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Special Moufang sets, their root groups and their p-maps

Tom De Medts, Yoav Segev and Katrin Tent

ABSTRACT

We prove Timmesfeld’s conjecture that special abstract rank one groups are quasisimple. We
give two characterizations of the root groups in special Moufang sets: a normal subgroup of the
point stabilizer is a root group if it is either regular, or nilpotent and transitive. We prove that
if a root group of a special Moufang set contains an involution, then it is of exponent 2. We also
show that the root groups are abelian if and only if the so-called p-maps are involutions.

Introduction

A Moufang set is a set X with | X| > 3, together with a collection of groups (U, ).ecx acting on
X (called root groups), such that each U, fixes x and acts regularly on X \ {z}, and such that
U¥ = U,y for each x € X and each p € G := (U, | y € X). The group GT is called the little
projective group of the Moufang set, and it is clear that this group acts doubly transitively
on X.

Moufang sets were introduced by Tits [11] as a tool to study absolutely simple algebraic
groups of relative rank one, but the notion is important beyond its original purpose. This notion
is closely related to that of a split BN-pair of rank one, which is another important notion due to
Tits. Moufang sets are thus very basic, natural objects. One additional related concept is that
of an ‘abstract rank one group’, as introduced by Timmesfeld [10], who also introduced special
rank one groups (see Definition 1.10 below). In [10, Remark, p. 26] Timmesfeld conjectured that
every special rank one group with abelian unipotent subgroups is quasisimple; this conjecture
is part (2) of the following.

THEOREM A (Theorem 1.12 below). (1) Let (X,(U, | z € X)) be a special Moufang set
with |X| > 5, and let G be its little projective group. Pick distinct x,y € X and let H =
G, NGy. Then [U,, H) = U,, and hence G is perfect.

(2) Let Y be a special abstract rank one group with unipotent subgroups A and B and
let K = Ny (A) N Ny (B). Then A and B are abelian, and either Y = SLy(2) or (P)SL2(3), or
[A, K] = A, and hence Y is quasisimple.

As noted in the abstract we characterize the root groups of a special Moufang set in terms
of the permutation action and the structure of the little projective group. More precisely in §4
we prove the following theorem.

THEOREM B. Let M = {X, (U, | z € X)} be a special Moufang set and let x € X. Then
(1) the root group U, is the unique normal subgroup of G, which is regular on X \ {z};
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(2) if N, < G is a normal nilpotent subgroup such that N, is transitive on X \ {z}, then
N, =U,.

Theorem B(2) was already known before for many classes of Moufang sets (including some
non-special ones) by a case-by-case analysis; see [1].

Unlike the concept of abstract rank one group, where the root groups are assumed to be
nilpotent, there is no assumption on the structure of the root groups of a Moufang set. In fact
the following is probably the most challenging conjecture in this area.

RooT GrouPS CONJECTURE. Let M be a Moufang set; then the following hold.
(1) The root groups of M are nilpotent.

(2) If M is special, then the root groups of M are abelian.

(3) If the root groups of M are abelian, then M is special.

Part (1) of the Root Groups Conjecture (RGC) seems too hard at this point. Note that by
[7, Corollary 3.2], part (1) implies part (2). However, we believe that a direct proof of RGC(2)
is within reach, and a portion of this paper is devoted to it. We prove RGC(2) in the case when
the root groups of M contain involutions.

THEOREM C. If a root group of a special Moufang set contains involutions then it is
(abelian) of exponent 2.

Theorem C is proved in § 5. Notice that in [9], Suzuki essentially considered finite Moufang
sets in which the root groups have even order (see [9, Theorem, p. 515]), but he did not assume
that the Moufang set is special. However on page 517 lines 16-17, he writes that it is rather
difficult, even in the finite case, to show that the root groups are 2-groups and it requires
character theory.

In view of Theorem C, and to resolve RGC(2), we may assume that the root groups of
M do not contain involutions. By [2, Proposition 4.6] (see Proposition 1.6) U is uniquely 2-
divisible. In §6 we use this fact to prove the following result which gives a natural path for
proving RGC(2), namely to show that the p-maps are involutions. The p-maps are defined in
equation (1.1) below and discussed thereafter.

THEOREM D. The root groups of a special Moufang set are abelian if and only if its u-maps
are involutions.

The p-maps play a fundamental role in the analysis of a Moufang set; see [2, 3, 7]. In
Corollary 6.4 we apply Theorem D to characterize the Moufang sets associated with PSLo(k),
k a commutative field of characteristic # 2: these are precisely those special Moufang sets such
that the two-point stabilizer is abelian (and the root groups contain no involutions).

In the course of working with our Moufang sets (and not necessarily the special ones), we
encountered what we call the opposite Moufang set and the mirror Moufang set; these are
introduced in §§2 and 3, respectively. Finally, § 7 of this paper contains a number of results
that may help in proving part (2) of the RGC.

1. Generalities on Moufang sets

Throughout this paper our notation follow [2]. We recall some facts and definitions and add
some basic lemmas.
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DEFINITION 1.1. A Moufang set is a set X with |X| > 3, together with a permutation
group GT < Sym(X) and a family of subgroups {U, | € X} such that:

(1) G' = (U, |z € X);

(2) U, fixes x and acts regularly on X \ {z}, for all z € X;

(3) {U, | € X} is a conjugacy class of subgroups of G.

Notice that GT is a doubly transitive permutation group. The group G' is called the little
projective group of the Moufang set, and the subgroups {U,, | x € X} are called the root groups
of the Moufang set.

DEFINITION 1.2. An isomorphism between two Moufang sets (X,{U, |z € X}) and
(Y,{V, |y € Y}) is a bijection § from X to Y such that the map xg: Sym(X) — Sym(Y) :
g — (37 1gB maps each root group U, onto the corresponding root group V,g.

Here is a way to construct a Moufang set (cf. [3]). Start with a group U and let co be a new
symbol (not in U). Let X denote the set X := U U {oco}. We write U in additive notation even
though we do not assume that U is commutative. For a € U* := U \ {0}, we let a, € Sym(X) be
the permutation which fixes oo and maps = to « + a for every x € U. Suppose that 7 € Sym(X)
with 07 = oo and coT = 0, and let

U ={aq|acU}, Uy=UL, and U,=U" for all a € U™.

Then GT := (U, | # € X) and the subgroups {U, | * € X} are candidates for being a Moufang
set. These ‘candidates’ are encoded by the notation M(U, 7). For a € U*, let

Ha = az——a)‘r_laaaz(ar_l)’ (11)

where for group elements g, h, we denote g" = h~'gh. These complicated-looking permutations
1e play an important role in the analysis of Moufang sets. It can be easily shown that pu,
interchanges 0 and oo, for all a € U*. In particular, for a € U*, T, fixes 0 and oo and hence
acts as a permutation on the set U. In the main theorem [3, Theorem 3.2] it is proved that the
fact that M(U, 7) is a Moufang set is equivalent to the fact that 7, € Aut(U), for all a € U*.
The permutations ., a € U*, are invariants of M(U, 7) in the following sense. First, from
the definition of M(U, 7) it follows that M(U, 7) = M(U, p) for every permutation p € Sym(X)
that interchanges 0 and oo and satisfies U2, = U7, = Uy. Now, although the permutations p,
appear to depend on T, once it is established that M(U,7) is a Moufang set, it turns out
that u, depends only on the subgroups Uy and Uy: it is the unique element in Uya,Up that
interchanges 0 and oo (see [2, Lemma 3.3(2)]). We observe that (cf. [2, Proposition 3.8(1)])

M(U, 7) = M(U, ) forall z € U*. (1.2)
When M(U, 7) is a Moufang set we let
H := Gg;,oo,

and we call H the Hua subgroup of M(U, 7). The following facts will be frequently used without
further reference (see [2, Lemma 3.3(1)] and [2, Proposition 3.9(2)]):

foa=fig"s PE=fi_ap,, My =pan Va,beU* and Vhe H. (1.3)

The above construction is of course the most general way to construct a Moufang set, as the
following two lemmas indicate.
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LEMMA 1.3. LetU be a regular permutation group on the set U. Pick an element in U and
denote it 0. For each a € U let o, € U be the unique permutation such that Oa, = a. Define a
binary operation (which is not necessarily commutative) on U by a + b := aap, a,b € U. Then
(U, +) is a group isomorphic toU, and a — « is the right regular representation of U on itself.

