly and isometrically on R since ¢(R) is isometric

to R. The isometry group of R fits into the exact sequence 1 — R — Isom(R) 2>
{1} — 1, where 7 sends a real number r to the isometry ¢ — t + r and p sends
an isometry to 1 if it is strictly monotone increasing and to —1 otherwise. Since
G ) acts properly on R, the obvious homomorphism G — Isom(R) has a finite
kernel and its image is a discrete subgroup of Isom(R). This implies that G is
virtually cyclic.

Since the action of G, () on c is by translations, the same argument shows that
Gy () is virtually cyclic of type L. O

4.2. Axes in the flow space.

Notation 4.5. Let v > 0. Let K be the compact subset from Convention 4.1.
(i) Let
h
G ca

be the set of all hyperbolic g € G of translation length {(g) < ~ such that
some axis ¢ for g intersects G - K.

Consider the equivalence relation ~ on G}éyf for which g ~ ¢’ if and
only if there exists parallel axes ¢, and ¢y for g and ¢’. (This relation is
transitive by Lemma 4.3 (iv).) Put

Acy =GP [ ~

The conjugation action of G on G restricts to an action on GZ”;;D and
descends to an action of G on A<, see Lemma 4.3 (i). For a € A<, we
set
Go:={9€G|g-a=a}.
(ii) For a € A<y let
FS, C FS(X)

denote the subspace of FS(X) that consists of all geodesics ¢: R — X,
that are an axis for some g € a and intersect G - K. We remark that
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¢ € FS(X) is an axis for g if and only if ®.(c) = gc for some 7 > 0 and in
this case 7 = I(g), see Lemma 4.3 (iii). Define

Da: FSqe — X, ¢~ ¢(0).
We denote by
Y, :=FS,/®
the quotient of FS, by the action of the flow ®. Let
Ga: FSa — Yo

be the canonical projection. The action of G on FS(X) restricts to an
action of GG, on FS,. Because p, is GG,-equivariant and because the flow
® commutes with the G-action on FS(X) we obtain an action of G, on
Y, and q, is G4-equivariant for this action.

Lemma 4.6. Let (Z,dz) be a proper metric space with a proper isometric action
of a group H. If (zp)nen and (hy)nen are sequences in Z and H such that z, — z
and hpzn, — 2z’ converge in Z, then {h, | n € N} is finite and for every h € H such
that h,, = h for infinitely many n we have hz = 2.

Proof. Let ng > 0 such that dz(z,2,) < 1 and dz(z',hnz,) < 1 for all n > ny.
Thus dz(hpz,2') < 2 for all n > ng. Thus dz((hp,) thnz,z) < 4 for all n > ng.
Thus {(hn,) " h, | n > ne} is finite, because the action is proper. Therefore
{hy, | n € N} is finite. If h,, = h for infinitely many n € N, then hz = lim,,_, o hz, =
limy, oo Anzn = 2. O

Corollary 4.7. Let (Z,dz) be a proper metric space with a proper isometric action
of a group H. If L C Z is compact, then H - L C Z is closed.

Proof. Let hyz, — z with h,, € H and z, € L. After passing to a subsequence we
have 2, — z’. Lemma 4.6 implies that we can pass to a further subsequence for
which h,, = h is constant. Thus z € h- L C H - L. O

Lemma 4.8. There is a compact subset K., C X such that c(0) € G - K., for all
ce€FS,, ae€ Ay,

Proof. Set K. := B (K). This is compact because K is compact and X is proper
as a metric space. For a € A<,, ¢ € FS, there are g € a, t € [0,7] such that
c(s +1) = ge(s) for all s € R. Because c intersects G - K, this implies that there is
so € [0,7] such that ¢(sg) € G- K. Thus ¢(0) € G- B,(K) =G - K,,. O

Lemma 4.9. Let v > 0. Let (¢p)nen be a sequence in | FS, that converges

acA<y
to ¢ in FS(X). Then there are g € GQ”"’WP and an infinite subset I C N such that c
and all ¢;, i € I are azxes for g and intersect G - K, where K is the compact subset
from Convention 4.1. In particular, ¢ € FS, and ¢; € FS, for all i € I, where
a € A< is the class of g.

Proof. There are g, € G, t, € [0,7] such that g,c, = ®; (¢,). We can pass
to a subsequence and assume that ¢, — t9. Then gne, = O (cn) — Py (€)
(using Lemma 1.3). Since FS(X) is proper and G acts properly on FS(X) (see
Propositions 1.9 and 1.11) we can apply Lemma 4.6 and assume after passing to
a further subsequence that g, = g is constant. Then gc = lim g,,¢,, = lim &, ¢, =
@4, (c). It remains to show that ¢ intersects G - K.

