
The Bei l iqson Conjecture

for  A lgebra ic  Number  F ie1ds

Jürgen Neuki rch

pre facg

In thi  s expos i t ion \^/e consider a con j  ecture of  B .  Gros s

on  the  A r t i n  L -se r ies  l , (Mrs )  o f  a  rep resen ta t i on  M o f

the galois gfoup f  = Gal-  (O/O) ,  which may be viewed. as the

zero d imens iona l  case o f  Be i l inson 's  genera l  con jec ture  on mo-

t iv ic L-ser j -es .  The con j  ecture gives a K-theoret ic interpre-

ta t i on  o f  t he  t ranscenden ta l  na tu re  o f  t he  va lues  o f  L (Mrs )

a t  the in tegra l  p laces s  =  n  €  n  .  Inc luded are  those p laces

where the L-ser ies  van ishes.  fn  th is  case the "va lue"  is  meant

to  be the f i rs t  non-van ish ing coef f ic ient  in  the Tay lor  ex-

p a n s i o n  a n d  i s  d e n o t e d  b y  L ( M r n ) *  .

For  example,  le t  F  be a  f in i te  a lgebra ic  number  f ie ld  and

le t  X =  Spec F .  Then X g ives r ise- to  a  representa t ion H(X)

o f  r  ,  name ly  Ho(x  I  6 ,e )  -  ,Hom(F 'Q)  .  The  assoc i -a ted .  L -se -

r i -es L Gi fX ) ,  s )  is in this case the Dedekind zeEa f  unct ion

6"(s)  o f  F  .  We cons ider  the fo l lowing two groups,  which $ /e

denote  as  cohomology groups:

" 1  t x , e ( n ) )  =  K 2 r , - 1  ( F )  o  0  ,

" [ t X n , n ( n ) )  = t 6 T  e r {  n - 1 *  ] *
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Here  cx  runs  th rough  Hom(FrC)  and  t  l+  means  the  f i xed

modu le  under  comp lex  con juga t ion  ac t ing  on  Hom(FrC)  and
n - 1

(2rL) "  ' lR  .  By a  theorem of  Bore l  ! ! re  have a  canonica l  isomor-

Phism 
1 -  1

r g  ,  H A ( x , Q ( n ) )  
E  

l f t ' +  H ö ( X R ,  l R ( n ) ) .

Both  lR-vectorspaces are  equ ipped wi th  canonica l  "Q-s t ruc tures" ,
1

the lef  t  s ide wi- th the Q-subspace ue = "A (X ,  Q (  nl  )  and the

r ight  s ide wi th  the e-subspace *e  -  [  1 l l -  i rTT i )  
n-1e]*  

.  The

n- th  regu la to r  "X (1 -n )  o f  F  i s  de f i ned  to  be  the  de te rm inan t

of the l inear map ,O with respect to a Q-basis of  Ue ano

of  W^ .  I t  i s  determined up to  a  ra t iona l  number ,  i  .  e .
\u

. x ( 1 ' - n ) e r n  Y  g *  .

r ie  Gross con jec ture  for  the representa t j -on n lx )  (wh ich in
th is  case has been proven by Bore l )  then says that  for  n  )  1 ,

c * ( 1 - n ) =  6 F ( 1 - n ) *  m o d  P *  o

For  an  a rb i t ra ry  A r t i n  L -se r ies  L (Mrs )  t he  con jec tu re
is f  ormulated in qui te the same vüay ,  j  ust  that x = spec (F )
has to be replaced by an "Art in mot ive "  ,  which produces the
representa t ion M .  The main  purpose o f  th is  expos i t ion  is ,
to  g ive a  presenta t ion o f  Be i l insonrs  proof  o f  the Gross con-
jec tu re  i n  t he  case  o f  D i r i ch le t  L -se r ies .

'  The expos i t ion  is  d iv ided in to  two par ts .  The f i rs t  par t
is rather independent of  the .  generäl  Bei l inson theory and may
serve as an elementary introduct ion into the general  set up.
f t  comprises the explanat ion of  the absolute cohomology, the
Del igne cohomology and the higher regulators of  Art in mot ives,
and i t  descr ibes the l ink  o f  these concepts  wi th  the va lues o f
Ar t in  L-ser ies .  The main  resu l t  o f  th is  par t  is  the ver i f i -
ca t ion o f  the Gross con jec ture  for  D i r i -ch le t  L-sef  ies .  Th j -s
ver i f icat ion j -s obtained by elementary arguments up to a theo-
rem on the exp l ic i t  descr ip t ion o f  the regu la tor  map tD ,
the proof  o f_which is  sub jec t  to  the second par t .  r  have t r ied
to wri te the f i rst  part  in such a ! , lay that i t  may serve as a
bas i s  fo r  a  s tuden t ' s  semina r .
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The second  par t  i s  d ,evo ted  to  a  p resen ta t ion  o f  Be i l i nson 's

proof  of  the theorem ment ioned above,  whi -ch descr ibes the h igher

regulator  map tD by means of  the poly logar i thm funct ion.  The

case  n  =  2  has  been  p roven  be fo re  by  S .  B loch ,  by  means  o f  the

di logar i thm. This  proof  was an in i t ia l  po int  for  the emergence

o f  the  genera l  con jec tu re .  The  p roo f  fo r  n

cu l t  and  makes  use  o f  the  fu I l  genera l i t y  o f  Be i l i nson 's  theory .

Based on a f  i rs t  vers ion,  whj -ch was incomplete and par t ia l ly

a lso incorrect ,  th is  par t  has been rewr i t ten by M. Rapoport  and

P.  Schne ider .  So  the  p resen ta t ion  o f  the  p roo f  j - s  essen t ia l l y

due to them. Unfortunatelyr w€ \, 'y7ere not able to understand the

c l - a i m  ( 7  . O . 2 )  i n  B e i l i n s o n ' s  p a p e r  t  3  I  ( s e e  t h e  " c r u c i a l  l e m m a  "

(2 .4 )  )  ,  so  tha t  the re  rema ins  a  se r ious  gap  in  the  p roo f .

Besides of t l re abcnre mentioned co-authors f am grateful to

Ch .  Deninger ,  U.  Jannsen,  G .  Tamme and K.  Wingberg 
' f  

or  many

h e l p f u l  d i s c u s s i o n s .



Par t  I

Regula tors  and Val -ues o f  Ar t in  L-ser ies

S 1 .  Requlators for  Algebra ic  Number F ie lds

The theory which \^Ie shal l -  develop is based on a canonical-  homo-

morphism

r :  K 2 r r _ 1  ( A )  - +  I R  ( n - 1 )

which is given for each n

when n =  1  ,  then K_ (c)  =  c* ,  and r  is  the homomorph ism
1

6 :ß  - )  lR  ,  z  r+  l og  l z l

In  hhe genera l  case the def in i t ion  o f  the map r  re l ies  on the

fo l lowing three fac ts  (  see t  2O I  )  .

1 ) . We have a canonical homomorphism

K - ( C )  -  n ^ ( B G L * ( A ) )  +  H ^ ( B G L + ( A ) )  =  H - ( G L ( A ) , a ) ,q q y q

the Hurewicz-map.

2) .  V ' Ie  have a  canonica l  pa i r j -nq

H q ( c L ( c ) , R ( n - 1 ) )  x  " n ( c L ( e ) , % )  ' , t )  
: R ( n - 1 )  .

3) .  In  the cont inuous cohomofogy Hä of  the topo log ica l  group

GL (A)  w i th  coef  f  i c ients  in  lR (n-  1  )  we have canonica l ly  con-

s t ruc ted "Bore l  regu la tor  e lements"

1 )
These e lements  y ie ld  an ident i f i ca t ion

Hä  ( cL  ( 0 )  , IR  )  =  A i l  ( v1  , r 3 , v5 ,  .  .  .  )
of the conttnuous cohomology with the free exter j -or algebra
generated by the cohomology c lasses u2n-1 =  

* . , '  b2r r -1  o f

d e g r e e  2 n - 1  ( s e e  l l z l  a n d  t 6 l )  .  
( z T t L )



which are invar iant under the involut ion induced by complex
con jugat ion on Gt  (A)  and lR (n-  1  )  .  For  the def  in i t ion  o f
u2n- 1 , \ and b 2n_1 

vle re f er the reader to Rapoport lzo 1 ,
S 1 .  we denote the image of b2rr_. ,  under the canoni-cal  map

u2n-1 ,n .  , ,. . c  \ r * 7 r , \ ü )  , l R  ( n - 1 )  )  - +  H 2 t - t  ( " " ( C )  , n 1  ( n - 1 )  )

also by b2,.-., and obtaj-n our homomorphism r no\^r as the
composite of

t b z r r - 1  ' - )
K2r , -1  (a)  +  H2rr -1  (c r - ,  (a)  ,a  )  -g=J lR (n-1  )  '

I t  i s  ca l l ed  the  "Bo re l  regu la to r  map" .