Proof. This is obvious. ]

LEMMA 1.4. LetM = (X,{U, | x € X}) be a Moufang set. Let x € X and denote cc := .
Set

U:= X\ {oo},

pick an element in U and denote it 0. Let + be the binary operation on U as defined in
Lemma 1.3 with Uy in place of U. Let 7 € Sym(X) be any permutation interchanging 0 and
oo such that UL, = Uy. Then M = M(U, 7).

Proof. Denote M(U,7) = (X,{U, | x € X}). By the definition of M(U, 1), we have Uy, =
{ag |a €U} = Uy, Uy =UL = Uy. Let a € U*; then U, = U5 = U$*. Now since (X, {U. |
x € X}) is a Moufang set, US* = Upq, = U,. Thus U, = U, and the lemma is proved. O

Let us recall the definition of a special Moufang set.

DEFINITION 1.5. A Moufang set M(U, 7) is called special if the condition
(—a)T = —(a7) for all a € U* (%)
holds.

We will frequently use the following fact without further reference (see [2, Lemma 4.3(2)]):
If M(U, 1) is special, then au, = —a = ap_q, for all a € U™. (1.4)

The following proposition is taken from [2, Proposition 4.6] and will be used several times in
this paper.

PROPOSITION 1.6. Assume that M(U, 7) is a special Moufang set. Let a € U*, let n > 1 be
a positive integer such that a-n # 0, and let p € Sym(X) such that p mterchanges 0 and oo
and satisfies M(U, p) = M(U, ) = M(U, p~1). Then the following assertions hold.

(1) There exists a unique b € U* buch that b-n = a; we denote b:=a - +.

(2) (ap)-n #0; (a-n)p = (ap) - L, and hence (a- 1)p = (ap) - n

(3) If U is torsion-free, then U 1s a uniquely divisible group.

(4) Ifb € U* has finite order, then the order of b is a prime number.

(5) If U is abelian then either U is an elementary abelian p-group, for some prime p, or U
a divisible torsion-free abelian group [10, Theorem 5.2(a), p. 55].

(6) Assume that U is abelian and that U -n # 0, and let s € {n,n~'}. Then xpq.s = T4 - 52,
for all x € U*. It follows that hg.s = hg - $°

is

REMARK 1.7. Notice that in Proposition 1.6 and throughout this paper we multiply an
element of U by an integer on the right. Note also that in view of Proposition 1.6, if M(U, 7)
is a special Moufang set, a € U* and o = m/n € Q with ged(m,n) = 1, then if a has infinite
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order, then a -« is well defined, and if ged(n,p) = 1 with |a| = p (where p is a prime), then
a - « is well defined.

LEMMA 1.8. Let M(U, 1) be a Moufang set, and let 0 2V < U be a subgroup. Assume
that V*p, = V*, for all v € V*. Let € V* and let p be the restriction p := p, [ V U {c0}.
Then M(V, p) is a Moufang set. If M(U, 7) is special, then M(V, p) is special.

Proof.  Since M(U, 1) = M(U, ) (see [2, Proposition 3.8(1)]), we may assume that 7 = p,.
By [3, Theorem 3.2], M(V, 1) is a Moufang set if and only if the Hua-maps of M(V,7) are
contained in Aut(V). But, by definition, the Hua-maps of M(V, ) are the restriction of the
Hua-maps {hy | @ € V*} of M(U,7) to V and, by our hypothesis, V' is invariant under h,,
a € V*, because by [2, Proposition 3.9(1)] h, = Tpge. Since M(U, 7) is a Moufang set, the Hua-
maps of M(U, 1) are in Aut(U), so their restrictions to V are in Aut(V). It is evident that if
M(U, 7) is special then so is M(V, 7). O

COROLLARY 1.9. Let M(U, ) be a Moufang set.

(1) For he H, let V :={a € U | ah = a} be the fixed point set of h on U. If V # 0, then
M(V, p) (where p = p, | VU {0} and = € V*) is a Moufang set.

(2) If M(U, 1) is special, a € U* and 0 #V < U is a subgroup such that V*u, = V*, then
V*uy = V*, for all w € V*, and hence M(V, p) is a special Moufang set, where x € V* and
p=py | VU {oo}

Proof. (1) Let v,w € V. Then, by equation (1.3), vuywh = vhiwn, = v, € V, and hence
V* iy = V*. Part (1) follows now from Lemma 1.8.
(2) Let v,w € V with w # —v; then by Lemma 5.2(4) below,

(V4 w)pa = (Vb — W) fla + Wha;

by our hypothesis, (v + w)pq, wie € V, 80 (Vi — w)pe € V and applying p—, shows that also
Vi — w €V, 80 vy, € V. Furthermore, by equation (1.4), (—w)pu, = w € V. It now follows
from Lemma 1.8 that M(V, 1) is a special Moufang set. O

We conclude this section by proving the perfectness of the little projective group of a special
Moufang set, and we prove a conjecture of Timmesfeld; see [10, Remark, p. 26]. First we define
what an abstract rank one group is.

DEFINITION 1.10 [10, pp. 1-2]. An abstract rank one group with unipotent subgroups A
and B is a group Y generated by its nilpotent subgroups A and B such that A # B and such
that

for each a € A* there exists b € B* with A® = B® and vice versa (%)

(where A® = b~1Ab). An abstract rank one group with unipotent subgroups A and B is called
special if
for each a € A* and b € B*, A’ = B® implies a” = (b™1). ()

The following facts, which appear in [10] and inside proofs there, will be used in the proof
of Theorem 1.12.
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PROPOSITION 1.11. Let Y be an abstract rank one group with unipotent subgroups A
and B. Let Q={AY |y €Y} and let K = Ny(A) N Ny(B) be the diagonal subgroup. Let
0:Y = Y/Z(Y)=:Y° be the canonical homomorphism. Then

(1) Y is not nilpotent;

(2) Z(Y) is the kernel of the action of Y on Q, and ANZ(Y)=1=BnZ(Y);

(3) Y?° is an abstract rank one group with unipotent subgroups A° and B° and Z(Y°) = 1;

(4) Ny (A) is the (full) inverse image under o of Nyo(A°) and hence if H is the diagonal
subgroup of Y° then the (full) inverse image of H under o is K;

(5) Y is special if and only if for each a € A* there exists b € B* with a® = (b=1)? and vice
versa;

(6) if Y is special, then Y° is special;

(7) if Y° is special, then Y° is (the little projective group of) a special Moufang set as
defined in Definition 1.5.

Proof. Part (1) follows from, e.g., [10, (2.10), p. 25]. Let N be the kernel of the action of
Y on Q. By [10, (1.10), p. 13], if N # Z(Y), then Y = NA. But then A <Y, a contradiction;
this shows the first part of (2). The second part of (2) follows from the fact that N4(B) =
Np(A) =1, (cf. [10, (1.2)(3), p. 2]). The first part in (3) follows from [10, Exercise (1.13)(2),
p. 15] and (1). The second part of (3) is by [10, (2.1), p. 17].

To prove (4), note first that for y € Ny (A),

A° = (4 = (4),

s0 Ny (A)° < Ny (A°). Conversely, let g € Nyo(A°) and let y € Y with y° = g. Then (AY)° =
A°. Hence AY < AZ(Y). But if AY # A, then Y = (A, AY) (because by definition Y = (A, B)
and Y is doubly transitive on ). Thus since by (1) Y # AZ(Y), AY = A, so y € Ny (A4) and
the first part of (4) is established. The second part of (4) follows from the first since the first
part applies also to B in place of A.

