THE TWO DEFINITIONS OF THE INDEX DIFFERENCE

JOHANNES EBERT

ABSTRACT. Given two metrics of positive scalar curvature on a closed spin manifold, there is
a secondary index invariant in real K-theory. There exist two definitions of this invariant, one
of homotopical flavor, the other one defined by an index problem of Atiyah-Patodi-Singer type.
We give a complete and detailed proof of the folklore result that both constructions yield the
same answer. Moreover, we generalize this result to the case of two families of positive scalar
curvature metrics, parametrized by a finite CW complex. In essence, we prove a generalization
of the classical “spectral-flow-index theorem” to the case of families of real operators.

1. INTRODUCTION

1.1. Two secondary index invariants for positive scalar curvature metrics. The space
of metrics of positive scalar curvature R (M) on a closed spin manifold M of dimension d has
attracted the attention of homotopically minded geometric topologists. One tool for its study
comes from index theory. Given any Riemannian metric ¢ on M, one can consider the Atiyah-
Singer-Dirac operator iﬁg, which is an odd, C1%°-linear and symmetric elliptic operator that acts
on the space H = L?(M; @ ,;) of sections of the real spinor bundle & ,; — M. Thus it yields a point
in Fredd’O(H ), the space of self-adjoint odd Cl1%%linear Fredholm operators. By a classical result
of Atiyah-Singer and Karoubi, Fred®°(H) represents the real K-theory functor KO~%, and thus
we get an index indexq(D,) € KO~%(x). If g has positive scalar curvature, then indexq, P, = 0:
the well-known argument using the Schrédinger-Lichnerowicz formula proves that P g is invertible,
which shows that at first glance, the index does not convey any information. There are, however,
useful secondary index-theoretic invariants that one can attach not to single metric of positive
scalar curvature, but to a pair (g—1,¢1) of such. There are two constructions of such invariants.
What they have in common is that one starts by considering the family g; = %g,l + %gl of
metrics, parametrized by [—1, 1]. Of course, and this is the point, the metric g; typically does not
have positive scalar curvature.

For the first construction, we consider the path i)gt in the space Fredd’o(H) (in this introduction,
we are glossing over the detail that &,; and hence H depends on g). This path begins and ends at
an invertible operator, since g41 has positive scalar curvature. As the space of invertible operators
is contractible (Kuiper’s theorem), the path contains the homotopical information of a point in the
loop space QFred®™®. This space represents the functor KO~?~!, and in this way we obtain the
first version of the index difference inddiff g (g_1,91) € KO~971(x). This viewpoint was introduced
by Hitchin [20].

For the second construction, we extend the metric dt?> + g, on M x [—1,1] to a metric h on the
cylinder M x R (constant outside [~1,1]) and consider the Dirac operator @), on M x R of this
metric. As the dimension of M x R is d+ 1, this is a C19T1-linear operator. It defines a Fredholm
operator on H := L?>(M x R;@&,;xr), and we can consider it as a point in Fredd+1’0(7-[), giving
another element inddiffg;, € KO~971(x) (one could view this an index of an Atiyah-Patodi-Singer
boundary value problem as in [4], but we use a different setup). This viewpoint on the index
difference is due to Gromov and Lawson [17].
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An obvious question is whether both constructions yield the same result and this question is
most cleanly formulated in the family case, to which both constructions can be generalized. There
are well-defined homotopy classes of maps

inddiff 7 : R (M) x RT(M) — QFred°(H),
inddiffcy, : R (M) x R (M) — Fred+10(H).

Both map the diagonal to the (contractible) space of invertible operators. The Bott periodicity
map is a weak equivalence

(1.1)

bott : Fred® % 5 Q Fred®° .

Theorem A. The two maps bott oinddiff g7, and inddiff 5 are weakly homotopic. In other words,
if X is a finite CW complez and f: X — RT(M) x RT(M) is a map, then bottoinddiff gy, of
and inddiff g of are homotopic. Moreover, if the subcomplex Y C X s mapped to the diagonal, the
homotopy can be chosen to be through invertible operators on'Y .

The restriction to finite CW pairs is out of convenience; it can probably be removed, but we
opine that this is not worth the effort. Certainly, Theorem[A]does not come as a surprise at all and
in fact it has the status of a folklore result. However, we are not aware of a published adequate
exposition. As indicated, the secondary index is an important tool to detect homotopy classes
in the space R (M), compare [17, 20} 18] [15]. The authors of these works have been careful to
avoid any use of Theorem [A| In [I3], a stronger detection theorem for m.(R*(M)) is proven, for
manifolds of all dimensions dim(M) > 6. In that paper, Theorem |A|is used in an essential way
to pass from 2n-manifolds to (2n + 1)-dimensional manifolds. Thus, filling this gap was motivated
not by an encyclopedic striving for completeness, but by necessity.

1.2. Spectral-flow-index theorem. Let us explain the strategy for the proof of Theorem [A]
first under the assumption that X = % and d +1 = 0 (mod 8). In this case, mo(Fred®™°(H)) is
isomorphic to Z, detected by an ordinary Fredholm index. The space Fred®? (H) is homeomorphic
to the space of self-adjoint Fredholm operators on a real Hilbert space. The fundamental group
71 (Fred®™®(H)) is isomorphic to Z, and it is detected by the “spectral flow” sf: if A is a family of
operators such that A(+1) invertible, then sf(A) is the number of eigenvalues of A(t) that cross 0,
counted with multiplicities. This concept was introduced by Atiyah-Patodi-Singer [, §7]. To such
a family, one can associate the operator D4 := 9; + A(t), acting on L?(R; H). This is Fredholm,
and so has an index. The “spectral-flow index theorem” states that sf(A4) = +index(D4) (for the
moment, we ignore the sign). The basic idea why Theoremis expected to be true is that Hitchin’s
index difference is given by the spectral flow of the family A(t) = @, , while Gromov-Lawson’s
index difference is the index of the operator D 4.

gt

There are many approaches to spectral-flow-index theorems in the literature. Atiyah-Patodi-
Singer gave a proof for a special case [, Theorem 7.4]: A(t) has to be an elliptic operator on a
closed manifold, and the crucial assumption is that A(1) = A(—1). This is important, because
their proof is by gluing the ends together in order to reduce to an index problem on M x S, which
can be solved by the usual Atiyah-Singer index theorem. However, this assumption is not satisfied
in our case. One obvious first idea for such a reduction would be to use that A(1) and A(—1) are
homotopic through invertible operators, by Kuiper’s theorem. Composing the family A(t) with
such a homotopy would result in a closed family A’, and the operator D’y would have the same
index. But the index problem for the new family still cannot be reduced to a problem on M x S*,
for a very fundamental reason: for that to work the homotopy must be through pseudo-differential
operators. Even though A(1) and A(—1) are homotopic through elliptic differential operators and
through invertible operators on the Hilbert space, we cannot fulfill both requirements at once! In
fact, our proof will clearly show that this is the essential information captured by the spectral flow.

Before we describe our argument, let us discuss several other approaches that appeared in the
literature. Bunke [I4] considers the case when A(t) is a family of differential operators with the
same symbol. He reduces the problem to the closed case; but his answer is in terms of cohomology,
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and he does not treat the parametrized situation. Translating his argument to real K-theory
would, as far as we can see, not have resulted in a shorter proof of Theorem [A] Robbin and
Salamon [29] worked in an abstract functional analytic setting, ignoring that the operators are
pseudo-differential. For the case X = %, d + 1 = 0 (mod 8), they gave a detailed proof in this
abstract setting. We will use a special case of their result in our proof; but we failed with an
attempt at a straightforward generalization of their argument to the family case. Another proof
in the framework of K K-theory is due to Kaad and Lesch [22], again the details are only for the
complex case and X = x; our knowledge of Kasparov theory does not suffice to carry out the
generalization to the case we need.

1.3. Overview of the paper. Let us now give a description of what we actually do. Chapter
2] surveys background material on Clifford algebras and K-Theory. In section 2.1} we collect the
conventions on Clifford algebras that we use (we use all Clifford algebras C1”? to make the linear
algebra work better). Section recalls the classical Fredholm model for real K-Theory. We
have to generalize the Fredholm model in such a way that a Hilbert bundle, together with a
Fredholm family represents an element in K-Theory. There are well-known difficulties with the
structural group and the continuity condition on a Fredholm family. Therefore, we spend some
pages explaining these conditions (section . Section discusses the generalized Fredholm
model; the proof that the construction gives the correct answer is deferred to the appendix [A]
A side-purpose of chapter [2] is to close a gap in the literature. Classically, the family index
theorem is only formulated for compact base spaces, and even a definition of the family index
over a noncompact base does not seem to be discussed properly in the literature. In [13], we need
to consider family indices over not even locally compact bases, and chapter [2] together with the
appendix, was partially written with that goal in mind.

The goal of chapter [3] is to give the rigorous definition of the secondary index invariants and
the formulation of the main result of this paper (T heorem. Section collects some facts on
elliptic regularity for manifolds with cylindrical ends; the key result is Proposition 3.7} In order to
cover the other index-theoretic arguments that appear in [I3], we prove more general versions than
necessary for Theorem [A] The overall structure of the proof of Theorem [A] forces us to leave the
realm of Dirac operators; we have to work with pseudo-differential operators that have the leading
symbol of a Dirac operator (we call them “pseudo-Dirac operators”). The general setting for our
index theorem are families A(t) of CI”"?-linear pseudo-Dirac operators on a closed manifolds. Given
such a family, we get a new operator D4 on the manifold M x R, which is CI’**%linear (called
suspension). While the family A(t) yields inddiff z7, the operator D 4 corresponds to inddiff g7, We
organize the curves of Dirac operators on M, parametrized by a space X, in a suitable K-group
that we call LP?(X). The two constructions (family index of A(t) and family index of D4) give
maps LP9(X) — KO97P~1(X) and our main result (Theorem says that both maps are equal.
In section we deduce Theorem [A] from Theorem [3.22

Chapter [4] contains the proof of Theorem and we follow a common strategy for proving
index theorems. The crucial analytical ingredient for the proof of Theorem [3.22]is Proposition
which states that the space of curves of C1P°%-linear pseudo-Dirac operators A(t), A(£1) invertible,
is rich enough to realize Q Fred”?. This is inspired by a theorem of Boofl-Wojciechowski [12] and
would be false if we tried to use differential operators. In section |[4.3} we use Proposition [4.3| and
formal properties of K-theory to reduce everything to the special case X = * and (p,q) = (0, 1),
which is the case that was dealt with by Robbin and Salamon (in fact, we use an explicit index
computation instead).
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Boris and his wife Irina for the warm welcome in their home. Thomas Schick made several useful
comments on this paper, but in particular I want to thank the anonymous referee for reading the
paper in an extremely careful way.
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2. PRELIMINARIES ON K-THEORY AND CLIFFORD ALGEBRAS

2.1. Clifford algebra. Throughout the paper, we work over the real numbers; the proofs can
easily be “complexified”. Without any further mentioning, we assume (or claim implicitly) that
all Hilbert spaces are separable.

Definition 2.1. Let V and W be two finite-dimensional euclidean vector spaces and let H be a
Hilbert space. A C1V'W _structure on H is a pair (¢,c), where ¢ is a self-adjoint involution of H
and ¢: V@ W — Lin(H) is a linear map to the space of bounded operators on H such that

2

c(v,w)t = —e(v,w), c(v,w)* = c(—v,w), c(v,w)* = —|v|* + |w/|?

forallv e V,weW. A C1V'W _Hilbert space is a Hilbert space, equipped with a C1V'W _structure.
The opposite C1V"" -Hilbert space is (H,t,c)° := (H,—t,—c) and is shortly denoted by H°P. A
bounded linear operator F : (H,¢,¢) — (H',//,¢') of C1V""Y-Hilbert spaces will be called Clifford-
linear if Fe(x) = ¢(z)F holds all z € V @ W. A Clifford-linear bounded operator F is even if
Fio=/VF,and odd if F. = —/'F.

If there is no risk of confusion, we write x for ¢(z). Of particular interest to us is the case
V =RP, W = RY, both with the standard scalar product. In this case, we write CI”? instead of
CI®R* A CIP%structure on H is given by orthogonal automorphisms ¢,es,...,ep,€1,...,€, Of
H, satisfying the relations

(2.2) 2 =1, ei€j +eje; = e+ e, = €L+ e, =0, —(ee; + eje;) = €€ + €j¢; = 24;5.

There are various functors between the categories of C1V""W-Hilbert spaces for different values
of (V,W), the classical Morita equivalences. If (Hy,co, o) is a C1V'" _Hilbert space, we obtain a
C1VORWOR Hilhert space (H,t,¢), H := Hy ® Hy and

- (CO _CO) L= (LO _LO) , cle) = (1 _1) » cfe) = (1 1)

(here e and € are the standard basis vectors of R @ R). If Fj is a Clifford-linear endomorphism of

Hy, then F = (FO I ) is a Clifford-linear endomorphism of H, and if Fy is even or odd, then
0

so is F. Vice versa, if H is a C1VERWER_Hilpert space with e and e being the actions of the basis
vectors in the R-summands, consider Hy := ker(ee — 1); this inherits a C1"""V-structure from the
given one on H. Clifford-linear endomorphisms of H restricts to Clifford-linear endomorphisms
of Hy, and if F' is even or odd, then so is F|g,. Both procedures are mutually inverse. In a
similar fashion, C1V R W _Hilbert spaces and C1V"" R Hilbert spaces are equivalent. Let H be
a C1VEE W Hilhert space and put 1 := e; ---ey, so that n2 = 1. Then we obtain a Cl1VWeRr!
Hilbert space (H,t,c'); |lvew = clvew, € = ne; for i = 1,...,4. Clifford-linear, even (or odd)

4
endomorphisms are preserved under this procedure. By a similar recipe one transforms CclVWer

Hilbert spaces back into C1VEE W _Hilbert spaces. Combining both types of equivalences, one gets
8 8
equivalences between ClV’W—, C1Vo® W _and C1V'WOR _Hilbert spaces. All these definitions and

constructions generalize without effort to nontrivial Riemannian vector bundles V., W and Hilbert
bundles H.