Now let  F be a f  in i te algebraic number f  ie ld,  l .et  0,
be the r ing o f  in tegers  in  F  and le t

x  :  S p e c ( F )  ,  x n  =  S p e c ( O F )  ,  x ( C I )  =  H o m ( F , C )  .

Any complex imbedding cx,: F + C j-nduces a map
o* :  K2 r r -1  (F )  +  K2 r r -1  (A )  by  funcLor ia l i t y  and  we  ob ta in  a
homomorphism

K 2 r r - 1  ( F )  +  K 2 r r - 1  ( a ) x ( a )  ,  a  r '  ( . . .  r c r  { . ( a )  , . .  .  ) c l € x ( a )  ,

wh ich  i s  f unc to r i a l  i n  F . lVe  cons ide r  t he  compos i te  homo-
mor,phism

K 2 r r - 1  ( F )  - +  K 2 n - 1  ( a ) x ( a )  g  l R  ( n - 1 ) x ( a )

Tt re  complex con jugat ion acts  on x(c)  ,  on K2n_1 (a)  and
on lR (n-1)  ,  and thus on the midd le  and the r ight  group.
r  is  compat ib le  w i th  th is  ac t ion.  Ind icat ing the f ixed mo-

dule by t  l+ r  \^r€ obtain a canonical  homomorphlsm

t D  r  K 2 r , - 1 ( r )  +  t n  ( n - 1 ) x ( c )  l *  ,

and ,  äs  compos i te  w i th  K2 r r_ .1  (0F )  +  K2 r r_1 (F )  ,



This homomorphism is cal- led the n-th regulator map.

two fundamental  theorems about these maps:

We have

( 1 . 1 )  T h e o r e m  ( D i r i c h l e t ' s  u n j - t  t h e o r e m ) :  F o r  n  = 1 ,  t h e

map rD together with the diagonal map

an isomorphism

( K 1  ( 0 r )  o

( B o r e l ) :

n  )  o  lR  : r  [ nx (a ) r+

For  n

i somorphism

E  l R 3  t p ( n - l ) x ( c ) l *  2 )

" l C X , e ( n ) )  : =  K 2 r , - 1  ( F )  o  O  .

( n )  )

the

1  .  T h i s

the fac t

of 0,',

% -  nX 
(c)  

induces

( 1  . 2 )  t h e o r e m

K2n-1 (r)

For  the proof  o f  theorem (1  .2)  we re fer  the reader  to  tS l
a n d  [ 6 ] .

we now reformulate these resul ts in the language

Be i l i nson .  We se t

o f

n f , ( x o , e ( n ) ) : =  K 2 r , - t ( o r )  o  o

For the reader who is fami l j -ar wi th the general  Bei l inson

theory  we Semark,  that  th is  des ignat ion is  jus t i f ied  by  the

f act  that the Adams operator , !k act  s on Kr- _,  (  0f  )  O 0 as
_  z n - l

mul t ip l j -ca t ion by  kn because o f  r  o  Uk = Ld,  and (1  .2)  .

F rom th i s  and  f rom R2n(0F)  @0 =  o  fo l l ows  a l so  " i  t  xn ,A  (n )  )
- O for i- + I . lVe set on the other hand

1
H ; ( x R  , l R  ( n )  ) 3 -  H o ( x ( a )  , c / r R  ( n )  ) +

-  H o ( x ( a ) , R ( n - 1 ) ) +  =  t n . ( n - 1  ) x ( a ) l *  ,

regard ing that  C = lR (n-1)  e  lR (n)  .  lVe then obta in  a  re-
gulator map

1 1
, 0 ,  H Ä ( u n , e ( n ) )  +  ^ ; ( x R , l R

Hetween the "absolute cohomology" Hl and

2 \
Vte remark  that  K.  (0 , ,  )  E  0  =  K i  (F)  E 0  for  i

i s  a  consequence o f  the roca l iza t ion sequence and o f
that  the K-groups o f  the f in i te  res idue c lass f ieLds
a re  f i n i t e  g roups .



"Del igne cohomology" nl  .  rn t2ol  (see also the

appendix to $2 of  [2]) i t  is  shown that th is map coinci i les r^r i th

the regulator map that has been defined by Beilinson quite

generally for arbitrary Grothendieck motives over number fields.

From Dir ichletrs and Borelrs theorem we obtain

(1.3) Theorem: The regulator map ,O induces isomorphisms

1 - 1
( H Ä ( . x z , Q ( 1 ) )  e  Q )  I  n  ;  n ä ( x R , R ( l ) )  f o r  n  =  1 r

( H i ( x , Q ( n ) )  8 R  j H ; ( x R , l R ( n ) )  f o r n >  1 .

We have formulated the above situation for schemes X =

Spec (F) ,  but i t  c lear ly extends to arbi t rary zero-dimensional

var iet ies X over 0 ,  i .e.  to f in i te dis joint  unions of

schemes Spec (F) . The regulator map rg is functorial in a

twofold sense. Namely,  let  H(X) denote one of the groups
1 1 1

H Ä ( x 2 , 0 ( n ) )  ,  H Ä ( x , ( D ( n ) )  ,  H ö ( x o , t R ( n ) ) .  A m o r p h i s m

P : X + Y

of O-dimenslonal varieties over Q induces then t!,ro

homomorphisms 
p*

H (x) i - t  H (Y)
p t

where  p * "=  H(p )  - . . I n  t he  case  "  =  "1  the  map  p*  i s  i n -

duced by the usual transfer

t t  '  K2rr-1 (x) + Krrr-  
t  

(Y)

of K-theory.  In the case " = , l  the map p* is induced

by the homomorphi sm

P x  :  R  ( n ) x ( a )  - r  l R  ( n ) Y ( c )  ,

which associates to a funct ion f :  X(C) -r  lR (n) the. funct ion

( p * f )  ( y )  =  t  
_ ,  

f  ( x )

x € P  ' ( v )

on Y(C) .  I f ;  in part icular,  p:  X + X is an automorphism,

then p* and p* are mutuall-y inverse automorphisms of H(X) .

Quite generally the maps p* and p* commute with the regula-
tor maD.



The cent ra l  resu l t  in  th is  expos i t ion  is  an exp l ic i t

descr ipt ion of  the regulator map rD for n

that  F  is  the f ie ld  Q (U*)  o f  the N- th  roots  o f  un i ty

and X = Spec (F)  .  Th is  descr ip t ion is  obta ined by the po ly-

logar i thm funct ion which j -s def ined for at l  complex s and z

w i t h  l " l
@ k

L  = (z )  -  
r . I r  F  

'

I t  extends to a funct ion which is def ined, and holomorphic

in  both  var iab les ,  fo r  a l l  s  and z  in  the reg ion a-  [  1  , - )
( c f  [ 1 8 ] ) .  F o r  e  €  U N - { 1 } c F  a n d  n

L n ( 6 )  -  ( . . . r l r r ( C r e )  r . . . ) c x , : F + c

Viewing this as an element of  (a/R, (n) )  
x (C) 

,  rnre have

( 1  . 4 )  T h e o r e m :  F o r  e a c h  n

1

t r , t  u N - { 1 }  +  H A ( X , Q ( n ) )

s u c h  t h a t  f o r  e  €  U N - { 1 }  ,

t D ( e r r ( e ) )  =  L n ( 6 )  .

hle shal l  see in part  I I  ,  S 1 ,  that th is theorem yields a

complete and expl ic i t  descr ipt ion of  the regulator map for

X  =  Spec  (A  (U* )  )  .

The  p roo f  o f  t heo rem (1 .4 )  i s  d i f f i cu l t  and  uses  the  fu l l

general  i t ,y of  Bei l inson '  s theory of  absolute cohomology,

Del igne cohomology and regulator map. We shal l  g ive a presen-

ta t ion o f  i t  in  par t  I I  o f  th is  expos i t ion .  The consequences

for  the va lues o f  D i r ich le t  L-ser ies ,  however ,  to  which th is

par t  is  devoted,  w i l l  be  obta ined by e lementary  methods.