Note that Timmesfeld’s definition of ‘special’ (as defined in Definition 1.10) is not precisely
the assumption in (5). However, since Ng(A) =1, the b in condition (*) of Definition 1.10 is
unique. Also, since AN B = 1, the equality a® = (b~1)® implies that A® = B®. This shows that
(5) is equivalent to condition (x*) of Definition 1.10.

Finally (6) is immediate from (5), and for (7) see [3, Remark 5.1, p. 430]. O

THEOREM 1.12. Let M(U, T) be a special Moufang set, let G be its little projective group
and let H = G~ be its Hua subgroup. Assume that |U| > 3; then the following hold.

(1) [Uso, H] = Uso, and hence G is perfect.

(2) Let Y be a special abstract rank one group with unipotent subgroups A and B and let
K = Ny(A) N Ny (B). Then A is abelian, and either Y 2 SLy(2) or (P)SLy(3), or [A, K] = A
and hence Y is quasisimple.

Proof. (1) Let V C U be the set of elements u € U such that o, € [Us, H]. Note that for
allu € U and all h € H, we have

h
[aua h] = O, = Oy Qyh = O—ytuh,

SO

—u+uheV foralue U and he H. (1.5)
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By (1.4) and (1.5), —u + ufty ey = —u — upty, € V, for all u,w € U*. Therefore, since |U| > 3,
there exist u,w € U* with up,, # —u or wy, # —w (see [2, Lemma 4.9(3)]), and hence

V #£0.

Assume first that U is not a group of exponent 2. Since H normalizes Uy, it normalizes
[Uso, H], and hence V' is H-invariant. By [7, Theorem 1.2], V =U.

Hence we may assume that U is of exponent 2. Let Q := U/V, and write u = w for u + V =
w+V in Q. As we saw, taking h = i, 1, in (1.5) shows that

Ul = U for all u,w € U™. (%)
By () and [2, Lemma 4.4(3)] (see Proposition 5.2(5) below) we get for all distinct u,w € U*
U= Uyt =WHUF Uy Fw=w+u+ut+w=0.

Since u is arbitrary, again V' = U. This shows that U, = [G, Us]. It follows that U, < [G, G,
and since G is generated by the conjugates of Uy, we have G = [G, G].

(2) If |A| =2 or 3, then Y 2 SLy(2) or Y = (P)SLy(3), respectively; see for example [10,
(2.10)(1), p. 25]. Hence we may assume that |A| > 4.

Let 0: Y = Y/Z(Y) =: Y° be the canonical homomorphism. By Proposition 1.11, Y° is a
special Moufang set. Hence we may assume without loss that Y° = G, A° = Uy, and B° = U,.
By definition, A & U, is nilpotent, so by [7, Corollary 3.2], A is abelian.

Now, let a,, € Uy, and h € H. Let a € A with a° = a,, and, using Proposition 1.11(4), let
y € K with y° = h. Then [a,y] € A and [a, y]° = [aw,, h]. Thus we see that [A, K]° > [Us, H] =
Uso, by (1). Since [A, K] < A, and since o : A — U is bijective, we see that [A, K] = A. Thus
A L [Y,Y], and since Y is generated by the conjugates of A, Y is perfect.

Next, since G is perfect and U, is abelian, Iwasawa’s Lemma (cf. [6, Theorem 9.27, p. 263])
implies that G is simple. Thus Y is quasisimple. O

2. The opposite Moufang set

For future reference we define and briefly discuss the notion of the opposite Moufang set.

LEMMA 2.1. Let M(U, 1) be a Moufang set. Let (U°,®) := (U, +)° be the opposite group,
that is, as sets U° = U and for a,b € U°, we have a & b = b+ a. Let inv : U — U be the inverse
map (a)inv = —a and extend inv to a map inv: X — X via (00)inv = oo. Then M(U°, 7)
is a Moufang set, where 7™V = invo T oinv.

Proof. Consider M(U®°, 7). By definition, U2, = {a$ | a € U°}, where bal = a + b, for
a € U°\ {0} and b € U°. Hence U, = U, Tt follows that U$ = U™ and then it is easy to
check that U? = U™ for all @ € U*. This implies that M(U®, 71%V) is a Moufang set. U

NOTATION 2.2. If M(U, 7) is a Moufang set, we denote by M(U°, 7"V) the opposite Moufang
set as in Lemma 2.1. We use o, uo, U, Uy, etc. to denote the various maps and the root
groups of M(U®, 7™) as in [2, Notation 3.1 and 3.2].

LEMMA 2.3. Let M(U,7) be a Moufang set and let M(U®, 7'"V) be the opposite Moufang
set. Then

(1) for all a,b € U, bal = a+b and ol = a° , thus U = UM;

(2) let G be the little projective group of M(U, 7) (and G° be the little projective group of
M(U®, 7inv)); then G° = G™.
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(3) pivv = o, for alla € U*;
(4) H=H°;
(5) M(U, 7) is special if and only if 7" = 7 and then puS = pi_,.

Proof. (1) By definition, the statement holds.

(2) By (1), U, = U and hence also US = Ul*. But by [3], G = (U, Us) and similarly
for G°; so (2) holds.

(3) Since U™ = US, we have (Upa,Up)™ = Uga® US. Now by [2, Lemma 3.3(2)], for any
a € U*, we have p, is the unique element in Uya,Uy that interchanges 0 and oo and similarly
for ;8. Since p™v interchanges 0 and oo, it follows that pi'v = u° .

(4) Since M(U, 1) is a Moufang set the main theorem of [3] says that H < Aut(U). Thus
h™v = b for all h € H, and it follows that H® = H.

(5) First, by definition, M(U, 7) is special if and only if 7"V = 7. By [2, Lemma 4.2], 7%V = 7
if and only if x4 = pu, for all @ € U. By [2, Lemma 3.3], u_, = u; ', for all a € U and hence
(5) is a consequence of (3). O

REMARK 2.4. We note here that clearly M(U°, 71%V) 2= M(U, 7). Indeed, the permutation
inv € Sym(X) induces a Moufang set isomorphism from M(U, ) to M(U®, 7) since UV =
U(Oa)i]rlv for all @ € X. This certainly does not mean that the concept is useless; one could
compare it to the fact that a quaternion algebra is isomorphic to (but not equal to) its opposite

algebra.

3. The mirror Moufang set

In this section we start with a Moufang set M(U, 7) and we switch the role of Uy and Ux,.
The resulting Moufang set M(U?, 771) is the same Moufang set, that is, M(U, 7) = M(U*, 771);
however, we give it a different name: the mirror Moufang set. The reason is that the p-maps
and the Hua-maps of M(U?, 771) are different from those of M(U, ), and in this section we
are actually interested in how they are related.

LEMMA 3.1. Let U' be the group with underlying set U \ {0} U{cc}, and with group
operation @ defined by x ® y = (7~ +y7~1)7. Let h!, denote the Hua-maps (and p!, denote
the p-maps) for M(U*, 771). Then

(1) MUt 771 = M(U, 7);

(2) pt =p 't and hl = 77tu_, for alla € U*.

Proof. Notice first that @ is a group operation. Note next that the neutral element of U? is
o0; denote 0’ := co. The element that takes the role of oo for M(U*, 771) is 0, so denote oo’ = 0.
For a € U\ {0'}, let !, € Sym(X) be the permutation fixing oo’ and such that o, : b+ b @ a,
b € Ut. Then, by definition, for each a € U?, we have bal, = br~la,,-17, that is,

t
Qg = Yar—1
-1

(recall from [2] that v, = 7', 7 € Up), which implies that U!_, = Uy. Then U}, = (UL,)” =
Ul = Us. Further, by definition, for a € U\ {0’} we get

Ut = (Ug)* =U%™" =User, _, =Ul.