The structure theory of C1”Y-Hilbert spaces is well-known [26], §1.5]. For brevity, we call finite-
dimensional C1P-9-Hilbert spaces just C1”?-modules. Each CI1”?-Hilbert space decomposes into
a Hilbert sum of (finite-dimensional) irreducible ones. If p — ¢ #Z 0 mod 4, then there is exactly
one irreducible CI””%-module, up to isomorphism. If p — ¢ = 0 (mod 4), there are exactly two
irreducible CI”"?-modules, up to isomorphism. These are mutually opposite and distinguished by
their chirality: consider the operator w = w4 1= te1---€5-€1---€p. If p—¢ =0 (mod 4), then
w is CIP%linear, even and satisfies w? = 1. In an irreducible C1”?-module, w must act by 1
(Schur’s lemma), and this sign is the chirality.

Definition 2.3. A C1”%-Hilbert space H is called ample if it contains each irreducible CIP9-
module with infinite multiplicity.
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Note that two ample CI”*?-Hilbert spaces are isomorphic. If H is an ample C1??-Hilbert space,
s > p, t > q, one can extend the CI”"Y-structure on H to an ample CI*‘-structure. There are strong
homotopy theoretic versions of these statements. Let H be a real Hilbert space and let SP9(H)
be the set of ample C1”"Y-structures; a point in SP*4(H) is given by p + ¢ + 1 linear isometries and
we topologize SP9(H) as a subspace of Lin(H)PT9! equipped with the norm topology. If H is
understood, we write S := SP*9(H). The following result is well-hidden in [7] and [23], and we
make the proof explicit.

Lemma 2.4. If H is infinite dimensional, the space SP*9 = SP9(H) is contractible. Moreover, if
s >p, t > q, then the forgetful map 8%t — 8P is a Serre fibration with contractible fibers.

Proof. Fix cs+ € 8% and let ¢, , € 8”7 be obtained by restriction. Let U = U(H) be the group
of isometries of H, equipped with the norm topology. This group acts by conjugation on S*?,
and the action is transitive, by the structure theory of Clifford modules. Let U, , C U be the
stabilizer of ¢, 4. This is the group of all CI”"?-linear and even isometries. By Kuiper’s theorem
[25], U ~ . By Morita equivalences and ampleness, U, 4 is homeomorphic to either the group
of isometries of an infinite-dimensional Hilbert space over R, C or H or a product of such. Thus
Up.q =~ * by [25] as well. The space SP? is the homogeneous space U/U, , and so is contractible.
The forgetful map can be identified with the U, ,/U -bundle U/Us — U/U, , and so the proof
is complete. To make this argument valid, it remains to be shown that U — SP'? has local sections
(so that U — 8”7 is a Up, 4-principal bundle). For this, use that a CI”"Y-structure can be viewed
as an orthogonal representation of the finite group G generated by symbols e;, €;, ¢, subject to the
Clifford relations and invoke the following general lemma (take V to be the sum of all irreducible
Cl”%-modules). O

Lemma 2.5. Let G be a finite group and let H be a Hilbert space. Let p: G — U(H) be a unitary
representation. Let X C Hom(G,U(H)) be the space of representations o such that H, (i.e., H
equipped with the G-action induced by o) is G-isomorphic to H,. Endow X with the norm topology,
as a subspace of U(H)®. Then the map 7 : U(H) — X, u+ upu™!, has local sections.

Proof. (This proof was suggested to us by the referee) We first construct the local section around
the basepoint p. We need to find a neighborhood Y C X of p and a map Y — U(H), 0 — B,
such that B, : H, — H, is G-equivariant. For each ¢ € X, define the bounded operator

A, = ﬁ " o(g)plg™") € Lin(H).
geG

It is clear that A, =1 and that A, o p(h) = o(h) o A,. Moreover

1
[ Aoy = Aoy || < @l > lloo(g) — ()l
geq

so that o — A, is continuous. In particular, A, is invertible if o is close to p. Now let A, =
B,+/ A% A, be the polar decomposition, with B, unitary. The operator /A% A, is equivariant as
a map H, — H,, and so B, is equivariant as a map H, — H,, as claimed.

Now let 7 € X be arbitrary. Since 7 is surjective, there is a unitary u with 7 = upu=!. A
section to 7 near 7 is given by o — uB,-14,- O

2.2. The Fredholm model for K-Theory, version 1.

Definition 2.6. For each Hilbert space H, Fred(H) denotes the space of all bounded Fredholm
operators F' : H — H, equipped with the operator norm topology. Let H be a CI”?-Hilbert
space. A C1”-Fredholm operator on H is a bounded, C1”'%-linear, self-adjoint and odd Fredholm
operator ' : H — H. If H is ample and p — ¢ Z —1 (mod 4), let Fred”?(H) be the space of
all CI”"?-Fredholm operators on H, equipped with the operator norm topology. If p — ¢ = —1
(mod 4), then Fred”?(H) is the space of all such Fredholm operators F with the property that the
(self-adjoint) operator wy, oF'¢ is neither essentially positive nor essentially negative. The subspace
of invertible elements is denoted GP4(H) C Fred”?(H).
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The relevance of the condition in the case p — ¢ = —1 (mod 4) is the following. One restricts
F to an invertible operator Fy on ker(F)*. By a spectral deformation, Fy is homotopic to an
involution f. The datum (1, e;, fi,€;) forms a CIPT%structure on ker(F)*, and the condition is
that this structure is ample. The following is a classical result due to Atiyah-Singer and Karoubi.

Theorem 2.7. [1, 23] If H is an ample C1”?-Hilbert space, then Fred™?(H) is a representing
space for the functor KO17P.

Using the Morita equivalences, it is easy to derive Theorem [2.7] from the version proven in [7].

Lemma 2.8. If H is ample, then GP1(H) is contractible.

Proof. This follows without pain from Lemma[2.4} inside GP*?(H ), there is the subspace G§?(H) of
involutions. By a spectral deformation argument, the inclusion G5'?(H) — GP*4(H) is a homotopy
equivalence (the details of this argument can be found in [7]). If F € G'(H), then Fu defines an
extension of the CI”%-structure to a CI?*"%structure. Therefore, we can identify G5'¢(H) with
the fiber of the restriction map SPT14 — SP4, and so it is contractible by Lemma O

By the symbol Q Fred”?(H), we denote the space of continuous paths v : I := [-1,1] —
Fred”?(H) such that v(+1) € GP9(H). This space indeed has the weak homotopy type of the
homotopy-theoretic loop space of Fred”?(H), provided that H is ample. The proof is a standard
exercise in elementary homotopy theory, using Lemma |2.8

For many practical purposes, the description of KO-Theory given in Theorem [2.7]is not flexible
enough. Before we can describe a more useful model, we need to say a few words about Fredholm
families on Hilbert bundles.

2.3. A digression on Hilbert bundles.

Convention 2.9. For the rest of this paper, we work in the category CG of compactly generated
Hausdorff spaces [30]. In particular, function spaces and products are understood to be taken
in CG. Likewise, all notions derived from the product, such as topological groups, actions, and
fibre bundles, refer to the product in CG. We remind the reader that metrizable spaces (such as
subspaces of Frechét spaces) belong to CG.

For us, a Hilbert bundle will always be a fiber bundle V' — X with structural group U(H),.,.
and fiber H. Here, H is a separable (possibly finite-dimensional) real Hilbert space and U(H)..,.
is its unitary group, with the compact-open topology. The fiber over z € X will be denoted V.
The trivial Hilbert bundle with fiber H over X will be denoted by the symbol Hy. A CIP9-
structure on V' will be described by a tuple of isometric automorphisms ¢,e1,...,€,,€1,...,€4 of
V', satisfying the relations . A Fredholm family F on V will be given by a collection (F,).cx,
F, a Fredholm operator on V,, and likewise a CI1”?-Fredholm family will be a Fredholm family
such that F, : V, — V, is a CI??-Fredholm operator for each z € X. One needs a continuity
condition on z — F, and the right formulation of it is a highly nontrivial insight by Dixmier and
Douady [16]. It is given in Definitions [2.10} [2.13| and [2.15| below (we were also strongly influenced
by Atiyah-Segal [9] and Kasparov’s K K-Theory).

Definition 2.10. A homomorphism F : V — V' of Hilbert bundles is a fiber-preserving continuous
map which is linear in each fiber.

A homomorphism is determined by a collection (F}),ex of bounded linear operators F, : V, —
V.. If X is locally compact or metrizable, then the function X — R,  — || F}| is locally bounded,
by the Banach-Steinhaus theorem (but in general not continuous).

FEzxample 2.11. Let H be a separable Hilbert space, X a compactly generated topological space
and F : X — Lin(H) be a map. The map Hx — Hx, (z,v) — (z, F(z)v) is a homomorphism
of Hilbert bundles if and only if F' is continuous when the target Lin(H) is equipped with the
compact-open topology.
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The collection (F}),cx of adjoint operators may or may not form a homomorphism, and if it
does, we say that F is adjointable. Note that a homomorphism which is pointwise self-adjoint is
adjointable. The set of adjointable endomorphisms of V' is a unital x-algebra Linx (V). We say
that F': V' — V is an isomorphism or invertible if it is a unit in Linx (V'), in other words: (Fy)zex
is an isomorphism if F} is an isomorphism for all z € X and if the collection ((Fy)™!).ex is a
homomorphism. For self-adjoint homomorphisms F' : V — V, there is a functional calculus: if
F:V =V is self-adjoint and f : R — R is a continuous function, then the collection (f(F.))zex
is a homomorphism, see [I6, p. 245].

Lemma 2.12. Let V — X be a Hilbert bundle and let F': V' — V be a self-adjoint homomorphism.
Assume that there is a continuous function € : X — (0,00) such that F2 > e(z)? for allx € X.
Then F' is tnvertible.

Proof. Invertibility of F' is a local (in X) property: if there is an open cover U of X such that
F|y is invertible for all U € U, then F is invertible. Under the assumptions of the Lemma, there
is an open cover U of X and for each U € U, there is ¢ > 0 such that F? > ¢2 > 0 for all
x €U. Let f: R — R be an odd continuous function with f(¢) = 1/¢ for |t| > €. Then f(F) is a
homomorphism and for « € U, we have f(F,)F, = F, f(F,) = 1. Therefore, F|y is invertible for

all U € Y and hence F' is invertible. O

The notion of a compact operator V- — V is more difficult to formulate and we follow [I6],
§22] (see also Proposition 3 loc.cit.). Let I' be the space of continuous sections of V', and for each
s,t € T, one defines the adjointable operator 05 ¢ € Linx (V) by 0, +(v) := (s(z),v)t(z) (for v € V).
The linear span of all these operators is a *-ideal Finx (V) C Linx (V) (if F is adjointable, then
FOs, = 05y and 05, F = Op+54). Clearly, the operator (6,,), € Lin(V,) is of finite rank and
hence an element of Kom(V,,), the space of compact operators in V.

Definition 2.13. An endomorphism F' = (F,),cx of V is compact if for each z € X and each
€ > 0, there exists G € Finx (V) and a neighborhood U of x such that for all y € U, one has
|Fy — Gyl < e. The space of all compact operators is denoted Komx (V') and is a two-sided *-ideal
in Liny (V).

Note that if F' is compact, then F} is compact for all x € X. It is not hard to characterize
compact operators in trivial bundles.

Lemma 2.14. The compact operators of the trivial Hilbert bundle Hx are precisely the continuous
maps X — Kom(H) (the target has the norm topology, in contrast to the situation of Example
2.11).

Definition 2.15. Let V' — X be a Hilbert bundle and F' € Linx (V). We say that F'is a Fredholm
family if there exists G € Linx (V) such that FG — 1,GF — 1 € Komx (V). We say that G is a
parametriz to F. If V is equipped with a graded C1”?-structure, then a C1”'?-Fredholm family is
a Fredholm family F' = (F}) such that each F); is self-adjoint, Clifford linear and odd.

We need criteria to check that a family is Fredholm. The first useful thing to know is that on
reasonable spaces, being Fredholm is a local property (it is not a pointwise property).

Lemma 2.16. Let V. — X be a Hilbert bundle over a paracompact space and F € Linx (V).
Assume that there is an open cover U of X such that F|y is Fredholm for allU € U. Then F is
Fredholm.

Proof. Let Gy be a parametrix for F|y. Let (Ay)vey be a partition of unity subordinate to U.
Then ;o AuGly is a parametrix to F' (since the property of being compact is local in X). [

Lemma 2.17. Let V — X be a Hilbert bundle over a space. Let (Fy).cx be a collection of bounded
operators F, € Lin(V,). Assume that each x € X admits a neighborhood U of x and a trivialization
Vg 2 U x H such that in this trivialization F is given by a continuous map X — Lin(H) (the
target has the norm topology). Then F € Linx (V). If F, is compact (invertible) for each x € X,
then F is compact (invertible). If F, is Fredholm for all x € X, then F is Fredholm, provided that
X is paracompact.
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Proof. The statements on adjointability, compactness and invertibility are trivial consequences of
what we have said so far. Next, recall that the quotient map Lin(H) — Lin(H)/Kom(H) has a
continuous section (both spaces are equipped with the norm topology). This follows from a general
theorem by Bartle and Graves which states that if ¢ : X — Y is a surjective bounded operator
between Banach spaces, then there is a continuous cross-section o : Y — X ([10], see also [21], p.
187] for the explicit statement). Using this section, one constructs a map o : Fred(H) — Fred(H)
such that o(F) is a parametrix for F, for each F' € Fred(H). Therefore, if F, is Fredholm for all
x € X, then F is locally Fredholm. By Lemma it follows that F' is globally Fredholm. |

Lemma 2.18. Let V. — X be a Hilbert bundle, X paracompact and let F' € Linx (V) be self-
adjoint. The following statements are equivalent.

