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Toral classes and the Gromov-Lawson-Rosenberg
Conjecture for elementary abelian 2-groups

By

Michael Joachim

Abstract. Let π be a finite elementary abelian 2-group and let �n(Bπ) denote the
corresponding spin bordism group. We show that the so-called toral bordism classes in �n(Bπ) for
n � 3 can be represented by singular manifolds which admit a metric of positive scalar curvature.

1. Introduction. In this little note we study an aspect of the so-called Gromov-Lawson-
Rosenberg Conjecture. The Gromov-Lawson-Rosenberg Conjecture for a group π states
the following

C o n j e c t u r e (Gromov-Lawson-Rosenberg Conjecture). Let M be a closed connected
spin manifold of dimension n � 5 whose fundamental group is isomorphic to π . Then
M admits a metric of positive scalar curvature if and only if the so-called α-invariant
α(M) ∈ Kn(C

∗
r π) is trivial.

Here C∗
r π denotes the reduced real group C∗-algebra of π . In the case where π is

finite it is isomorphic to the real group algebra Rπ ; in the general case it is given by
a certain completion of the latter. Since we will not need the explicit definition of the
α-invariant in this article we omit its definition here and refer the interested reader to [4, 3.4]
and [8, 4.2].

The Gromov-Lawson-Rosenberg Conjecture was motivated by a bordism result which
was independently found by Gromov and Lawson [1] and Schoen and Yau [7]. The bordism
result has been used to show the Bordism invariance Theorem below. To state it we introduce
for a group π and an integer n the following subgroup of the corresponding spin bordism
group �n(Bπ)

�+
n (Bπ) =




bordism classes of
singular n-dimensional spin manifolds f : M → Bπ ,
where M admits a metric of positive scalar curvature


 .
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Theorem (Bordism invariance, cf.[8, 3.5]). Let M be closed connected spin manifold
of dimension n � 5 whose fundamental group is isomorphic to a given group π , and
let cM : M → Bπ be a map classifying the universal covering of M (i.e. cM is a
2-equivalence). Then M admits a positive scalar curvature metric if and only if

[cM : M → Bπ ] ∈ �+
n (Bπ).

The Bordism Invariance Theorem is related to the Gromov-Lawson-Rosenberg
Conjecture as there is a homomorphism αn : �n(Bπ) → Kn(C

∗
r π) such that α(M) =

αn([cM : M → Bπ ]). By a result of Rosenberg [2, 3.3], [4, 3.4] one knows that
�+

n (Bπ) ⊂ Ker(αn). So the Gromov-Lawson-Rosenberg Conjecture is equivalent to
showing that Ker(αn) = �+

n (Bπ).
The Gromov-Lawson-Rosenberg Conjecture has been verified for some groups. For

example it has been proved to be true for cyclic groups, for groups of finite order with
periodic cohomology, also for free and free abelian groups and some more. On the other
hand, by now one knows that the conjecture does not hold in general. The first counter-
example was given by Schick [6] who showed that the conjecture does not hold for the
group π = Z

4 × Z/3. In this case K5(Rπ) does not contain 3-torsion and Schick showed
that a particular 3-torsion element of the form [cM : M → Bπ ] ∈ �5(Bπ) is not contained
in �+

5 (Bπ). The relevant element is a so-called toral class and it has been conjectured
that toral classes also might provide counterexamples to the Gromov-Lawson-Rosenberg
Conjecture for finite groups. In fact the toral classes are regarded as the essential test case
for the Gromov-Lawson-Rosenberg Conjecture to be true for finite groups; here the case of
elementary abelian p-groups is of particular interest.

An element in �n(Bπ) is called toral if it is contained in the subgroup �toral
n (Bπ) ⊂

�n(Bπ) generated by the toral generators. Here an element is called a toral generator if it
can be represented in the following way. Let ρ : Z

n → π be a group homomorphism, and
let Bρ : BZ

n → Bπ denote the corresponding map on the level of classifying spaces. We
may assume that BZ

n is given by the n-torus T n. After choosing a spin structure the map
Bρ : T n = BZ

n → Bπ defines a singular spin manifold, and elements in �n(Bπ) which
can be represented in this way are the toral generators.

Theorem A. Let π be an elementary abelian 2-group and let n � 3. Then

�toral
n (Bπ) ⊂ �+

n (Bπ).