52. Regulators for Art in Mot ives

Let k be a f in i te algebraic number f ie1d, F an algebraic
c 1 o s u r e a n d r = G a 1 ( k | k ) t h e a b s o 1 u t e g a 1 o i s g r o u p o f k . L e t � � � �

X be a zero-dimensional var j .ety over k ,  i .e.  a f in i te dis-
jo int  union of  schemes Spec(F),  where F is a f in i te f ie ld ex_
tension. Then X gives r ise to a representat ion of  f  ,  namely

-  r ü r

H ( x )  =  l i o ( i , 0 )  =  O " o t ^ '  ,

where * = X xr.  E and n^(*)  d.enotes the set of  connected com-- Ä .  o '
ponents of  X ' ) .  To this representat ion belongs an Art in L-
se r ies ,  wh ich  i s  no th ing  bu t  t he  ze ta  funCt ion  o f  f . .  t t  i s
our purpose to study arbi t rary Art in L-ser ies and relate them
to  regu la to rs :  Fo r  t h i s  reason .we  v iew  the  s i t ua t i on  o f  $1 -as
attached to the representat j .on H(X) and ref ine i t  now by re-
placing -  H(X) -  by a -representat ion which is associated to an
arbi t rary Art in mot ive. By this we mean the folLowing.

Let E be a f in i te algebraic number f ie1d. An Art in mot ive
over --  k -  $r i th coef f  ic ients - i j .n -- 'E -- ' is  -a pair  - .  -  : -

,  =  ( X , p )  ,

where X is a zero-d.imensional variety over k and p is a
l--homoryqrphisrl _ - -

p :  H ( x )  O  E  - )  H ( x )  O  E
2  ? T ^  ( X )

wi th  p-  =  p  o f  the E-vector  space H(x)  o  E = E o  
.  we set

in  par t icu lar

E X  =  ( X ,  i d )

To each Ar t in  mot ive  M = (Xrp)  we assoc ia te  the E-vector  space

? )J t  
Each  connec ted .  componen t  o f  X  cons is ts  o f  one  po in t  on1y .  f f

X  =  S p ' e c ( F ) ,  t h e n w e  o b t a l n  a  b i j e c t i o n

,  X ( [ )  =  H o T t ( F , [ )  ]  n o ( f ) ,
which  assoc j -a tes  to  a  [ - ra t iona l  po in t  o f  X  the  connec ted  com-
ponen t  o f  the  assoc  j -a ted  po in t  o f  the  scheme X .  No te  however ,
t h a t  f  a c t s  o n  X ( [ )  f r o m  t h e  l e f t  a n d  o n  n o ( I )  f r o m  t h e , r i g h t .



H ( M )  : =  P ( u ( x ) s E )

wh ich  i s  a  rep resen ta t ion  o f  f

have j -n  par t icu lar

H  ( E X )  =  H  ( X )  o n

n,-., (X )
= P E  I

w i t h  c o e f f i c i e n t s  i n

r ü r
t t ^  \ A , f

= E v

E . l f e

A m.orphism between two Ar t in  mot ives wi th coef  f  ic j -ents in

F ,

' f  :  ( X , p )  -  ( Y , q )

is  an E- l inear  f -homomorphism

e :  H  ( E y )  - r  H  ( E x )

wi th p o g = g og .  fn  th is  \n /ay the Ar t in  mot ives over  k  wi th

coe f f i c ien ts  in  E  fo rm an  abe l ian  ca tegory

M =  ruS tn l
K

Note ,  that  we have le t  A and.  f  go in to oppos i te  d. i rect ions .

fn  th is  wav the functor

v : ' )  M  ,  x  P  E X  ,K

from the catesorv V:  of  zero-d imensional  var ie t les over
K

to the category M i  s covar iant ,  thus giv j -ng the mot ives

character of  "  spaces "  .  This convent ion coinci-d.es with that

B e i l i n s o n  t 3 l  a n d  J a n n s e n  t 1 4 1 .  I t  i s  h o w e v e r  o p p o s i t e  t o

of t  g I  .  We remark, that

Ho*M. (EX,EY)  
.=  

Ho*n ,  
f  

(H  (Ey )  ,H  (Ex )  )  3  cno  ( xxy )  s  E  ,
At

c H o ( x r y )  =  z n o ( X x Y )

is  the f ree abel ian group over  the set  no (xxY) of  connected

componen ts  o f  XxY ,  i . e .  the  g roup  o f  ( ze ro -cod inens iona l )

c y c l e s  o n  X x Y .  I n  f a c t ,  w €  h a v e
n ^  ( X x Y )  r

c u o ( X x Y )  I  E  =  ( z  o ' '  
) l '  e n  e  H o m r , f ( " ( E y ) , H ( n x ) )

b y  a s s o c i a t i n g  t o  a  f u n c t i o n  f  :  n o  ( X * V 1  =  n o  { X )  r  r o  ( ? )  -  Z '  t h e  m a p

n. . ,  (v )  
_no { I )

E \ , , + I , I

( g : n  ( ! ) + E )  F +  ( 9 : n o ( x ) - E )  ,  6 l x l =  E  { J l , y ) g ( y )

since H (EX) = " 'o 
(x)  

has the " . r 'or ,1" ;  

t l ] " r= 

;*  ,  . ;  € x,
we have canonical ly

k

the

o f

that

where



H o m "  ( H  ( n X )  , E )  =  H  ( E X )

There fo re  to  each  Ar t in  mot i ve  M =  (Xrp )  ,  the re  i s  assoc ia ted

the dual  Ar t in  mot i -ve

M  =  ( x , ü )  ,

ü  b e i n g  t h e  d u a l -  m a p  o f  p :  H ( E X )  +  H ( E x )

The  func to r  M P  H (M)  l s  con t ravar ian t  and  y ie lds  an  equ i -

va lence

H :  M ;  R  ' - ' o' e P e  ( i  )

between the category of  Ar t j -n  mot ives over  k  wi th coef f i -

c ien ts  in  E  and  the  oppos i te  ca tegory  o f  the  ca tegory

R e p E ( f )  o f  f i n i t e  d i m e n s i o n a l  r e p r e s e n t a t i o n s  o f  f  :  G a l C [ l t c l

over  E  .  one  shourd .  however  no t  i den t i f y  M w i th  F  
' - ' o(ePn  (  t ' )  i

an  Ar t in  mot i ve  i s  no t  s imp ly  a  rep resen ta t ion  o f  f  I  bu t  i t

is  determined by the select ion of  a  d i rect  summand of  a re-

p r e s e n t a t i o n  H ( X )  O  E

We are now going to associate to  every Ar t in  mot ive coho-

mology groups " l  and H;  as fo l lows.  Ler

H :  V 3  +  V e c ^
K U

be any contravar iant  functor  on the category V;  of  O-d. imen-

s iona l  va r ie t ies  over  k  in to  the  ca tegory  o f  Q-vec to r  spaces ,

whj-ch send.s sums in to products and assoclates to a morphism

f : X -+ Y functorial ly two homomorphlsms
f  * .

H ( v )  
- H ( x )- *

w h e r e  f *  =  f l ( f )  a n d  f * " f *  =  1  i f  f  i s  a n  i s o m o r p h i s m .

Let

f f  ( E x )  : =  H ( x ) o n

To every morphism .

f  €  H o m r ( E X , E y )  =  c H o ( x x y ) @ E

r^/e 'assoeiate two homomorphisms
f *

H (Ey ) <--+H ( EX )
f *

as  fo l l ows .  The  g roup

c H o  ( X x y ) @ E  =  E n o  
( x ' Y )  

=  T T  E
Z € n o ( X x Y )



a c t s  o n

t f  (n  (xxY)  )  =  TT  H { fFz )
Z € n o ( X x Y )

componentwise by scalar mult ip l icat iorr  r  so that f  y ie l-ds an

endomorph ism fu  o f  H (E (XxY)  )  .  The maps f  {<  and f  *  are

then def ined as the composi tes  o f
p r f @ 1  f U  p r ,  * @ 1l f  ( nv )  
- +  

H (u ( xxY )  )  f =  f l ( e ( xxY )  )  , r  
r -  +  f { (EX )

!n.ot ru Fry,ti-
I f  e : X - ) Y  i s a m o r p h i s m i n  

{  a n d  f  = g r a p h ( p ) O 1 €

CHo (XxY)  O  E  ,  t hen  i t  i s  easy  to  see  tha t

f * = g * E 1 r f * = g * @ 1

we may noh/ extend the functor H from the. category v; to

the  ca tego ry  M o f  A r t i n  mo t i ves  M =  (X ,p )  ,  by  se t t i ng

t {  ( M )  : =  P * H  ( n x 1

W e  a p p l y  t h i s  t o ' t h e  f u n c t o r s  H ( x )  :  H 1  ( X , e ( n )  )  ä n d  H ( X )  =
1

H i ( X n  , l R  ( n )  )  :

( 2 . 1  )  D e f i n i t i o n :  L e t  M  =  ( X , p )  b e  a n  A r t i n  m o t i v e  o v e r  k

wi th  coef f ic ientö  in  E Then p  is  an idempotent  in  the r ing

End, ,  (EX )  ,  and v /e  set
lvl 

't 1
H i ( t { , Q ( n )  )  =  P * H A ( E X , Q ( n )  )
1 .  1

H;1 l . i i 'R , .Q( .n ) )  .=  p* r i i (exo  'n  (n )  ) .

