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Introduction

Throughout this paper k is a locally compact nonarchimedean field. Let G be the group of
k-rational points of a connected reductive k-group. As usual we denote by H = H(G) and
S = S(G) the Hecke and Schwartz algebra of G, respectively. The category of nondegenerate
H-modules, resp. S-modules, is denoted byM(G), resp.Mt(G). We have the forgetful functor
Mt(G) −→M(G). The second category M(G) coincides with the category of all smooth G-
representations. A well known theory by Bernstein decomposes the category

M(G) =
∏
Ω

M(Ω)

into the direct product of component categories M(Ω) where Ω runs over the connected
components of the center of H (i.e., this center is the direct product, indexed by Ω, of rings
without nontrivial idempotents). In the papers [SZ1] and [SZ2] we had established a similar
decomposition

Mt(G) =
∏
Θ

Mt(Θ)

where Θ now runs over the connected components of the center of S. In [BK] the theory of
types for smooth G-representations was embedded into the following formalism. Whenever
one has an idempotent f ∈ H one can form the full subcategory Mf (G) of all smooth
G-representations V in M(G) such that HfV = V . The idempotent f is called special if
Mf (G) is an abelian subcategory. Types then can be seen as particular special idempotents
in H which are traces of certain irreducible representations of compact open subgroups of G.
Bernstein had shown that on the one hand the subcategoryMf (G), for a special idempotent
f , necessarily is the direct product of certain full component categoriesM(Ω) and that, on the
other hand, every single component category M(Ω) can be defined by a special idempotent.
The first goal of this paper in section 1 is to establish a full analog of this theory for the
algebra S and the categoryMt(G). This is achieved in Prop. 1.2 and Prop. 1.4. Although we
follow the strategy layed out in [BK] we have to use, of course, our theory from [SZ1] and
[SZ2]. In addition the key part of the argument is different since the algebra S is related to
C∞-functions (on tori), whereas H is related to algebraic functions.

In our paper [SSZ] we had constructed, in the case of the groups G = GLn(k), actual types
for certain finite products of component categoriesMt(Θ). In the present language these types
correspond to idempotents e ∈ H which become special when considered in S. This raises the
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following question for a general group G. LetMt
e(G) be the abelian subcategory for a special

idempotent e ∈ S. From Prop. 1.3 we will know that there is a finite set θe of components Θ
such that

Mt
e(G) =

∏
Θ∈θe

Mt(Θ) .

Which restriction on the sets θe does the condition that e lies in H impose? It turns out that
this restriction is of a topological nature. Let Irrt(G) ⊆ Irr(G) denote the sets of isomorphism
classes of irreducible tempered and irreducible smooth G-representations. We view Irr(G) as a
topological space for the Jacobson topology defined by the algebra H. Then the subset Irrt(G)
is dense in Irr(G). Any component Θ gives rise to a connected component of the subspace
Irrt(G), which we will denote by (νt)−1(Θ). Using the closure operation in Irr(G) we now
introduce a preorder . on the set of all components Θ by the requirement that Θ′ . Θ if
there is a chain of components Θ′ = Θ0, . . . ,Θn = Θ such that (νt)−1(Θi)∩ (νt)−1(Θi+1) 6= ∅
for all i = 0, . . . , n− 1. It turns out (Remark 1.8) that the set θe, if e ∈ H, must be saturated
in the sense that with Θ any Θ′ & Θ also must lie in θe. This motivates our aim to better
understand this preorder ..

In section 2 we restrict to the case that our group G is k-split and has connected center.
We also restrict attention to the Iwahori component MεJ (G). This is the single component
in the Bernstein decomposition of M(G) which is defined by the special idempotent εJ ∈ H
which is the characteristic function of the Iwahori subgroup J of G. This will allow us to
explore the Kazhdan-Lusztig classification of simple modules for the Iwahori-Hecke algebra
in [KL] for our purposes. Let IrrεJ (G) ⊆ Irr(G) denote the subset of isomorphisms classes of
irreducible representations in MεJ (G), which is a connected component of the space Irr(G).
We have

IrrεJ (G) ∩ Irrt(G) =
⋃̇

Θ∈θεJ
(νt)−1(Θ) .

On the other hand let O
Ĝ

denote the set of unipotent orbits in the connected Langlands dual

group Ĝ over C. This finite set carries a natural partial order defined by the Zariski closure
relation between unipotent orbits. The Kazhdan-Lusztig classification gives rise to a natural
surjective map

(1) π : IrrεJ (G) −→ O
Ĝ
.

Our main results are:

I. (Thm. 2.3) π−1(O) ⊆
⋃
O′≥O π

−1(O′) for any O ∈ O
Ĝ

.

