ON THE TOPOLOGY OF THE SPACE OF RICCI-POSITIVE METRICS

BORIS BOTVINNIK, JOHANNES EBERT, AND DAVID J. WRAITH

ABSTRACT. We show that the space RP™°(W7™) of metrics with positive Ricci curvature on the
manifold W;" := #9(S™ x S™) has nontrivial rational homology if n # 3 (mod 4) and g are both
sufficiently large. The same argument applies to ’RPRC(W;"ﬁN) provided that N is spin and Wg2"ﬁN

admits a Ricci positive metric.

1. INTRODUCTION

Let M be a smooth closed manifold of dimension d. We denote by R(M) the space of all
Riemannian metrics on M with the C*°-topology, and we let RPR¢(M) C RP*(M) C R(M) be the
subspaces of metrics with positive Ricci curvature and with positive scalar curvature respectively

(abbreviated later as “pRc metrics” and “psc metrics”).

In recent years, there has been a considerable effort to study the topology of the space of all
positive scalar curvature metrics on manifolds, see [13, 2] [7 [6, 22]. The results achieved so far show
that roughly the space RP%(M) at least is as complicated as real K-theory, provided one focuses

on spin manifolds in dimensions at least five.

The aim of this paper is to study the space of Ricci positive metrics on certain manifolds. Very
little is known about the topology of this space. It was shown in [27] that the space of Ricci positive
metrics on all homotopy spheres which bound parallelisable manifolds in dimensions 4n—1 (n > 2)
has infinitely many path-components. More recently, it was shown in [7] (discussed below) that for
spin manifolds in dimension at least six, there are order two elements in certain higher homotopy
groups of this space of metrics. We will supplement these results by showing that the space of Ricci

positive metrics for certain manifolds can display non-trivial higher rational cohomology.

If M is a spin manifold, there is a secondary index map inddiff, : RP*(M) — Q®+4+1KO,
depending on the choice of a basepoint g € RP**(M) and mapping into a suitable space of the real
K-theory spectrum. The map is constructed using the spin Dirac operator and the Schrodinger-
Lichnerowicz formula. We refer to the introduction of [2] for an informal discussion and to [2, Section

3.3] for precise definitions. On homotopy groups, the map inddiff, induces a homomorphism
(1) (inddiffg)s : T (RP*(M), 9) = KOgim+1 := KOgymi1(*),

and it has been proven [2] that is surjective after rationalization for each spin manifold of
dimension d > 6 that admits a psc metric. More recently, Perlmutter [21] 22] showed how to cover
the case d = 5. The proof of these results relies heavily on a remarkable property of the space

RPS¢(M): a strengthening of the classical Gromov-Lawson surgery theorem [I1] (see [5] and also
2000 Mathematics Subject Classification. 53C27, 5TR65, 58J05, 58J50.
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[25]) shows that the homotopy type of RP*¢(M) only depends on the spin cobordism class of M
(for simply connected M of dimension d > 5).

Positivity of the Ricci curvature is a much more restrictive condition than positivity of scalar
curvature, and it is well-known that no variant of the Gromov-Lawson surgery theorem can hold for
positive Ricci curvature, as any such variant would imply that S' x S?~1 has positive Ricci curvature
for large enough d, contradicting Myers’ theorem [23, Theorem 25 on p. 171]. In particular, the
general approach of the paper [2] showing the nontriviality of does not work when the space
RPSC(M) is replaced by RPRC(M).

Another, older, approach to construct elements in RP*¢(M) which was pioneered by Hitchin
[15] has the advantage that it does not require elaborate constructions of metrics of positive scalar
curvature, and clearly carries over to positive Ricci curvature. One uses the action of the diffeo-
morphism group Diff (M) or better the spin diffeomorphism grou DiffPin (M) on RP*(M).

For a fixed gy € RP*(M), there is the orbit map evg, : Diff (M)sP Eins AN RP¢(M), and we

obtain the composition

(evgg )« (inddiffg )«
e _—

(2) o (DHE (M) P1) T (RP(M)) KOpims1.

The homomorphism does not depend on the choice of gg (i.e., the two dependencies on gg
cancel out) and can be computed by topological means, using the family index theorem. Clearly,
the homomorphism factors through 7, (RPR¢(M)) as well, provided the fixed metric gy has
positive Ricci curvature. Crowley-Schick-Steimle [7, Corollary 1.9] proved that if d > 6, there are
elements in 7g,;_q(DiffP(M)), i = 0,1, which under the homomorphism hit the nontrivial
element of KOgy4i4+1 = Z/2, generalizing previous work by Hitchin [I5] and Crowley-Schick [6].