The f j - rst  group is an E-vector space and the second a free

rR E E-mod.u1e .  The E-vectorspaces nf,Wo, Q (n )  )  are def ined

in  the same \^ /ay  s tar t ing f rom the functor  t f  (x )  -  a \ txo ,  e  (n)  )  .

As an immediate consequence of theorem ( 1 .  3 )  we obtain the

f i rs t  par t  o f  Be i l inson 's  con jec tures for  arb i t rary  Ar t in  mo-

t i ves  ove r  k :

( 2 . 2 )  T h e o r e m :  r f  M  =  ( X , p )  i s  a n  A r t i n  m o t i v e  o v e r  k  w i t h

coef f ic ients  in  E ,  then the regu la tor  map tO for  x  in -

duces isomorn-ntsms

t D  '  ( H l ( M n , e ( 1 ) )  e  H ( M ) r ) s n  3 n / r u r * , R ( 1 ) )  f o r n =  1
1

t D  :  H O ( M ,  Q ( n ) )  E  l R
N 1- '  H i ( M R ' l R ( n ) )  f o r  n

I



1 0

From the regulator

mot ive  M as fo l lows.

V an A-module,  then an

a free E-submodule Vn

Now to any isomorphism

maps t  0 we obtain regul-ators of  the

f f  E  i s  a  r i ng ,  A  an  E -a lgeb ra  and

E-s t ruc tu re  (o r  E - la t t i ce  )  o f  V  i s

o f  f i -n i te  rank such that

V = V E " O A .
u E

f  :  V  - '  V l

o f  A-modu les  VrV '  wh ich  a re  endowed w i th  E-s t ruc tu res  V f

and  V*  \ ^ Ie  assoc ia te  the  regu la to r ,  wh ich  i - s  the  e lementk '
.L.t

R ( f )  €  g * / 9 , *

g i - ven  by  the  de te rminan t  o f  the  mat r i x  assoc j -a ted  to  f  a f te r

the  cho ice  o f  an  E-bas is  o f  Vn  and  V i  .

lVe  app ly  th i s  t o  the  maps  t0  o f  t heo rem (2 .2 )

isomorphisms of f ree- rR @ E-modules .  eoth sides äre

wi th  a  canonica l  E-s t ruc ture ,  the le f t  s ide wi th
1 1 1

H Ä W % , Q ( 1 ) )  o H ( M ) '  f o r  n = 1  a n d  H i ( M , e ( n ) )  f o r

and the r ight  s ide wi th

( H o ( X l R , 0  h - 1 ) ) @ E ) ,

and  ca l l  i t  t he  n - th

H o ( M R , e ( n - 1 ) )  : -  p *

regarding that

!o lxn ra !1 1 ) l =  t o ( n - 1 ) x ( a ) r +  c  t n  ( n - 1 ) x ( a
\ r 1' f ' = H ; ( X n r B l n ) ) .

(2 .3 )  De f i n i t i on :  We deno te  the  regu la to r  o f  t he  i somorph ism

tD wi th  respect  to these two E-structures by

" r r l ( 1 - n )  e  ( n e  E ) * / s *

regulator of the motive M

S3.  L -se r ies  o f  A r t i n  Mo t i ves

We are now going to explain the second and third part  of
Be i l i nson ' s  con  j ec tu res  ,  conce rn ing  the  va lues  o f  L -se r i -es  ,
here for  the case o f  a lgebra ic  number  f ie lds .  The th i rd  con-
jec ture  is  ident ica l  w i th  a  con jec ture ,  prev ious ly  posed by

,  wh ich  a re

equ ipped

n
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B.  Gross  l 12 l  (wh ich ,  f o r  s=O ,  i s  i n  t u rn  S ta rk ' s  con jec tu re

( s e e  [ 2 5 ] ) ) .

We cons ider  an Ar t in  mot ive  y I  =  (X,  p)  over  k

ef  f  i c  j -ents  in  the f  in i te  a lgebra ic  number  f  ie ld  E;

a representat j -on

p  :  I  +  A u t " ( H ( M ) )

o f  t he  abso lu te  ga lo i s  g roup  f  =  Ga l t [ l f < )  on  the  f i n i t e  d i -

mens iona l -  E -vec to r  space  H(M)  .  Fo r  eve ry  o  €  Hom(ErC)  we  ob -

ta in  a  complex representa t ion

p o  :  f  - >  A u t n ( n ( r t r ) o ) ,  H ( M ) o  =  H ( l , t )  o  c ,
E r o

to  wh ich  \^ /e  assoc ia te  the  L-ser ies

wi th  co-

M y ie lds

-  :  L ( M o r s )  =) = 
nder 

(r -;;i ,=; rurf ) -"; (H (M) o) t{ )
Here & runs over H; finite prirnu." "; k and e^,- j-s an

E
element in a 'decomposit j -on group f*  c f  -  over g ,  t f rat  isI
mapped onto the Frobenius automorphism in t^e/Ita.,  I  p being

A 6 4 ' 0
the  ine r t i ä  g roup  in  Tp  

' )  
.

o
To the Ar t i -n  mot ive M v/e associate the L-ser ies of  M

by set t l -n  g -

L ( M r s )  =  ( .  .  .  t L ( t t t o r s )  r  .  .  .  )  o € H o m ( E r C )

Thts is a meromorphic funct ion on C with values in C g E.

To be precise, every o € Hom (E, C) induces a homomorpfr i8m

z .  ( o a )  .

@ E =l |Tc and the

e s  o f  t  ( M ,  s )  a t  t h e  i n t e g r a l

o * : C E E + G , z E a r r

We obtain in this way a decomposit ion C

*L-ser l " .  
" l t . - " ) -  €  c  o  E is  def ined by

; ; t lM , ; i - =  i lMo , ' r  .

Our aim is to study the valu

po in t s  s  =m :  O  .  The  o rde r  d

independent of  o and i -s given

n )  
w e  s t r e s s

o f  L ( M o , s ) .

H  (M)  o  bu t  o f

that \^7e have
('f

S o  L ( M " , s )  i s

the dual -  o f

.  - 1
putr  og

not the

H ( M ) o  .

( M )  o f  L ( M o , s )  a t  s  =  m  i s
m -
by

and not g
t

usual  Ar t in

i n  the  de f in i t i on

L - s e r i e s  o f



q.g
dir5H (M) t dimuH (I',1) r

E dimrH (M)

ä l -  
u

E d imrH (M)

8 l -  
u

complex

1 2

E

8 l -
for  m=O

for mcO even

fol lows from the

that only the f-

exp l ic i t  descr ip-

mot ive with co-

dm (M) =
tt

' t +
E dim, (H (M )  /Ht* l t t  )  for  m<o odd

8 l - -  
u

rea I

e f f i c i e n t s  i n

T h i s  i s  w e l l  k n o w n  ( s e e  1 2 5 1 ,  C H  O ,  5 6 )  a n d

f u n c t i o n a l  e q u a t i o n  o f  L ( M o r S ) ,  w h i c h  s h o w s

factors contr ibute to  the order .

