SEMINAR ON COBORDISM CATEGORIES AND THE
DWYER-WEISS-WILLIAMS THEOREM, SUMMER 2020

JOHANNES EBERT

Cobordism categories and Thom spectra.

Talk 1 (The Pontrjagin-Thom construction and the Becker-Gottlieb transfer, Johannes Ebert).
The classical Pontrjagin-Thom construction, parametrized Pontrjagin-Thom construction, Thom
spectra. Becker-Gottlieb transfer and relation to the Euler number. References: [2] for the transfer,
[18] for the classical Pontrjagin-Thom construction, [12], [9] or many other places.

Talk 2 (Cobordism categories, Johannes Ebert). This talk should introduce the cobordism cate-
gories and the Madsen-Tillmann spectra, and state the main theorem of [9]. Introduce the fibre
sequence of spectra explained in [9], §3. Explain the computation of mo(MTSO(d)). [9] is formu-
lated in a sheaf-theoretic language, which was developped in [I3]. Do not take this language too
seriously; it is merely a device to properly write down a homotopy type. Do not forget to talk
about classifying spaces of categories. Tangential structures are important for all applications of
the result, so they should also be covered.

Talk 3 (Proof of the GMTW-Theorem I, Julian Poetke). Discuss the proof of the main result of
[9], which is a nice blend of the classical Pontrjagin-Thom theory with the h-principle.

Talk 4 (Proof of the GMTW-Theorem II). This talk gives an alternative proof of the GMTW-
theorem [7]. We give both proofs in the seminar, as both are beautiful and very illuminating.

Talk 5 (Cobordism categories of manifolds with boundaries, Johannes Ebert). Genauer [10] intro-
duced the cobordism categories of manifolds with boundary and proved an analog of the GMTW-
theorem. Instead of working through [I0], one can either adapt the arguments from [7], or use an
abstract argument that was given by Steimle [17].

Madsen-Weiss type results.

Talk 6 (Barratt-Priddy-Quillen-Segal theorem, Konrad Bals). The 0O-dimensional case of the
GMTW theorem can be used to prove an important basic result in homotopy theory: the group
completion of the topological monoid [[,~, E¥y, x5, X" is homotopy equivalent to the infinite
loop space Q(X ;) of the suspension spectrum of X. To my knowledge, this is only written down
n [I1], but also check [5]. On the way, you need to introduce the group completion theorem [14],
in particular, the technical heart of it, which is [I4] Proposition 4], see also §6 of [6] for a detailed
and fairly elementary proof.

Talk 7 (Madsen-Weiss type theorems, Christoph Schrade). This is a side-track of the main part
of the seminar. The Madsen—Weiss theorem [I3] was the main motivation for the development of
the theory of cobordism categories. Outline the proof of the Madsen-Weiss theorem [I3], following
[9], §7. It is possible to sketch the proof of the surgery step in [9], §6.

The high dimensional version by Galatius—Randal-Williams [8] should also be discussed. The
proof cannot sensibly be sketched, as it is very long and would keep us busy for the rest of the
term, but the precise formulation should be given. The result of [3] also fits in here.
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Algebraic K-theory of spaces.

Talk 8 (K-Theory of Waldhausen categories, Lukas Stoveken, Thomas Spelten, Konrad Bals).
This talk and the next two should give an overview of the construction of Waldhausen’s K-theory
spectrum A(X) of a space X, and the most important properties. The standard reference is still the
foundational paper [19]. The first of those talks is on a very abstract level: introduce Waldhausen
categories and the Se-construction, as in [I9], §1.1-1.3. Then introduce the additivity theorem
[19], §1.4 (the proof is too long to be discussed here). The additivity theorem is used in [19], p.
342, to define the K-theory spectrum of a Waldhausen category. The approximation theorem [19],
Theorem 1.6.7 is also important for us. See also [21], §V.1 for the additivity theorem and §V.2 for
the approximation theorem.