(1) F is a Fredholm family.
(2) There is a continuous function € : X — (0,00) such that F? > €2 mod Komx (V) in the
sense that there exists K € Komy (V) with F? + K > € (pointwise).

Proof. If F is Fredholm, then there is a parametrix G, and we can assume that G is self-adjoint.
Then K = FG — 1 and K* = GF — 1 are compact. For x € X, we pick § > 0 and a neighborhood
U of x such that |G| < & and hence G} < ° for y € U (the norm of a homomorphism is
locally bounded). It follows that F,0°F, > F,G2F, = (1+ K,)(1 4+ K;) =: 1+ L, and therefore
Fy2 > 6721 + L,) throughout U. Put ¢, = d~'. This proves the desired inequality locally.
Globally, one patches the constant functions €, on these neighborhoods together with a partition
of unity.

For the reverse implication, pick K and € as in (2). Then F? 4+ K is invertible (Lemma 2.12) and
FF(F?+K) ' —1=—-K(F?+ K)~! is compact, proving that F(F?+ K)~! is a right-parametrix
of F. Similarly, (F? + K)~'F is a left-parametrix. O

2.4. The Fredholm model for K-Theory, version 2. We denote the product of space pairs by
X, Y)x (Z,W):=(XxZ,X xWUY x Z).

Definition 2.19. Let (X,Y) be a space pair. A (p,q)-cycle on (X,Y) is a pair (V, F'), where V
is a C1”"?-Hilbert bundle (with separable fibers) and F a CI”?-Fredholm family on V. Moreover,
we require that F|y is invertible. There are obvious notions of pullbacks, direct sum and isometric
isomorphisms of (p, q)-cycles. Two (p, q)-cycles (Vp, Fo) and (V1, Fy) are homotopic or concordant
if there exists a (p, q)-cycle (V, F) on (X x [0,1],Y x [0,1]) such that the restriction of (V, F') to
X x {i} is isomorphic to (V;, F;). Homotopy is an equivalence relation. A (p, ¢)-cycle is acyclic if
F is invertible. The set of homotopy classes of (p, ¢)-cycles is an abelian monoid, and we define the
abelian group FP%(X,Y) as the quotient of that monoid by the submonoid of homotopy classes
that contain acyclic representatives.

We implicitly said in the definition that FP?(X,Y) is a group, and this is indeed true. For
this and similar purposes, we use the following convenient criterion to prove that two (p, ¢)-cycles
are concordant. We say that a space pair (X,Y) is a paracompact pair if X is paracompact and
Y C X is closed. We denote the anticommutator of two operators by

{Fo,Fl} = FOF1 + FlF().

Lemma 2.20. Let (V,c,¢, Fy) and (V,c,t, F1) be two (p, q)-cycles on the paracompact space pair
(X,Y). If the anticommutator {Fy, F1} is nonnegative, i.e. {(Fo)z, (F1)z} >0 for allz € X, then
Ve, i, Fol = [V, e, 0, Fi] € FPUX,Y).

This is a generalization of a special case of a result in K K-theory due to Connes and Skandalis
[11l Proposition 17.2.7]. One important feature of Lemma is that the positivity condition can
be checked pointwise, hence often the proof for general X is only notationally more involved than
that for X = .
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Proof. The homotopy is given by Ps := cos(s)Fp + sin(s)Fy, s € [0,7/2]. Compute
P? = cos(s)?F? + sin(s)?F? + 2sin(s) cos(s)(Fo Fy + F1 Fy) > cos(s)*Fg + sin(s)?FZ.

There is a function € : X — (0, 00) such that F? > € mod Komy (V) (Lemma|2.18) and such that
(F2)|ly > €%|y. Therefore P? > €2 mod Komx (V) and P is a Fredholm family on X x [0, 7/2] by
Lemma Moreover, the restriction of P to Y x [0,7/2] is invertible by Lemma O

Lemma 2.21. Let (X,Y) be a paracompact pair. Then FP4(X,Y) is a group, and the additive
inverse to [V, ¢, i, F] is [V, —c,—t, F] or [V,c,—t,—F]).

Proof. We claim that [V @& V,c® —c,0 & —, F @& F] = 0. The operator Q := (L L) is an odd,

C1”%linear involution that anticommutes with F'@® F and a straightforward application of Lemma

2.20| concludes the proof. The second formula is proven in the same way with @ = (1 1). O

How do these new groups relate to K O-Theory?

Theorem 2.22. Let (X,Y) be a compact pair. Then the obvious comparison map
[(X,Y); (Fred™(H),G"9(H))] — FPI(X,Y).

1s bijective.
Moreover, the functor F'P¢ is representable for paracompact pairs.

Theorem 2.23. There exists a space pair (KP4, DP9) and a natural map
[(X,Y); (KP1, DP9)] — FPYX)Y)

which is bijective whenever X is paracompact and compactly generated and Y C X closed. More-
over, the space DP? is weakly contractible.

Theorems and are proven in the appendix @ From both theorems, one obtains a
comparison map
(Fred™?(H),GP(H)) — (KP4, DP9)
and a formal consequence of the above results is that it is a weak homotopy equivalence (because

Fred”?(H) and GP*9(H) are by definition metric spaces and therefore paracompact). Let us have
a look at Bott periodicity in this framework. We write I:= [—1,1], 9 := {£1} and

QFPUX)Y) := FP((L,0l) x (X,Y)).
Let p > 1 and (V, F) be a (p, g)-cycle over (X,Y). Put J := (eg¢). Define a (p—1, ¢)-cycle 5(V, F)
on (I, ) x (X,Y) by the formula
ﬂ(F)(S)z) = Fx + sJ.

The operator J is self-adjoint and odd and hence so is 3(F) (s 4. Since J anticommutes with each
F,, the formula (8(F)(s,))? = F7 +s* holds and 3(F) (s 5 is invertible if s # 0 or if F' is invertible.
Observe that B(F)(s,,) commutes with €;,...,¢, and ey, ..., e,, but not with e;. When we define
a CIP"1%action by reindexing the e; generators, B(F)(s,2) 18 CIP~M%linear. This construction
preserves the equivalence relation defining the F-groups, and we obtain a group homomorphism,
the Bott map

(2.24) bott : FP4(X,Y) — QFP~14(XY).
The Bott periodicity theorem states that (2.24]) is an isomorphism for all paracompact and

compactly generated pairs; this follows from the main result of [7], together with Theorems m
and Using the Morita equivalences, we obtain natural isomorphisms of functors

Mor1’1 . FP4 ~ pptlatl Mor8’0 . [Pa o P18 Moro’s . P4 o2 ppq+8
: = , : = , : = .
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The formulas for the Morita equivalences that we gave make it clear that these maps are compat-
ible with the Bott maps whenever this statement makes sense, i.e. if p > 0. Another fundamental
structure is a KO°-module structure on FP9(X,Y’). To define it, we use the model for KO°(X,Y)
by complexes of vector bundles, see [3, Part II]. We can slightly reformulate this construction by
saying:

Definition/Proposition 2.25. Let (X,Y) be a compact pair. Consider the monoid of con-
cordance classes of (0,0)-cycles such that the underlying Hilbert bundle has finite rank and the
same equivalence relations as in Definition [2.19] The quotient group is naturally isomorphic to
KOY(X,Y).

The natural map KO°(X,Y) — F%9(X,Y) is an isomorphism for compact pairs (X,Y). For
[H,t,c,F] € FP9(Z,W) and [E,n, P] € KO°(X,Y), we define

[H,i,c, F|-[E,n,Pl:=[HRFE,.®n,c®1,F®1+.Q P|.
It is easy to see that this definition yields a well-defined bilinear map
FPa(Z W) x KOY(X,Y) — FP9((Z,W) x (X,Y)).

If (p,q) = (0,0), this defines the usual cross product on KO° under the isomorphism from Theorems
2:22] and 2:23] This product is compatible with Morita equivalences and Bott periodicity, in the
sense that these maps are linear over KOV.

3. ANALYTICAL ARGUMENTS

3.1. Preliminaries on elliptic theory. In this subsection, we recollect some purely analytical
results from the literature. It was written for the convenience of the readers with less background
in analysis (including the author), and we also want to give a reference for further analytical results
needed in [I3], which is why we formulate the analysis in greater generality.

Even though our main result only involve differential operators, the proof requires to use the
bigger class of pseudo-differential operators. Let us first summarize the essential properties of
pseudo-differential operators that we will use, following Atiyah and Singer [0, [8]. Let M be a
closed manifold and let E — M be a smooth vector bundle. In [6l §5], a vector space YDO™ (E)
of linear maps I'(M; E) — I'(M; E), called pseudo-differential operators of order m € Z (denoted
P™(M; E,E) in loc. cit.), is considered whose properties we briefly recall.

Proposition 3.1.

(1) ¥DO™(E) ¢ ¥DO™ ' (E) and |
operators have (formal) adjoints.

(2) Pseudo-differential operators have symbols. Let w: T*M \ 0 — M be the cotangent bundle

without the zero section. The leading symbol of P € YDO™(E) is a smooth section smbp
of * Hom(E, E) — T*M\0 which is positively homogeneous of degree m in the sense that
smbp(t€) = t™smbp(§), for all0# & € T*M and t > 0. There is an associated notion of
ellipticity. Moreover, smbp(§) o smbg(§) = smbpog(§) and smbp-(§) = smbp(§)*.

) A differential operator of order m is in YDO™(E).

) The inverse of an invertible elliptic P € WDO™(E) is in YDO™ " (E).

) Convolution operators with smooth kernels lie in YDO™°(E) =, YDO™(E).

) Let P € ¥DO™(E). For each s € R and m <r € R, P induces a bounded operator of the

L2-Sobolev spaces W*(M; E) — W=7 (M; E), whose norm we denote by || P||s,s—.

(7) There is a Fréchet space structure on WDO™(E), defined in [8, p. 123 f.]. The map
UDO™(E) — Lin(W*(M; E), W "(M; E)) is continuous for all s, r > m.

(8) Let Diff(M; E) be the group of pairs (f,f), f a diffeomorphism of M, and f is a smooth
bundle isomorphism E — E covering f. This is a topological group with the topology
described in [8, p. 123]. The group Diff(M; E) acts linearly on YDO™(E) by pulling back,
and this action is continuous (i.e. Diff(M; E) x YDO™(E) — ¥YDO™(E) is continuous),
compare [8, Proposition 1.3].

mez YDO™ (E) is a filtered algebra. Pseudo-differential
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We have to consider pseudo-differential operators on noncompact manifolds as well, but only in
a very restricted situation. Let £ — M be a smooth vector bundle on a smooth manifold and let
U C M be an open and relatively compact subset. We only consider pseudo-differential operators
P:T.(M;FE)—T.M;E) such that

(1) supp(Pu) C U for all w € T'.(M; E) and
(2) there is a function A € C°(U) such that P((1 — A)u) =0 for all uw € T.(M; E).

The space of these operators is denoted YDO™(E)y. It has all the properties listed above; the
group Diff (M; E) needs to be replaced by the group Diff (M; E)y of pairs (f, f) such that f is the
identity outside U. A simple method to obtain the Fréchet space structure is to take a compact
submanifold U € K C M of codimension 0 and to take the double K’ of K with B — K’ the
double of E. Extension by zero yields a linear embedding YDO™(E)y — ¥DO™(E’). We will

consider the following specific situation.

Assumption 3.2.

(1) Let N be a d-dimensional manifold, equipped with a proper smooth map ¢ : N — R and
let E — N be a smooth vector bundle. For a subset A C R, we denote Ny :=t"'(4) C N
and F4 = E|n,. We assume the following conditions on N, ¢t and E.

(2) There are (d — 1)-dimensional closed manifolds My, smooth vector bundles Vi — My
and numbers 7_ < R_ < Ry <7y € Rsuch that N_ := N_ r )= (—00,R_) x M_,
E_:=FE_o r_ )= (—00, R_)xV_ (as spaces over (—oo, R_)) and the analogous condition
for Ny := N(g, ) hold. We write Ny := N(,_ .y and Ey := El|y,. The data so far
introduced is called a manifold with cylindrical ends, together with a vector bundle with
cylindrical ends.

(3) A Riemannian metric g on N is cylindrical at the ends if there are Riemannian metrics g4
on My such that g = dt? + g+ on N4. Likewise, a bundle metric h on E is cylindrical at
the ends if there are metrics hy on Vi such that the equality F_ = (—oo, R_) x V_ and
the analogous equality over (R4, +00) are equalites of Riemannian vector bundles.

(4) Next, let 0 = (0—,04), with o1 being a skew-adjoint endomorphism of Vi such that
azzt =1

(5) The last piece of datum is a linear map D : I'.(N; E) — I'.(N; E) which is symmetric and
has the following properties.

(6) D maps each of the spaces I'.(Np; E) and I'.(Ny; E) to itself.

(7) The restriction of D to I'.(No; E) is a formally self-adjoint first order elliptic pseudo-
differential operator of order 1.

(8) There are invertible formally self-adjoint first order elliptic pseudo-differential operators By
on Vi — My such that o4 B+ + Byo4 = 0 and such that the operators D4y = ;04 + By
on I'.(Ny; F) coincide with the restriction of D to I'.(Ny; E). To understand this formula,
note that an element in I'.(Ny; E') can be viewed as a smooth function R — I'(My; V4.).