For each n there is s,, in R such that ¢, (s,) € G- K. Since g,cn(s) = cn(s+1ty)
and t,, € [0,7], we can arrange s,, € [0,7] for all n > 0. By passing to a subsequence
we can arrange that s, — sg for n — oo for some sg € [0,7]. Then ¢, (s,) — ¢(s0)
(using Proposition 1.7). By Corollary 4.7 G - K is closed. Thus ¢(s) e G- K. O
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Lemma 4.10. Let~v > 0. Then

(i) G\A<, is finite;
(it) G-FS, C FS(X) is closed for all a € A< ; there is Ko C G- FS, compact
such that G- K, = G- FS;
(1i1) there is € > 0 such that dx(FS,, FSy) > ¢ for alla#be A<y;
(iv) Consider c € FS(X)<,—FS(X)® such that c(t) € K for somet € R, where
K is the compact subset from Convention 4.1. Then there are a € A<
and y € Y, such that ®g(c) = q; *(y).
Proof. (i) We proceed by contradiction and assume that there are a;, as, ... in A<,
such that Ga; N Ga; = 0 if @ # j. Then there are g; € a; and ¢; € FS(X),, such
that ¢; is an axis for g;. After replacing a; by h;a;, g; by higih; Land ¢; by hye; for
suitable h; € G we can assume that ¢;(0) € K, where K is the compact subset of
X from Lemma 4.8. Lemma 1.10 implies that K, := {¢ € FS(X) | ¢(0) € K,} is
also compact. Thus we can pass to a subsequence and arrange that ¢; — ¢ € FS(X).
Lemma 4.9 yields a contradiction.

(ii) By Lemma 4.9 G- FS, C FS(X) is closed. Thus K, := K,NG-FS, is compact.
Now we get G-FS, = G-K,NG-FS, = G-(K,NG-FS,) = G-K, using Lemma 4.8.

(iii) We proceed by contradiction and assume that for every n, there are a,, # b, €
A<, and ¢, € FS,,, d,, € F'S},, such that dpg(cn,dn) < 1/n. Because of (ii) there
are h, € G such that a subsequence of h,c, converges to some ¢ € FS(X). After
replacing a,, by hnan, by by hnby, ¢, by hpc,, dn by h,d, and after passing to a
suitable subsequence we can thus assume that ¢,, — ¢ € FS(X). Then also d,, — c.
Using Lemma 4.9 for the sequence (cp,)neny we can after passing to a subsequence
assume that a,, = a is constant and that ¢ € FS,. Using Lemma 4.9 for the
sequence (d,,)nen We can after passing to a further subsequence assume that b, = b
is constant and ¢ € FSy. Thus FS, N FS, # (. From the definition of A<, it is
immediate that this implies ¢ = b, contradicting a,, # b,,.

(iv) Let ¢ € FS(X)<, — FS(X)®. Then we can find for each natural number n a
real number 7, and g, € G satisfying v+ £ > 7, > 0 and gnc(t) = c(t + 7,). In
particular, ¢ is a geodesic that is an axis for each g,, and I(g,) = 7,. After passing
to a subsequence we can assume that 7, — 79. Thus, dx(g,c(0),c(r9)) — 0.
Because of Lemma 4.6 I(g,) = 7, = 70 for infinitely many n. For such an n we
have g, € Giyf. Now assume additionally that ¢(t) € K for some t. If a is the
equivalence class of such a g,, then ¢ € FS, and ®g(c) = q; ' (qa(c)). d

Proposition 4.11. Let v >0 and a € A<,. Then

(i) pa: FS, — X is an isometric embedding with closed image;

(ii) there is a Gg-invariant metric d, on Y, that generates the topology; with
this metric Y, is a proper metric space;

(iii) there is 14: FS, — R, such that ¢ — (qq(c),7a(c)) defines an isometry
FS, — Y, xR which is compatible with the flow, i.e., T,(P:(c)) = T4(c) + ¢
forteR, ce FS,;

() fory € Y,, G, == {g € G, | gy = y} is virtually cyclic of type I and
Gay CY, is discrete;

Proof. (i) If ¢ and d are parallel, then dx (c(t),d(t)) is constant by definition. An
easy computation shows dx(c(0),d(0)) = drs(c,d). Thus p, is an isometry. It
remains to show that p,(FS,) is closed. Let ¢, € FS, such that ¢,(0) — x € X.
Because ¢ — ¢(0) is proper (Lemma 1.10) we can pass to a subsequence and assume
that ¢, — ¢ in FS(X). Then ¢ € FS, by Lemma 4.9 and ¢(0) = z.

(ii) and (iii) Let FS] be the subset of all d that are parallel to some (and therefore
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all) ¢ € F'S,. Define
pl: FST — X, ¢ c(0).

By the argument from the proof of assertion (i) p}: FS} — X is an isometric
embedding. It follows from [4, I1.2.14 on p.183] that there is convex subspace Y,"
of X (which is therefore a CAT(0)-space) and an isometry ¢: Y;F xR — FS} such
that ®;(¢(y,s)) = ¥(y,s +t) for s,t € R and y € Y,". This identifies Y, with a
subspace of Y, and provides the metric on Y,. If g € G,, then the action of g on
X permutes the images of geodesics ¢ € FSI. Tt follows from [4, 1.5.3(4) on p.56]
that the induced action of g on Y, (and therefore also the induced action on Y,) is
isometric. Since X is proper by assumption, F'S, is proper by assertion (i). Since
FS, is isometric to Y, x R, the metric space Y, is proper.