If m = 4k — d — 1, the target of the homomorphism is KOgymy1 = Z. Then the homo-
morphism can be computed by means of characteristic classes using the following recipe. Let
f 2 §%=d=1 _, Diff*P!"(M) be a map representing an element [f] € my_q_1 (DiffSP'"(M)). Since
Tap—d—1 (DIfFPR (M) 22 74, g ( BDiffP™ (M), we obtain a corresponding element in 74, _q( BDiff*P" (M)
represented by a map f : S%*~4 — BDiffPi® (M), with f uniquely determined by f up to homotopy.
Using f to pull back the universal spin-M -bundleﬂ we form the spin-M-bundle 7 : Ey — Gak—d
with vertical tangent bundle 7, Ey. Let flk(TyEf) € H4k(Ef;Q) be the degree 4k component of

the A-class of T, Ey. From this we can compute the tautological characteristic class
ki, (Er) = m(Ap(T,Ey)) € H*~4(g%~d. Q)

—~

1 Let us briefly recall the definition. Fix a spin structure on s on M and let Diff**™ (M) C Diff (M) be the (finite

)
(M) consists of all (f, f),
f € Diff**™™ (M) and f is an isomorphism f*s 2 s of spin structures. The group Diff*P™* (M) is a central extension of
DIffP™ (M) by Z/2.

2A spin-M-bundle is a fibre bundle with fibre M and structure group Diff*P™(M). Equivalently, it is a smooth

index open) subgroup of diffeomorphisms which fix s up to isomorphism. Then DiffsPi®

fibre bundle with fibre M, together with a spin structure on its vertical tangent bundle.
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and integrate over S*~ to obtain the A-genus fl( f) € Q of the homotopy class of f. The Atiyah-
Singer family index theorem implies that A(f) is an integer and that

(inddiff,). (ev,). ([f]) = axA(f) € KOy = Z

where a = 1 if k is even and a, = % if k£ is odd. We conclude: if M admits a Ricci positive metric
go and if there is f € mqq_a(DIffP(M)) with A(f) # 0, then mgy1_4x(RPR(M)) ® Q # 0 (and
(inddiff 4 )« # 0 in that degree).

However, it seems to be a very difficult problem to construct such elements in the homotopy
groups of DiffP™ (M) when the relevant K O-group is Z. (It is known that such manifolds M exist,
by [13, Theorem 1.3], but the proof in that paper does not provide a concrete construction of M,

let alone an M which has a Ricci positive metric.)

In the present paper, we study the manifolds WgQ" = (S™ x S™)#9, the connected sum of
g copies of S™ x S™. It has been proven by Sha and Yang [24, Theorem 1] that these admit a
metric of positive Ricci curvature, if n > 2. It is known that for each f € W*(DiffSpin(W;”)),
the A-genus is trivial, i.e. A(f) = 0. This follows from [I3, Proposition 1.9] since the Pontrjagin
classes of WQQ" are all trivial. Hence with the method just described, one cannot detect nontrivial
elements in (RPRC(Wg%)) ®Q. What we do in this paper is to prove that the rational cohomology

HI (RPRC(WQQ”); Q) is nontrivial, for some values of g, n and j.

Definition 1.1. Let M be a closed manifold of dimension 2n. The genus g(M) of M is the largest

number g so that M can be written as a connected sum N ﬁWgZ" for some smooth manifold N.

Let us state our main result.

Theorem A. Let M?" be a closed spin manifold of genus g and assume that n # 3 (mod 4).

Assume that M admits a metric of positive Ricci curvature. Then

(1) If n=4q > 14 and g > 21, then HI(RPR¢(M); Q) # 0 for some 1 < j < T.
(2) If n=4q+1>11 and g > 17, then HI(RPR(M); Q) # 0 for some 1 < j < 5.
(3) If n =4q +2>8 and g > 13, then H/(RPRS(M); Q) # 0 for some 1 < j < 3.

Even though we use the index theory of the Dirac operator, our proof does not yield the

nontriviality of (inddiff,, ). on homotopy or homology groups.

Using the known constructions of Ricci positive metrics on manifolds of large genus, we obtain
the following list of examples to which Theorem [A] applies. Note that all examples admit spin

structures and are shown to have Ricci positive metrics in the sources quoted.

Corollary 1.2. The conclusion of Theorem holds for the manifold MﬁWQQ” (for g and n as in
Theorem if M is any manifold from the following list.

