Séminaire de Théorie des nombres
de Paris, 1982-83
© 1984 Birkhiduser Boston, Inc.

The Iwasawa theoretic version of the conjecture
of Birch and Swinnerton-Dyer

Peter Schneider

This talk is a report on some recent work in the algebraic p-adic
theory of abelian varieties over number fields. Detailed proofs are con-
tained in the series of papers [5]-[7]. Let me begin by recalling the
main problems of that theory.

We start with
a number field k/Q,
an abelian variety ,N,\.wv
and a prime number ' p

which, for m&%ﬁﬂ@. ‘we assume to be odd. The most .w%ogm,:ﬁ E..wn?:mﬁn
§<m3mbnm of A are the wﬂo:w of wlamﬂuo:mH points  A(k) and the
: amﬁmovmmmamﬁn group Ewo&

wwmwn problem :
. How are >QA ) mam Ew ) Q& (= p- no:ﬁcdm:a of E_Abﬁu beha-

<mm if w varies. Qﬁocmr 26 Hzﬁmg_m&wﬂm Hw%mﬂm of the o%nuomospn Z L5
wxﬂo:mpoz x \w.v ,

(For simplicity we will consider here only the n%nuonosu.n case although

the theory works for other Nv |98w=mwo:m as well).

The method due to Iwasawa to handle problems of that type is to
study the natural action of T := m&:« /K) on A(k ) Tesp. EwSQC ®).
But if A rmm good reduction at the primes mco<m p these ' I-modules’
fit dommnrﬂ. into the flat cohomology group I (0_,A(P)); here 0, de-
notes the wwsm of integers in k_  and A(p) is the ind-p-subgroup sche-
me of the Néron model A of A over the ring of integers 0 in k. We
then namely have the exact ''Kummer' sequence
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0 — E:en\w — H'(0_Ap) — H'(0_ AP — o,

and E_ABQS (p) is nouﬁmgmm in : (0_,A)(p) with finite index. One
therefore has to study the Pontrjagin &EH

H:=H'(0_Ap)*

which is a compact module over the completed group ring Nv [[T]]. The
weak Mordell-Weil theorem implies that H is even finitely generated as

Nv {{r]]1-module.

Problem 1 : (conjecture of Mazur)

-

Hm,tm Nv ::Tmoamwo:—:oaﬁmwm.»rmmow&:mQ good reduction at
the primes above p ? (A consequence would be that A(k) 1is finitely

generated as abelian group).

In that case H @ em. is a finite-dimensional vector space and
we put N@

F(t) := p"M. det(t-(y-1);H @ Q)

%y

where u(H) >0 1is a certain invariant describing the N@ -torsion sub-
module of H and vy ‘is a fixed topological generator of TI'; further-
more

14s _

r (A,s) := F(k(y) 1), s€Z

ﬂvv

where k:T — Nm denotes the cyclotomic character is called the

Iwasawa L-function of A (with respect to p).

Problem 2 :

Prove a formula of the Birch/Swinnerton-Dyer type for r (A,s) at s=1
(if A is "ordinary at p") !

But already in order to formulate this problem more precisely one first
has to.solve the following one.

Problem 3 :

Define a p-adic height for A
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Although we will not discuss it here I finally want to mention the follo-
wing question.

Problem 4 :
What is the Nv ((T}}*rank of H in the nonordinary case ?

(A discussion of that problem with some partial results is contained in
7.

From now on we always assume that A has ordinary good reduction
at the primes above p ! I want to describe in this nmww a partial solu-
tion of Problem 2. But I should emphasize that in the case of elliptic
curves with complex multiplication similar results were obtained by

B. Perrin-Riou [4] and J. Coates [1].

- The descent diagram

A first important task is to see the precise relationship between H and
the invariants A(k) and _._.:AQC (p). - We have two spectral sequences

HE (0,1 (0_,A())) —= BT (0_s0,A(p))
HHO,RInAm) = w0 s0,A))
where the abutment.is a cohomology theory for sheaves with -action..

Basic fact : 3..>AE = A(p).

Using that and the fact that cd vw =1 we get the exact diagram

oA
10, A(p))
v , _
0 — H(AGQ®) — H (O 0,AP) — (H)' —> 0
HOO,R mAP)) !
y | £
H2(0,A(p)) y
y v

0 < HOAPY <« H0/0,Ap) «— ¢ «— 0
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furthermore £~ denotes the map which is induced by the identity on H.

2 - "Local analysis"

By local considerations one proves the following result.