We have thus shown that for each z € X =U U{oo}, we have U! =U,, so M(U,7) =
M(U?,771) and (1) holds.
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Let a € U*, by [2, Proposition 3.10(4)], and since u2 € Aut(U),

Ha = O (~a)—aOata®(~(~a))p2 - (3.1)

Notice that

t

Ha
aaa - O‘a,uav

since (afma)uw = azza’;’,l = . But by definition of the p-maps in M(U?,771) (where the

roles of Uy and U, are interchanged), we know that ufl " is the unique element of Uooozfl e Us
that swaps 0 and oco. Hence by equation (3.1),

Ha = :ufwa'
Replacing a with ap—, and recalling (see [2, Proposition 3.9(2)]) that i, , = f1—q, We get

t -1
1, = g
Now, by [2, Proposition 3.9(1)], and keeping in mind that 7! = 771, we have
e

which finishes the proof of this lemma. |

REMARK 3.2. For a,b € U* with a # ~b, let
a®b:= (a7t +br Hr,
as above. Then
(ar™ ' +or Y7 = (a7t — (~b)T )T
By [2, Propositions 3.3(1), 3.9(2) and 3.10(3)], we have
—1 -1
Hra = B—((=a)pa) = M(—a)p, = Ha H-alta = H—a-

It follows from [2, Proposition 3.10(5)], that

Hadb = Ublb~b—ala-

Further, if M(U, ) is special, then ~a = —a and we have

Hawb = H—(agb) = H(~b)&(—a) = H-alla+bH—b-

4. Uniqueness of U in special Moufang sets

In this section we continue with the notation of [2]. We let M(U, 7) be a special Moufang set,
G its little projective group and H = Gy o its Hua subgroup. Our aim in this section is to
prove the following two characterizations of the root groups.

THEOREM 4.1. Let M(U,7) be a special Moufang set. Then Uy, is the unique normal
subgroup of G, which is regular on U.

THEOREM 4.2. Let M(U,7) be a special Moufang set. If No, < G is a normal nilpotent
subgroup such that N, is transitive on U, then U is abelian and Ny, = Ux.

We start with the proof of Theorem 4.1. We distinguish two cases according to whether U
is a group of exponent 2 or not. We start with the latter case, so

until Lemma 4.8 we assume that U is not a group of exponent 2.
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In particular, by the main result in [7],

U contains no non-trivial proper H-invariant subgroup. (%)

LEMMA 4.3. Let G < Sym(X) be a transitive permutation group on X. Then
(1) Csym(x)(G) is semiregular;

(2) if G is regular, then Cgyy,(x)(G) is regular;

(3) if G is abelian and regular then Csym(x)(G) = G.

Proof. Let 0 € Csym(x)(G). Since G is transitive on the fixed points of o, it follows that

o =1 or o has no fixed points, so (1) holds. Condition (2) holds because the left regular
representation commutes with the right regular representation and (3) is immediate from (2).
O

LEMMA 4.4. Let Wy, < G be a normal subgroup which is regular on U with W, # U,
Then
(1) ={a2 | a €U}, where bal =a+b for all a,b € U, and hence Wy, = U2,
(U° T) is the opposite Moufang set of M(U, T);
(2) the little projective group G° of M(U°, 7) is equal to G;
3
(4

where

M

) the center of U is trivial;
) S =p_g forallaeU.

Proof. (1) Since Uy N W4 is H-invariant and distinct from U, it follows from (%) that
Uso N Wy, =1, and hence [Us, W] = 1. Thus, by Lemma 4.3, W, is as claimed. The rest
follows from Lemma 2.3(1) and (5).

(2) Recall from Lemma 2.3(2) that G° = GV, Now U2 < G and G, = UL H. But by
Lemma 2.3(4), H° = H; so we see that Goo = UL H = U3, H®° < G°. By Lemma 2.3(5), u, € G°
for all a € U*. Since for each a € U*, G = (G, f1a), We see that G < G° = G and so G = G°.

(3) If Z(U) #0, then since Z(U) is H-invariant, U is abelian, by (*). But then, by
Lemma 4.3(3), U, = U, a contradiction.

(4) This is Lemma 2.3(5). O

In view of Lemma 4.4(1), to prove Theorem 4.1 we may assume by contradiction that U,
is a normal subgroup of G,. We let

Ba == ay, a €U where o) as in Lemma 4.4(1).

LEMMA 4 5. Let a € U*; then

1) « *au ,Qa = fla = B-a gﬁ_bﬁ,a for allb € U*;
(2) ozaa““oza fa = B-af"%0a;

(3) ifa-2+#0, then

—a-3

H — I
a Oé a2 a~2_/”1'a42 6a2ﬁ “ 157{12’

where a - 3 € U* is the unique element such that (a- 1) -2 = a (see Proposition 1.6);
(4) cq = auf—q € H;
(5) ¢p commutes with i, for every b € U which commutes with a;
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(6) p2 = cqs.

Proof. (1) To get the first equality in (1) we apply [2, Proposition 3.10(2)] to the Moufang
set M(U, 7) recalling that M(U, 7) = M(U, u) for all b € U*. Notice that by [2, Lemma 4.2],
~a = —a where ~a = (—ap_p)up, b € U*. Hence the first equality of (1) holds. The second
equality is a similar application to the opposite Moufang set M(U°, 7), using Lemma 2.3(5).

(2) The statement follows from (1) by taking b = a and recalling that au_, = —a.

(3) In (1), take a-2 in place of @ and @ in place of b. By Proposition 1.6(2), we have
(a-2)p_q = —a- 13 so (3) follows.

(4) Since Goo = U H, for each b € U* there exists an a € U* such that a0, € H, because
0Oy € Goo. In particular O, By, = 0, so b = —a.

(5) By [2, Proposition 3.9(2)], for b € Cy(a) we have pS = fige, = fa; SO ¢ commutes
with pig.

(6) By (4) and (5),

ahe B = auf—a,
or
0001 00— o aB 0B B0 = 0, s,
Using (2) we get
HaO—aBatla = Oy 5 B—a.2;

so since p, commutes with c_,, (6) follows. O

PROPOSITION 4.6. (1) There exists no a € U* of order 2.
(2) U is a group of exponent 3.

Proof. (1) Assume that a € U* has order 2. Then by [2, Lemma 4.3(5)], u2 = 1. By
Lemma 4.5(6),

2
Cq = Cq.3 = Uy = 1,

so a is in the center of U. But the center of U is trivial, which is a contradiction.

(2) Let a € U*. By (1) a- 2 # 0; so by Proposition 1.6 there exists a unique element a - 3 €
U*, such that (a - %) -2 = a. We have the following equivalent equalities:
(aa%ﬁia%)ua — CZQ% =Cop =010 41 (by Lemma 4.5(5))
0‘5‘1 T;% = aa~%ﬂfa-%
aa-2a5.a%aa-2a—a-26a.2ﬂ_a.2ﬂiz,%ﬂ—aa =010 401
Pro2OgsBaablas = ¥q21B_q01  (by Lemma 4.5(3))
Mzaawaﬁa.z = aa~2%/87a~2% ([Cans Baz] = 1)
a, B, = 0%2%5—@.2% (Hf,z =C,)

aa-l%ﬂfa-lé =1

Thus, if a - 3 # 0, then a - 1% is a non-zero element in the center of U, a contradiction. |

PROPOSITION 4.7. Let M(U, 7) be a special Moufang set such that U is not a group of
exponent 2. Then Uy, is the unique normal subgroup of G, which is regular on U.
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Proof. Otherwise U2, # Uy is a normal subgroup of G. By Proposition 4.6, U is a group
of exponent 3, so U is nilpotent (cf. [5, 12.3.5, 12.3.6]). Hence, by [7, Corollary 3.2], U is
abelian, contradicting Lemma 4.4(3). a

LEMMA 4.8. Assume that U is of exponent 2. Then H contains no non-trivial normal
subgroup of exponent 2.

Proof. Recall that by [2, Lemma 4.3(5)], u2 = 1, for all z € U*. Assume that 1 # E < H
is a normal subgroup of exponent 2. Let 1 # h € E; choose an element a € U* with a # ah,
and let ¢ := ah. Then b := a + ¢ is a non-zero fixed point of h. Using equation (1.3) we get

E 3 [typa, ] = paps(tivtta)” = falibliohah = Halblblic = Hake ,
SO
1= (MaNC)z = Hepo He-

It follows that p. = picy, - But the only fixed point of p,, x € U*, is z, because p, is conjugate
in G to ay (see [2, 4.3(5)]). Thus ¢ = cp, which implies a = ¢, a contradiction. O

LEMMA 4.9. Assume that U is of exponent 2. Then Uy, is the only regular normal subgroup
of G

Proof. Let W = Wy, be a regular normal subgroup of G,. Let w € W; then w = hay,, for
some a € U and h € H. Since W < G, conjugating by «, shows that agh € W, which implies
that h%? = haga.h € W. But W is regular and h? fixes 0; so h? = 1. Thus we have shown that

if hag € W, where h € H, then h? = 1.