In particular the result says that toral classes do not provide counterexamples to the
Gromov-Lawson-Rosenberg Conjecture for finite elementary abelian 2-groups. Unfortu-
nately the argument does not generalize to elementary groups of odd order.

2. Proof of Theorem A. First we want to reduce to the case n = 3. Assume n � 3
and let C2 denote the elementary abelian 2-group of rank 1. Then we have a homotopy
equivalence BCn

2
∼= BC3

2 × BCn−3
2 .

Proposition. Let X, Y be spaces and let k, l be integers. Taking the product of singular
spin manifolds induces a homomorphism

�+
k (X) × �l(Y ) −→ �+

k+l (X × Y ).
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P r o o f. The proposition is well-known. If f : M → X and g : N → Y are singular
spin manifolds their cartesian product is given by f × g : M × N → X × Y . If M and N

are equipped with metrics and the metric of M has positive scalar curvature then one can
“shrink” the metric on the factor M so that the scalar curvature at a point (x, y) ∈ M × N

is dominated by the scalar curvature at x ∈ M . �

By the very definition of “toral generator” it follows that a toral generator in �n(BCn
2) is

in the image of the cartesian product map

�toral
3 (BC3

2) × �toral
n−3 (BCn−3

2 ) −→ �n(BCn
2).

By the previous proposition it hence suffices to show that �toral
3 (BC3

2) ⊂ �+
3 (BC3

2).
To prove the latter we will show

Lemma 1. We have �+
3 (BC3

2) = �3(BC3
2).

It is well-known that �+
3 (BC2) = �3(BC2). In fact, the whole group �3(BC2) is

cyclic and generated by a singular lens space. The statement of Lemma 1 therefore
follows from

Lemma 2. Let C be the set of cyclic subgroups of C3
2 . Then the induction homomorphism

induced by the canonical maps BC → BC3
2, C ∈ C

⊕
C∈C

�3(BC) → �3(BC3
2)

is surjective.

We may study the induction homomorphism of Lemma 2 by an investigation of the
Atiyah-Hirzebruch spectral sequence. Recall that the E2-term of the spectral sequence
converging to �n(X) for a space X is given by E2

p,q = Hp(X; �q), where �q denotes the
q-th spin bordism group of a point. Let us write Er

p,q(X) for the group of bidegree (p, q) in

theEr -term of the spectral sequence. ForC2 we haveE2
p,q(BC2) = E∞

p,q(BC2) ifp+q = 3.
This follows from the fact that the order of the groups �3(BC2) and ⊕p+q=3Hp(BC2; �q)

are the same. Hence to obtain the result of Lemma 2 we simply need to verify that the
maps BC → BC3

2 induce surjections ⊕CHp(BC; �q) → Hp(BC3
2; �q) for all (p, q) with

p + q = 3 which we formulate as

Lemma 3. The canonical maps BC → BC3
2 for C ∈ C induce surjections

(a)
⊕

C H3(BC; Z) −→ H3(BC3
2; Z),

(b)
⊕

C H2(BC; Z/2) −→ H2(BC3
2; Z/2),

(c)
⊕

C H1(BC; Z/2) −→ H1(BC3
2; Z/2).

We shall consider the first statement first. Let J be a non-empty subset of the set {1, 2, 3}.
For any such subset J define ρJ : C2 → C3

2 so that pri ◦ρJ = idC2 if i ∈ J and pri ◦ρJ is
trivial if i 	∈ J , where pri : C3

2 → C2 denotes the projection onto the i-th factor. For each
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J the image of ρJ is a cyclic subgroup CJ of order 2. By abuse of notation let ρJ : CJ → C3
2

also denote the inclusion of the subgroup CJ into C3
2 . We want to prove that the induced

maps BρJ : BCJ → BC3
2 induce an isomorphism

⊕
J

H3(BCJ ; Z) −→ H3(BC3
2; Z).

To do this consider for each J the composition

pJ : BC3
2 −→

∏
j∈J

BC{j} →
∧
j∈J

BC{j} =: B(J ).

Lemma 4. For two non-empty subsets J, J ′ ⊂ {1, 2, 3} the composition

H3(pJ ′ ◦ BρJ ; Z) : H3(BCJ ; Z) → H3(BC3
2; Z) → H3(B(J ′); Z)

is an isomorphism if J ′ ⊂ J , and it is trivial if J ′ 	⊂ J .