Talk 9 (Waldhausen’s A(X), Lukas Stoveken, Thomas Spelten, Konrad Bals). Introduce the
category RS (X) of finite retractive spaces over X as in [19], and define A(X) as its K-theory
spectrum (the definition of A(X) in terms of equivariant homotopy theory in loc.cit. is needed for
the proofs of the structural properties, not for the applications that we discuss in the seminar).
Discuss its most important properties: functoriality and homotopy invariance [19], Prop. 2.1.7
(which is a consequence of the approximation theorem). Give the computation of my(A(X)).

Talk 10 (Waldhausen’s A(x) and spaces of matrices, Lukas Stéveken, Thomas Spelten, Konrad
Bals). In this talk, the description of A(X) in terms of spaces of matrices should be discussed,
following [19], §2.2. Concentrate on the case X = *. Using this result, one can introduce the
linearization map L : A(X) — K(R[r1(X)]). In the case X = %, R = Z, L is a rational homotopy
equivalence; mention Borel’s computation of 7.(K(Z)) ® Q. Can you compute mq (A(X))?

The Dwyer-Weiss-Williams index theorem.

Talk 11 (The linearization map to K-theory of rings, Jannes Bantje). This talk should introduce
the Dwyer—Weiss—Williams index theorem as in the introduction of [4]. We will only see the proof
of a weaker version of that result, which is also stated in the introduction of [I5]. Depending on
the previous talk, you should introduce the linearization map. Applying it to the Dwyer—Weiss—
Williams theorem yields the statement which is described in [4], p.2. In loc.cit., this statement is
also connected to the Atiyah—Singer index theorem for the Euler characteristic operator.

Talk 12 (Bivariant A-theory, Jens Reinhold?). Bivariant A-theory was developed by Williams
[23], and is the tool to construct the parametrizes Euler characteristic x(p) of a fibrations p with
homotopy finite fibres. Follow the exposition of bivariant A-theory in §3.1-3.3 of [I5], and finish
with the definition of x(p), given at the beginning of [15], §4.

Talk 13 (Assembly, Coassembly and the unit map, Achim Krause). Follow the exposition of
general assembly maps given in [22], §1; consult also [4] §8]. Then discuss the construction of the
unit map X, — A(X) as in [I5], §3.4. Then move to coassembly, as described in [I5] §4.1]. The
idea of viewing a homotopy limit as a space of sections should be carefully discussed; it is explained
in [4 §1].

Talk 14 (Proof of the index theorem, Jens Reinhold?). In this talk, all the strands are put together
to give the proof of the index theorem, as in [I5], §5. §4.3 of that paper is also relevant. To be
more precise, we show a simpler version, which can be explained with the following diagram, taken
from [I5], §4.2: if p: E — B is a bundle of smooth compact d-manifolds, there is a diagram:

(Q+)(E) —= Q(Ey) —= Q(BO(d)4)

lnp inE \LUBO(d)

B Ap(E) A(E) A(BO(d)).

The two squares commute for formal reasons; and [4] shows that the triangle on the left commutes
up to homotopy. This statement is also shown in [I6], which is the follow up to [I5]. [I5] only
shows that the diagram with the maps 71, and ng removed commutes up to homotopy.

Talk 15 (Concluding talk). We could end the seminar with an outlook. Either, we can discuss
higher torsion invariants, following [1], or the stable parametrized h-cobordism theorem of [20] and
the “converse Riemann—-Roch theorem” [], part III.



SEMINAR ON COBORDISM CATEGORIES AND THE DWYER-WEISS-WILLIAMS THEOREM, SUMMER 20203

REFERENCES

[1] Bernard Badzioch, Wojciech Dorabial a, and Bruce Williams. Smooth parametrized torsion: a manifold ap-

proach. Adv. Math., 221(2):660-680, 2009.

[2] J. C. Becker and D. H. Gottlieb. The transfer map and fiber bundles. Topology, 14:1-12, 1975.
[3] Boris Botvinnik and Nathan Perlmutter. Stable moduli spaces of high-dimensional handlebodies. J. Topol.,

10(1):101-163, 2017.