Note that at least in a formal sense, one can view D as a pseudo-differential operator. Also,
the operators By are determined by D. We denote H := L*(N;E), W := WY(N;E), Hy =
L*(My;Vy) and Wi = W1 (My;Vy). The norm on L?(N; E) = WO(N; E) is given by the Rie-
mannian metric on N and the bundle metric on E. To define the Sobolev 1-norm on compactly
supported smooth sections T'.(IV; E), recall first for each relatively compact subset U C N, the
Sobolev norm on T'.(U; E) is unique up to equivalence of norms. Let u., p—, o be smooth non-
negative functions on R such that p_ + py + po = 1, such that pg is supported in (r—,ry), p—
is supported in (—oo, R—) and p4 is supported in (R4, 00). To avoid heavy notation, we use the
symbol p; for the function p; ot on N, which is supported in N; (and o is compactly supported).
The Sobolev 1-norm ||uljyy of u € T'(N; E) is defined by

R_
Jull = ol + |

— 0o

(@) + lla@®l7)dt + /ROO(IIU(t)II%V+ + a7, )dt

and its equivalence class does not depend on the specific choice of the functions ;.
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Proposition 3.3.

(1) There are constants Cy,Cq, Cs, such that for all w € W, the elliptic estimate holds:
(34) [ullo < Chllully < Co([lpoullo + [[Dullo) < Cs(llullo + [[Dullo)-

(2) The operator D with dom(D) =W is a self-adjoint (unbounded) Fredholm operator.

Proof. The first and third inequality in (3.4]) are clear. For the second inequality, let u be supported
in Ny. Then

oo
|Dull3, = /R 1Byu(®)%, + a(t)|3, dt
)

since By and o4 anticommute. Since By is invertible, there is a constant ¢ > 0 such that
||B+u(t)H%ﬁ,+ > c||u(t)||%,v+ Altogether, we obtain |ju|ly < C||Dul|3 for such sections. A similar
estimate holds for sections supported in IN_. For sections supported in Ny, the usual elliptic
estimate (Gardings inequality) holds. One patches all these estimates together by an argument
similar to that for [29] Lemma 3.7].

The proof for essential self-adjointness is the same as that for differential operators given in [19,
Lemma 10.2.1, 10.2.5, Proposition 10.2.10]. The elliptic estimate, Rellich’s theorem and a general
fact [29, Lemma 3.5] imply that D : W — H has closed image and finite-dimensional kernel. Since
D is self-adjoint, the orthogonal complement of the image of D is the same as the kernel, and so
D is Fredholm. O

3.2. Families of pseudo-differential operators with cylindrical ends. We will, very crucially
for our purposes, study families of pseudo-differential operators on bundles of manifolds. Let us
first state precisely what we mean by this term. Let N, ¢, My, E,V, be as in Assumption but
without metrics and choose functions u; as above. Let § be the set of all tuples (g, h, o, D) as in
Assumption [3.2] The assignment (g, h,o, D) — (g,h,0_, 04, oDopio, B—, By) is an injective map
from § to the Fréchet space

[(N;Sym*T*N) x T(N; Sym*E*) x T'(M_; End(V_)) x T(My; End(Vy)) x
xUDOY(N; E)n, x UDOY(M_; V_) x DO (M; V).
We equip § with the subspace topology induced by this map. Let G be the topological group

of all pairs (f, f), where f : N — N is a diffeomorphism which is the identity on N_ U N, and
f : E — FE is a bundle automorphism covering f such that on the parts EFi, f is constant in the
R-direction. This group has the C'°°-topology, and it acts on the space § by pullbacks. This action

is continuous, by [8, Proposition 1.3].

Let X be a paracompact space and Q — X be a G-principal bundle. Let Z := Q xg N — X;
this is a bundle of manifolds “with cylindrical ends” (note that the “end bundle” is trivial). On the
total space Z, there is an associated vector bundle Q xg F — Z. We denote the fiber of Z — X
over x by Z, and the restriction of Q xg E to Z, by E,.

Definition 3.5. Let Z — X be as above. A family of formally self-adjoint order one elliptic
pseudo-differential operators with cylindrical ends and invertible at infinity is a section of the fiber
bundle Q x¢ § — X.

Note that such a family induces Riemannian metrics on the fiber Z, and bundle metrics on the
vector bundles E, — Z,. Therefore, we can form the Hilbert spaces L?(Z,; E,) of L?-sections.
We now show how to arrange all these Hilbert spaces in a Hilbert bundle. To this end, we first
consider the case of topologically trivial bundles.

Let 9% be the space of all (g,h) as in Assumption let (go,ho) € D be a basepoint and
let L2(N; E)g.1 be the Hilbert space of sections with respect to the inner product induced by the
Riemannian metric g and the bundle metric h. We want to define a Hilbert bundle structure on
the disjoint union

[T *V:iE)gn —m
(g,h)eM
(which does not yet have a topology). This is based on the following observation.
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Observation 3.6. Let V be a finite-dimensional real vector space and hg be an inner product on
V. For each other inner product h on V', there exists a unique hg-self-adjoint and positive definite
endomorphism 74, 5, of V such that

h(U, U}) = ho (Tho’h’v, Thoth)
for all v,w € V. Since 7, 5, depends smoothly on hy and h, this carries over to the bundle situation.

Similarly, if N is a manifold and go a Riemannian metric on N, then for any other Riemannian
metric g on N, let ag, 4 : N — (0,00) be the function with cvgo,gvolg0 = voly, where vol, denotes
the volume measure induced by g. The function g, , depends smoothly on the choice of gg and g.

Let E — N be a real vector bundle. Let L?(N;E), be the Hilbert space of sections with
respect to the inner product induced by the Riemannian metric g and the bundle metric h. Then
for each s,t € T'.(N; E), we have

2
<57t>9,h :/ h(svt)dVOIQ :/ hO(ThoJLS’Th(J,ht)O‘go,ngOlgo = <O‘go7g7—ho7h5’O‘goygTho,hwgo,hO'
N N
In other words, s — oy, gTho,ns defines an isometry

Tg.h)(gosho) * L2 (N E)gn = L*(N; E) g -

Now let

T= I Tom.oon €= [ L*N:iE)gn—Mx L(N; E)gyno;
(g:h)em (g,h)em

this is bijective and fiberwise an isometry. We declare T to be a homeomorphism; this defines
a bundle structure on £ — 9. The group G acts on 9N by pullbacks; the precise formula is
(f, ) (g,h) == ((fY)*g,(f~1)*R). This action is covered by an isometric action of G on the
Hilbert bundle £: define

e~

(f, ) LAN; E)(gny = L2N3 E) ((5-1ye g (F-1)-1)

by R
s = f(s(f7H(2))).

It is straightforward to check that this defines an action of G on £, and that (f, f ) is an isometry.
We obtain a Hilbert bundle

QXaL—QxgM,
and given a section of @ x99 — X (i.e. a choice of metrics on the fibers Z, and E, ), we can pull
back this bundle to a Hilbert bundle on X. To avoid heavy notation, we write H — X for this
Hilbert bundle. Inside H,, there is the Sobolev space, denoted W,.

Given a family of pseudo-differential operators as in Definition [3.5 we can form the individual
self-adjoint unbounded Fredholm operators D, : W, — H, (using Proposition . Using the

functional calculus, we may form the bounded transforms MIDDW’ which are bounded and self-

adjoint Fredholm operators. Altogether, we obtain a collection = (lﬂgﬁ of self-adjoint
Fredholm operators on the fibers of H — X. We wish to show that this is a Fredholm family.

Proposition 3.7. The family © — (Eve is a self-adjoint Fredholm family (in the sense of

D
14D,
Definition on the Hilbert bundle H — X. Moreover, the family has the stronger continuity

condition described in Lemma .

The proof is carried out in three steps. The overall structure is best understood in a formal
context. There is a tautological bundle § x N — §, and this carries a tautological family of
pseudo-differential operators. For a given Riemannian metric ¢ on N and bundle metric h on FE
(always satisfying the conditions from Assumption , we denote by §4n C § the subspace of
tuples (g, h, o, D).

The first step of the proof is to prove the result for the tautological family over §, 5. In that
case, the Hilbert bundles H is trivialized, and the domains of all the unbounded operators are
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equal. The second step is to prove the result for the tautological family over §, which is reduced
to the first step by a “gauging trick”. The third step is to use general nonsense to reduce the case
of arbitrary bundles to the tautological family. For the first step, we use the following criterion by
Nicolaescu for the continuity of the bounded transform of a family of unbounded operators.

Lemma 3.8. [27, Proposition 1.7] Assume that H is a Hilbert space, D,, n € N and D are
self-adjoint unbounded operators on H. Assume that

(1) D has a spectral gap.

(2) The domains of all the operators D,, — D contain the domain of D.

(3) There is a sequence of positive numbers c, — 0 with ||[(D — Dyp)u|| < ¢ (||ul] + [|Dul]) for
all w € dom(D).

Then D, — D is “Riesz convergent”, which by definition [27, §1] means that —

Dy,
(1+Dy2)1/2

W s norm com)ergent.

Proof of Proposition[3.7, first step. We first prove that the map X = §,, — Fred(L*(M;E)),
x (ng is continuous (the target has the norm topology induced by g and h). Because X
is a metric space, it suffices to prove sequential continuity. Let D,, — D be a sequence of operators
associated with the convergent sequence x,, — x in X. The operators D,, and D all have the same
domain W. Thus the second condition of Lemma [B.8 holds. The first condition of Lemma [3.§]
holds in our situation. If 0 is not in the spectrum of D, there is nothing to show, and if 0 is in the
spectrum of D, then it is an isolated eigenvalue because D is a self-adjoint Fredholm operator. In
that case, any sufficiently small A > 0 does not lie in the spectrum of D, hence D has a spectral
gap. For the third condition, observe that the sequences ||1o(Dy, — D)||1,0 and || By, — Bi||1,0 are
null sequences (use Proposition . Likewise, the operator norm of o4 , — o4+ on Hy converges
to zero. Estimate

(3.9) [(Dn = D)ulls < llpo(Dn = D)ull3 + |4 (D — D)ullag + [|p— (Dn — D)ul|3.
The first term is estimated by ||puo(D,, — D)

l10l|ullw. The second summand is
[+ (Dn = D)ullye < [[(By o = By )pyulla + [lpg (04 — o )ifla <

<1Bt.n = Billvollullw + llogn = o llllullw-
The third summand in (3.9) is similarly estimated. So we can find a null sequence ¢, with ||(D,, —
D)ul|y < cp||lullw and the elliptic estimate proves that the third condition of Lemma [3.8) holds.
Therefore (HADW depends continuously on z. By Lemma T — (HJSDW is a Fredholm
family on the trivial Hilbert bundle Hx. O

We now drop the condition that all metrics are constant, in other words, we move to the space
$. This is done by a “gauging trick”, based on Observation [3.6]

Proof of Proposition second and third step. Fix a metric gg on N and a metric hg on E, both
with cylindrical ends. We will construct a map ® : § — §g,,n, Which is covered by a Hilbert bundle
isometry ® of the tautological Hilbert bundles that conjugates the families ((H[?W)T over these
spaces. We use Observation [3.6] and define ® by

(310) D (ga hv g, D) = (QOa hOa Tho,ho—’rhio%h7 T(g,h),(go,ho)DT(;}h)’(go,ho))~

The Hilbert space isometry is given by T(4 1), (go,ho) : Hz — Ha(x)- This proves that the tautological
family over § is the pullback of the tautological family over g4, 1,, and as the latter is continuous
by the first step of the proof, so is the former.

Now we have proven Proposition for the tautological family over §, i.e. for trivial manifold
bundles. If Q@ — X is a G-principal bundle, and the manifold bundle is Z = @ xg X, we argue as
follows. Being a continuous family of Fredholm operators is a local property. We may choose a local
section s of Q — X over U C X. Under this section, we can view the family of pseudo-differential
operators as a map U — §. This completes the proof. O
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3.3. Formulation of the generalized spectral-flow index theorem.

Assumption 3.11. Let M be a closed manifold and let X be a paracompact space. The projection
map m: X X Rx M — X xR is an M-bundle, and the projection map II: X x R x M — X is an
R x M-bundle, which has cylindrical ends. Let E — X x R X M be a graded (finite-dimensional)
C1”?-Hilbert bundle. Let g = (9(z,1))(x,)ex xr be a family of Riemannian metrics on M. Finally,
let A = (A1) (@.nexxr be a family of odd CI”?-linear pseudo-differential operators of order 1
(A(z,¢) is a pseudo-differential operator on the bundle E, ;) := E|4)xn). We assume that all
data are smooth in the R x M-direction and cylindrical outside I, and that A, ; is invertible for
lt] > 1.

There is a version of these data relative to a closed subspace Y C X. In that case, we assume
that g(, 1) is independent of ¢ for y € Y, that Ely xrx s is of the form pry,, ,, Eo (as a C1P9-Hilbert
bundle) and that A, ; does not depend on ¢ if y € Y (note that in particular A, is invertible for
all (y,t) €Y xR).

Definition 3.12. Let M, X, Y, g, E and A be as in Assumption The family (x,t) —

Mﬁ% defines an element A(E, A) € QFP4(X,Y) (by a simple application of Proposition

57).

So far, we considered the M-bundle 7. We want to define a family of operators on the R x M-
bundle IT, and obtain an index in FP™19(X) (using the analysis contained in Proposition. For
that, we need one more piece of datum.

Assumption 3.13. Let M, X, g, F and A be as in Assumption Consider E as a vector
bundle over the manifold bundle II, and pick a C1”%-linear metric connection V on E such that
the grading involution ¢ is parallel and such that V is cylindrical outside X x I and over ¥ x R
(this implies that outside X x I and over ¥ x R, the operator Vy, is the same as 0;). For x € X,
we obtain a vector bundle £, = El|,xrxnm — R x M. The operators A, ;) induce an operator A,
on I'.(R x M; E;) (which is not elliptic). Likewise, the connection V induces an operator Vg, on
['.(R x M; E,).