(1) M = S?" [24, Theorem 1];



(2) M is a connected sum with summands of the form CP%? x §d1 HP¥4 x §d1 QP2 x Sdr,
S x S1_where S denotes the product of spheres S x - - x S% with d; > 3, and d > 2.
The quantities d and dj are allowed to vary from summand to summand, d must be a
multiple of four in the second case, and an odd multiple of two in the first case (to ensure
that CPY? is spin). [3, Theorem A], but see also [26, Theorem B] and [4, Corollary 4.10].

(3) M = NH(S? x S™)f--- (S x S™), where ¢; +r; = 2n, ¢;,r; > 3 for each i, and N is an
Se-bundle over a Ricci positive base space X® with compact Lie structure group, a+b = 2n,
and a > b > 3 [26, Theorem B];

(4) M = N{E\§---tEn,, with N as in (3) but satisfying the tighter dimensional restriction
a>b+5, and where Ey,--- , E,, are linear sphere bundles with base S¢, fibre S**~ and
a—12>¢; >b+4 [26, Theorem CJ;

1.1. Acknowledgments. We would like to thank Achim Krause for pointing out a counterexample
to an erronous argument in the first draft of this paper, and Manuel Krannich for spotting a mistake
in the first preprint version. Furthermore, we thank the referee for suggesting a simpler exposition

at various places in this paper.

2. PROOFS

2.1. The detection theorem. The proof of Theorem [A]is based on the following general detection

principle.
Theorem 2.1. Let M be a d-dimensional closed smooth spin manifold. Assume that
(1) M has a metric of positive Ricci curvature,

and that there is a smooth M-bundle w : E — B with a spin structure on its vertical tangent bundle

T, E, such that

(2) the base space B is 0-connected and has finite fundamental group, and
3) for some k > d/4, the tautological class r; (E) € H*~4B:Q) associated to the k-th
Ag

component of the A-class is nonzero.
Then the cohomology group H’(RPRS(M); Q) is nontrivial for some 1 < j < 4k —d — 1.

Remark 2.2. The proof applies verbatim to any other curvature condition which implies positivity
of scalar curvature, e.g. positive sectional curvature. We show below that a manifold as in Theorem
satisfies the hypotheses (2) and (3). On the other hand, manifolds of large genus do not admit
metrics of positive sectional curvature, by Gromov’s Betti number estimate [I12], Theorem 0.2.A].
More generally, we are not aware of any example of a manifold M which carries a metric of positive
sectional curvature and satisfies the hypotheses (2) and (3) of Theorem
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Proof of Theorem [2.1} Consider the universal cover p : B — B. Since m1(B) is a finite group, it

follows from a transfer argument [14, Proposition 3G.1] that the induced homomorphism

p": H"(B;Q) = H*(B;Q)

is injective. In particular, this means that the pull-back spin-M-bundle p*E — B satisfies the
hypotheses of the theorem, and we can assume without loss of generality that the base B is simply-

connected.

Associated with the fibre bundle 7 : E — B, there is a fibration
(3) TPRe(r) 2 B,

whose fibre over b € B is the space RPR¢(771(b)). The construction of that fibration is as follows:
there is a Diff (M )-principal bundle @ — B such that Q Xpig(ar) M = E (there is no need to take

the spin condition into account here). We define
TpRC(W) =Q X Diff (M) RPRC(M)-

The pullback M-bundle II*E — TPR¢(7) admits a spin structure since the original fibre bundle
7w : E — B does, and in addition it has a fibrewise Riemannian metric of positive Ricci curvature,

and hence of positive scalar curvature.

Now let indg € KO~%(B) be the index class of the fibrewise Dirac operator on E. The
Schrédinger-Lichnerowicz formula implies that IT*indg = 0 € KO~4(TPR¢(7)). Under the compo-
sition

KO~%(B) % K~4B) ™3 H*~4(B;Q)
of the complexification map with the 2kth component of the Chern character, the class indg is
mapped to the tautological class s Ak(E) (this is the cohomological version of the Atiyah-Singer

family index theorem for the spin Dirac operator). Therefore, we obtain that
(4) T 4, (E) = chop(c(IT*indg)) = 0 € H*4(TPR(7); Q).

In other words: the nontrivial element x Ak(E) € H*~4(B;Q) lies in the kernel of IT*. Now we
consider the Serre spectral sequence of the fibration . The homomorphism IT* : H*(B; Q) —
H*(TPR¢(1)) agrees with the composition

H%4(B;Q) — H%*4(B; H'(RPR(M); Q)) = B, ™ — Eff 40 = H¥*—d(TPRe()),

The first homomorphism ¢ is injective: it is induced from the injective (it is here that the hypothesis
RPRC(M) # () is used) map Q — HO(RPRC(M); Q) of coefficient systems over B. Since the base B
is simply connected, an injective map of rational coefficient systems is split-injective and therefore

induces an injective map in cohomology.