(iv) By Lemma 4.4 G, is virtually cyclic of type I. We proceed by contradiction
to show that G,y is discrete. Assume that there are g, € G4, n € N such that
gnY # gmy if n # m and ¢,y — yo. Pick ¢ € FS, such that ¢,(c) = y and
Ta(c) =0. Pick g € a C G}iyf such that c is an axis for g. Then ge = ®(4)(c), see
Lemma 4.3 (iii). Thus 74(9,995 " (gnc)) = 1(9)+Ta(gnc) and (999, ) 9ny = gny- By
replacing g, by (gngg,1)!" g, for some I, € Z we can arrange that 7,(g,c) € [0,1(g)]-
By passing to a subsequence we can arrange that the sequence 7,(gyc) converges.
Since ¢4 (gnc) = gnc converges to yo, we conclude from (iii) that g,c — d as n — oo
for some d € FS(X). Now Lemma 4.6 implies that g,c = gp,c¢ for infinitely many
n, m. This contradicts g,y # gmy for n # m. O

In the proofs of the next two results we will denote by 7,: Y, — G,\Y, the
quotient map. We point out that 7, is open, since for any open subset V' C Y, the
subset 7, (7w, (V)) = Ugeq, 9V is open.

Lemma 4.12. We have
dim(G,\Ys) < dim(X).

Proof. Let K, C G-FS, be compact such that G-K, = G-FS,,, see Lemma 4.10 (ii).
Using Lemma 4.10 (iii) we conclude that there is a compact subset K| C FS,
such that FS, = G, - K. Let K/ C Y, be the compact subset g,(K/). Define
U := By1(K!). Then U is an open subset of Y, with Y, = G,-U. Let i: U — Y, be
the inclusion. Since U is open, ¢ is open. As pointed out above, 7,: Y, — G,\Y,
is open. Hence the composite m, 0 i: U — G,\Y, is open and surjective. Since
Y, is a proper metric space by Proposition 4.11 (ii) and K/ C Y, is compact, the
set B1(K!) is compact subset of Y,. Since for every y € Y the orbit G,y C Y, is
discrete by Proposition 4.11 (iv), the intersection By (K’) NG,y and hence also the
intersection U N G,y is finite. Hence the composite m, 0i: U — G,\Y, is finite-
to-one. Its source is a metric as U is a subspace of the metric space Y,. Since G,
acts isometrically on Y, and for every y € Y the orbit G,y C Y, is discrete by
Proposition 4.11 (iv), the quotient G,\Y, is also a metric space. Since every metric
space is paracompact by Stone’s Theorem (see [10, Theorem 4.3 in Chapter VI on
p. 256], the composite 7, 0i: U — G,\Y, is a finite-to-one open surjective map of
paracompact spaces. Hence we conclude from [11, 4.1 on p.35]

dim(U) = dim(G,\Y,).

Since Y, is a proper metric space by Lemma 4.11 (ii) it is locally compact and
can be written as the countable union of compact subspaces and hence contains
a countable dense subset. Hence the open subset U is locally compact and has a
countable basis for its topology. Since any compact subset L C U is a closed subset
of X and satisfies dim(L) < dim(X), we conclude dim(U) < dim(X) from [10,
Exercise 9 in Chapter 7.9 on p. 315]. This finishes the proof of Lemma 4.12. O
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Proposition 4.13. Let v > 0 and a € A<,. There is an open VCyc-cover V, of
Y, such that

(i) dimV, < dim X;
(ii) Ve is Gq-tnvariant, i.e., g-V €V, if g € G, and 'V € V,;
(11i) G, \Va is finite.

Proof. Because of Proposition 4.11 (ii) and (iv) for any y € Y,, the open ball of
sufficiently small radius is VCyc-neighborhood for y. Pick for each y such a ball
Vy. Because m,: Y, — G \Y, is open, {m,(V,) | y € Y,} is an open cover of
G.\Y,. By Lemma 4.12 it has a refinement W whose dimension is bounded by
dim X. The G,-action on Y, is cocompact because it is cocompact on FS,, see
Lemma 4.10 (ii). Therefore G,\Y, is compact. Thus we may assume that W is
finite. For any W € W pick yw € FS, such that W C m,(V,, ). Now define
Vo i={r,'(W)NgVy | W € W,g € G,}. This is an open VCyc-cover because
each V, is an open VCyc-set. Its dimension is bounded by dim X, because the
dimension of W is bounded by dim X and because for ¢ € G, and y € Y we
have either V,, = gV, or V,, N gV, = 0. It is G,-invariant because each 7, (W) is
G.-invariant. Finally, G,\V, is finite because W is finite. O

4.3. The cover V.

Lemma 4.14. Let (Z,dz) be a metric space with an action of a group H by isome-
tries. Let A be a H-invariant subspace. For ) # U C A, we define

ZWU):={2€Z|dz(2U) <dz(z,A-U)}

and set Z(A) :=Z, Z(0) :== 0. Then for U,V C A,

(i) Z(U) is open in Z;
(i) ZUNV)=Z({U)NZ(V);
(ii) Z(U)NA=U holds if and only if U is open in A;
(iv) for all g € H we have Z(gU) = gZ(U).
Proof. (i) Either Z(U) is ) or Z or can be written as the preimage of (0, 00) for a
continuous function on Z. Hence Z(U) is open for every U C Z.