On the other hand r w€ have the fol lowing

t ion of  the cohomology group H]  tu*  ,n  (n)  )  :

( 3 . 1 )  P r o p o s i t i o n :  L e t  M =  ( X r p )  b e  a n  A r t i n

canonical  ly

( M R  , l R  ( n )  )

rM
)  ö )  E

rM
) o  e

f i n i t e

on grou

]R

S  H ( M ) / H
E-.
rear

pr imes of

p over I

(M

(M

ex

i n

r i

E .  Then ,

(

l r O  H
s )  8 l -

I t O  H
I 'dt-
L 

compr

over the

decomposi

1
a ( M ) ) @ R

and

fo r  n  odd,

for  n  even,

TM c f =
o

k

where L+ runs(t

Ga1  t t c t t < )  i s  a

Proo f :  Le t  S  =

x ( a )  ' +  s ( a )

and $re let X ( C ) s 
be the f ibre over s

f ix  an extens ion ä t  [  '+  c  o f  s :  k  - '  C

bi  j  ect ion

x ( F , 1  3 1 ( a ) s  ,  X H

The idempotent p ind,uces endomorphisms

a n d  f r ' ( " * ) : =  E x ( c ) s  a s  d e s c r i b e d  i n  5 2 .

have a commutative diagram

E x ( a ) s  ä * ,  E x ( [ )
l lp* l, J,n*

Ex (c) = --5 nx (k)

w h e r e  ( ä * t ) ( x )  -  f  ( 3 " x )  .

k

Spec(k ) .  The  morph ism X  +  S  y ie lds  a  map

€  S ( A )  =  H o m ( k , c ) .  W e
d

.  Then s induces a

s o x  .

p *  o f f l  (EX)  :=ex  
(k )

By functor ia l i ty we
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Let now tü

be an imbedding

be  an  i n f i n i t e

de f ining lE .

pr ime of

Then

and  le t "U t  k - r C

{ l  --
rea  I

" l t t l * , r R  ( n )  )  =  p * ( t n '  ( n - 1 ) x ( a )  l *  I  E )  =  p * [ E x ( n ) " * .  ( n - 1 )  ] +  =

_  x ( c ) .  x ( a ) -
@ p * [ ( n  

'  ' " 8 0 8  ' - ' s 8 ) o n ,  
( n - 1 ) ] +

ül-
complex

O p * [ n x ( a ) s ,  E  r R  ( n - 1 ) ] +  e

Let I  be real  and let  s = =t and consid.er the commuta-
t ive diagram

X ( C ) ^  1 , , r . o , 4  / t -  n - 1  -

E  s  E  l R ( n - 1 )  E * a l / Q n i ) "  ' r e x ( [ )  
I  ] R

l tp. I  e.f
X ( C ) .  r /  

ä * o 1 / t -  n - 1  -

E  E  l R ( n - 1 )  E * @ 1  / ( 2 n i ) "  
' ,  

r x ( [ )  I  r R .

S ince complex con jugat ion on ;  (O)  
s  cor responds to  the act ion

of the non-tr iv iat  element eg in ,g on x ( [ )  under the
map äo :  x ( [ )  -+  x(c)s  r  \a r€  =3"  that  the complex con jugat ion
on the lef t  s ide of  the d. iagram corresponds to the act ion of
,  . . I I - ' l( -1) - -  *X on the r ight  s id .e .  Regard ing that  the tgo maps p*

are compät ible with these act ions ,  and that p*gx 
(k )  = H (M)

as lra -modules we obtain
o

x ( G ) .  . -  n - 1  [ " , * l k " * . ,  n  o d d
p * [ n  

' - ' s  
@  r R ( n - 1 ) ] + = ( p * E X ( k ) ) ( - 1 ) ^ ^  @ r R = 1  

- - ' - - '  
r r 0

LH 
([ , r )  /H (M)6 E]R,n even

where the exponent  ( -1)n-1  denotes the e igenspace o f  gp wi th
oe j - g e n v a l u e  ( - 1 ) n - 1  .

Le t  now 
I  

be  a  comprex  p r ime  and  l e t  s  =  =X ,  6 ,  k  +  c

be the pair  of  con j  ugate imbeddings def in ing g .  donsid.er the

homomorphism
x ( a ) ^

( n  D o E

given by

x (a ) ; )  
o  rR  (n -1 )  e :d  Ex ( [ )  @ rR

s * ( f  +  s )  =  
] t S * r  +  ( - 1  ) t - 1 ä * g )

The f ixed module of  complex conjugat ion on
1 -

given by the- elements 
iq 

+ f)  ,  where f  €

f ( * ) = f ( ; )  S i n c e  s * ( + ( f  + f l l = 3 * t = f

t h e  r e s t r i c t i o n  o f  t h e  m a p  s *  @  1 / ( Z n i 1 n - 1

module yields an isomorphism

the lef t  s id.e is

Ex  
( c )  s  and

o 3  ,  w€ see that

to  th is  f ixed
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x ( c ) ^  x ( a ) -
t ( n  

D o E  = )

Applying as above the maps

x ( c ) ^  x ( c ) :
p * [ ( E  D  

C I  E  
- )

fnser t ing these resu l ts  in to
1

H0 (MR ' lR (n) ) \nte obtain the

o r d _ _ n  _ L ( M r s )  -
s = l - n

E  l R  ( n - 1 )  l +  =  E x ( k )  E  l R  .

p* we obtain

I  F .  ( n -1 )  l * : ( p *nX  
( [ )  

l r * ,  =  H  (M)  o  ]R

the above d.irect composi t ion of

asser t ion o f  the propos i t ion .  o

we have

d im"H l  (Mn ,  e  ( n )  )

Comparing proposi t ion (  3 .  1 )  wi th the resul ts on the pole
o rde r  o f  t he  L - func t i on  L (Mrs )  a t  s  =  1 -n  ,  and  app ly ing
theo rem (2 .2 )  we  ob ta in  the  second  pa r t  o f  Be i l i nson ' s  con -
jec tures for  arb i t rary  Ar t in  mot ives:

( 3 . 2 )  T h e o r e m : For every n

l{e now consider the f i rst  non-vanishing coeff ic ient

the Taylor ser ies expansion
o

l_n

L ( M , s )  =  a o ( s

at the point s =

( c  E  E ) *  =  I Jo *  ,
1 -n  .  Th is  coef f ic ient

where  o  €  Hom(ErO)  .

an element of

d.enote it by

i s

We

L ( M r 1 - n ) *  =  l i m  
' u r l a r D l

s + 1 - n  1  ( M )
( s - ( 1 - n ) )  n - r

L ( M , s )

c a s e

and ca l l  i t  b r ie f Iy  the "va lue"  o f

this value we no$r haver äs a special

Be i l inson t  s  genera l  con jec ture  :

a t  s  =  1 - n  .  F o r

o f  t he  l as t  pa r t  o f
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9on jec tu re  (Gross ) :  Fo r  eve ry

( a  o  E ) * / E *  5 )  
,

n

t l [ ( 1 - n )  ' =  L ( 1 4 , 1 - n ) *  m o d  g *

where IU is the dual motive of M .

For  the t r iv ia l  mot ive ,  i .  e  .  fo r  the Dedek ind zeta  funct ion

6  ( k ' s )  ,  t h i s  c o n j e c t u r e  h a s  b e e n  p r o v e n  b y  A .  B o r e l  ( s e e  [ 5 ] )  .
h then  H l tu *  , IR  (n )  )  =  o  ,  t hen  t (M ,  1 -n )  +  o  by  theo rem

( 3 . 2 )  a n d  t h e  c o n j e c t u r e  i s  a  s p e c i a l  c a s e  o f  D e l i g n e ' s  c o n -
jec tu re  t  g  ]  on  the  " c r i t i ca l "  va lues  o f  mo t i v i c  L -se r ies .
Here i t  says that

t ( M , 1 - n )  e  s *  c  ( A  O  E ) *  ,

and  th i s  i s  i n  f ac t  t rue  by  the  resu l t s  o f  S iege l  l zZJ .  Fo r
these algebraic values $re have further going con j  ectures and
r e s u r t s .  F o r  e x a m p r e ,  l e t  G  =  G a l ( Q ( u [ )  l O l  b e  t h e  g a l o i s
group of the .e,- th cyclotomic f  ierd. .  Let e :  G ;  (z/  g) *  be
the,  canonica l  isomorph ism and le t  M( i )  u"  the Ar t in  mot ive

with character

0 i  :  G  - +  ( n / [ ) * " *  e ( U  p , - l  c  e g  ,  i  e v e n .

For  the va lues L  (M ( i  )  
,  1 -n)  w i th  n  =  i  mod (g , -1)  we then

obtain an interpretat ion as mult ip l icat ive Euler character i -

st j -cs in .Q,-adic cohomology (cf  t  1 I  )

l r , t l n t i ) , 1 - n )  l n  = T-I
j

# Hi  1 i '4 ( i l

S. Lichtenbaum has proposed. conjectures that pred. ict  formulas

s ) .

map

C E

hle remark, that

a  P  ( . . .  r ] d ,  1 . .