II. (Thm. 2.18) For any Θ ∈ θεJ , the map π is constant on the subset (νt)−1(Θ) (and we
let OΘ denote the corresponding value).

III. (Thm. 2.18) If Θ′ . Θ, for any Θ,Θ′ ∈ θεJ , then OΘ′ ≥ OΘ.

We see that our topological preorder . is closely related to the partial order ≤ on O
Ĝ

.
In the final subsection we let G = GLn(k) be a general linear group. In this case the

map θεJ
'−−→ O

Ĝ
sending Θ to OΘ is a bijection. Note that the pair (O

Ĝ
,≤) can naturally

be identified with the set of partitions of n equipped with the dominance partial order. It
follows from III. that the preorder . (restricted to θεJ ), in fact, is a partial order. Somewhat
unexpectedly we will show that, for general n, the image of . on O

Ĝ
is strictly coarser than
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the reverse of the partial order ≤. On the other hand we also will show that this image
is strictly finer than the reverse of the refinement partial order on O

Ĝ
. Indeed the latter

reflects the stronger inclusion relation (νt)−1(Θ′) ⊆ (νt)−1(Θ) (Cor. 2.25). The methods
in this final subsection rely on the Bernstein-Zelevinsky classification of irreducible smooth
representations of general linear groups in [Zel]. The precise form of the relation between the
Kazhdan-Lusztig and Bernstein-Zelevinsky classifications must be known to the experts. But
it is nowhere written in the literature. We therefore present the details of this comparison in
an appendix.

We thank A.-M. Aubert for several useful comments. The authors also acknowledge sup-
port by the DFG Sonderforschungsbereich 878 at Münster.

Notations: Let | |k denote the normalized absolute value of k. We fix a prime element $
of k, and we let q denote the cardinality of the residue class field of k (hence |$|k = q−1).
The multiplication in the algebras H ⊆ S as well as their action on a module sometimes
is denoted by a ∗ (for convolution). As a general convention we write the left and right
translation action of a g ∈ G on any locally constant function φ on G as (gφ)(h) := φ(g−1h)
and (φg)(h) := φ(hg−1).

For any compact open subgroup U ⊆ G we let H(G,U), resp. S(G,U), denote the sub-
algebra of all U -bi-invariant functions in H(G), resp. S(G). Both these algebras are unital
with the unit being the idempotent εU (g) = volG(U)−1, resp. = 0, for g ∈ U , resp. g 6∈ U ,
corresponding to U . The map g 7→ g−1 on G induces on any of the rings H(G,U) and S(G,U)
a canonical anti-involution so that, for these rings, we do not have to distinguish between left
and right modules.

For any unital ring R we let M(R) be the category of left unital R-modules, and we let
Z(R) denote the center of R.

1 Special idempotents

We begin by recalling that a discrete pair (L, τ) of G consists of a Levi subgroup L of G and
an irreducible discrete series representation τ of L. The group G acts by conjugation on the
set of isomorphism classes of discrete pairs, and the Harish Chandra spectrum Ωt(G) of G is
defined to be the set of G-orbits of this action. For any discrete pair (L, τ) we have the map

X1
nr(L) −→ Ωt(G)

χ 7−→ G-orbit of [(L, χτ)]

where X1
nr(L) denotes the compact torus of unitary unramified characters of L. The images

of these maps partition Ωt(G); they are called the connected components of Ωt(G).
Let Irrt(G) denote the set of isomorphism classes of all simple S-modules, equivalently

([SSZ] App.), the set of isomorphism classes of all irreducible tempered G-representations.
For any subset B ⊆ Irrt(G) we introduce the full abelian subcategory

Mt(G)B :=
all nondegenerate S-modules all of

whose simple subquotients lie in B

of Mt(G).
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There is the discrete support map

νt : Irrt(G) −→ Ωt(G)

characterized by the fact that if νt([V ]) is the G-orbit of [(L, τ)] then V is isomorphic to a
subquotient of a G-representation (normalized) parabolically induced from (L, τ).

Given any connected component Θ ⊆ Ωt(G) we put

Mt(Θ) :=Mt(G)(νt)−1(Θ) .

It was shown in [SZ2] Thm. 4.1 that the primitive idempotents in the center of the category
Mt(G) give rise to the decomposition of categories

Mt(G) =
∏
Θ

Mt(Θ) .

We therefore refer to the Mt(Θ) as the component categories of Mt(G). The goal of this
section is to alternatively describe these component categories through idempotents in the
algebra S(G). Since the central idempotents are not contained in S(G) there is no general
formal reason that this should be possible. For any idempotent e ∈ S we consider the full
subcategory Mt

e(G) of all S-modules V in Mt(G) such that SeV = V .