Definition 3.14. The suspension of the data (F,A,V) is the following amount of data. Let
YE:=E®FE — X xR x M. We define a CI"*"%-action ¢ and a grading ./ by

v (UL) e = (L ) = (T ) e (U, ) 62,

It is easy to see that

(3.15) Dae= (g2 )

is a symmetric, odd and CI”**9-linear pseudo-differential operator (D), : Te(z x R x M; X E) —
I.(z xR x M;XE) of order 1. Since outside X x I, Vg, = ¢, the operator (D4), is of the form
that was considered in section [3.1]so that all the results now apply to this situation. In particular,
we get a CIPT1%_Fredholm operator (D), by Proposition Due to Proposition we get a
CIP 19 Fredholm family
o (Da)a

(14 (Da)3)"/?

over X and hence a well-defined element susp(E, A4, V) € FPT14(X).

We wish to have a relative index as well.

Lemma 3.16. We use the notation of Assumptions and. Then susp(E, A, V) defines a
relative K -theory class in FPT19(X,Y) which does not depend on the choice of V. This K-theory
class is denoted by susp(E, A).
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Proof. There is a function ¢: Y — (0, 00) such that A; > ¢(y) holds for all y € Y. Then

A2 4+ V5 Vs
2 _ Y O 't >
(DA)y < AZ +V:§tv8t) > c(y)

(to get this simple formula for D?, it is necessary that A, ; does not depend on t). Therefore

(Da)y ) o ew)?
(1+(Da),HV2 ) ~ 14c(y)*

(DA)y
(1+(DA)1/2)1/2

is invertible, by Lemma |2.12

The function y — % is positive on Y, and thus

The independence of V is clear: the space of connections with the properties used in the
construction is convex, and we built in concordance invariance into the definition of FP9. O

Definition 3.17. A symmetric elliptic pseudo-differential operator D of order 1 on sections of a
vector bundle £ — M on a Riemannian manifold is called pseudo-Dirac operator if the leading
symbol smbp is the leading symbol of a differential operator of Dirac type [12, Def. 3.1]. In
other words, we require that £ — smbp(£) is a linear map and for all £ € T*M, the equation
smbp(£)? = +[¢|? holds.

We can now finally state the first version of the main result of this paper, which is a generalization
of the spectral-flow index theorem. Recall the Bott map bott : FPT14(X|Y) — QFP9(XY).

Theorem 3.18. Let (X,Y) be a compact CW pair. Assume that M, g, E and A is as in Assump-
tion and that in addition, Ay is a pseudo-Dirac operator for all (x,t) € X x R. Then the
two elements bott osusp(E, A) and A(E, A) in QFP1(X,)Y) are equal.

The proof of Theorem [3.18| will use a K-theoretic reformulation that we now develop.

Definition 3.19. Let (X,Y) be a pair of spaces and let M be a closed Riemannian manifold.
Consider the abelian group, generated by isomorphism classes of pairs (V, A), where

(1) V= X x M is a finite-dimensional C1”*?-Hilbert bundle, smooth in M-direction.

(2) A= (A1) (@ texxr is asmooth (in t-direction) family of C1”"Y-linear, odd pseudo-Dirac
operators on R x V' — X X R x M such that A, ) = Ay for t > 1, Ay = A1) for
t < —1, A(z,+1) is invertible for each z € X and A, 4) is t-independent for each y € Y.

There are obvious notions of direct sum, isomorphism and concordance of pairs (V, A), and concor-
dance is an equivalence relation on the set of isomorphism classes. We consider the abelian group
generated by the concordance classes of pairs [V, A] and divide out the subgroup generated by the
following relations.

(1) [Vo, Ao] + [V1, A1] = [Vo & V1, Ag @ A4].
(2) [V, A] = —[V, A’], where A’ is the family A, = Az,

The quotient group by this equivalence relation is denoted L4/ (X,Y).

Given such a pair (V, A), we have the bundle R x V'— X x R x M and we are in the situation
of Assumptions and Therefore, using Lemma we have elements

susp(V, A) := susp(R x V, A) € FPT14(X,Y) and A(V,A) := AR x V,A) € QFP4(X,Y).

Remark 3.20. The connection V on R x V used to define the suspension can be chosen so that
Vat = 8t.

Proposition 3.21. The classes susp(R x V, A) € FPTL4(XY) and A(R x V, A) € QFP(X,Y)
only depend on the equivalence class [V, A] € LY/(X,Y).
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Proof. That both construction preserve direct sums is trivial. That they preserve concordances is
also quite clear, using Proposition (since a homotopy defines a pair on the product bundle over
X x I). Reflection in the R-axis acts by multiplication with —1 on QF?4(X,Y"). This follows from
Theorems and [I, Lemma 2.4.5]. Therefore the A-construction preserves the reflection
relation in L/ (X,Y’). That the suspension preserves the reflection relation is less trivial to prove.
Let ¢ : H — H be the involution induced by reflection ¢ — —t, which preserves the Clifford
structure and the grading. Conjugating D4 by ¢ gives the operator ¢pDa/¢. The direct sum
DAa® ¢pDargis

At —8t 1

O —Ay A, a | and we define @ := 1 -1

-0, —A 1

F =

The operator @ anticommutes with F, is CIP™ " linear, self-adjoint, odd and satisfies Q% = 1.
This implies that W is homotopic to an invertible operator, by Lemma (note that the

F)1/2 anticommutes with Q). O

normalizing function % is odd, and thus e

14z

Therefore, we have two maps
bott osusp, A : LY/(X,Y) — QFP4(X,Y).
The K-theoretic version of Theorem [3.18 is

Theorem 3.22. If the manifold M is nonempty and of positive dimension, then the two maps
bott osusp and A : LYH(X,Y) — QFP4(X,Y) agree for each finite CW pair (X,Y).

It might seem that Theorem follows immediately from Theorem However, the proof
requires a nontrivial argument and is therefore deferred to section below.

3.4. The definitions of the index difference. Let M? be a closed d-dimensional spin manifold,
with a Riemannian metric g. Let us briefly recall the spin package [26], §11.7]. The spinor bundle
@Q — M is a finite-dimensional, fiberwise irreducible C1"™_C14% Hilbert bimodule bundle. It
carries a canonical connection V inherited from the Levi-Civita connection on M. Using Clif-
ford multiplication and the connection, one defines the Atiyah-Singer-Dirac operator @ g as the
composition

v * c
D(M;@,) = T(M; T @ Gy) = D(M; &,);
this is a CI%%linear, odd and symmetric elliptic differential operator. It is related to scalar
curvature by the Schrédinger-Lichnerowicz formula

1
(3.23) ’i)z =V*'V+ Zscalg.

We wish to give the precise definitions of the index difference and to this end, we produce the
data as described in Assumption Let R(M) be the space of Riemannian metrics (an open
convex subspace of the Fréchet space of smooth symmetric bilinear forms on the tangent bundle
of M) and RT(M) C R(M) be the subspace of metrics with positive scalar curvature. We put
X =Rt (M)xR*"(M) and let Y = A C X be the diagonal. Pick a smooth function a : R — [0,1]
that is 1 on (—oo, —1] and 0 on [1,00). Let = (z_1,21) € RT (M) x RT (M) and t € R. Let

Y(aty = a(t)z—1 + (1 —a(t))w:.
If [t| > 1, the scalar curvature of g, is positive; likewise, if z € Y (i.e. -1 = 21), then g4
does not depend on t and has positive scalar curvature. This construction yields a fiberwise metric
on the M-bundle 7: X xR x M — X x R. Let (‘5d — X xR x M be the fiberwise spinor bundle
(the superscript should remind the reader that it is a C1*°-bundle). On the fiber 771 (z, ), there
is the Atiyah-Singer-Dirac operator @g(“), which is C1¢°-linear and yields a family @d of elliptic
operators over X x R. By construction, all these data are cylindrical outside X x I and constant
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in R-direction over Y. Therefore, we are in the situation of Assumption and the connection
V satisfies the properties of Assumption By the formula l) ) Gty 18 invertible whenever
[t| > 1 or z inY. All the assumptions of our analysis are satisfied, and we define Hitchin’s version
of the index difference as

inddiff ;; == A&, D7) € QFHO(X, V).
Since (X,Y’) is a paracompact and compactly generated pair, we can invoke Theorem and
obtain a well-defined homotopy class

inddiff 7 : (RY(M) x RY(M),A) - (QK®°, QD).

To give Gromov and Lawson’s definition of the index difference, we consider the trivial R x M-
bundle

I:RY(M)x RY (M) xR x M — R (M) x RY(M).
We equip the fiber over & € R* (M) x RT (M) with the metric dt? + g, ). There is the spinor
bundle $d+1 of the R x M-bundle II (with the above metric), with the family of Dirac operators

@dﬂ. The suspension of @d is $d+1. This of course depends on a convention how a spin structure
on M induces a spin structure on the cylinder R x M, but we do not spell out the convention

here. The operators fijdH and Di)d are not quite the same, but they have the same symbol and

they agree over Y x R and outside X x I. Therefore, the Fredholm families defined by $d+1 and
Dga are concordant over (X,Y’) and so they define the same element in F’ d+1.0(XY). We define
Gromov and Lawson’s version of the index difference as

inddiffgr, := susp((i%d,f?jd) € FILO(XY)

and get a map
inddiffg : (RY(M) x RY(M),A) — (K410 pa+1.0),

If (X,Y) is a finite CW pair and f : (X,Y) — (RT(M) x RT(M),A), then inddiffy of ~
bott oinddiff s, of (relative homotopy) by Theorem and so we have proven Theorem

4. PROOF OF THE MAIN RESULT

In this section, we give the proof of Theorem which follows a common pattern in index
theory: we use K-theoretic arguments to reduce the problem to a single index computation, and
this formal idea is the same as in the classical papers [6, [2]. Recall that Theorem asserts the
commutativity of the diagram

susp

LM(X,Y) —— FPTL(XY)

S

QFPI(X,Y).

The most difficult step is the following result.

Theorem 4.1. If M is nonempty and of positive dimension and (X,Y) a CW pair, the map
A LBH(X,Y) = QFP1(X,Y) is an isomorphism.

This is proven in section|4.1)and relies on the richness of the class of pseudo-differential operators.
An interesting aspect is that L% does not depend on M. In section we prove certain formal
properties of the groups LP9 := L7 and the maps susp and A; these formal properties are then
used to reduce everything to the simple special case (p,q) = (0,1) and (X,Y) = (x,0). We give
an explicit computation for this case, alternatively, one could use the classical spectral-flow-index
theorem as proven by Robbin and Salamon [29].
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4.1. Spaces of invertible pseudo-differential operators with given symbol. Here we prove
Theorem which is essentially a result on spaces of invertible pseudo-differential operators.
Throughout this section, we fix a Clifford index (p,q) (the case (p,q) = (0,1) is what is really
important for us).

Definition 4.2. Let M be a closed Riemannian manifold and V' — M be a finite-dimensional
CI”%-Hilbert bundle. For m € Z, let ¥DOZ; (V) C ¥DO™ (V) be the space of order m, CI”*%-linear
pseudo-differential operators acting on V. Let YDOE(V)sq,0ada € ¥DOG (V) be the subspace of
symmetric and odd elements (a similar national convention is used for all Z/2-graded *-algebras
in the sequel). These spaces carry the Fréchet space topology inherited from ¥YDO™ (V).

Assume that V' has a C1(T'M)-left module structure, so that pseudo-Dirac operators on V exist.
Let ¥Dir(V) C \I/DOEI(V)SG,Odd be the space of (CI”?-linear, odd) pseudo-Dirac operators and
let UDir(V)* be the open subspace of invertible operators. We assume that YDir(V)* # @ and
pick a basepoint B € UDir(V)*. Then ¥Dir(V) is the affine subspace B + \I/DO%I(V)Sa7odd C
UDO& (V) sa.0dd- Let

X = mapge ((I, 91, —1); (¥Dir(V), ¥Dir(V)*, B))
be the space of all smooth families A : I — UDir(V) such that A(1) is invertible and A(—1) = B.
There is a map
A(t)
(L+A()*)1/?
one uses Proposition to show that ¢ — ——)__ defines an element in € Fred” (L2(M;V))

(A2
and that © is continuous. The analytical core of Theorem [4.1]is the following result.

O : X = QFred”Y(L*(M;V)), O(A) := (t — );

Proposition 4.3. Let M and V as above. Assume that the Hilbert space H := L*(M;V) is ample
and that there exists an invertible C1P°-linear, odd pseudo-Dirac operator B on V. Then the map
O is a weak homotopy equivalence.

The idea for the proof of Proposition that we give is borrowed from Boof}-Wojciechowski
[12 §15]. We will use the following general result on homotopy types of open subsets of topological
vector spaces, due to Palais.

Theorem 4.4. [28 Corollary to Theorem 12] Let f : Vi — V4 be a continuous linear map between
locally convex topological vector spaces. Assume that f has dense image. Let U C Vi be open.
Then f|p-1wy : f~YU) = U is a weak homotopy equivalence.

The linear structure in Theorem is essential, and the first step is to replace A — W
by a linear map. Consider S := (1 + B?)~/2, which is an invertible pseudo-differential operator
of order —1.

Lemma 4.5. The map ©' : ¥ — QFred”?(H), A — (t — SY2A(t)S'?) is continuous and
homotopic to ©.

Proof. The map ¥DO'(V) — Lin(W'/2,W~1/2) that takes a pseudo-differential operator to its
induced map on Sobolev spaces is continuous by Proposition On the other hand, the estimate

1S 2ASY 2|00 < 1SY2 ) 212,01l All1 /2,1 /21152 l0.1 /2

shows that the map Lin(W'2 W~/2) — Lin(W° W), A — S/2A8'/? is continuous as well.
Therefore, © is continuous. A homotopy between © and ©' is given by

0, : A (t e (14 8B+ (1— s)A()?) " VAAM) (1 + sB + (1 — s)A(t)Q)*l/“) : O
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For the rest of the proof of Proposition we work with ©’. Recall that we fixed a basepoint
B € ¥Dir(V)* and we let By := S1/2Bg§l/2 — ﬁ. Let Komei(H)sq,0d¢ € Kom(H) be the
space of self-adjoint, odd, Clifford-linear compact operators on H and (By + Komeci(H )sa,0dd) ™
be the space of all invertible (self-adjoint, odd, Clifford-linear) operators on H that differ from By

by a compact operator. Observe that we get a map
@ : UDir(V)* — (By + Komeci(H)sa0ad) <, A — SY2A81/2

(by Rellich’s theorem), which is continuous by the argument given in the proof of Lemma The
next step is to prove:

Proposition 4.6. The map ¢ is a weak homotopy equivalence.