(ii) This is obviously true if U = A, U =0, V = () or V = A holds, so we can
assume without loss of generality ) # U # A and § # V # A in the sequel.
Recall that dz(z,U) := inf{dz(z,u) | u € U} for z € Z and ) # U C Z. One
easily checks that dz(z,U),dz(z,V) < dz(2,UNV) and dz(z,A— (UNV)) =
min{dz(z, A —U),dz(z, A—V)} hold for z € Z and open subsets U,V C A. This
implies Z(U NV) C Z(U) N Z(V).

It remains to show Z(U)NZ(V) C Z({UNV). Let z € Z(U) N Z(V). Because
of dz(z,U) < dz(z,A—U) there is u € U with dz(z,u) < dz(z, A—U). Because
of dz(z, V) <dz(z,A—V) there is v € V with dz(z,v) < dz(z,A-V). Tu gV
then dz(z,v) < dz(z,u). If v € U then dz(z,u) < dz(z,v). In particular we have
ueVorvel.

Suppose that u ¢ V. Then v € U and dz(z,v) < dz(z,u) < dz(z, A—U). Thus

dz(z,VNU) <dz(z,v) <min{dz(z,A—-U),dz(z,A—-V)}
=dz(z,A—(UNYV))
and z € Z(U N V). Analogously one shows z € Z(UNV) if v ¢ U. It remains

to treat the case, where v € V and v € V, or, equivalently, where u,v € UNV.
We may assume without loss of generality dz(z,v) < dz(z,u). Then dz(z,v) <
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dz(z,u) < dz(z,A—U). Thus

dz(z,VNU) <dz(z,v) <min{dz(z,A—-U),dz(z,A—-V)}
=dz(z,A—(UNV))
and z € Z(UNV). This proves Z(UNV) =Z({U)NZ(V).

(iii) f U = @ or U = A, this is obvious so that it suffices to treat the case § # U # A.
If Z(U)N A="U, then U is open in A, because Z(U) is open in Z by (i).

Assume that U is open in A. Consider z € U. Since U C A is open, there exists
e > 0such that {y € Z | dz(z,y) <e}NACU. Hence dz(z,z) > eforz € A—U
and hence dz(z,A—U) > ¢ > 0 = dz(z,U). Therefore z € Z(U) N A. Consider
z€ Z(U)N A. Since dz(z,U) < dz(z,A—U) implies dz(z, A — U) > 0 and hence
z ¢ A—U, we conclude z € U. This proves Z(U)NA="U.

(iv) This is obvious as H acts by isometries. O

Lemma 4.15. There is eg > 0 and a G-invariant cofinite collection Vr of open
Fin-subsets of FS(X) such that
(l) dim Vg < 005
(ii) if the image of ¢ € FS(X)® as a generalized geodesic in X (which is a
point) intersects (and is therefore contained in) G- K, then there is U € Vg
such that Be, (¢) = B, (Pr(c)) C U.

Proof. By Lemma 1.10 the evaluation map FS(X) — X defined by ¢ — ¢(0) is
proper. As FS(X)® is closed, this implies that there is a compact subset Kg C
FS(X)® such that G - Kg contains all ¢ € FS(X)® whose image lies in G - K. For
any ¢ € Kg there is an open Fin-subset V. of FS(X) containing ¢, because the
action of G on FS(X) is proper (see Proposition 1.11). Because Kg is compact
there is eg > 0 and a finite subset A of K such that for any ¢ € Kg thereis A, € A
such that B.,(c) C Vi,. Now set Vg := {¢gV) | g € G,\ € A}. This is a finite
dimensional collection, because the gV are Fin-sets and A is finite. O

Proof of Theorem 4.2. Let R C A< be a subset that contains exactly one element
from each orbit of the G-action. Then R is finite by Lemma 4.10 (i). For each
a € R, let V, be a covering of Y, satisfying the assertions from Proposition 4.13.
Let W, := (qa) Vo = {q; (V) | V € V,}. Forb € A, picka € Rand g € G, such
that ga = b and set W, := g(W,) = {gW | W € W, }. (This does not depend on
the choice of g, as ¢, is G,-equivariant and V, is G,-invariant.) By Lemma 4.10 (iii)
there is § > 0 such that, if we set U, := Bs(FS,), then U,NU, = 0 for a # b € A<,.
We now use Lemma 4.14 to extend the W € W, to open subsets of FS(X) and
define the collection U by

U= |J {Z.W)nT, | W e W},
aEAS’Y
where Z,(W) := {c € FS(X) | dps(c, FSs) < dps(c, FS(X) — FS,)}. Define the
desired collection of open subsets of FS(X) by

V:=UU Vg,

where Vg is from Lemma 4.15. It remains to show, that V has the desired proper-
ties.

(i) The members of each V, are open VCyc-sets with respect to the G,-action by
Proposition 4.13. The g, are continuous and G,-equivariant by construction. Thus
the members of each W, are also open VCyc-sets with respect to the G,-action. For
each a, FS, is a G,-set. Because the U, are mutually disjoint, each U, is an G,-set
as well. By Lemma 4.14 each Z,(W)NU, with W € W, is an open VCyc-subset of



26 ARTHUR BARTELS AND WOLFGANG LUCK

FS(X) with respect to the G-action.