Now, let hiag, hoay € W. Then
W 3 hiaghaay = hihohaaghoay = (hihe)agh, +b-

This shows that

E:={h€ H | ha, € W for some a € U}
is an elementary abelian 2-subgroup of H. But if h € F, then ha, € W for some a € U, and
then for g € H we get

W 3 (hag)? = hagg.

It follows that h9 € F; so E is normal in H. By Lemma 4.8, E = 1. Thus W C U, and since
W is regular W = U, as asserted. |

Now, note that by Proposition 4.7 and Lemma 4.9, the proof of Theorem 4.1 is complete.
We now turn to the proof of Theorem 4.2.

Proof of Theorem 4.2. Set N := N.. First suppose that U is not abelian; then by [7,
Theorem 1.2] we have Uxs "N =1 0or U NN = Uy If Uso NN =1, then N centralizes Us;
so by Lemma 4.3 N 2 U, so U is nilpotent and by [7, Corollary 3.2], U is abelian, which is
a contradiction.

If U NN =Ugy, then Uy, < N and again U is nilpotent and hence abelian, which is a
contradiction. Thus U is abelian; in particular, by [2, Lemma 5.1], 42 = 1 for all z € U*.

Replacing N by NU,, we may assume that Uy, < N (notice that NUy, is nilpotent). Let
H:=NNH, so N=Usx x H. Since no non-trivial element of H centralizes U,,, we have
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Z(N) < U (because if agh € Z(N), h € H, then h centralizes Us,). Let
W:={aeU|a, € Z(N)}={acU|ah=aforall h € H}.

Notice that W # 0 is H-invariant; so unless U is an elementary abelian 2-group, we have
W = U. But then any h € H fixes all a € U and hence h = 1, that is, N = U.

We may thus assume that U has exponent 2 and that H # 1; so W # U. Note that H < H
and that for b € W* and h € H we have u} = ppn, = pp. Hence

htte = pHoke ¢ H foralheH, aceU* and be W™

Now for h € H and a € U* we have H 3 [ua, h| = papian. It follows that for b€ W*, b=
bitatian, and so big = ban = bh ™ ah = bugh. Since bu, is fixed by all h € H, this implies
that bu, € W. We have shown that

bug € W forallbe W* and acU”". (i)
We have p, = agateaq, so b, = (b+ a)pe + a)pia +a € W for all b € W*,a € U*, or
a=bu,— ((b+a)u, +a)u, forallbe W* and ae€U”. (ii)

We will find a ¢ W and b € W* such that (b + a)p, + a € W, this contradicts (i) and (ii).
Let ag € (Z2(N)NUsx) \ Z(N) (so a € U\ W). Then [ag, h] € Z(N), that is,

a+aheW for all h € H. (iii)

For some h € H we have b=a+ah € W*, and so ah=a+b#a. Now (a+b)u, +a=
(ah)pq + a = ah*e +a € W because h'*e € H and by (iii); this contradiction completes the
proof. |

5. Special Moufang sets with Inv(U) # () have abelian root groups

In this section M(U, 7) is a special Moufang set. We continue with the notation of [2].
LEMMA 5.1. Let a,b € U*; then the order of apy, equals the order of a.

Proof. The lemma holds because (—a)u, = a, and so appy = (—a) e s, and because gy €
Aut(U). U

LEMMA 5.2. Let M(U,7) be a special Moufang set, let a,b,x € U*, and set ¢ = (bu_, —
aji—g) - Then
(1) e=(=b—ap—p)uy = (bpi—a + a)pta;
(2) Ha—b = Hatbcb—b = Halb—bHap_p+b = H—a—bu_, Hallb—b;
(3) (ape +bpa)pi—o = (a+b)u—p +b=a+ (a+b)ua;
(4) (a+b)pe = (apy — b)pe + bps = apie + (—a + bpi—a) fia;
(5) aprarp = —b—a+ aup — b.

Proof. (1) Recall that H < Aut(U); so ¢ is independent of z (given y € U*, ¢ = cpu_ypy =
(bit—y — afi—y)fty). Therefore (1) is obtained by choosing = = b for the first equality and z = a
for the second.
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(2) The first equality in (2) is [2, Proposition 3.10(5)]. Then, by (1) and [2, Proposition
3.9(2)],
Ha—b = Hall(—b—ap_p)py—b = Hall—blap_p+b-
For the third equality we have

Ha—b = Halb(bp_o+a)pab—b = H—a—bp_, Halb—b-
(3) This is [2, Lemma 4.4(2)].
(4) By (3),
(a+b)pe = (aprapi—u + Dpippt—o) e = (afte + bty )ty + bity
= (apte + bptg) s piofte + bite = (apsy — )ptr + byt

The other equality of (4) follows similarly from the second equality in (3).
(5) This is [2, Lemma 4.4(3)]. O

Parts of the following proposition are included in [4, Corollary 5, p. 412].

PROPOSITION 5.3. (1) Ifx,y € U* are such that [z,y] =0 and k € Q is such that z - k is
well defined, then [z - k,y] = 0.

(2) If the order of a € U* is a prime p, then Cy(a) is a group of exponent p.

(3) If a € U* is of infinite order, then Cy(a) is a torsion-free uniquely divisible group.

Proof. (1) is obvious from the unique divisibility in Proposition 1.6.
For (2) let b € Cy(a) and assume that the order of b is not p. Then the order of a + b is not
p and by (1) we have

((a+b)~%—b-%)-p:a,

contradicting the fact that a has no p-root in U (cf. Proposition 1.6).
Finally (3) follows from (2), because by (2) each element in Cy(a) has infinite order, and by
(1) and Proposition 1.6, Cy(a) is uniquely divisible. O

PROPOSITION 5.4. Let a,b € U* such that a € Inv(U) and a inverts b. Then a centralizes
b and hence b € Inv(U).

Proof. First note that
if z,y € Inv(U), then x commutes with z,. (%)

Indeed, by Lemma 5.2(5), g4y = y + « + zpty + y; so by Lemma 5.1, 4+ xp, is an involution
and (*) follows.
Notice that by Proposition 5.3,

Cy(t) is a group of exponent 2 for all ¢ € Inv(U). (%)

Let a € Inv(U) and let b € U* be an element inverted by a. We will show that b € Cy(a). If
b € Inv(U), then we are done. Hence we may assume that b ¢ Inv(U). Consider the following
equality of Lemma 5.2(5):
g+ = —b+a+apuy —b=a+b+au, — 0.