Proof. Consider the continuous linear map 6 : \IJDO%I(V)SG,OM — Komci(H)sq,0dd; 0(P) =
S1/2pSi/2 Let U c Komci(H)sq,0da be the open subset of all ) such that By + @ is invertible.
There is a commutative diagram

0| —1
0~1(U) S U

\LPHB+P Q- Bo+Q
\IIDII‘(V) X L> (BO + KomCl(H)sa,odd)X;

the vertical maps are homeomorphisms. Proposition follows if we can show that 6~1(U) — U
is a weak homotopy equivalence, and this follows from Theorem once we know that 6 has
dense image. The map 6 factors as \IIDOOCI(V)Sa’odd — \IJDOE}(V)Sa’odd — Komci(H)sa,0dd, the
first is P — S/2PS/2 and a homeomorphism, and so we have to prove that \IIDOE}(V)Sa,odd —
Komci(H )sq,0aa has dense image. It is a standard result that infinitely smoothing operators are
dense in the space of all compact operators (without the conditions “self-adjoint, C1”Y-linear,
0dd”) and so the image of ¥DO"(V) — Kom(H) is dense: one picks an orthonormal basis (e,,)
in H = L?(M;V) consisting of smooth sections. The operators u + (u,e,,)e, are infinitely
smoothing and they span a dense subspace of the compact operators. To see that one can built in
the algebraic conditions (“self-adjoint, odd and C1”-linear”), let I' C CI”*? be the multiplicative
subgroup generated by all e;, €;. Then the formula

*

1

1
4. K — Ky~ ' —iyKy™! —
(4.7) Sy ;7 7B

Z YKyt —iyKy
yerl

defines a projection Kom(H) — Komci(H)sq,04¢ Which maps the image of \IJDO_l(V) to the
image of \IJDOE}(V)SG’Odd. g

Corollary 4.8. The map
X — map((I, 91, —1); (Bo + Komci(H ) sa,0dd> (Bo + Komeci(H) sa,0dd) ™, Bo)),
defined by A — (t — SY2A(t)S?), is a weak homotopy equivalence.

Proof. The spaces By + Komci(H)sa,0d4¢ and UDir(V) are convex, and by Proposition the
map between the spaces of invertibles is a weak homotopy equivalence. Hence

(\IIDII‘(V), \I/DII‘(V) x R B) — (BO + K0m01(H)3a70dd, (B() + Kom01(H)5a70dd)X s Bo)

induces a weak homotopy equivalence on mapping spaces. By smooth approximation and another
application of Theorem [4.4] one shows that the inclusion

X = mapgo ((I, 01, —1); (¥Dir(V), ¥Dir(V)*, B)) — map((L, 91, —1); (¥Dir(V), ¥Dir(V)*, B))

is a weak homotopy equivalence. O
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The third and last step of the proof of Proposition is purely topological, and needs another
lemma.

Lemma 4.9. Let

C
e

K
_C.F
lq

C

L

be a commutative diagram of fibrations, and let y € L be a basepoint. Assume that G and K are

contractible. Then the map
map((I,01,0); (K, L,y)) — map((I,0I); (F,G)) ~ QF

induced by the inclusion K C F is a weak homotopy equivalence.

Proof. The map factors as
map((1,d1,0); (K, L,y)) — map((1,01,0); (F, G, j(y))) — map((I,0I); (F,G)),

and the second map is a weak equivalence since G is contractible. The effect of the first map on 7y
is easily identified with the map 741 (K, L,y) = 741 (F, G, j(y)) induced by the inclusion. This
latter map is an isomorphism by [31l Proposition 6.3.8]. a

Proof of Proposition[{.3 One applies the previous lemma. Let F C Fred”?(H) be the compo-
nent containing GP9, G = GP%. As we assumed that H is ample, G is contractible by Lemma
Let C be the image of F' under the quotient map ¢ : Linci(H)sq.0da — Calci(H)sa,0dd =
(Linci(H)/Komei(H))sq,0da to the Calkin algebra. We define y := By € G. Then the fibers over
q(y) € C are L = (By + Komci(H)sq,0d4) C K = (Bo + Komci(H)sq,0dd), respectively. The
quotient map ¢ : F — C and the restriction ¢ : G — C are Serre fibrations. This is a folklore
result, stated and proven as Proposition below. Invoking Corollary and Lemma finishes
the proof. a

We now turn to the proof of Theorem The first step is to show that here exist enough
C1”%-bundles on M so that the statement has a chance to be true.

Lemma 4.10. Assume that M # () is a closed Riemannian manifold of positive dimension. Then
there exists a C1”?-bundle V — M such the Hilbert space L*(M;V) is ample and such that there
is an invertible, C1”?-linear, odd pseudo-Dirac operator on V.

Proof. Start with any nonzero CI°Y-Dirac bundle Vj — M, for example, one could take Vg :=
A*T*M. Let Ny be a finite-dimensional graded CI”’%-module that contains each of the finitely
many irreducible graded real CI”*?-modules and consider the C1”?-Dirac bundle V; := Vy®Ny
(graded tensor product). The CI”"?-Hilbert space L2(M; V) is then ample. Consider V = V; &V, ".

There exists a Cl??-linear odd pseudo-Dirac operator A on V. For example, one can take an
arbitrary Dirac operator on V; and apply the operation to obtain a CI”%linear and odd
operator A; and define A := A; ® A;. By Lemma El, A has index zero in KO P(X). Therefore,
there exists a compact operator R such that A + R is invertible. Among the compact operators,
those with a smooth integral kernel lie dense and thus we can pick R to be a smoothing operator.
Then A + R is the desired invertible pseudo-Dirac operator. ([l

Proof of Theorem[{.1]l First we prove surjectivity. Any element in QF??(X,Y’) can be represented
as the class [H, F|, where H is an ample Cl1”%-Hilbert space and F : X — QFred”?(H) a map
which maps Y to constant paths of invertible operators. By Lemma there exists an ample
C1”%-bundle V — M (i.e. L?(M;V) is ample) and an invertible pseudo-Dirac operator B on V. It
follows that H = L?(M; V), since ample C1”?-linear Hilbert spaces are unique up to isomorphism.
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Thus F can be assumed to be a map X — QFred”?(L?(M;V)) that sends Y to paths of invertible
operators. By Proposition F' is homotopic to a family of smooth curves of pseudo-Dirac
operators beginning at B and ending with an invertible one (here we used that (X,Y) is a CW
pair, as the map in Proposition is only a weak homotopy equivalence). This proves surjectivity.

Injectivity is by a similar argument. Let Y, a;[V;, 4;] € LY/(X,Y) be an element in the kernel
of A. Due to the relation [V, A] = —[V, A’] in Definition we can assume that all coefficients
a; € 7 are positive. By the direct sum relation, we can represent the element by a single [V, A]. If
V is not ample, we pick an ample bundle V' and the constant invertible family A’ (Lemma.
Then [V’, A’] =0 and the bundle V @& V' is ample. Thus, without loss of generality, the element is
[V, A] with an ample V. The statement that A[V, A] = 0 means that the family A(A) of Fredholm
operators is homotopic to an invertible family, by Theorem [2:22] Again, by Proposition [£.3] we
can lift this homotopy to a homotopy of pseudo-Dirac operators and this means, by the homotopy
relation in LY7(X,Y), that [V, A] = 0. O

4.2. From Theorem to Theorem [3.18; Deformation of symbols. Let M be a closed
manifold and let (X,Y) be a finite CW pair. Let £ — X x R x M be a CI”Y-Hilbert bundle,
which is cylindrical over Y x R and outside X x I. In the situation of Theorem [3.18] we have a
family g(,,¢) of Riemannian metrics on M and a family A, ;) of pseudo-Dirac operators, subject to
the conditions from Assumption We can apply the gauging trick as in the second step of the
proof of Proposition [3.7/to make the bundle E constant in R-direction (as a CI”?-Hilbert bundle).
Thus, we can assume that £ = R x V, for some CI””?-bundle V' — X x M. If the Riemannian
metric g(, 4 were independent of (z,t), we would be in the situation of Theorem and could
conclude that bott(susp(E, A)) = A(E, A), as required.

However, Theorem does not assume that g, does not depend on (z,t), and for the

application to positive scalar curvature, it is of course essential to allow for varying metrics. We
could try to apply the gauging trick to the metrics g, +), as in the proof of Proposition and
turn them into the Riemannian metric go, which does not depend on (z,t). However, changing
the operator family as in leaves the symbol of A, ;) invariant. Therefore, the transformed
operator is no longer a pseudo-Dirac operator, because the square of the leading symbol is £ —
9z, (&, §), and this is different from go(€,&). However, we have achieved something, and summarize
our progress.
Proposition 4.11. Let X, Y, M, E = R xV and (g(4))(z,r) be as in Assumption . Let
(Az,t))(z,t) be a family of pseudo-Dirac operators, satisfying Assumption , Let gy be a fized
Riemannian metric on M. Then there evists a family of pseudo-differential operators (B(z.1))(z.1)
such that

(1) The family (B,)) satisfies Assumption with respect to the metric gg.

(2) smbp, ,, =smba, , in particular smbp, (€)? = 9z, 6).
(3) A(V,B) = A(V,A) € QFP4(X,Y) and susp(V, B) = susp(V, A) € FPTL4(XY).

The remaining task is to show that we can deform the operator family B back into a family of
pseudo-Dirac operators, without changing either index.

Proposition 4.12. Assume the notations of Proposition . Then there exists a family B g 1,
(s,z,t) € [0,1] x X xR, satisfying Assumption with base space pair ([0,1] x X, [0,1] xY") such
that Bg z,ty = B,y and such that By . 1) is a pseudo-Dirac operator.

Writing (Bs)(z,¢) := B(s,e), it then follows that A(V,By) = A(V,Bp) and susp(V, By) =
susp(V, By), as claimed.

Proof. As all operators are independent of ¢ for [t| > 1, we restrict our attention to X x I. Let

XxI5Z:=Xx1/~, (2,t) ~ (@' ) cz=20" €Y.

The initial family B, ;) is pulled back via ¢, and we shall construct the family B, . ) over Z pull
it back using ¢, to guarantee t-independence over Y. We denote points in Z by (x,t). We write
Zy == (Y xTUX x J)/ ~.
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We first construct the symbol b(s,x,t) of B(s, ) and then show how to lift the deformation
of symbols to a deformation of operators. Let h(, ) be the go-positive definite endomorphism of
T*M such that

9wty (M€ Pz n€) = g0(€,€)

holds for all £ € T*M. As explained in Observation we can pick h(, ;) to depend smoothly on
t and continuously on x. Let

bis,e,t)(§) == smbp , (1 = 5) + shn)E), (s,2,t) € [0,1] x Z

for unit cotangent vectors £ of length 1. Clearly, b, ;4 is an elliptic symbol which is CI”?-linear,
self-adjoint and odd.

Pick a basepoint 0o € X and let V,, := Vl],xn. Let H be the topological group of all even,
C1”"%linear isometries of V,,. Then there is an H-principal bundle P — Z, constant in I-direction
and an isomorphism V = P x g V, of bundles over Z.

Let Smbyg(V,) be the x-algebra of Clifford-linear smooth symbols of order 0 on V. More precisely,
it is the algebra of all smooth sections of the bundle 7* Ende (V) — ST*M, the bundle of CI79-
linear endomorphisms of V, pulled back to the unit cotangent bundle of M. Let Smbg(V,) be
the closure under the maximum norm; this is a C*-algebra. It is a graded C*-algebra, by the
even/odd-grading and the maximum norm.

The closure \I!DOOCI(VO) under the ||_||o,0-operator norm is a graded C*-algebra. By [0}, (5.2)],

the symbol map \IIDO(();I(VO) — Smbyg(V,) is a surjective *-homomorphism. The group H acts on
both algebras and we get the bundle map

P x5 DO (V,) — P x gz Smbo(V,,)
over Z. The induced map
(4.13) [(Z;P xg \DDO%I(VO)) — T(Z; P x g Smbq(Vy))

is a surjective homomorphism of C*-algebras (with the maximum norm). By Proposition the
restriction

[(Zo; P %1t UDO ¢ (Vo)) oaa — T(Z03 P 11 Smbo (Vo)) o o

sa,od

to the subspaces of odd, self-adjoint invertible elements is a fibration. Pick a CIP*Y-linear metric
even connection V on V. The family C(g 1) = (14+ V*V)" V4B, (1 + V*V)~/4 is a section of
INVAD S ><Hm(()Jl(VO))mM7 with smbc, , , (§) = b(0,2,1)(§) for all unit vectors &, while s+ b, .. )
is a homotopy of sections of I'(Z; P x g Smbo(V,))sa,ev. Over Zo, C(0,2,) is invertible. Thus we
can lift the homotopy of symbols b, , ;) to a homotopy C(, , 4 of invertible operators of order 0
(for (x,t) € Zy), beginning with the invertible operator Cq ;4. This lift can be extended to a lift
of the symbols to a (non-invertible) family of operators C , ;). The operator C(, , ) is not yet a
pseudo-differential operator, but lies in the closure with respect to the ||_||o,o-norm. To overcome
this problem, note that there exists a family D, , ) of pseudo-differential operators with symbol
b(s,z,+) (but without the invertibility condition). To construct such a family, one argues as follows.
Because the symbol map DO, (V,) — Smbg(V,) is a surjective map of Fréchet spaces, it has
a local section, by [28, Theorem 10]. It then follows by an argument with a partition of unity
that the map , but without taking closures, is surjective, and this proves the existence of
the family D, 4. The family By s = Crans) — Do) lies in T(Z; P x g UDO0 ey (Vo) saen)s
and after adding D, ), it becomes invertible over Z (which is an open condition). There
are arbitrarily close approximations of E, ;s by families of pseudo-differential operators E(S)m).
Choose the approximation close enough to guarantee that C’(S,I’t) = E(S’w,t) + Ds,2,1) is invertible
for (x,t) € Z and furthermore, one can pick E(O,az,t) = E(0,z,1)- To get the desired operator B(; ; 1),
put

Bisony = 1+ V* V)Y 0y (1 + VIV VL, O
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4.3. Proof of the main result - formal structures. From now on, we identify all groups L}
using the isomorphism of Theorem [.1] and drop the subscript.