(ii) Each V, is G4-invariant. The union of the W, is G-invariant, because the ¢, are
Gg-equivariant. Thus by Lemma 4.14 the collection of all Z,(W) is G-invariant.
The collection of the U, is G-invariant. Therefore U is G-invariant. Since Ug is
G-invariant this implies that V' is G-invariant.

(iii) Each G,\V, is finite by Proposition 4.13 (iii). Therefore G\U is finite. Since
G\Ug is finite, G\V is finite.

(iv) The U, are mutually disjoint. For each a, dimW, = dimV,. Using Proposi-
tion 4.13 (i) and Lemma 4.14 we get therefore

dimU = max dim{Z,(W)NU, | W € W,}

= maxdimV, < dim X.
a€R

Put M := 1+ dim(Vg) + dim(X). This number is independent of v and
dim(V) < 1+ dim(Vg) + dim(U) = M.

(v) Let ¢ € FS(X) such that c intersects G - K. If ¢ € FS(X)®, then B.,(®r(c)) =
B.,(c) C U for some U € Vg, where eg is from Lemma 4.15. Hence it remains
to show that there is g, such that for any ¢ € FS(X)<, — FS(X)® such that ¢
intersects G - K, there is U € U satistying B, (®[_,)(c)) € U because then we
can take € = min{eg, €}

Now suppose that the desired ¢, does not exists, i.e., there are ¢, € FS(X )<, —
FS(X)®, d, € FS(X) and t, € R for n > 1 such that ¢, intersects G - K,
dps(®y, (cn),dyn) < 1/n and d,, € U for all U € U that contain ®_, ,j(c,). Choose
a, € R with ¢, € G- FS,,,. As R is finite, we arrange by passing to a subsequence
that there is @ € R with a,, = a for all n.

Because of Lemma 4.10 (ii) there are g, € G, such that all g, ¢, are contained
in a compact set K, C G- FS,. After passing to a subsequence and replacing ¢,, by
gncn and d,, by g,d, we can assume that ¢, — ¢ for some c € K, C G- FS,. Choose
g € G with g7tc € FS,. Choose V € V, with ¢,(g7t¢) € V. Then g~ tc € ¢; (V)
and hence ®g(g~'c) C ¢; (V). Thus ®g(c) C U for some U € U, namely for
U=g-Zoy(W)NUyqa, where we set W := g, }(V).

Passing to a further subsequence we can arrange that ¢, — ¢y for some ¢y €
[—7,7]- Then also d,, — ®;,(c). Hence there is ng such that d, € U for n > ny,
because d,, — Py, (c) € U.

The set ®[_, 4 (c) is a compact subset of the open set U. Hence we can find § > 0
such that Bg(q)[,%ﬂ (c)) C U. We have dyx (q)t(c),ét(cn)) < e’ -dpgix)(cn,c) for
n>landt € [~7,7]| by Lemma 1.3. Since there exists n; such that dpg(x)(ca,c) <
e”7 -6 forn > ny, we get ®[_, 4(cn) C U for n > ny, a contradiction. This finishes
the proof of Theorem 4.2. O

5. FLOW SPACES AND S-LONG COVERS

Summary. In Definitions 5.5 and 5.9 we formulate two conditions for a flow space
FS with an action of a group G. The first condition asks for the existence of long
covers of uniformly bounded dimension for a subset of FS that contains the periodic
orbits of the flow and is large in the sense that its complement is cocompact for
the action of G. (In our application later the action of G on FS will be cocompact
and we will get the second part of this condition for free; we expect however that
this condition can also be verified in situations where the action is not cocompact.)
The second condition concerns the dynamic of the flow with respect to a suitable
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homotopy action. Our main result is Proposition 5.11 which asserts that G is
transfer reducible, provided the two conditions are satisfied.

In this section we fix the following convention, compare [2, Convention 1.3].

Convention 5.1. Let
o GG be a group;
o F be a family of subgroups of G;
e (FS,dpg) be a locally compact metric space with a proper isometric G-
action;
o &: FS xR — FS be a flow.
We assume that the following conditions are satisfied:
o & is G-equivariant;
FS — FS® is locally connected;
kg :=sup{|H| | H C G subgroup with finite order |H|} < co;
dim(FS — FS®) < oo;
the flow is uniformly continuous in the following sense: for a > 0 and
€ > 0 there is § > 0 such that

(5.2) dps(z,72') < 6,7 € [~a,a] = dps(P,(2),P.(7)) <e.