Since a + b € Inv(U) (because a inverts b), it follows from (*) that a commutes with api,1p and
so a commutes with b + au, — b. Conjugating by b we see that au, commutes with —b + a + b,
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and hence
if @ inverts x € U* \ Inv(U), then ap, commutes with —z + a + . (5.1)
In what follows we will use the following facts from [2, Proposition 4.10]:
2
(b : ’Y)Mb-5 =-b- 677 Mzﬁt:é = /“Lb.% (52)

for all v, € Q such that b-~, b-§ are well defined. Notice that the uniqueness of roots in U
implies that a inverts b -~ for every v € Q for which b -+ is well defined. Now, let o, 3 € Q
such that b- « and b- § are well defined. From equation (5.1)

apip.o, commutes with —b-a+a+b-a. (5.3)
Applying pi_p.app-g € Aut(U) to equation (5.3)
apy.3 commutes with —b - %2 +ap—p.apiv3 +b- %2
Replacing in this last equality 5 with a and « with —(
aftp.o commutes with b - %2 + apy-gitbo — b %2 (5.4)
From equations (5.3) and (5.4), using (**) we see that
—b-a+a-+b-acommutes with b - %z—l—a,ubg,uba —b- %2,
and after conjugating by —b«
a commutes with app.glip.a — b - (o + %2) - 2. (5.5)

Notice that we have used (5.2) which implies that app.gpp.o inverts b (because pp.gpip.o €
Aut(U)). Since a and appgpive invert b, it follows that a + aup.gp.o centralizes b. But by
equation (5.5), a commutes with ¢ := a + aup.gpp.o — b« (v + O‘—z) -2 and ¢ commutes with b.
Hence, if ¢ # 0 then, by (x*), ¢ is an involution, and hence b is an involution. We have thus
shown that

apygitha = a+b- (o + O‘T;) - 2. (5.6)
Taking o = 8 = —1 in equation (5.6) we get
ap’, =a—"b-4. (5.7)
But taking = —1 and « = 2 in equation (5.6) we also get
apl_pip2 = a —b- 4. (5.8)

Hence a/ﬂ_b = ap—_ppp-2. Applying pp on both sides of this equality and using equation (5.2)
we obtain ap_p = ajpy.1 or

a = afiy. 1 . (5.9)
But from equations (5.6) and (5.9)
a=afy1pp=a+b-6,

so b-6 = 0. Since the order of b is a prime (see Proposition 1.6(4)) and b ¢ Inv(U) we see that
b-3 = 0. But then, by [2, 4.10(5)], u*, = 1 and, by equation (5.7), au?, = a — b, so

a=ap*y,=au’, —b=a—b-2.

This is a contradiction and the proof of the proposition is complete. |

As a corollary we get the following theorem.
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THEOREM 5.5. IfInv(U) # (), then U is a group of exponent 2.

Proof. Let b€ U*. We will show that b € Inv(U). Assume not, and let a € Inv(U); then
aftary = —b+ a+ app — b, and conjugating by b we see that —b-2 4 a + aup € Inv(U), by
Lemma 5.1. Thus aup inverts —b - 2 + a, and so, by Proposition 5.4, we have —b-2 + a is an
involution. It follows that a inverts —b - 2 and hence a inverts b. But then, by Proposition 5.4,
b is an involution, a contradiction. |

The following fact is well known, but our proof below relies only on the Feit—Thompson odd
order theorem but not on further results related to the classification of finite simple groups.

COROLLARY 5.6. Assume that M(U, 7) is finite; then U is abelian.

Proof. By Theorem 5.5, we may assume that |U| is odd; so, by the Feit-Thompson theorem,
U is solvable. But by [7, Theorem 1.2], U is characteristically simple, and so U is abelian. []

6. Special Moufang sets in which the u-maps are involutions have abelian root groups

Throughout this section M(U,7) is a special Moufang set. Furthermore we assume that
Inv(U) = 0, and hence, by Proposition 1.6, U is uniquely 2-divisible. We start with the following
lemma.

LEMMA 6.1. Let z,y € U* with © # —y; then

(1) 2pdy =0 S Tiyro = —Y +ap_y — T —y;

(2) ifxpl,, =x=zug, then Tpy 0 = —y + Ty — T — Y.

Proof. We have :I:,uerz =z if and only if 2yt o = zp_y—y. But by Lemma 5.2(5),

gy = —(—T)pos—y = —[y + T —2p—y +y| = —y + a0y —T — Y,
so (1) holds. If, in addition, xu_, = 2y, then (2) holds. O

PROPOSITION 6.2. Let a,b € U*; then

(1) ifapi =ap? .y, , = api,, = ap?,,, = a, then a and b commute;

2) if apigrq = —x + apy, —a —x, for v € {b, —a + b}, then a and b commute.
( o+ 12 ’ ) ’

Proof. We start with
Al _qipra =b+a+appre —a+b+a. (6.1)
Indeed,
Ah—atbta = —(—@)—at(b+a)
=—[-a—b+a—apptqa —a—1 (by Lemma 5.2(5))
=b+a+apupre —a+b+a.
Next we claim that
if ap? 4 piq = a, then api_piq = —a+b-2+a+apprqa —a+b-2+a. (6.2)
By equation (6.1) with —b in place of b we have
Afh—g—pra = —b+a+apu_piq—a—0b+a. (6.3)



SPECIAL MOUFANG SETS 783

Since ap? ., , = a, we obtain from equations (6.1) and (6.3) that
b+a+apprs—a+b+a=—-b+a+ap_pra—a—b+a,

and this shows (6.2).
Our next claim is

if apy = ap? o ppiq = Aoy, = a, then
aft_piqg=—a+b-2+a—-b-2+ap_qip—b-2—a+b-2+a. (6.4)
Using Lemma 6.1, it follows from equation (6.2) that
afp—prg=—a+b-24+a—-b+aup—a—-b—a+b-2+a. (6.5)
However by Lemma 5.2(5),
app—grp = —(—=b+a—au, —b) =b+aup, —a+b,

S0 appy —a = —b+au_q+p — b, and substituting in equation (6.5) gives the equality in
equation (6.4).

We can now proceed with the proof of the proposition.

(1) Setz =—a+b-24+a,y=>0-2and z = ap_pyq. Since api—_pyq = afi—q+p, equation (6.4)
may be writtenas z=x —y+z2—y+x,80 —x+2—x+2=—y+ 2z —y + 2. Thus, by unique
2-divisibility, —x + z = —y + z, so x = y; that is, a commutes with b -2, and so, by unique
2-divisibility, a commutes with b.

(2) We claim that

Afh—gibta =b+a—b+auy—a—b—a+b+a. (6.6)
This is because by equation (6.1) and the hypothesis in (2) for z = b,
f—atbta =b+a+appia —a+b+a
=b+a+[-bt+aupy—a—b—a+b+a.
Also
aft—gibta = —b+a+b+auy—a+b—a—>b+a, (6.7)
because by the hypothesis in (2) for x = —a 4+ b and by Lemma 5.2(5),
Af(—a+b)+a = —bt+atapgrp—a—b+ta
— —b+a—(—aluars—a—b+a
=—-bt+a—[-bt+a—au—b—a—-b+a
=—-b+a+b+tauy—a+b—a—b+a.

Comparing (6.6) and (6.7) we get

b+a—b+apy—a—b—a+b+al=[-b+a+b+au,—al+[b—a—b+d
T Yy -y T
—— ——
<~ auwp—a+(-b—a+b-24+a—-b)=(b—-a—-b-2+a+b)+tau,—a. (6.8)

Therefore, equation (6.8) says that x +y = —y + z, and it follows that (z +y)-2=x-2. By
unique 2-divisibility, t +y=2; s0o y=0o0r b-2+a=a+b-2. It follows that a commutes
with b - 2 and hence (again by unique 2-divisibility) a commutes with b. O

As a corollary we get Theorem D from the Introduction (note that the case where Inv(U) # ()
in Theorem D was already handled in Theorem C).
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THEOREM 6.3. Let M(U, 1) be a special Moufang set. Then the following are equivalent:
(i) U is abelian.

(ii) pu2=1forallac U*.

(iii) appra = =b+aup —a —b for all a,b € U*.

Proof. By [2, Lemma 5.1], if U is abelian, then p2 =1 for all a € U*; so (i) implies
(ii) (and this is regardless of whether Inv(U) is empty or not). Assume that p2 =1 for all
a € U*; then (iii) follows by Lemma 6.1(2) and (i) follows by Proposition 6.2(1). Finally, by
Proposition 6.2(2), we have (iii) implies (i). O

A corollary to Theorem 6.3 is the following characterization of the Moufang set associated
with PSLy(k), where k is a commutative field of characteristic # 2.

COROLLARY 6.4. Let M(U, ) be a special Moufang set with little projective group G and
Hua subgroup H.

(1) For each h € Z(H) \ {1} we have Cy(h) = 0.

(2) IfH is abelian then U is abelian and Gt = PSLy(k) for some commutative field k with
char(k) #

(3) If GJr is Zassenhaus then U is abelian.