E =rJC' .

the imbeddins E lgg C

)o€F tom(8 ,c ,  a f t e r  t he

E E becomes the

iden t i  f i ca t ion
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of this type in a most general  f rame (see t  t  0 I  )

Of part icular interest is the case s = O ,  for which the

conj,ecture goes back to H. Stark t25J .  ! {hen IvI  is the tr i -

v ia l  mot ive  ESpec (k  )  then l ,  (M,  s  )  is  the Dedek ind zeta

func t i on  6 (k rs )  o f  k  .  A t  s  =  1  i t  has  a  s i -mp1e  po le  w i th

res idue

6 ( k , 1 ) *  =
z t  1  ( 2 n , 1 t  2

h R
e

the class number,  e the number of  roots of  uni ty

R the regu la tor  o f  k  .  Th is  is  the c lass ica l

formula. Transforming this formula from s = 1 to

s = O via the functi-onal equation we get

C ( k , o ) *  =  l n- e

So for the tr iv ia l  mot ive and

rect  consequence o f  the c lass

o f  H  (M)  has  ra t i ona l  va lues ,

been  p roven  by  Ta te  ( see  t25 l )

for an arbi t rary Art in mot ive.

where h is

in k and

class number

The main purpose of

son ' s  p roo f  o f  t he  Gross

at  the po in ts  s  =  1-n

c a s e s = O  f o r w h i c h h r e

o f  D i r i ch le t  ( see  [  25  ]  )  .

.Let  | :  n /Nn

be the conductor ,

character  'X '  mod

=  R  m o d  q *  =  n ( r p )  .

s  =  O our  con jec ture  is  a  d i -

number formula. I f  the character

then the Stark conjecture has

.  There is  no proof ,  however ,

th is  expos i t ion  is  to  present  Be i l in -

con jec ture  for  the Di r ich le t  L-ser ies

O . The method does not apply to the

have fortunately a classical  proof

S4 .  D i r i ch le t  L -se r ies

+ C be a  Di r ich le t  character ,  and le t  f

so that X comes from a pr imit ive

f  .  The l ink  between the Di r ich le t  L-ser ies
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L(x ,s )  =  ;  r y  ,  Re (s )
k=1  k -

and the regulators j -s given by the polylogar i thm funct ion
o o k

L = ( z )  - . E .  
=  ,

k=1  k "

which hre have introduced in S 1 . The f unction

z =  ( x )  -  L "  ( e 2 n i x '

ex tends  fo r  s  +  1  f rom (Or1 )  t o  a  con t i nous  func t i on  on  R /Z
(see  t t 8 l  Lemma 7 )  and  \ ^ re  se t

Z ( X , s )  =  :  X ( a ) . L " ( f t )
a€z  /N  

s  t r

F o r  t h i s  f u n c t i o n  h / e  h a v e  t h e  f o l l o w i n g  ( s e e  t t S 1 ,  C H .  I .  5 2 )

(4  .1 )  Lemma:  Fo r  a l l  s  €  A -  {  1  }  \ ^ Ie  have

N s - 1 2 1 x ,  s )  =  T - T  t 1  -  x  ( p )  p = - t  )  t = - 1  L ( X '  ,  s )  .
p l N
p l t

Proof :  By a straightforward pohrer ser ies computat ion one proves,

that for m

L  
= ( z )  

-  m s - 1  :  L =  ( w )  .

t *="  

v

For  the funct ion L=,  R/n  - r  Q th is  impl ies

-  m - 1
(  * )  {=  (x )  =  ms- t  

, , ]o  
L r (S t  .

(  i .  e  .  L^  (x )  is  a  d is t r ibut j -on o f  we ight  s -1  )  .  I f  f  and-  
s  

- ' - - J - -

N have the same pr ime f  actors ,  then the f  unct ion Xz% /N -+ C

factors  through the funct ion X ' :  z / f  - )  c  and our  formula

is  a  d i rec t  consequence o f  ( * )  .

I t  wi l l  nohl  suff ice to prove the formula for the case

N =  p f  ,  ( p r f )  =  1  .  lVe  have

Ns-12 (x ,  = )  =  Ns- t  I  (a ) . ( -=  ( f t )
a € Z  / N  

s

= Ns-1 r  r  x (x) zs ( f t )b€z/f x:tr/Ä
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N o w  X ( x )  - X ' ( b )  f o r  x = b m o d f  a n d  ( x r p )  = 1 ,  w h e r e a s

X(a )  =  O  i f  a  =  pc  fo r  some c  .  Hence

N s - 1 2  ( x ,  " )  :  E  x '  ( b )  N =  1  r  Z ^  ( * )  N s - 1  :  x '  (  a )  L ^  ( 3 )  .
b€.n / f x€E /N 

D r\ 
a€% /N 

D r\

x=b  ( f )  a=pc

Apply ing ( * )  fo r  m = p  to  the f i rs t  sum and making in

the second the change of var iables a = pc where c € n/ f

v/e obtain

Ns-1x - (x ,  s )  =  E  x '  (b )  f  ' - 1  I -=  (? )  x '  (p )  ps -1 rs -1  E  . l x '  ( cu , " ( f  )
b € n  / f  

e  !  
c € % / f  

e

=  ( t  x ' ( p ) p = - t ) t = - 1  x - ( X ' r s )  ,  g , . e . d . .  E

The Dir ich let  L-ser ies may noT,v be expressed by the poly-

logar i thm as  fo l l ows .

( 4 . 2 )  P r o p o s i t i o n :  F o r  a 1 t  s  €  A - { 1 }  \ ^ / e  h a v e

r , ' ( f , s )  =  g ( X , s ) . L ( X , s )  ,
where

e(X,s)  ="#tä l=- rm# ,
ptrt

t (X )  Ue ing  the  Gauss  sum

f - 1  .  , -
t ( X )  -  :  X ( a ) " ' ' I T L a / r  .

a=O

Proof :  S j -nce both sides are holomorphic in s ,  i t  wi l l

su f f i ce  to  cons ide r  t he  case  Re(s )

X  i s  p r i m i t i v e ,  i . e .  f  =  N  .  T h e n ,  f o r  k

r  X ( a ) " 2 n i a k l N  =  t ( x ) x ( t < ) .
a€% /N

I f  ( k , N )  -  1  ,  t h i s  f o l l o w s  f r o m  X ( a )  =  X ( a k l  X t L l  ,  a n d  i f

(k  rN)  +  1  ,  then both  s ides are  zero.  No\a /  d iv id ing both  s  ides

by ks and summing over k

E  X  ( a )  L ^  (  . 2 n  i a l N )  =  t  ( x )  L  ( x ,  s )  .
. a€n /N  

D

s i n c e  L ^ ( " 2 r i a / N )  -  z s ( f t ) ,  t h i s  i s  t h e  d e s i r e d .  f o r m u l a  f o r
S

the case that  X is  pr imi t ive.  In  the genera l  case \^r7e have
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r ,  ( f  ,  s )  =  T -T  (  1  - i '  ( p )  p -s )  L  ( x '  ,  s )
p  l N
ptrf

1 -+  T - T  (  1 - i '  ( p )  p  - s  
) . L ( x '  ,  s )t ( x l  p l *  

\

p / . f

The proposi t ion fol lows nov/ f  rom (4 .  1 )  .

The genera l i zed

the expansion
f
E

a=' l

Bernoul l i  numbers are  de f ined  by

polyno-

,  s )  a t

B
I I r X

a z @z e
^ t ä t  - - :  Z  D -

e T z - 1  n = O  
r l r X

nz
n l

They are

B n € o

connected

by

with the ordinary Bernoul l i  numbers

B  = I
D ' X  r

n
where er, (x) = E (?) e..  *

i=O 
l- ' l-

m i a l  ( c f  [ 1 3 ] ) .  F o r  t h e

the negat ive integers we

f
E. X (a) tner,  (T) ,

a = l
n- i  is  the n- th  Bernou] I i

va lues  o f  t he  L -se r ies  L  (X

noTn/ obtain:

( 4 . 3 )  f h e o r e m :  F o r  n

( i )  t f  x ( - 1  )  +

L  ( X  , 1 - n )  -  -

( i i )  I f  x ( - 1 )  :
L ' ( X r 1 - n )  -

where

t ( X r 1 - n )  =  O  a n d

+ o ,

1  -  x '  ( p )  p - n

1  -  x '  ( p )  p t - 1

( - 1 ) n - 1
B t ,  x +n

( - 1 ) t - 1

then

, then

L  ( x , n )

,

o

a ( !