For a subset I C R we set ®;(z) := {®:(2) | t € I}. For z € FS we define its
G-period

per§(z) = inf{r | 7> 0, 3g € G with &,(2) = g2} € [0, 0],
where the infimum over the empty set is defined to be co. Obviously per§(z) = 0
if and only if z € FS®.If L C FS is an orbit of the flow @, define its G-period by
per§ (L) i= per§(2)
for any choice of z € FS with L = ®g(z). For v > 0 put
(5.3) FS.., = {z¢€ FS|per§(z) >~}
(5.4) FS<, {z € FS | per§(z) <7}

Definition 5.5. We will say that FS admits long F-covers at infinity and periodic
flow lines if the following holds:
There is M > 0 such that for every v > 0 there is a collection V of of open
F-subsets of F'S and € > 0 satisfying:
(i) Vis G-invariant: g € G,V €V = gV € V;
(ii) dimV < M;
(iii) there is a compact subset K C F'S such that
° FSS,YHGK:(Z)7
o for z € FS — G - K there is V € V such that B.(®[_, ,(z)) C V.

Theorem 5.6. There is M € N such that the following holds:
For any o > 0 there is v > 0 such that for any compact subset K of F'S~., there
is a collection of open VCyc-subsets of FS such that
(i) V is G-invariant: g € G,V €V = gV € V;
(i) dimV < M;
(1ii) G\V is finite;
(iv) for every z € G- K there is V €V such that ®|_, o)(2) C V.
Proof. This follows from the techniques used and developed in Sections 2-5 of [2],
but is unfortunately note state in precisely this form.
The main input is Proposition 4.1 of [2]. In this reference it is assumed that that
G-acts cocompactly on FS, but this is not used in its proof, mainly because the
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statement concerns only a cocompact part of the flow space. (In [2] cocompactness
of the action is used to conclude that the flow space is locally compact; note that
we assumed this in Convention 5.1.) Therefore Proposition 4.1 of [2] is valid in the
present situation as well. Theorem 5.6 can be deduced from this using the argument
given on p.1848 of [2]. O

Theorem 5.7. Assume that F'S admits long F-covers at infinity and periodic flow
lines and that F contains the family VCyc of virtually cyclic subgroups.

Then there is N € N such that for every a > 0 there exists an open F-cover U
of F'S of dimension at most N and e >0 (depending on o) such that the following
holds:

(i) For every z € FS there is U € U such that Be(®(_q,0)(2)) CU.
(i) U/G is finite.

Proof. Let My be the number M appearing in Definition 5.5 and M; be the number
M appearing in Theorem 5.6. We set N = My+ My +1. Theorem 5.6 also provides
a number v depending on «. We can assume that v > «a. Since FS admits long
F-covers at infinity and periodic flow lines we can find a collection )y of open
F-subsets of F'S and g¢ > 0 such that (i) to (iii) from Definition 5.5 hold.

Next we apply Theorem 5.6 and obtain a collection V; of open VCyc-subsets of
FS and a compact subset K C FS such that (i) to (iv) from Theorem 5.6 hold. A
simple compactness argument, provided in Lemma 5.8 below, shows that there is
€1 > 0 such that for every z € G - K there is V € V; such that

B81((I>[fa,oz] (Z)) cV
Now set € := min{eg,e1} and U := Vo U V. O

Lemma 5.8. Assertion (iv) in Theorem 5.6 can be strengthened to

(w’) There is € > 0 such that for any z € G - K there is V. € V such that
B (®P[_q,a(2)) C V.

Proof. Suppose that there is no such €. Then we can find a sequence (zp)n>1 of
points in G - K such that Bl/n(CI)[_(LQ] (zn)) ¢ U holds for every n > 1 and every
U € V. Because V is G-invariant and ® is G-equivariant, we can assume without loss
of generality that z, € K for all n. After passing to a subsequence we can assume
that z, — z as n — oco. Choose V' € V with ®[_, 41(2) C V. Since ®[_, 41(2) is
compact and V is open, we can find > 0 with B, (<I>[,a’a] (z)) C V. Because of the
uniform continuity of the flow, we can find § > 0 such that dps(®,(2), D (")) < p/2
holds for all T € [—a, a] provided that drs(z,z") < § is true. Since lim, ., 2z, = 2,
we can find n > 1 such that dps(z,2,) < § and 1/n < p/2 hold. This implies
dps (P, (2), Pr(zn)) < p/2 for all T € [—a, a]. Thus

B1/a(®l-a.0)(2n)) € Bu(®(-a.al(2) C V.

contradicting the assumption. O

Definition 5.9. We will say that FiS admits contracting transfers if for every finite
subset S of G (containing e) there exists § > 0 and N € N such that the following
holds:
For every § > 0 there is
(i) T > 0;

(ii) a contractible compact controlled N-dominated space X;

(iii) a homotopy S-action (¢, H) on X;

(iv) a G-equivariant map ¢: GxX — FS (where we use the left action g -

(h,z) = (gh,z) on GxX),
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such that
(5.10) for every (g,z) € GxX,s € S, f € Fs(p, H) there is 7 € [, (] such that

dps (Pr(e(g, x)), Pryr(u(gs™, f(2)))) < 6.

Proposition 5.11. If FS satisfies the assumptions appearing in Convention 5.1,
admits long covers at infinity and periodic orbits (see Definition 5.5), and admits
contracting transfers (see Definition 5.9), then G is transfer reducible over the
family F in the sense of Definition 0.4.

The proof of Proposition 5.11 will use the following the lemma.