[4] W. Dwyer, M. Weiss, and B. Williams. A parametrized index theorem for the algebraic K-theory Euler class.

Acta Math., 190(1):1-104, 2003.

[5] Johannes Ebert. Private communication.
[6] Johannes Ebert and Oscar Randal-Williams. Semisimplicial spaces. Algebr. Geom. Topol., 19(4):2099-2150,

2019.

[7] S¢ ren Galatius and Oscar Randal-Williams. Monoids of moduli spaces of manifolds. Geom. Topol., 14(3):1243—

1302, 2010.

[8] S¢ ren Galatius and Oscar Randal-Williams. Stable moduli spaces of high-dimensional manifolds. Acta Math.,

212(2):257-377, 2014.

[9] So ren Galatius, Ulrike Tillmann, Ib Madsen, and Michael Weiss. The homotopy type of the cobordism category.

Acta Math., 202(2):195-239, 2009.

[10] Josh Genauer. Cobordism categories of manifolds with corners. Trans. Amer. Math. Soc., 364(1):519-550, 2012.
[11] Allen Hatcher. A short exposition of the Madsen-Weiss theorem. Unpublished manuscript, available on the

author’s webpage.

[12] Ib Madsen and Ulrike Tillmann. The stable mapping class group and Q(CPS®). Invent. Math., 145(3):509-544,

2001.

[13] Ib Madsen and Michael Weiss. The stable moduli space of Riemann surfaces: Mumford’s conjecture. Ann. of

Math. (2), 165(3):843-941, 2007.

[14] D. McDuff and G. Segal. Homology fibrations and the “group-completion” theorem. Invent. Math., 31(3):279—

284, 1975/76.

[15] George Raptis and Wolfgang Steimle. On the map of Bokstedt-Madsen from the cobordism category to A-theory.

Algebr. Geom. Topol., 14(1):299-347, 2014.

[16] George Raptis and Wolfgang Steimle. Parametrized cobordism categories and the Dwyer-Weiss-Williams index

theorem. J. Topol., 10(3):700-719, 2017.

[17] Wolfgang Steimle. An additivity theorem for cobordism categories. arXiv e-prints, page arXiv:1805.04100, May

(18]
(19]
(20]
(21]

(22]

23]

2018.

Robert E. Stong. Notes on cobordism theory. Mathematical notes. Princeton University Press, Princeton, N.J.;
University of Tokyo Press, Tokyo, 1968.

Friedhelm Waldhausen. Algebraic K-theory of spaces. In Algebraic and geometric topology (New Brunswick,
N.J., 1983), volume 1126 of Lecture Notes in Math., pages 318-419. Springer, Berlin, 1985.

Friedhelm Waldhausen, Bjg rn Jahren, and John Rognes. Spaces of PL manifolds and categories of simple
maps, volume 186 of Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 2013.
Charles A. Weibel. The K-book, volume 145 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 2013. An introduction to algebraic K-theory.

Michael Weiss and Bruce Williams. Assembly. In Nowvikov conjectures, index theorems and rigidity, Vol. 2
(Oberwolfach, 1993), volume 227 of London Math. Soc. Lecture Note Ser., pages 332—-352. Cambridge Univ.
Press, Cambridge, 1995.

Bruce Williams. Bivariant Riemann Roch theorems. In Geometry and topology: Aarhus (1998), volume 258 of
Contemp. Math., pages 377-393. Amer. Math. Soc., Providence, RI, 2000.

MATHEMATISCHES INSTITUT, UNIVERSITAT MUNSTER, EINSTEINSTRASSE 62, 48149 MUNSTER, BUNDESREPUBLIK

DEUTSCHLAND



	Cobordism categories and Thom spectra
	Madsen-Weiss type results
	Algebraic K-theory of spaces
	The Dwyer-Weiss-Williams index theorem
	References