Proposition :

i) :oevw_:i:v: is finite of order (M ﬁ.&b@dm where g

pip
denotes the residue class field of 0 at P H

P
ii) the map H2(0,A(p)) — H(0_/0,A(P)) is surjective.

Here our assumption ''A ordinary at p" is used in an essential way.
Apart from our ‘ignorance of :N 88.>€:H. (which can be circumvented la-
teron) we thus have solved our first task.

3 - The algebraic p-adic height pairing

~

Let A, resp. A, denote the dual abelian variety, mesp. ‘its Néron
model over 0. We put :_ mo.eﬁ?: 1= 1lim md 0,A cu. The sequence of
«

maps P
1 e 1
.H (0,T_(A H H' (0 A),Z
(0, vﬁ }) o.:Nvm m .,__nﬁ D, vu
= global duality
H2(0,A0p))* H' (0,40 *
injective with
finite cokernel
HE(0,/0,A(p))*
T - f
H — > IH_

then determines a pairing
1 ¢ 1
H G sT — ;
<<,> : H no..ﬁvgvu xH' (0 ﬁoﬁv ew
furthermore, the modified pairing

AAvvnuH <<, >>
% owvav
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does not depend on the special choice of the generator y€TI ! Using
the exact sequences ,

0 — L2, —> HOT,W) — T (W A) —>0 and

* .

0 — Loz, — #'(0,1,M) — T (W, &) —> 0

P

we get, by restriction of <<, > a pairing

ﬁv
A.vﬁu AK) x A(kK) —> ev
which we call the algebraic p-adic height pairing:

Theorem I :
Under the assumption that <<, >>
1) HA(O_,A(P)) = 0;

P is nondegenerate we have :

ii) H is a Z, [[r]]-torsion %&E 5

iii) ru;.,& has a zero at s=1 of multiplicity

nnu Hmwa :_ SLWTCV. :wgumm&:mnommm.wnwm:n.

P o L ’
I_ .
zvvHV 5

P AR (p) +#ACK) (p) I-1

v -A AW A (P, | |det <<,
_Fvﬁ?mu.mmlznnum.ul 1. k Div_ | b

© T A () ) - (T #AGkp) ()
Pio 7 ) Pip
where :mCC denotes the group of H.mﬂ.gmm. n.o::mnﬁm@ noaﬁo:m,:ﬂm of the
reduction of A at ® and I is defined to be the order of the kernel

of the map
Div H'(0,4°(p)) —> Div H'(0,A(P)) ,

Tesp. 1 analogously for A. (For any abelian group M we denote- by
Div M the maximal divisible subgroup and we put ZE< 1= M/Div M).
The proof of that ﬁ.rwodma consists in a careful study of the descent dia- -

gram. The main difficulty is to show the vanishing of :~€8~>€5 which
requires additional "local analysis'' using a relative cohomology sequence.
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4 - The comparison theorem and its consequence

There is a canonical (or amalytic) p-adic height pairing (see [5]) :
For any &= (0 —> G —> X — A° — 0) €Ext)(A°,6 )= A(K) we ha-
ve the exact sequence of points in the finite adeles A of k

0 —> G (A) —> X(A) —> A%(A) —>0 .

The homomorphism v := Homv ° K o TeCiprocity : 95~$v.|¢v m@ extends in
a natural way to a homomorphism sm : X(A) — ev. By restriction to
global points v_ induces a map v. : A(k) nlv.ev and we put

a a

m .uv 1 Ak) x A(K) —> ev

(@,a) — v_(a).
a

Theorem IT :

For the proof of this result we have to develop a modified flat cohomolo-
gy theory for rings of integers which has a "degree map" into Nﬁ (like
in the function field case) and in which ( ,uv has an interpretation as
a’'certain Yoneda pairing followed by that degree map. The comparison then
noswwmnm in long and complicated cohomological computations which in the
essential step are based on a result of; Serre about the vanishing of the

congruence kernel for abelian varieties.

Theorems I and II together imply the promised partial solution of
Problem 2.

Theorem III :

Assume that ,=hwm>uﬁnu is finite and that ( vu@ is nondegenerate. Then

rvg.mu has a zero at s=1 of multiplicity o := ranky A(k) with
; -1

a_ #U W E) - det(, )]

3 #A(K) (p) + #A(K) (p)

. (5-1)"P
1L, (A,9) + (=1 P14

o T (A () + (T #Ay) (D)
Pioo Pip

Of course, we conjecture that (,)_ always is nondegenerate (in the cy-

clotomic case). p
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