P r o o f. We may use the Künneth theorem and the stable splittings

BC2
2

∼=s BC2 ∨ BC2 ∨ BC2 ∧ BC2;
BC3

2
∼=s

∨
J ′

B(J ′)

to conclude that H3(B(J ′); Z) ∼= Z/2. We now consider the diagram

H3(BCJ ; Z) −→ Hom(H 3(BCJ ; Z/2), Z/2)




H3(BC3
2; Z) −→ Hom(H 3(BC3

2; Z/2), Z/2)




H3(B(J ′); Z) −→ Hom(H 3(B(J ′); Z/2), Z/2)

where the vertical arrows are induced by pJ ′ and BρJ respectively, and where the horizon-
tal arrow at each case is given by the composition of the reduction map H3( ; Z) →
H3( ; Z/2) with the duality isomorphism H3( ; Z/2) → Hom(H 3( ; Z/2), Z/2).
Note that the horizontal arrows are all injective. Since H3(BCJ ; Z) and H3(B(J ′); Z)

are both isomorphic to Z/2, the composition of vertical arrows on the left hand side (which
is the homomorphism we are after) is either trivial or an isomorphism. Note also, since
the top horizontal arrow H3(BCJ ; Z/2) → Hom(H 3(BCJ ; Z/2), Z/2) is an isomorphism
and since the bottom horizontal arrow is injective, we equally well may check whether
the composition of the vertical arrows on the right hand side is trivial or not. Since
Hom(H 3(BCJ ; Z/2), Z/2) ∼= Z/2, this is equivalent to checking whether this compo-
sition is trivial or not; or dually we can check whether the composition H 3(BρJ ; Z/2) ◦
H 3(pJ ′ ; Z/2) is trivial or not.
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As is well-known we have isomorphisms H ∗(BCJ ; Z/2) ∼= Z/2[xJ ] and
H ∗(BC3

2; Z/2) ∼= Z/2[x1, x2, x3]; here xJ ∈ H 1(BCJ ; Z/2) denotes the unique gener-
ator, and the xi are given by xi = pr∗

i x where the element x is the unique generator in
H 1(BC2; Z/2). The homomorphism H ∗(BρJ ; Z/2) : H ∗(BC3

2; Z/2) → H ∗(BCJ ; Z/2)

is given byxi 
→ xJ if i ∈ J andxi 
→ 0 if i 	∈ J , while the homomorphismH ∗(BpJ ′ ; Z/2) :
H ∗(B(J ′); Z/2) → H ∗(BC3

2; Z/2) is given by the inclusion of the subgroup
generated by all monomials of the form x

α1
i1

· · · xαr

ir
with αj � 1 for all 1 � j � r and

i1 < . . . < ir and {i1, . . . , ir} = J ′. From this description we see that the composition
H 3(BρJ ; Z/2) ◦ H 3(pJ ′ ; Z/2) : H 3(B(J ′); Z/2) → H 3(BCJ ; Z/2) is non-trivial if and
only if J ′ ⊂ J . �

We now consider the composition

⊕
J

H3(BCJ ; Z)
l−→ H3(BC3

2; Z)
r−→

∏
J

H3(B(J ′); Z),

where l is given by the maps H3(BρJ ; Z) and where r is given by the maps H3(pJ ′ ; Z).
Domain and target of this composition are both indexed over the set of J ’s, while the
individual groups H3(BCJ ; Z) and H3(B(J ′); Z) that occur as summands and factors
respectively are isomorphic to Z/2. Using an ordering of the set of J ’s therefore allows
to present the composition by a matrix. For the ordering {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3},
{1, 2, 3} this matrix is given by




1 0 0 1 1 0 1
0 1 0 1 0 1 1
0 0 1 0 1 1 1
0 0 0 1 0 0 1
0 0 0 0 1 0 1
0 0 0 0 0 1 1
0 0 0 0 0 0 1




as we can easily calculate from Lemma 4. The matrix has determinant equal to 1 so the
composition r ◦ l above is an isomorphism. Hence l is an injection. Now by simply
counting the elements of the domain and target of l (using the Künneth theorem) we see
that l is an (injective) map between sets of the same finite cardinality. Hence l is in
fact an isomorphism. Since the left hand side of the composition is a direct summand
of the left hand side of the homomorphism of Lemma 3 (a) this shows that the latter is
surjective.

To prove surjectivity for the homomorphisms in Lemma 3 (b) and (c) one can argue in
a similar fashion using subsets J which contain at most 2 resp. 1 elements. We shall omit
the details here.

This completes the proof of Lemma 3 and thus the proof of Theorem A.
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