(2 r i l  t - 1

a(X) - !=U| Nn-t 11
p  l N
p l f

Proof :  I t  is  wel l  known ( cf  t  1 3l  )  t f rat

B
L ( X , 1 - n )  -  n ' X

n

for every n

x ( - 1 )  +  ( - 1 ) n - 1  .  s o  u = = r r f i Ä *  x ( - 1  )  =  ( - 1  ) t : 1  .  T h e  f u n c r i o n a l
equat ion for  the Dir ich let  L-ser ies may be wr i t ten

L ( x , s )  =  + t ? * [ l =  
L ( x - ' 1 - s )

2 i o  r  r ( s ) c o s | ( s - d )



20

w i t h  6  =  O  o r  1  a c c o r d i n g  X ( - 1 )  =  1  o r  - 1  ( c f  [ 1 3 ] ,

p .  1 o 4 )  .  S i n c e  X ( - 1 )  =  ( - 1 ) t - 1 ,  n - 6  m u s t  b e  o d d  a n d  t h e r e -

fore

c o s  T T  1 - l - ö  =  ( - 1 )
2 \ . ,

f ( s )  h a s  a  s i m p l e  p o l e  a t  s

a n d  r , ( f r n )  +  O r *  a s  i s  w e l l -

in the funct ional  equat ion in

\^7e See that

, 2 t r  , 1  - n
,T '

( n - 1  )  !

( 1 - n - 6 ) / 2  . 1 - n - ö

,  n  t  O - 1
=  1 - n  w i t h  r e s i d u e  \ - ' 1 .  '( n - 1  )  !  '

known. Expanding nor^/ each term

a  Lauren t  se r i es  a t  s  =  1  -n ,

l r l e  no \^ r  cons ider  a  charac te r  X :  (n /N) *  +  g {c  tha t  takes

va lues  in  the  mu l t i p l - i ca t i ve  g roup  o f  a  f i n i te  a lgebra ic

number f  ie l -d  E and extend i t  by O to n /  N.  lVe as soc ia te

to X an Ar t in  mot ive over  A wi th va lues in  E as fo l ]ords.

Le t  F  =  Q(UN)  ,  UN the  g roup  o f  n - th  roo ts

le t  c  =  Ga l  ( r  lO l  The  r i gh t  ac t i on  o f  G  on

induces a ,  le f t  ac t ion on _

H ( x )  -  H o ( I , e )  -  , n o ( x )  a n d  H ( E X )  -  H ( x ) s E  E

thus an ident i f i ca t ion

E I c ]  =  E n d " , f ( H ( E x ) ) .

( 2 n D  t - 1 f n - 1 r , ( f , n )  +  o  .

I nse r t i ng  the  resu l t  o f  p ropos i t i on  (4 .2 )  f o r

ta in  the des i red formula .

V j - a  t h e  c a n o n i c a l  i s o m o r p h i s m  G :  ( n /

as a character  of  G ,  and $/e consider

€ . ,  =  r  x - 1 ( r ) '  I
A  t € G

w h i c h  a c t s  o n  H  ( E X )  =  {  t :  n o  ( X )  +  E }

L ' ( X , 1 - n )  -  t +
2i-"

=  t  ( x )
2

( n - 1  )  !
,  -  \  n - 1  .  1 - n - ö
( - 1 ,  L

- 1
x  

' ( t ) f

" tdu ,  f

L ( x r n )

by

( x t )  o

( H  ( E X )  )

o f  u n i t y ,  a n d

x  =  S p e c  ( r )

n  ( X )
o '

-E; I

s = n we ob-

cl

and therefore

N) *  we may v iew X

i n  n [ c ]  .  t h e  e l e m e n t

1P x = r e
d e f i n e s

over

t x l
A with

and  ca l l

( e . . f ) ( x )  -  r
X

,  
"  T € G

e - .  i s  a n  i d e m p o t e n t  i n
X

an Art in mot ive

M  =  ( X , p X )

c o e f f i c i e n t s i n  E . W e

i t  a pir ic$e' !  m-ot ive.

denote this mot ive by



2 1

we assume F c 0 . we then have a homomorphism r =

Ga l t ö lO )  n  c  and  a  d i s t i ngu i shed  po in t  ;  €  spec (F  R  O l  ( Lhe
q/

kernel of F I 0 + 0 , a8b r+ ab) by which hre get a 6i ject ion
63ne (x ) ,  r  * ;P  ,  o f  r i gh t  G -se t s .  Assoc ia t i ng  t o  a  f unc t i on

- 1
t : n o ( X ) + e  t h e  e l e m e n t  I  f  ( x t  ' ) t  

€  E [ G ]  w e  o b t a i n  a n  i s o -

morphism 
r

n _  ( x )
H ( E X )  =  E  o '  =  E t c l

This is an isomorphism of lef  t  f  -modules ,  i f  \^re let  o € f  act

on  E [G ]  as  mu l t i p l i ca t i on  by  n (o )  f rom the  l e f t .  The re fo re

the endomorphism pX of H (EX) becomes after the ident i f ica-
t i on  w i th  E [C ]  j us t  mu l t i p l i ca t i on  o f  E [c ]  by  the  e lemen t
1 - 1  1
+ G , : X ' ( t ) t  

=  
m . X  €  E [ G ]  .  T h e  a s s o c i a t e d  r e p r e s e n t a t i o n  o f

I  is the 1 -dimensional subspace

e r E l G J  =  " " X

of  E[G]  on whi -ch f  ac ts  v ia  the character  X .  So the re-
presen la t ion assoc ia ted wi th  the Di r ich le t  mot ive  tX l  is

X
f + G + E *

We noh/  consider  the L-ser i -es

r , ( t x l

o f  the  O i r i ch le t

, s )  =  ( . . . r L ( X o r s ) , '  )  
o € H o m  ( E ,  C )

motive . On the other hand \^re set

I - ( l x l  , s )  =  E  z " t * g l o  x ( a )  e  c  I  E ,

?€n{N 
e 

a _€R =  +  i  x (a ) r t " r , r# t  €  E  ," n r [ x ]  
t  

a = 1 " ! s ' ' !  

" n t  
f  

_ 1  _ h

a( tx l )  =  + ) ]  Nn- t f l  % €  E .
p l N  1 - 1  ' ( p ) p ' ^  I

n  P I t
Here  B r ,  ( x )  =  

i l o  
( l l  e r "n - i  €  Q lx l  i s  t he  n - th  Be rnou l l i

po lynomia l ,  f  the conductor  o f  X ,  and.  X '  the assoc ia ted

pr imi t ive  character .

The  homomorph isms  o* :  C  
E  

E  +  C I  |  z  E  e  r>  zoe ,

o  €  H o m ( E 7 C ) ,  y i e l d  t h e  i d e n t i f i c a t i o n

= l l  c ,
o

C E E
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b y w h i c h t h e s u b s p a c e  E =  1  E E : C E E  b e c o m e s  t h e  i m a g e

o f  E  - r  T I A  ,  e  F  ( . . .  1 6 € r . . . ) .  A f t e r  t h i s  i d e n t i f i c a t i o n

rlvre have with the notions cf theorem ( 4 . 3 )

l ,  ( t x ]  r s )  =  ( .  .  . , L ( x o r s ) ,  .  . .  ) o € H o m ( E r c )  |

B r t r I X ]  =  ( " " 8 t ,  
x o " "  

" ) o € H o m ( E r c )  t

a ( t x ] )  =  ( .  . . r a ( X o )  r . .  o . . ) o € H o m ( n r c )

lr le may therefore refonmulate theorem ( 4 . 3 ) as fol lows

( 4 . 4 )  T h e o r e m :  L e t  n

( i )  r ( t x l , 1 - n )  =  - B n ' I x l  +  o  i f  x ( - 1 )  +  ( - 1 ) t - 1
n

( i i )  r f  X  ( - 1 )  =  ( - 1 ) n - 1  ,  t h e n  L (  t X l  , 1 - n )  -  o  a n d

L ' ( [ x ] , 1 - n )  =  a ( t x l I - - l ( t x l , n )  +  o
( 2 n i ) ^ '  !

w i t h  a ( [ X ] )  €  E  c  E  @  c  .

$5.  Regula tors  o f  D i r ich le t  Mot ives

!

Let  again F = Q(U*)  ,  where no\ ,v  N >,1 .  Let  G =

G a l  ( r  l O )  , x  =  s p e c  ( F )  ,  € . ,  =  E  x - 1  ( t )  t  €  E l c l  a n d
^  t € G

l , ( t x l , s )  =  E  l , . ( f t )  E  x ( a )  m o d  E ' F  .
a€%/N  

D  t \

In the preceding paragraph rrre have explicitely computed the

v a l u e s  o f  t h e  L - s e r i e s  L ( t X l r s )  a t  s  =  1 - n  o f  t t r e  D i r i c h -

l e t  m o t i v e  t X l  =  (  t X l , + a  " X  )  .  B y  m e a n s  o f  t h e o r e m  ( 1  . 4 )  w e

now de te rm ine  the  regu la to rs  . IX ,  (1 -n )

( 5 . 1 )  T h e o r : e m :  T h e  n - t h  r e g u l a t o r  . I X 1 ( 1 - n )  e  ( I R @  E ) * / E * ,

n  >  1  ,  o f  the Di r ich le t  mot ive  tX l  iÄ"g iven by
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( i )  " [ x 1 ( 1 - n )  -  1  i f  X ( - 1 ) + ( - 1 ) n - 1

( i i ) " [ x 1 ( 1 - n ) = " f u 0 ( t X 1 ] , ' ) m o d E * , ! f X ( - 1 ) = ( - 1 ) n - 1 .