Definition 4.14. Let P, ,)(X,Y) be the statement that the conclusion of Theorem holds for the
finite CW pair (X,Y") and the pair of numbers (p, ¢), i.e. that the diagram

susp

LPa(X,Y) 25 prila(XY)

S e

QFP1(X,Y)
commutes and let P, ;) be the statement that P, 4y(X,Y’) holds for all pairs (X,Y").
In the rest of this subsection, we mimic the formal structure found on the groups F?¢ and
reduce the statement P, ,y to the case (p,q) = (0,1) which is treated in the next section.

Proposition 4.15. There is a natural bilinear map LP9(X,Y) x KO%(Z,W) — LP9((X,Y) x
(Z,W)). The induced product LP4(X,Y) x KO%(X,Y) — LP4(X,Y) turns LP9(X,Y) into a
right-KO%(X,Y)-module. The maps susp and A are KO°-linear.

Proposition 4.16. There are natural Morita equivalence isomorphisms Mor'! : L»(X)Y) &
LPTLatL (X Y) such that the diagrams

LPA(X,Y) s [p+latl(X|Y) LPA(X,Y) —t s [p+latl(X|Y)
lsusp isusp i/\ iA
Frita(x y) MO pri2atl(X)Y) QFPa(X,Y) % Qprtlatl(X|Y)

commute. There are analogous Morita equivalences Mor®® and Mor®°.

The proofs are straightforward adaptions of those for the groups FP'? and are left to the reader.
Since the horizontal maps in Proposition [4.16| are isomorphisms and since the Bott map on the
F-groups is compatible with Morita equivalences, we immediately conclude:

Corollary 4.17. The equivalences Pp11,4+1) < Pp.a)r Pwg) & Po+s,q) and Ppg) < Ppgrs)
hold.

We now turn to Bott periodicity on the LP'¢-groups. One defines QLP-? in an analogous fashion
as in the case of the group FP9.

Definition 4.18. Let (V, A) be a pair for LP9(X,Y), p > 0. Consider the operator J = ey,
acting on V. We get a new pair on X x I x M, by taking the product of the bundle V' with
I and by taking bott(A)ys¢) = Ay +sJ. For s # 0, this is invertible and if A, was
invertible, then so is A, ) +sJ (the same calculation as for the Bott map on the F-groups). This
respects the equivalence relations in the group LP'¢ and thus defines a natural homomorphism
bott : LP9(X,Y) — QLP~L9(X)Y).

It is immediately verified that Bott periodicity commutes with Morita equivalences. The com-
patibility with the maps susp and A takes some work.

Proposition 4.19. For p > 1, the following two diagrams commute:

(4.20)
LPA(X,Y) —2"s Qrr—14(X,Y) LP9(X,Y) —2% s Qrr—14(X,Y)
lA iQA lbott o susp \Lﬂ(bott o susp)

QFPa(X,Y) 2% 02Fr-L14(X,Y) QFPa(X,Y) 2% 02Fr-La(X,Y).
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Proof. We apply Lemma in both cases, and the argument for the case (X,Y) = (x,0) and the
general case are the same, up to change of notation. Let A(t) be a family of pseudo-Dirac operators
representing an element in LP>?(x). The images under (Q2A) o bott and bott oA are represented by
the 2-parameter families

A(t) + sJ Alt

(t)
4.21 t) = F(s,t) = d (s,t) = G(s,t) := J.
( ) (S? ) (S? ) (1+(A(t)+8j)2)1/2 an (87 ) (S? ) (1+A(t)2)1/2 ts
According to Lemma [2.20] it is enough to prove that the anticommutator {F(s,t), G(s,t)} is

a positive operator. Since A(t) and J anticommute, (A(t) + sJ)? = A(t)? + s%. Moreover, J
commutes with P = (1 4+ A(t)?)~/2 and Q(s,t) = (1 + (A(t) + s.J)?)~'/2. The anticommutator is

equal to
{A(t)Q(S’t)v (1—|—A(t)2)1/2}+{A(t)Q( ’t)v J}+{ JQ( 7t)7 (1+A(t)2)1/2

The second and third term vanish. The first is 2A4(t)?Q(s,t)P > 0, and the fourth one is
252Q(s,t) > 0. Thus Lemma applies, and this proves the commutativity of the left diagram.

Y+ {sJQ(s,t), 8T}

For the right diagram, the computation is very similar. Let

o= i) -(, ) ne( )

The images under bott o bott o susp and (€2(bott o susp)) o bott are represented by the 2-parameter

families
D+ uK

(1+ D+ uK?)1/2

(s,u) — + sL 4+ uK and (s,u) — +sL,

D
whose anticommutator is
92 1 1 9 1

2
(1+ D2)1/2 (1 +u? + D?)1/2 +2u (1+u? + D?)1/2 +257 2 0. U

Corollary 4.22. The implication Py = Pp.q) for all (p,q) holds. In particular, to prove
Theorem [3.23, it suffices to consider the case (p,q) = (0,1).

Proof. By the Bott periodicity theorem, the bottom maps in the diagrams are isomorphisms.
Therefore, the implication P, 4y = P(p41,q) holds for all p > 0. Assume that P(g1) holds. By
Corollary P(p,p+1) follows for all p > 0. Combining both observations, P, 4 follows for all
q > 1, p > q—1. Using the implication P(,184) = P(p,q)» P(p,q) follows for all ¢ > 1. Finally
Pw+1,1) = Pp,0)- O

4.4. A simple special case and conclusion of the argument. What is left to complete the
proof of Theorem is the statement Py 1). This will be done in two steps. First, we prove
P,1)(*) and then we use Theorem and KO-linearity to conclude P 1)(X,Y) for all pairs
(X,Y). Consider the diagram

(4.23) LO1(%) &Fl,l(*) %FO’O(*) inicx 7
A% :J/bott
QF%1 ().

The isomorphism index is defined as follows. Let (H,¢, F) be a (0,0)-cycle over *. We can write

= )r-(o ")

where Fy is a Fredholm operator (without further conditions) and we define index[H, ¢, F] to be
the usual Fredholm index of Fy.

Proposition 4.24. The diagram commutes. Hence P 1)() holds.
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Proof. The maps index, Mor and bott are isomorphisms. By Theorem the map A is also an
isomorphism, so that all groups in (4.23)) are isomorphic to Z. Therefore, it is enough to construct
an element u € L%!(x) such that A(u) = bott(susp(u)) and A(u) # 0.

Let Vy — M be a real vector bundle (without grading or Clifford structure) and B be a pseudo-
Dirac operator on V. Assume that the kernel of B is 1-dimensional; such an operator is easily
constructed by adding a suitable finite rank operator to an arbitrary pseudo-Dirac operator. Let p
be the projection onto ker(B) and let a : R — R be a smooth function with a(t) = —1 for t < —1
and a(t) = —1 for t > 1. Then V = V & V; has the C1%!-structure

L= (1 1) ,e= (1 1) and the curve A(t) = (B+a(t)p B+a(t)p)

represents an element u € L% (x). We now show

(1) A(u) = bott o Mor o index™* (1),
(2) index o Mor ™! osusp(u) = 1,

and this finishes the proof. Let us first compute bottoMoroindex *(1) € FU!(x). The class
index_l(l) € F99 is represented by the one-dimensional space R, with grading operator +1 and
F = 0. Under Morita equivalence, this becomes the element defined by

(e e

in F'51(x). The Bott path on this element is

ts te, = (t t) ~ (a(t) a(t))

Let H = L*(M;V) and let K C H be the kernel of A(0) with orthogonal complement K+. Then

A(u) is represented by (K, %h{) @ (K, $|KJ_ ). The second summand is acyclic,

and the first summand is a representative for bott o Mor oindex ' (1), by the above computation.
This completes the computation of A(u).

The computation of Mor™*(susp(u)) € F*9(x) is straightforward, using the formulas for the

. . . . Alt —
Morita equivalence and the suspension. We have to restrict the operator ( 8( ) Aa(tt)> to the
. -

+1-eigenspace of <6 €> (_L L). This eigenspace is isomorphic to L?(R x M;V); the grading

on the suspension and the operator restrict to

(4.25) L= <1 _1> and C = ((“)t—l—B—i—a(t)p _at+B+“<t)p>.

To verify that index o Mor™! o susp(u) = 1, we have to show that
index(9: + B + a(t)p) = dim(ker(0; + B + a(t)p)) — dim(ker(—0: + B + a(t)p)) = 1.

To compute these kernels, observe that for u: R — T'(M; V), we have

B —0+a
fou? =1 (5 ZYar+1 (5, ) ul?

and so the kernel is precisely the space of L2-functions u : R — ker ( B> that satisfy the ODE

(at +alt) o am) ult) = 0.

But it is easy to see that the L?-kernel of d; + a(t) is 1-dimensional, and the L?-kernel of —0; +a(t)
is zero. |

B
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The index of the operator (4.25) can alternatively be computed using the spectral-flow index
theorem as proven by Robbin and Salamon [29, Theorem 4.21].

Corollary 4.26. Theorem|[3.23 holds for (p,q) = (0,1).

Proof. Let x € L%Y(X,Y) and let u € L% (%) be the element constructed in the proof of Proposition
Let a be the image of z under the composition

bott 1
ﬁ

LV(X,Y) D oF*Y(X,Y) FYYX,Y) 2 KO(X,Y)

of KOP-linear isomorphisms. Since the element u € L%!(x) maps to 1 under these isomorphisms
for (X,Y) = * by the proof of Proposition it follows that £ = uw - a. Then

bott(susp(z)) = bott(susp(u - a)) = bott(susp(u)) - a = A(u)a = A(u - a) = A(z);

the first and last equations are clear, the third is Proposition [f.24] and the two others follow from
K O-linearity. O

APPENDIX A. COMPARISON OF THE MODELS FOR K-THEORY

A.1. Comparison for compact pairs. In this subsection, we prove Theorem Recall the
statement. For each space pair (X,Y’), there is a map

a: [(X,Y); (Fred™(H),G"(H))] — FP9(X,Y).

We have to show that « is bijective whenever (X,Y) is a compact pair. The proof can be summa-
rized in the commutative diagram

[(X,Y); (Fred”?(H),GP?(H))] —*= FP4(X,Y)

| T

(X,Y); (Fred}(H), G (H))] BN FP(X,Y) s KK(CI??:Ro(X —Y)).
The groups in this diagram have the following meaning:

(1) The space Fred5?(H) C Fred”(H) is the subspace of operators F such that F? — 1 is
compact. The space G'Y(H)) C GP9(H)) is the space of involutions F. The left upwards
map is induced by forgetting the stronger conditions and is an isomorphism by a spectral-
deformation argument as in [7].

(2) Similarly, the group F}"%(X,Y) is defined in the same way as F?9(X,Y), using Fredholm
families, except that we impose the stronger conditions that F?—1 is compact and Fy2 —1=
0 for y € Y. Lemma[AT] below proves that the middle upwards map is an isomorphism.

(3) KK(C1??;Ro(X —Y)) is Kasparov’s real KK-group (note the switch in the Clifford
degrees). By Ro(X —Y), we denote the real C*-algebra of real valued continuous functions
on X that vanish on Y. We will define the map v below. The composition v o ag is an
isomorphism by a classical result of Kasparov [24] §6]. Thus the proof of Theorem
will be complete once we show that the map ~ is injective.

Lemma A.1. The map F}"'(X,Y) — FP4(X,Y) is an isomorphism.

Proof. First we prove surjectivity. Let (H, F') be a cycle for F?9(X,Y). There exists € > 0 such
that F7 > ¢ for all y € Y and F? > ¢ mod Komy (H), by compactness of X. Let f: R — R be
an odd function such that f(t) = 1 for ¢ > e. Using functional calculus, we define f(F) € Linx (H).
The pair (H, f(F)) is a cycle for F"?(X,Y). The straight-line homotopy between (H, f(F)) and
(H, F) proves that [H, F| = [H, f(F)] € FP4(X,Y), which proves surjectivity. Injectivity is proven
by the same argument, applied to a concordance. O
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To proceed, the reader should recall the definition of Kasparov’s KK-Theory [11, 24]. In
particular, familiarity with the basic notions of the theory of Hilbert-C*-modules will be assumed
[32, §15]. Here is the definition of the map . Let (V,¢, ¢, F) be a (p, ¢)-cycle on (X,Y") and assume
that F? — 1 is compact and F; — 1 =0 for y € Y. The space I'.(X —Y; V) of sections vanishing
at infinity is a graded Hilbert Ro(X — Y)-module. The operator F is an odd self-adjoint operator
on I'o(X —Y;V), and we claim that F?2 —1: T.(X —Y;V) — I'.(X —Y;V) is compact in the
Hilbert module sense. This follows from general principles: given ¢ > 0, we pick G € Finx (V)
with |Gz — (F2—1)|| < ¢/2 and a function a € C.(X —Y,R) with ||aG, — G| < €/2, for all x € X.
Then aG : To(X —Y;V) — T'o(X — Y; V) is of finite rank, and it follows that F? — 1 is compact.