Lemma 5.12. Let 3 > 0, T > 0 and ¢ > 0. Let S be a finite subset of G
(containing e). Set n := |S| and o := 2nB. Pick § such that (5.2) holds. Let (¢, H)
be a homotopy S-action on a compact metric space X and let 1: GXX — FS be a
G-equivariant map. Assume (5.10) holds.
Then
(5.13)  for every (g9,x) € GXX and (h,y) € S}, ;(g,z) (see Definition 0.1) there
is T € [—a, a] such that
drs (27 (u(g,2)), Pr4-(L(h,y))) < 2ne.
Proof. 1f (h,y) € S} ;(g,x), then there are zo,...,z, € X, a1,b1,...,an,b, €
S, fisfiee o o fn X — X, such that g = @, zn =y, fi € Fu,(p, H), fi €
Fo.(p,H), fi(zi—1) = fi(z;) and h = gaflbl o.aytb,. Set g; := gaflbl ) ..a;lbi.
By (5.10) there are 71,71, ..., Tn, Tn € [—0, 3] such that
drs (Pr(u(gim1, 2i-1)), Prir, ((gi—1a; ' fi(zio1))))
drs (r(ulgis@)), @rom (g7, Fi(@)

fori=1,...,n. Putog=0and o; := (—71+71)+ -+ (—T+7;) fori =1,2,...,n.
Since o0; € [—a, a], we conclude for i = 1,...,n from (5.2)

IN

05
1)

IN

IN

drs ((I)TJrUifl(L(gifl»xi*l))ﬂ(I)TJrTiJrUifl(L(gifla;Hfi(xifl))))
drs ((I)T+G'i (t(gir i), q)T“l‘:Fi“rﬂi(l’(gib;l?ﬁ(‘ri)))) < e

Since g,;_lai_1 = gibi_l7 filzi—1) = ﬁ(zz) and T+, +0;,_1 = T+7; +0; we conclude
for i =1,...,n from the triangle inequality

dFS (@T"!‘O'i—l (L(g’i—h xi—l))7 (bT"FO'i (L(gi7 1’1))) < 2e.

Using the triangle inequality we obtain

dFS(q)T(L(g7 LL')), ®T+0n (L(h7 y)))
= dps(®r(t(g0:20)); P10, (L(gn: Tn)))

< D drs(®rro,, (Ugi-1,Ti-1))s D1, (1(gss 1))

€

i=1
n

< Z 2¢
i=1

< 2ne.

O

Proof of Proposition 5.11. Let S be a finite subset of G. Let N be the number
from Theorem 5.7. Let N and 3 be the numbers (depending on S) appearing in
Definition 5.9. Put « := 23|S|. By Theorem 5.7 there is an open F-cover U of FS
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of dimension at most N and €o > 0 with the property that for every z € FS there
is U, € U such that

BE(J ((I)[fa,a] (Z)) g Uz.
ﬁ. Pick § > 0 such that (5.2) holds. By assumption (see Definition 5.9),

there are T > 0, a contractible compact controlled N-dominated space X, a G-
equivariant map ¢: GXxX — FS and a homotopy S-action (¢, H) on X such that
(5.10) holds. Using Lemma 5.12 we conclude that for every (g,z) € GxX we have

O7(u(h,y)) € Bey (Pf—a,a)(P1(1(g, 2))))
for all (h,y) € 53 ;(g,%), n < [S|. Hence we get ®1(c(h,y)) € Usy(u(g,x)) for all
(h,y) € SZ g(g,x), n < |S|. This implies that V := {(®r o) " (U) | U € U} is
S-long with respect to (¢, H). Finally, dimV < dimi < N. Thus G is transfer
reducible over F, where we use N := max{N, N}. O

Put € :=

6. NON-POSITIVELY CURVED GROUPS ARE TRANSFER REDUCIBLE

In this section we prove our Main Theorem as stated in the introduction. Let
G be a group with an isometric cocompact proper action on a finite dimensional
CAT(0)-space X. We need to show that G is transfer reducible over the family
VCyc of virtually cyclic subgroups, see Definition 0.4. To this end we will show
that Proposition 5.11 applies, where F = VCyec.

6.1. Br(z) is (2 -dim(X) + 1)-dominated. Fix a base point xy € X. For r > 0
let

pmcgzy —  B,(w0)

be the natural projection introduced in Remark 2.3. The map p;. 5, is the identity on
B, (x0). If z € X with @ ¢ B,(z0), then p; 4, (%) = cz,.2(r), where ¢z »: R — X is
the generalized geodesic uniquely determined by ¢_ = 0, ¢(—o00) = ¢ and ¢(o0) = x
(see Subsection 3.1).

Lemma 6.1. The space X is a FEuclidean neighborhood retract, i.e., there is a
natural number N, a closed subset A C RY, an open neighborhood U of A in RN
and a map r: U — A such that |4 = ida and X is homeomorphic to A. The
number N can be chosen to be 2 - dim(X) + 1.