Then it follows that for some 2 < r < 4k — d, the differential d, : Eft—47 "=t  pik=d0 i
nonzero. Hence Ex*™*™""™1 2 0, which forces H'* ™" (B; H" 1 (RPU(M); Q) = B, 0.
In particular H"~1(RPR(M); Q) # 0, as desired. O
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2.2. The Torelli group of WgQ” and its cohomology. We now give the proof of Theorem It
relies on computations by the second-named author and Randal-Williams [§] which by themselves
rely on many deep ingredients from high-dimensional manifold theory, such as [10] and [9], among

other things.

Definition 2.3. Let D C WZ2" be a fixed embedded closed 2n-disk, and let Diff(W2", D) denote
the group of diffeomorphisms of Wgzn which restrict to the identity on some open neighborhood
of the disk D. The Torelli group Totgn is the group of diffeomorphisms ¢ € Diff (I/VgQ"7 D) which
induce the identity in the middle homology group of W,?”:

2n . _ 1. 2n, 2n, . 2n
Tor2" i={ ¢ | ¢ = id : Ho(W2"Z) — Ho(W2"Z) } C Diff (W2, D).

Clearly the inclusion ‘Iatgn C Diff (Wg2”, D) induces a map 7 : BSOtE" — BDiff (WQQ”, D) of the
corresponding classifying spaces. There is a fibre sequence
(5) BTor2" s BDiff(W2", D) — BL(WZ2"),
where D(W2") € GL(H,(W2";Z)) is a certain arithmetic group, see [8, Section 2.1].

Lemma 2.4. Letn >4 and n # 3 (mod 4). Then WO(TOL‘E") is a finite group.

Proof. This is a corollary of a result by Kreck [17, Theorem 2]. Kreck studies the group of
orientation-preserving diffeomorphisms Diff*(Wg") (not just those preserving a disk) and the sub-
group of diffeomorphisms acting as the identity on H, (W;"), which he denotes by SDiff(W:").
There is an analogous fibre sequence BSDiff(W2") — BDiff " (W2") — BI'(W2"), and the com-
parison with the fibre sequence yields the following diagram of groups

(6) 0 —m— wo(‘ZOtZ") WO(DIH(Wgna D)) - F(ngn) 1

| |

0 —— mo(SDiff(W2")) —— mo(Diff* (W) —— [(W7") — 1.

Kreck showed that the lower sequence is exact [I7, Theorem 2], and the upper one is exact as well,
see [8, Proposition 2.3]. It is part of the proof of [8, Proposition 2.3] that the middle vertical map

is surjective. Using the fibre sequence
Diff(W72", D) — Diff *(W?") — Emb™ (D, W2"),

the weak homotopy equivalenaﬂ Emb™ (D, WQQ”) ~ Frt(T WgQ”) of the space of orientation-preserving
embeddings of D to the oriented frame bundle of WgQ", and the fact that Fr+(TW92”) is connected
and has 71 (Fr™ (TWZ")) = Z/2, we deduce that the kernel of the middle vertical map in (6) has
order < 2, and hence

770(3:0%") — mo(SDiff (W)

3This is a standard fact: the inclusion Emb™* (D, W2") — Imm™* (D, W2") into the space of orientation-preserving
immersions is a weak equivalence by a scaling argument, and the map Imm™* (D, W2™) — Fr™ (W2") that takes the

derivative at the origin is a weak homotopy equivalence by the Smale—Hirsch immersion theorem.
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is surjective with finite kernel. Kreck [17, Theorem 2] shows moreover the existence of an ex-
act sequence 0 — Ogyp1/S — mo(SDIff (W) — Hom(Hn(Wg%;Z);Sﬂn(SO(n))) — 0, where
Ogp+1 is the group of homotopy spheres which is finite by [16] and X is a certain subgroup, and
ST (SO(n)) C m,(SO(n + 1)) is the image of the stabilization map SO(n) — SO(n + 1). The
values of Sm,(SO(n)) are tabularized in [I7, p. 644], and from that table, one reads off that
Hom(H,,(W}"; Z); S7,(SO(n))) is finite unless n = 3 (mod 4). O

The hard part is now to show that the tautological classes & i, € H 4k—2”(BT0t§”;Q) are
nontrivial. This was essentially done in [8], and we only recall the main points. Consider the
graded algebra Q[pr“P ..., Pn,€]/(e% — pn), which is the rational cohomology algebra of the n-

4

connected cover of BO(2n). Define a graded vector space by

(Q[p[”TH") <oy Pn,y 6]/(62 _pn))j-‘r?n j > 07

(O—_Qn@[p["TH]a -+ +sDPns e]/(62 - pn))j =
0 J<0.