Using the C1”-structure, we define a graded *-homomorphism p : C1? — Lingx)(I':(X —
Y;V)) (sic) into the C*-algebra of adjointable operators of the Hilbert-s-module by p(e;) := c(e;t)
and p(¢;) := c(e;j). Since we assumed that F' is CI”"%-lincar and odd, we find that for all z €
Cl??] the graded commutator [p(z), F] = 0 is trivial. Thus (T'.(X —Y;V),p, F) is a Kasparov
Cl?? — Ry(X — Y)-module and defines an element in K K(CI19?; Ro(X —Y')). We define

YV, ¢, F) :=[T(X =Y;V),p, F] € KK(CI*?;Ro(X —Y)).

If F2—1=20on all of X, then (T.(X —Y;H),p, F) is degenerate and hence the K K-class is
zero, so that the above construction is compatible with the equivalence relations defining F)"/(X,Y")
and KK (C1??;Ro(X —Y)) and so v is well-defined. It was proven by Kasparov [24] §6] that the
composition v o aq is an isomorphism.

Lemma A.2. The map v: F(X,Y) = KK(C17?;Ro(X —Y)) is injective.

Proof. Let [V,F]| € F"(X,Y) such that [V, F|] = 0 € KK(Cl??;Ro(X —Y)). By definition of
the K K-group, this means that the Kasparov module (I'o(X — Y;V), p, F') is homotopic to the
zero module (in the sense of [I1] Definition 17.2.2]). Let (E, ¢, G) be a nullhomotopy, this is, by
definition, a Kasparov C177-R([0, 1] x (X —Y"))-module which restricts to 0 in Ro({1} x (X =Y))
and to (Io(X —Y;V),p, F) in Ry({0} x (X —Y)). Let H be an ample CI”?-Hilbert space.
Consider the graded Hilbert Ro([0, 1] x (X —Y'))-module £’ := T'¢([0,1] x (X =Y); Hpo 11x(x-v))-
Let £ : C19” — Ling, (jo,1]x (x—v)) (£') be the associated representation as constructed above. Any
J € G4 (H) induces an operator in E’. The Kasparov C17P-Rg([0,1] x (X —Y))-module (E’, &, J)
is degenerate, hence nullhomotopic by [I1, Proposition 17.2.3] and so zero in the K K-group.
Form the direct sum (E, ¢, G) @ (E',&,J) of the nullhomotopy with this degenerate module. By
Kasparov’s stabilization theorem [32], Theorem 15.4.6], the Hilbert module E@® E’ is isomorphic to
the space of continuous function X —Y — H vanishing at infinity. Therefore, (E, ¢, G) ® (E', &, J)
provides a concordance of (V,F) @ (Hx_y,J) to an invertible Fredholm family. This shows that
[H,F] =0¢e Fri(X,Y). O

A.2. Representability of the FPY-functors. Here we construct the representing space for the
functor FP?, following ideas of Atiyah and Segal [9].

Definition A.3. Let H be an ample CI”?-Hilbert space. We define K7 as the space of pairs
(F,G) of bounded Cl1”%-Fredholm operators on H, with the condition that FG — 1 and GF — 1
are both compact. The topology on K?-? is induced from the injective map

KP?% — Lin(H).,. x Lin(H)., x Kom(H) x Kom(H), (F,G) — (F,G,FG —1,GF —1).
The subspace DP? C KP? is the subspace of pairs (F,G) such that FG = GF = 1.

To understand the rationale of this definition, note that the possible parametrices to a Fredholm
operator form a convex set, the bookkeeping of G and FG — 1, GF' — 1 is only there to guarantee
the correct continuity condition.

If (X,Y) is a space pair, X compactly generated, and F : (X,Y) — (KP% DP9), we get a
Fredholm family (F(z))zex on the trivial Hilbert bundle Hx — X. Therefore, we obtain a map

(A.4) (X,Y); (KP4, DP9 — FP9(X,Y)
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and Theorem asserts that (A.4) is bijective whenever (X,Y) is a paracompact pair. For the
proof, we use a trick that we propose to call “Dixmier-Douady swindle”, because it first appears in
[16]. The trick itself is stated as Lemma below. We also need a consequence that was drawn
in [16].

Theorem A.5. [I6l Théoreme 4] Let X be a paracompact space and let V — X be a C1”9-Hilbert
bundle. Let H be an ample C1”°1-Hilbert space. Then there is an isomorphism V & Hx = Hyx of
C1”9-Hilbert bundles.

In [I6], only the existence of an isometry of real Hilbert bundles is proven. To upgrade this to
CI1”9-Hilbert bundles, one uses Lemma, [2.4]

Let us prove surjectivity of . Let (V, F) be a (p, q)-cycle. Let (H,J) be an ample C1”9-
Hilbert space and J € G59(H). By Theorem there is an isometry of CIP*?-Hilbert bundles
V @& Hx = Hx. In the group FP4(X,Y), the equation [V, F] = [V & Hx,F @ J] holds. But the
right-hand side lies in the image of .

For the injectivity, we explain the Dixmier-Douady swindle. Let Ny be a CI”"?-module which
contains each irreducible one and form N := Ny & NgP. Then H := L?([0,1]; N) is an ample

C1”%_Hilbert space. Let J = ! , a ClIPY-linear odd involution on N & N°P. It induces a

1
self-adjoint isometry J : H — H. The basis for the trick is the following result.

Lemma A.6. [I0, Lemme 2] Let H, C H be the subspace of all functions that are supported
in [0,t]. Let P, : H — H; be the orthogonal projection. Then t — P; is a continuous map
[0,1] = Lin(H )c.,.. Moreover there exist isometries Q¢ : Hy = H, for t € (0,1], such that Q1 =1
and such that the maps (0,1] — Lin(H)q,., t — Q;l, t — QP are continuous. Finally, the
adjoint of Q:P; is Q; .

Actually, Dixmier and Douady prove this when Lin(H).,. is replaced by Lin(H),;op, the space
of bounded operators with the strong operator topology. By the remarks on page 38 [0], one
gets continuity with target Lin(H).,.. Moreover, Dixmier and Douady do not mention Clifford
algebras, but the necessary modifications are easy to do. The last statement is clear from the
construction. Using the functions from Lemma [A26] we define maps

(A.7) (0,1] x Lin(H)o. — Lin(H).,., (t,A) — J(1 — P,) + Q; ' AQ,P,
and
(A.8) (0,1] x Kom(H) — Kom(H), (t, A) — Q; *AQ,P;.

These maps preserve Fredholm operators, self-adjoint operators, even/odd operators and C179-
linear operators.

Lemma A.9. The maps and are continuous.

Proof. The map (|A.7)) is the composition
(0,1] x Lin(H)..,. = (0,1] x (map((0,1]; Lin(H)..,.))* x Lin(H),.,. — Lin(H)..,.,

the first map is (t,4) — (t,P,Q~,QP, A) and is obviously continuous. The second map is
t,X,Y,Z,A)— J(1-X(t))+Y(t)AZ(t), and this is continuous because the evaluation maps are
continuous, because the composition maps between mapping spaces are continuous (and because
H is compactly generated), and because Lin(H).,. is a topological vector space.

For the map , it is enough to prove sequential continuity. Let K, — K € Kom(H) (in
norm), and ¢, — ¢ > 0 in (0,1]. Let P, := P, , P := P, etc. By Lemma Qn.P, — QP and
(QnPn)* = Q' — Q' = (QP)*, both in the compact-open topology. Continuity of the map
follows from the following general observation: Assume that K,, — K is a norm convergent
sequence of compact operators and that A, and A are bounded operators such that A4,, — A and
A} — A* in the compact-open topology. Then A, K, A} — AKA*, in the norm topology.
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For the proof of this claim, we first observe that, by the Banach-Steinhaus theorem, || 4,]|, || 4] <
C for some C. So

||AnKn - AKH < HAnKn - AnK” + ||AnK - AK” < CHKTL - K” + HAnK - AKH

Since A, — A in the compact-open topology and since K is compact, |4, K — AK|| — 0. Abbre-
viate B,, = A, K,, and B = AK. We want to show that B,, A} — BA*, in norm. But

|1BnA;, — BA™|| = [|AnB,, — AB"|.

By the first part of the argument, B — B* in the norm topology. Again by the first part of the
argument, it follows that A, K, A, — AKA* in the norm topology, as claimed. O

Proposition A.10. Let H be an ample C1”%-Hilbert space. Then there ewists a decomposition
H = Hy® Hy into ample C17?-Hilbert spaces, J € G'(Hy) and a homotopy Ry : [1/2,1] x KP4 —
KP9 such that Ry = id and such that for all x € K%, Ry5(x) is of the form y & J, for some y.
The homotopy preserves the subspace DP9,

Proof. One uses the homotopies (A.7) and (A.8)), for ¢ € [1/2,1]. O

Proof that the map is injective. Let Fy, Fy : (X,Y) — (KP4, DP:?) be two maps that induce
the same element in F79(X,Y’). By the definition of F?9(X,Y") and by Theorem this means
that Ry/9 0 Fy and Ry/9 0 Fy are homotopic. Since Ry o F; and F; are homotopic by Proposition
Fy ~ Fy. The homotopy preserves the subspace DP4, and the proof is complete. O

Proposition A.11. The space DP9 is weakly contractible.

Proof. Inside DP'4, there is the subspace EP'? of orthogonal elements. That EP¢ is contractible is
proven using the Dixmier-Douady swindle, in the same way as [9, Proposition A2.1]. It remains
to prove that EP9 — DP? is a weak homotopy equivalence. Let X be a compact space and
F : X — DP? a map (there is no need to consider a relative map). The family F': Hxy — Hx,
(x,v) = (z, F(x)v) is an invertible homomorphism. There exists € > 0 such that F(x)? > €2. Let
f :R — R be an odd continuous function such that f(¢) = 1 for |t| > e. The family over I x X,
(s,z) — (1 —s)F(z) + sf(F(x)) is a homotopy from F to a map into EP. O

APPENDIX B. A FIBER THEOREM FOR SPACES OF UNITS IN C*-ALGEBRAS

Let A and B be unital Z/2-graded C*-algebras and = : A — B be a graded surjective *-
algebra homomorphism. Let A, 0d¢ and Bsg04q be the subspaces of odd self-adjoint elements.
Let C' C Bsa,oaa be the (open) subset of invertible elements, F := 771 (C) N Asq 040 and G C F be
the subspace of invertible elements.

Proposition B.1. The restriction of m to I — C and to G — C are Serre fibrations, and the
first one even admits a global section.

If we ignore the conditions (self-adjoint, odd), this is a well-known result (see [28, Theorem 11]).
However, we do not see how to derive it from the classical one directly, and therefore we prove
Proposition from scratch.

One example where this result can be applied is when H is a C1”’%-Hilbert space, and A is the
algebra of all Clifford-linear bounded operators on H (no condition on the grading). The grading
of A is by even/odd operators. In that case, we let B be the Calkin algebra, i.e. the quotient of A
by the ideal of compact operators.

Lemma B.2. Let y : I — C be a continuous path and xo € G with w(xo) = y(0). Then there
exists a path x : I — G with x(0) = z¢ and Tox = y.
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Proof. Tt is a theorem by Bartle and Graves that if ¢ : X — Y is a surjective bounded operator
between Banach spaces, then there is a continuous cross-section o : Y — X ([I0], see [21I} p. 187]
for an explicit statement). Choose a section ¢ : Bgq odd — Asa,odd With o(0) = 0.

Since z and y(t) are invertible, there exists € > 0 such that [—2e¢, 2¢] Nspecg (y(t)) = [—2¢, 2¢] N
spec4(zo) = 0 for all t € I. Choose § > 0 with |lo(2)|| < € for all ||z]| < §. Since y is uniformly
continuous, there is r € N such that [t — ¢/| < % implies ||y(t) — y(t')| < 6. Choose an odd
continuous function f : R — R such that f(s) = s for s > 2e and f(s) = 2¢ for e < s < 2e. We

wish to construct the lift = in such a way that spec 4 (z(¢))N[—2¢, 2¢] = 0 and we do this inductively

on the intervals [0, f], 1 =0,...,7. By the choice of ¢, the given initial value xq has this property.
Now suppose such a lift has been constructed on the interval [0, %], for some ¢ > 0. For t € [%, %],
define

. i i

#(1) = a1 +o(ult) (D).
It is clear that 7(Z(t)) = y(t) and because ¢(0) = 0, it is also clear that #(%) = z(%). Since
lo(y(t) — y(£))|| < e, it follows that spec,(Z(t)) N [—€, €] = 0. By the choice of the function f,
f(Z(¢)) has spectrum outside [—2¢,2¢], and is in Agq 044, because f is an odd function. Also,

the choice of f implies that f(Z(%)) = x(%). Set x(t) := f(&(t)). It remains to prove that

m(x(t)) = y(t). The function h(s) := f(s) — s has support in [—2¢, 2¢]. But
m(2(t)) = w(2(t) — 2(t) + 7(2(t)) = 7(w(t) — (1) +y(t) = 7(A(Z(1))) + y().

Since the functional calculus commutes with algebra homomorphisms, we conclude that

m(h(Z(t))) = h(x(Z(t))) = h(y(t)) = 0;

the last equality holds because the support of h is disjoint from the spectrum of y(¢). (Il

Proof of Proposition[B-1 The case of F — C' is covered by [28, Theorem 10] (or follows quickly
from the Bartle-Graves theorem). The other case follows from Lemma Let X be a finite
CW complex and consider the C*-algebras C%(X; A) and C°(X; B). The induced homomorphism
7. 1 C°(X;A) — CO%X; B) is surjective (this follows from the Bartle-Graves theorem). Lemma
applied to ., shows that the map C°(X;G) — C°(X;C) has the path-lifting property. But
any lifting problem

XX{O}L:G

xx1l~c

is equivalent to a path-lifting problem for . O
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