Proof. Recall that we are assuming Inv(U) = ) (and hence U is uniquely 2-divisible). Let
he Z(H)\{1}; now [7, Theorem 1.2] says that U has no non-trivial proper H-invariant
subgroup; so since Cy(h) is H-invariant, (1) holds.

Assume that H is abelian. Then for each a € U*, we have p2 € Z(H) and a € Cy(u2);
so by (1), u2 = 1. Hence by Theorem 6.3, U is abelian, and (2) is now a consequence of
[3, Theorem 6.1].

Finally, if GT is Zassenhaus, then for each a € U*, the element y2 € G has at least three
fixed points 0, co and a, and hence p2 = 1 for all a € U*. By Theorem 6.3 again, U is abelian. []

7. Toward a general proof of RGC(2)

In this section we collect some results that will hopefully become useful for the general proof
of part (2) of the RGC. We assume that M(U, 7) is a special Moufang set and that Inv(U) = 0.
Notice that by Proposition 1.6 this implies that U is uniquely-2-divisible. Throughout this
section p denotes an odd prime.

LEMMA 7.1. Let a,b € U*; then

(1) =b-2—a=—b+ apg+p + b — aup; in particular,

(2) if U contains elements of order p, then every element in U is the sum of of two elements
of order p.

Proof. By Lemma 5.2(5), aftq+s = —b — a + app — b, so (1) holds. For (2) we choose a of
order p, and then by Lemma 5.1, —b + apq+p + b and apy have order p. Since U is 2-divisible,
and b is an arbitrary element of U*, it follows that b-2 is an arbitrary element of U*. Thus
—b-2 — a is an arbitrary element of U \ {—a} and so part (2) holds. O
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LEMMA 7.2. Let a,b € U*. Then the equality —a + b+ a = —b never holds in U (that is,
a does not invert b).

Proof. This follows from the wunique 2-divisibility of U. Indeed, suppose that
—a+b+a=-b. Then b+ a+b=a and hence (b+a) -2 = a-2. By the unique 2-divisibility
of U we see that b+ a = a, which is a contradiction. |

NOTATION 7.3. Let a € U* and let |a| be the order of a. We denote F, = GF(p) if |a| = p,
where p is a prime, and F, = Q, if |a| = co (see Proposition 1.6(4)). We let X, := (uq, gt |
t € F,). Observe that by Remark 1.7, a - t is well defined for every t € F,.

LEMMA 7.4. Let ¢c € U* and set F := F. (see Notation 7.3). Then X, is a special rank one
group with abelian unipotent subgroups (see Definition 1.10). Hence if |c¢| > 3, then X, is a
perfect central extension of PSLy(IF), and if |c| = p is a prime, then X, = (P)SLa(p).

Proof. Let X :=X., A:={ac¢|t€F} and B:={als |t cF}. Notice first that X =
(A, B), because by [2, Lemma 4.3(3)], pte = acatea,. We claim that for each a = .t €
A*, the element b= o' ¢ +—1 € B™ satisfies the equality a® =b7% it will then follow by
Proposition 1.11(5) that X, is a special rank one group.

To prove the claim, we first show that

apf. = agy! (7.1)

for all ¢t € F. Indeed, we apply both sides on some arbitrary element x € U:
(xpst et Dpe = (wpsy +c-t) e =
apgt et = (pgy + e eyt =
apgt et =apct (e Opeps
where we have used the fact that p..u; ! € Aut(U). Using [2, 4.10(1)], we have
(e Doz = (= Ozt = co 171,
which proves equation (7.1).
Now let d = ¢ - t; then, by equation (7.1), b= = ah?, and so the equation a® = b= can be
rewritten as
agaﬁ) = a1
This can be rewritten as
N;ladﬂdadﬂglafdﬂd = Oéfd,uglad/idad — Oéd,u;ladudadugl = M;ladﬂdadﬂglad ;

using the fact that 2 commutes with ag, this is equivalent to

(aapa)® = paloapa)®pg "

But by [2, Lemma 4.3(4)], we know that (agpuq)® = p, and this finishes the proof of the first
part of the lemma. The second part now follows from [10, Theorem 5.6]. O

LEMMA 7.5. Let the notation be as in Notation 7.3, and let a € U* with |a| # 3. Let
L, denote PSLy(F,) if |a| = 0 or |a| < 0o and p2 =1, while L, = SLy(F,) if |a| < co and
u2 #1 =yt Let 6, : SLa(F,) — PSLy(F,) be the canonical homomorphism in the first two
cases, and let §, be the identity map on SLo(F,) in the third case. Then there exists an
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epimorphism ¢, : X, — L, such that

4 é
AN 0 1\™
(Qat)pa = (0 1) and — (Ha)pa = <_1 0> :

Moreover, if |a| < oo, then g, is an isomorphism. Further, we have
Goyon—( O 1 e
Ha-t)Pa = 41 0 :

Proof. First by [8, Theorem 10] (see also [10, (5.1), p. 54], the universal perfect central
extension of PSLy(F,) is the group X generated by the symbols a(t),b(t) subject to the
relations:

(A) a(t)a(s) = a(t+s), b(t)b(s) =b(t + s), t,s € Fy;

(B) a(u)™® =b(—t=2u), u € Fo, t € FX, n(t) := a(—t)b(t~)a(—t).

For w € F, and t € I}, let

Oé(t) = Qg ﬁ(t) - Oéliil.t 5 V(t) = U_q-t,

where «(0) = 8(0) = 1. Then clearly the relations (A) are satisfied by «(t) and S8(t). Also, by
[2, 3.10(2)] with 7 = p, (noting that ~a = —a in a special Moufang set), we have

— Ha
H—at = O‘—a-ta(a.t)ﬂ_a

AO_g.t-
Thus by Proposition 1.6(2),
H—qa-t = a—a-ta,i(;.t—la—a-ta

and thus we see that v(t) = a(—t)B(t" )a(—t). We now check that a(u)"® = B(—t2u).
We have

a(u)’® = B(—t2u) <=
okt = ale ., =

g = g, =
<~

Qlaw)p_gip—a — Xat=2u

A2y = Ag.t—2q,

where we have used [2, Proposition 4.10(1)] for the last equivalence above. Hence we have
shown that «(t) and §(t) satisfy the relations (B) as well.
Next, if we let o : SLy(F,) — PSLa(FF,) be the canonical homomorphism, then

W%:G Di wy:C 32 my:@ﬂ jy, t €T,

satisfy the Steinberg relations (A), (B) above. By the universal properties of the universal
central extension of PSLy(FF,) the map ¢, exists in the first two cases. Since the universal
central extension of PSLo(p) is SLa(p) for an odd prime p # 3, ¢, exists also in the
third case. Ul

Our next few lemmas investigate the fixed points of the y-maps. Lemma 7.6 below is a useful
(slight) extension of [2, Proposition 4.9(3)] and will be used in the proof of Lemma 7.7.

LEMMA 7.6. Let a,be U*. If aup, = —a, then b € {a,—a}.
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Proof. 'We have pf* = ji_q,, = 1o and hence py, = py* = fi_p,,. Thus, by [2, Proposi-
tion 4.9(4)], bug € {b,—b}. But if bu, =b then, by Lemma 7.7(1) below, au, =a, a
contradiction. Thus by, = —b and hence, by [2, Proposition 4.9(3)], b € {a, —a}. O

ProOPOSITION 7.7. Let a,b € U* be two elements such that au, = a. Then

(1) bug =0b;

(2) a and b have the same order;

(3) na = i

(4) if |b| < o0 and |b| =1 (mod 4), then a € {b-+/—1,—b-+/—1} (note that v/—1 € Fy, see
Notation 7.3);

(5) (a,b) is nilpotent of class < 2;

(6) if a has order 3 then a and b commute.