Assigning to ¢ € U_Q"Q[p(mw s> Pn,€]/(e? — pp) the tautological class k. of the universal Wgzn—
4

bundle defines a map of graded vector spaces

0" Qppat1y, - - pnsel/ (€ = pn) = H*(BDiff(WS"); Q),

which extends to a map from the free graded commutative algebra on the source. The main results

of [9] and [10] show that this map is an isomorphism in degrees j < (g — 5)/2.

Now let Ly € Q[p[%w, ..., Pny€]/(€2 — pp) be the kth component of the Hirzebruch L-class.
It is a consequence of the Atiyah-Singer family index theorem for the signature operator that
KL, € H4k*2"(BDiff(Wg2");Q) maps to zero in H*(BTOtE”; ), see [8, Theorem 2.9]. We remark
that in loc.cit., the version Ly of the L-class introduced by Atiyah and Singer [I, p. 577] is used,
which is more natural from the viewpoint of the index theorem. The distinction is not important

for us, since the two classes are related by the formula £ = Q%Lk-
Theorem 2.5 (Ebert, Randal-Williams [§]). Let C’g” be the largest integer with
(1) C3* < (9-5)/2,

(2) CQQ” <n-3,
2n 2n
(8) max{2C;" +7,3C" + 4} < 2n.

Then the map

. U_QnQ[p[“TH“,- -y Pn, 6]/(62 _pn)

(™) span{Ly|k € N}

— H*(B‘ZOtf]”; Q)
1s injective in degrees x < C’g”.

Remark 2.6. Theorem is not stated as such in [§]. It is shown in [8 §5] that a certain
map B‘Zotﬁ” — Q%°F to a certain infinite loop space induces an isomorphism H*(Q*F;Q) —
H*(B‘IOtgn;Q)F(Wgzn) in degrees * < C’QQ”. Hence a fortiori, H*(Q*F;Q) — H*(Bgm‘g";(@) is
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injective. The rational cohomology of Q2°°F is the free graded-commutative (Q-algebra generated
by the left-hand side of . This is discussed in [, §5, §2.4].

Remark 2.7. Recently, Kupers and Randal-Williams [I8, Theorem A}, [19, Theorem A] gave a
complete computation of H *(BTOtZ"; ), valid for all n > 3 and large g. Even though it is far
from obvious from the results stated in [18], their calculations imply that the map is injective
if « < (g —5)/2 and n > 3. This allows the lower bounds on n in Theorem |A| to be replaced by
n > 3.

Lemma 2.8. If k > 2{%“1, the image of Ay, in the quotient space V on the left hand side of

1S nonzero.

Proof. This follows from a characteristic class computation that has been carried out in [I3], Section
5. If k > 2[2H7, it can be written in the form k = a+b with [%] < a < b. Consider the quotient
V' of V by the subspace generated by all monomials ezcept py and p,pp (note that dim(V’) < 2).

By [13], Proposition 5.3], the image of Ay, in V' is nonzero and hence it must be nonzero in V. O

Proof of Theorem[Al Write M = N#W2". The group Diff(WgQ”; D) = Diffa(WgQ” \ D) and hence
its subgroup Tot?]” acts by diffeomorphisms on M: extend diffeomorphisms by the identity over all
of M. Consider the fibre bundles

L 2n 2n 2n __,
Ey := E%or; X o2 W, — B%or," = B

and
E = ESoty" Xgoen M — B

with fibres WQQ” and M, respectively. An obstruction theory argument (see e.g. [2, Lemma 3.29))
shows that these bundles admit spin structures (since the structure group fixes a disc in the fibre,
which is connected). By Lemma B has finite fundamental group.

Depending on the value of n modulo 4, consider the smallest kg € N such that kg > 2[’%1};
the class Ako is an element in the degree qo = 4k — 2n part of the space V. Then ¢ = 8,6, 4 in the
cases n = 0,1,2 (mod 4). For n and g obeying the bounds stated in Theorem it follows from
Theorem [2.5( and Lemma that the tautological class k A, (Ey) € H®(B;Q) is nontrivial.

The bundle FE is fibrewise cobordant to the disjoint union of Ey with the trivial bundle B x V.
The classical argument [20, Lemma 17.3] for the cobordism invariance of Pontrjagin numbers shows
that

IQAk(E) = HAk(EQ) —i—/iAk(B X N) = KAk(Eo)

(since 4k —2n > 0, the second summand is zero). Hence all hypotheses of Theorem are satisfied,
and the proof is complete. O
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