Proof :  We f i rs t  determine exp l ic i te ly  the E-s t ruc ture  o f

1 - 1
H ; ( [ x J *  ' n  ( n )  )  =  " i ( H ; ( X ß , ] R ( n )  ) E E ) .

Since  G ac ts  on  X  and  X(C)  f rom the  r igh t ,  the  e lements

r € G  a c t o n

" [ t x n , n ( n ) )  E  E  =  t a l n  ( n ) x ( a )  E  E ] +  =  t c l n  ( n )  E  E x ( a ) r +

by  1 *  f rom the  l e f t  ( see  51 ,  p .  4 )  .  D i rec t l y  f rom the  de f i -

nit ion ( see S 2 ) \^/e see that the endomorphi sm

1 1
" i  .  Hö (xn ,  , lR  (n )  )  E  E  -+  ,ö (Xß ,  , rR  (n )  )  E  E

is given by

e i  =  E  1 *  @  X - l ( t )  .
X  t € G

lrle choose a primitive N-th root of unity e and \^Ie l-et

c r :  F  +  C

be the imbedding determined by at, = "2ni/N . we may then con-

s i d e r  t h e  b i j e c t i o n  o f  G - s e t s  G  +  X ( C )  ,  r  t >  o  o r r  a n d  t h e

induced isomorph ism of  le f t  E IG]  modules

o * :  n x ( c )  3  E t c f  ,  ( f  :  x ( c )  - +  E )  r ,  r  f  ( c r t - 1 ) .  .
T

Complex con jugaQion on X (A)  cor responds then to  mul t ip l i -

ca t i on  w i th  c  €  G  r  c !  e  +  e -1  ,  t he  ac t i on  o f  1 *  on  nx (a )

becomes mult ip l icat ion by r  and the operator eI  on nx 
(a)

- 1  X
becomes  mu l t i p l i ca t i on  by  "X  =  E1  

' ( t ) t  
€  E [G ]  lVe  have

e . . E [ G l  =  E e
X X

and
" x r  =  . " x  =  X ( a ) . *

i f  a  €  ( n / N ) *  c o r r e s p o n d s  t o  r  €  c  u n d e r  ( n /  N ) *  =  G

In 
'par t icu lar

e _ c  =  c e  =  X ( - 1 ) e . .  .
X X X
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By the above iden t i f i ca t ions  h /e obtain a commutat ive diagram

E  $  t a l r R ( n )  E E t c l l  +

I
l 1 E ' xv

S  t c l n  ( n )  @  E  " * l *  .

" l  tX ,e( n )

I
I
.1,

, Q (

) o n 3 ,ltxrR , rR (n

I
J '

3  ^ l r r x l o , n

)

*
X

) o

( n )  )

g *
X

n )  )H l r r x l

once

show

The act ion o f  complex con jugat ion on A/ lR '  (n)  E E .X is  mul t i -

p l i ca t i on  by  ( -1  )  
t - 1  

X  ( -1  )  ,  s i nce  i t  i s  mu l t i p l i ca t i on  by

( - 1 ) n - 1  o n  a / r R ( n )  =  r R ( n - 1 )  a n d  b y  X ( - 1 )  o n  E  " X  .

The re fo re  tC /n  (n )  E  E  e  . l +  =  O  and  thus
X -

" I X r ( 1 - n )  =  1  , i f  X ( - 1 )  +  ( - 1 ) n - 1

A s s u m e  X ( - 1 )  =  ( - 1 ) n - 1  .  T h e n  t h e  E - s t r u c t u r e

t a l r R  ( n )  E  E  e  l +  =  C / R  ( n ) O E  " X = *  ( n - 1 )  O  E  . X-  x -
i s  t he  1 -d imens iona l  E -vec to rspace  (2n i ) t -1e  O  E  "X  w i th

bas i s  o - .  =  (2 r i ) t - 1  @ "X  .  ( v to rk ing  w i th  a /R  (n )  i r r  p lace
X

of  IR (n-1)  \^ re  have to  in terpre t  2n j -  as  2r i  mod n. (n)  ) .  In

order  to  determine the regu la tor  " [X1 (1-n)  we must  choose

a basis element n of  the 1 -dimensional E-structure
r  

' X 1

H Ä ( [ X ] , 4 ( n ) )  o f  H Ä ( [ X ] , Q ( n ) )  o  I R  .  r f  a f t e r  t h i s  c h o i c e

o * t 7 ( n * )  =  . r X  ,  a  €  ( l R @  E ) *  ,

t h e n  c r - , . , ( 1 - n )  =  a  m o d  E { <  .  N o ! , /  t h e o r e m  ( 1 . 4 )  y i e l d s  t h e  e 1 e -.  t x l  1
men t  e r ,  (  6 )  e  HÄ (x ,Q  (n )  )  and  we  se t

1
n x  =  " i ( e r r ( e ) )  €  H Ä ( [ x ] , Q ( n ) )  .

(No te  tha t  N  i s  assumed  to  be  >1  r  so  tha t  e  €  UN- {1  } ) .

By  (1  .4  )  we  have

t 1 ( e r r ( t r ) )  =  L n ( C )  =  (  . .  . ,  l r r ( r  e ) , . .  . ) r  : F - r G  €  ( c / R  ( n )  ) x ( c )  .

From this \^te obtain the desired resul t

" [ x 1  ( 1 - n )  -  
_ * r -  

t (  t x  
1 ] , r )  m o d  E : F  ,

( 2 n i ) "  '

v /e  have  shown  tha t  lX  +  O .  Fo r  t h i s  i i  su f f i ces  to

that "  
_
. q , ( t x - 1 1 , r )  -  E  L ^ ( e 2 ' n j - t ) o x - 1  ( " )

a€.%/N 
rr

of
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i s  +O cons idered as an e lement  o f  A/R (n)  E

h a v e ,  t h a t  g ( t X - 1  l  r t )  +  o  a s  a n  e l e m e n t  i n  c

i t  s u f f i c ä s  t o  s h o w  t h a t  l , ( t x  
1 l , t )  

e  ] R  ( n - 1 )

Now for  each summand Lr r (  "2n ia /N)  o  x-1  ( . )  we

L r ,  ( e 2 n L a / N )  o  x - 1  ( . )  *  L r ,  ( e 2 n i  ( -  a )  / N )  E  x - 1  ( - . )

L r r ( e 2 n L a l N )  o  x - 1  ( . )  +  x - 1  ( - 1 ) L r r ( . 2 n i ( - a ) / N )  e

(L r , (  "2n ia lu )  e  x -1  ( - r )m)  o  x -1  ( . )  .

E .  B y  ( 4 . 4 )  w e

I E .  Therefore

E E = c @ E

have

- 1
X  

' ( a )  =

over 0 with

For the term L

T  =  X ( - 1 ) t  =  ( - t

f o l l o w s  [ ( t X - 1 ]

: :  L (e
n

)  n - 1  L

, n )  €

2Tr  La /N)  e  x -1  ( -1  )  r r , ( "2 r  t a /N )  we  have

and  hence  L  c  lR (n -1  )  =  C  .  F rom th i s

l R  ( n - 1 )  O  E  c  C  E  E  .  E

- 1  - V .
R e g a r d i n g  t h a t  [ X - ' ]  i s  t h e  d u a l  m o t i v e  t l l  o f  [ X ] ,  v / e

obtain from the above theorem and from proposi t ion (4 .4 )  the

resu l t ,  that  the Gross con jec ture  (which is  the th i rd  par t

o f  Be i l i nson ' s  con jec tu res )  ho lds  t rue  fo r  D i r i ch le t  mo t i ves ,

i f  \^ /e take into account,  that the case n = 1 and the case

X = t  has been estab l ished by Di r ich le t  and Bore l :

(5 .2 )  Theorem:  Fo r  eve ry  D i r i ch le t

coef f ic ients  in  E and every  n

. f 1 1 ( 1 - n )  -  t ( [ x ] , 1 - n )

motive t X l
\^7e have

* m o d E * .