Proof. Since X is proper as metric space, it is locally compact. Since any two points
in X can be joint by a unique geodesic, X is connected and locally contractible.
Hence X has a countable basis for its topology (see [10, Exercise 2 in Chapter 6.5 on
page 261]). Obviously X is Hausdorff. By assumption dim(X) < oco. We conclude
from [10, Exercise 10 in Chapter 7.9 on page 315] that X is homeomorphic to a
closed subset A of RY for N = 2-dim(X) + 1. Now apply [5, Proposition 8.12 in
Chapter IV.8 on p. 83]. O

Lemma 6.2. The space Br(xg) is a compact contractible metric space which is
controlled (2 - dim(X) 4 1)-dominated (in the sense of Definition 0.2).

Proof. Since X is proper as metric space by assumption, the closed ball Bg(z¢) is
compact. The space Bg(x() inherits from X a metric and is contractible.
Because of Lemma 6.1 we can find an open subset U ¢ R*4m(X)+1 and maps
i: X > Uandr: U — X with ro¢ =idyx. Since U is a smooth manifolds, it can
be triangulated and hence is a simplicial complex of dimension (2 - dim(X) + 1).
Since Bg(zg) is compact, i(ER(.To)) is compact and hence contained in a finite
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subcomplex K C U. Since K and hence r(K) are compact, we can find C > 0 with
r(K) C Briyco(xo). Let

i': Br(zo) — K
be the map defined by 7. Let

r': K — Br(x)
be the composite

PR,zq |§R+C($0) —
L N

BR(Z’()).
y and K is a finite (2 - dim(X) + 1)-dimensional simplicial

’I‘IK

K — Bpric(xo)

Y T
Then 7’ o = ldBR(wo

complex. This implies that Br(zo) is controlled (2 - dim(X) + 1)-dominated. [

6.2. Convention 5.1 applies to FS(X). Let FS(X) be the flow space for X
from Definition 1.2. We will show that this flow space satisfies the conditions from
Convention 5.1. By Proposition 1.11 the action of G on FS(X) is isometric, proper
and cocompact. In particular, the flow space F'S(X) is locally compact. By Propo-
sition 2.10 the flow space FS(X) is locally connected. By [4, 11.2.8(2) on p.179]
there is kg < oo such that finite subgroups of G have order at most kg. By Propo-
sition 2.9 dim FS(X) — FS(X)® is finite. The uniform continuity of the flow follows
from Lemma 1.3.

6.3. Long VCyc-covers for F'S(X) at periodic flow lines. We need to show that
the flow space FS(X) admits long VCyc-covers at infinity and periodic flow lines in
the sense of Definition 5.5. We take for M the number appearing in Theorem 4.2.
Let v > 0 be given. Because the action of G on FS(X) is cocompact we conclude
from Theorem 4.2 that there is € > 0 and a G-invariant cofinite collection V of open
VCyc-subsets of FS(X) such that

o dimV < M;

o for any ¢ € FS(X )<, there is V € V such that By.(®[_,,(c)) C V.

Put S := {¢ € FS | 3U € V such that B.(®_,(c)) € U}. Note that S is
G-invariant, because V is. Moreover, FS(X)<, C S. It remains to show, that
there is a compact subset K C FS(X) such that FS(X) — S = G- K. Because
the action of G on FS(X) is cocompact (Proposition 1.11) and FS(X) is locally
compact (Proposition 1.9) it suffices to show that S is open.

Choose U € V with B.(®[_ (o)) € U. It suffices to show that there is § > 0
such that B.(®[_,4(c)) € U for all ¢ € FS(X) with dpg(c,co) < 6. We proceed
by contradiction and assume that there is no such §. Then there are c¢,, d, €
FS(X), tn € [—7,7] such that drs(cn, o) < 1/n, dps(dy, P, (cn)) < ebutd, ¢ U.
In particular ¢, — ¢g. By passing to a subsequence we can assume that t, —
t € [-v,v]. Thus @, (c,) — Pi(co). It follows that dps(dy, Pi(co)) is bounded
independent of n. Because FS(X) is a proper metric space (Proposition 1.9) we can
pass to a further subsequence and assume that d,, — d. Then dpg(d, P+(cp)) < €.
Thus d € U. But this implies d,, € U for sufficiently large n, a contradiction.

This shows that the flow space FS(X) admits long VCyc-covers at infinity and
periodic flow lines.

6.4. Contracting transfers for FS(X). Finally we need to show that FS(X)
admits contracting transfers in sense of Definition 5.9. Let S be a finite subset of
G (containing e). Let 3 be the number appearing in Proposition 3.8. Set N :=
2dim X + 1. Let 6 > 0 be given. Let T, R > 0 be the numbers coming from
Proposition 3.8. Then Bg(x¢) is compact, contractible and controlled N-dominated
by Lemma 6.2. We use the homotopy S action (¢, H) on Bgr(x¢) from Definition 3.2
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and the map ¢: GXB,(xy) — FS(X) obtained by restriction from the map from
Definition 3.4. It follows from Proposition 3.8 that (5.10) holds.

Thus Proposition 5.11 applies and we conclude that G is transfer reducible over
VCyc as claimed in our main Theorem in the introduction.

Remark 6.3. Our argument proves a little more than is stated in our main Theo-
rem. Namely, the cover we construct is in addition cofinite for the action of G, i.e.,
G\U is finite. This follows from Theorem 4.2 (iii) and Theorem 5.6 (iii).
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