Proof. First we claim that
Aflgyp = —b- 2, (7.2)
because by Lemma 5.2(5), apigrp = —b—a+aup —b=—b-2.
(1) Using Proposition 1.6(2) Lemma 5.2(5) we have
(=b-2u_p—q=a =
—bp—p—g=0a-2 <+
a+b—bu_s+a=a-2 <+
b = b/’[/—(h
so (1) holds.
(2) The statement follows from equation (7.2) and Lemma 5.1.
(3) By equation (7.2) and by [2, Proposition 3.9(2)],

Hatb
,U/fz - ,Lt_b,z,

2 et = p2 . However, by equation (1.3),

and hence (u2

Mgib = Ha+b)u2 = Hap2+bpu2 = Ha+b,

so u? centralizes yia4p and, by [2, Proposition 4.10(4)], u%,, = p?,, so (3) holds.

(4) By Lemma 1.6(2) we have (a-+/—1)up = app - (vV—1)"1 = —a - /=1, and so part (4) is
a consequence of Lemma 7.6.

(5) Assume now that the order of a is not 3. Note that by part (2), the order of b is not 3
either. Using Lemma 7.11(2) below we get

a-%—b-Q—a-2+a-%:—b—a+a—b~2—a+b,
SO
a-i-b-2—a-3=-b-3—a+b+a, (7.3)

Let z:=a-1—b-2—a-3 and y := —a+ b+ a. Then equation (7.3) says that z = —b- 3 +y,
and replacing b with —b in equation (7.3) gives —z = b- 3 — y. Together, this implies that b - 3
commutes with y, and by unique 3-divisibility, b commutes with y, so b commutes with [a, b].

By symmetry a commutes with [a, b] and (5) holds.
(6) Tt remains to prove the case when a and b have order 3. By (7.2),

Mo = Hapgiy = /‘;ib/‘—aUa-‘rb;
multiplying by p_; on the right and by pg4p on the left gives

Ha+b = H—atra+bH—b,
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and using Lemma 5.2(2) we obtain
P—alatbl—b = H—(ap_y+bu_p)ps = H—(a=b)uy = H(b—a)us-
It follows that
Ha+b = H(b—a)psp-
By [2, Proposition 4.9(4)] we get

(b—a)up = £(a+0), (7.4)
and applying u, to both sides of (7.4) gives
(a+b)up = £(b—a). (7.5)

Using (7.4), (7.5) and Lemma 5.2(4) we obtain
+(b—a) = (a+b)u = (apy — b)us — b

=(a—b)u —b
=+x(a+b)—b,
+(b—a)=+(a+b)—b. (7.6)

Taking the plus sign in the RHS of (7.6) gives +(b — a) = a, which says that either b =0 or
b = —a, a contradiction. Thus we have

tb—a)=-b—a—0b. (7.7)

Taking the minus sign in the LHS of (7.7) implies that a = b, which is impossible. Hence
b—a=-b—a—bor —b—a=—a—b as asserted. Ul

NoTATION 7.8. Let a € U*. We denote by G, the following group.

(1) If |a] = oo, or |a| < oo and u2 =1, G, := PGLy(F,).

(2) If |a] < oo and p2 # 1 = pl, then we let j ¢ F, be an element with j2 = —1 € F, (thus
{1,-1,4,—j} is a cyclic group of order 4) and

Gui={epala (st (] o))}

where e, =1 if g€ SLy(F,) and €5, =j otherwise. Multiplication in G, is defined by
(€9 9)(en h) = (eg€n) (gh).

LEMMA 7.9. Leta,b € U* and assume that au, = a. Set H := (X, up). Then the following
hold.

(1) pp normalizes X, .

(2) If la| =1 (mod 4), then H = X,.

(3) Suppose that a 1 (mod 4). Then the map ¢, : Xo — Lq of Lemma 7.5 extends to an
epimorphism ¢ : H — G,, where G, is as in Notation 7.8. The map ¢ is defined by (up)p =
(9 (1))5“, if a is as in case (1) of Notation 7.8, while (1) = 7 (9 ), otherwise. In particular, if
la| < oo, then ¢ is an isomorphism.

Proof. (1) By [2, Lemma 4.3(1)] (with 7 = i) and by Lemma 1.6(2) we have

— )
Pat = Ola-t@" 1 Olg.t, t e Fo,
t
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and hence

O‘Z})t = aw%u—w%aw and :ufztb = H—a- (78)

[

This shows that p;, normalizes X, .

(2) Ifb=1 (mod 4), then by Lemma 7.7(4), b=a - t, for t = /=1 € Fy; s0 up € X, and (2)
follows.

(3) Suppose that a Z 1 (mod 4). Let ¢ be as stated above. Then by equation (7.8),

(ah)e = (aae)2) ™%, ((1a))e = ((1a)p) "% (7.9)
Since v/—1 ¢ F,, this shows that () ¢ Xep. It follows that H # X,. By Lemma 7.7(3),
|H/X,| = 2. By equation (7.9), ¢, can be extended to a homomorphism ¢ as claimed. O

We believe that our next result will eventually lead to a proof that Cy(a) is abelian for all
acU™.

PROPOSITION 7.10. Let a € U* and assume that Cy(a)* e, = Cy(a)*. Then

(1) [apq,bus) =0 for all b € Cy(a)* and x € U*;

(2) Cy(a)*us = Cy(a)* = C(apy,)* for all z € Cy(a)* and hence Cy(a) is either an abelian
group of exponent p, for some prime p, or a Q-vector space.

Proof. (1) Let b € Cy(a)*. By hypothesis, by, € Cy(a); so since pi_q 1y € Aut(U), we have

0 = [ap—aps, blap—atts] = [—apa, D).
This shows (1).
(2) Let b,z € Cy(a)* with b — z # 0. By Lemma 5.2(4),
(b+2)pa = (bpte — T)pa + Tfta-

By hypothesis (b+ z)pq, pe € Cu(a), hence also (buy, — 2)pe € Cy(a). But then, by hypo-
thesis, by — 2 = (bt — @) ftapi—a € Cy(a). It follows that bu, € Cy(a).
We have thus shown that Cy(a)* s = Cy(a)*. Now

Culaps) = Cu((—=a)ptapa) = Cu(a)papte = Cu(a)pe = Cu(a).

Set V := Cy(a). Then, by Lemma 1.8, M[(V, ) is a special Moufang set. But a is in the center
of V, and since M(V, p1,) is special, the center of V is either V or trivial (this follows from [7,
Theorem 1.2]). Thus V = Cy(a) is abelian. The rest of (2) follows from Proposition 5.3, since
M(V, ug) is a special Moufang set and V' is abelian. O

We conclude this section with a lemma that gives various relations among the elements of U.

LEMMA 7.11. Let a,b € U* and let 1 < n < |a|. Then

(1) (<b—a-n+ap-+—b)n=-b—a-n—b—a-(n—1)—...—b—a+au,—b—>b
—a—-b—a-2—...—b—a-(n—1); in particular,

(2) a3 —b-2—a-24au -2 =-b—a+au—b-2—a+b;

(3) a+b—aw - 3 commutes with a-2+b-2 — ap.

Proof. (1) Let n < |a|; then by Lemma 1.6(2) and Lemma 5.2(5),
1

Qllg.n+b = (CL 'n)/’ca-n+b ‘n= (—b—a'n‘f'a/ﬁb ‘n b) .
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On the other hand

Afta-n+b = QGlata-(n—1)+b
=-b—a-n+apgm-1)4p —b—a-(n—1).

Then computing apig.(n—1)+b = @lata-(n—2)+b as above and continuing in this manner
yields (1).
(2) By (1), with n = 2 we have
—b—a-2—|—aub-%—b-2—a~2+aub~%—b=—b—a-2—b—a—|—a,ub—b~2—a.

This shows (2).
(3) We first prove that

b— app - 3 + a commutes with —a + apy, —b-2 — a. (7.10)

For that we rewrite (2):

1 - 1
(a’ub.§_b)+(_b_a)+(_a+aub.§)
’_/yh

Thus
2+ (z+x+y)+z=-b+z+tax+y+b,

and we see that b — z commutes with z + x 4+ y. This shows equation (7.10). Now conjugate the
identity of (7.10) by —a to get that a + b — apy, - % commutes with apup —b -2 — a - 2. Therefore
(3) holds. O
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