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• The seminar takes place Monday, 10–12, in SR 1C. 10-12. We begin on April 8th.

The Gromov-Phillips h-principle on open manifolds. In this first part of the seminar, we
give discuss the Gromov-Phillips h-principle for differential relations on open manifolds.

Talk 1 (Immersed curves in the plane. Julian Kranz). This talk is a warm-up before we delve into
more technical material, and discussed the simplest special case of the h-principle: the Whitney-
Graustein theorem on curves in the plane. The elementary proof, due to Whitney, is given in [1,
Chapter 0].

Talk 2 (Jet bundles, differential relations and the formulation of the h-principle, Michael Wiemeler).
The goal of this talk is to formulate the Gromov-h-principle for open, invariant differential rela-
tions which is [5, Theorem 3.3]. Along the way, the necessary concepts should be introduced: Jet
bundles provide a formalism to treat higher derivatives of maps between manifolds. This basic
material is not treated in [5]; it can be found in e.g. [9, §2.4], [6, §II.2], [1, §1.3] or [4, Chapter 1].
The other ingredient for the formulation is the weak Cr-topology on mapping spaces. For detailed
definitions and the relevant properties, you are referred to [9, §2.1], [6, §II.3].

Talk 3 (Applications of the h-principle, Maximilian Tönies). In this talk, some examples of open,
invariant differential relations should be discussed, to illustrate some applications of the h-principle.
Submersion theorem [5, §3.3.2], existence of symplectic structures [5, §3.3.3], existence of arbitrarily
pinched metrics on open manifolds [16]. Other examples might be found in [8] or [14]. The case of
immersions is more subtle since it also holds for closed manifolds and is done in a later talk.

Talk 4 (Proof of the h-principle I, Kevin Poljsak, Dennis Wulle oder Marcel Wunderlich). The
proof of the h-principle is divided into three talks, and the speakers need to communicate closely.
We use [5, §3.4] as the main reference for the proof of the h-principle. Alternative sources for
the same proof are [8], [14], [1], and we recommend to consult those as well. Some background
material needs to be introduced: firstly Morse functions and handlebody decompositions ([5] refers
to [10, VII 1.6 and VII 6.1] which is a good source), and secondly some methods from homotopy
theory (homotopy groups, weak homotopy equivalences, Whiteheads theorem. Fibrations and
fibre bundles and the long exact homotopy sequence). The strategy for the proof (induction over a
handlebody decoposition) should be explained fairly early. The most interesting and most difficult
part of the whole story is [5, Proposition 3.14], which should come in the third talk of this sequence.
This is elementary, but very subtle ([14, p. 113] gives a good explanation of what is going wrong for
closed manifolds), and it is here where the hypothesis that the manifolds have no closed components
is used. Do not rush over it, but plan the whole sequence so that there is enough time to discuss
this crucial step in detail.

Talk 5 (Proof of the h-principle II, Kevin Poljsak, Dennis Wulle oder Marcel Wunderlich). See
description of previous talk.

Talk 6 (Proof of the h-principle III, Kevin Poljsak, Dennis Wulle oder Marcel Wunderlich). See
description of previous talk.

Talk 7 (The Smale-Hirsch immersion theorem, Achim Krause). The interesting feature of the
immersion case is that it also holds for closed manifolds. Give the proof of the immersion theorem.
References: [5, 3.3.1], [1, §3.9], [13, Theorem 8.4]. After the proof of the immersion theorem is
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given, you have the opportunity to discuss the famous sphere eversion. There is a video on the
web under the title “turning the sphere inside out”, which you can present during the seminar.
A systematic classification of the immersions from Sn to Rm in terms of homotopy groups of
Stiefel manifolds using the immersion theorem was given by Smale [15]. A question you might like
thinking about: in which other dimensions is the sphere eversable? Also, a proof of the Whitney
immersion theorem that each n-manifolds admits an immersion into R2n−1 can be given by the
h-principle.

H-principles on closed manifolds. In this part of the seminar, we follow the paper [11] which
gives a uniform treatment of h-principles on closed manifolds.

Talk 8 (Microflexible sheaves and the fomulation of Kupers’ h-principle, Johannes Ebert). In
this talk, a more abstract version of Gromov’s h-principle should be introduced, which uses the
terminology of microflexible sheaves. This abstract version is also due to Gromov [7, §2.2.1 and
§2.2.3], in particular the theorem in the middle of p.79. It is sketched in [7, p. 76, Remarks A’ and
A”] how the h-principle for microflexible sheaves implies the h-principle for differential relations.
The proof of the sheaf-theoretic h-principle won’t be discussed in the seminar; it is parallel to the
proof for differential relations. The formulation of the theory given in [11, §2.1, §3.1 and Theorem
28] might be easier to follow. The second goal of the talk is to give the formulation of Kupers’s
h-principle, which is [11, Theorem 27], and the conditions H and W are defined in [11, §3.2 and
§3.3]. Remarks: [11] also talks about topological and PL-manifolds, which we will leave aside.
Hence only talk about smooth manifolds. Hopefully, the reference [2] can provide some help. Keep
in mind that now everyone in the audience is familiar with abstract homotopy-theoretic language.

Talk 9 (Application I: Vassiliev’s theorem on functions with moderate singularities, Jens Gönner).
Vassiliev’s Theorem is [17, “The first main theorem” on p. 74], which is reproven as a special case
of [11, Corollary 58]. Indicate the derivation in [11, §5.2]. It might also be helpful to give some
concrete examples such as those on [17, p. 74f. and §III.2], [11, Example 60] and [12, §4].

Talk 10 (Application II: Generalized Morse functions and the framed function theorem, Lukas
Stöveken). References: [11, §5.3 and §6]. Do not forget to define the notion of a generalized Morse
function.

Talk 11 (Proof of Kupers’ Theorem I, Felix Janssen oder Jannes Bantje). The proof is given in
[11, §4], and is based on the technique of semisimplicial spaces. An introductory reference for this
theory is [3]. The first talk should present the general strategy for the proof (which in [11] is only
revealed towards the end), and the second one should give more details.

Talk 12 (Proof of Kupers’ Theorem II, Jannes Bantje oder Felix Janssen). See description of the
previous talk.
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