Definition 1.1. The idempotent e ∈ S(G) is called special if the subcategoryMt
e(G) is closed

under the formation of subquotients in Mt(G) (and hence is abelian).

Proposition 1.2. Let e ∈ S(G) be a special idempotent and Θ ⊆ Ωt(G) be a connected
component; then the following assertions are equivalent:

i. There is a [V ] ∈ Irrt(G) such that νt([V ]) ∈ Θ and eV 6= 0,

ii. Mt(Θ) ⊆Mt
e(G).

Proof. Obviously ii. implies i. In the following we assume the existence of an irreducible V as
in i. Its discrete support (M, τ) lies in Θ, and V is a subquotient of the parabolically induced
representation IndGP (E) where E is the vector space of the representation τ and P is some
parabolic subgroup with Levi factor M . Let C∞(X1

nr(M)) denote the ring of complex valued
C∞-functions on X1

nr(M). In [SZ2] Lemma 3.1 it is shown that Π0 := C∞(X1
nr(M)) ⊗C E

carries a natural structure of a nondegenerate S(M)-module. By [SZ2] Cor. 5.3 its parabolic
induction Π := IndGP (Π0) is a projective generator for the component category Mt(Θ). Since
the subcategory Mt

e(G) is closed under the formation of arbitrary direct sums and subquo-
tients inMt(G) it suffices, in order to obtain the assertion ii., to show that Π lies inMt

e(G).
The maximal ideals in the ring C∞(X1

nr(M)) are given by mχ := {f ∈ C∞(X1
nr(M)) : f(χ) =

0} with χ running over X1
nr(M) (cf. [SZ2] Remark 8.3). Let Eχ, for χ ∈ X1

nr(M), denote the
vector space E but viewed as the underlying vector space of the twisted representation χτ .
Starting from the obvious exact sequence

0 −→ mχ ⊗C E
⊆−−→ C∞(X1

nr(M))⊗C E
evχ−−−→ Eχ −→ 0

of C∞(X1
nr(M))×S(M)-modules where evχ(f⊗v) := f(χ)v we obtain by parabolic induction

([SZ1] §2) the exact sequence

0 −→ mχΠ
⊆−−→ Π −→ IndGP (Eχ) −→ 0
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of C∞(X1
nr(M))× S(G)-modules.

Claim 1: e IndGP (Eχ) 6= 0 for any χ ∈ X1
nr(M).

Fixing a good maximal compact subgroup K ⊆ G we may identify

Π = IndKP∩K(C∞(X1
nr(M))⊗C E) = C∞(X1

nr(M))⊗C IndKP∩K(E) .

Hence the endomorphism of Π given by the action of e can be viewed as an element eΠ ∈
C∞(X1

nr(M))⊗C End∞C (IndKP∩K(E)) such that

eΠ(χ) =
[

IndGP (Eχ)
e∗−−→ IndGP (Eχ)

]
.

Here the second factor in the tensor product denotes the smooth linear endomorphisms
of IndKP∩K(E). They all are of finite rank so that one has the usual trace functional tr :
End∞C (IndKP∩K(E)) −→ C. In particular we obtain the C∞-function

tr(eΠ) := (id⊗ tr)(eΠ) ∈ C∞(X1
nr(M)) .

It satisfies

tr(eΠ)(χ) = trace of IndGP (Eχ)
e∗−−→ IndGP (Eχ)

= dimC e IndGP (Eχ)

for any χ ∈ X1
nr(M). Since an integral valued C∞-function on X1

nr(M) must be constant we
conclude that

dimC e IndGP (Eχ) = dimC e IndGP (E) ≥ dimc eV 6= 0

for any χ ∈ X1
nr(M).

For irreducible IndGP (Eχ) this means that Se IndGP (Eχ) = IndGP (Eχ) and hence by the
above exact sequence that

Π = SeΠ + mχΠ .

Claim 2: There is a nonzero regular function F ∈ O(Xnr(M)) on the algebraic torus
Xnr(M) of all unramified characters of M such that {χ ∈ X1

nr(M) : IndGP (Eχ) is reducible}
is contained in the zero set of F .
The Weyl group NG(M)/M acts on the isomorphism classes of irreducible smooth represen-
tations of M . The subset Ξ ⊆ Xnr(M) of all characters χ such that w∗Eχ 6∼= Eχ for any
nontrivial w ∈ NG(M)/M is Zariski open in Xnr(M). By [Cas] Thm. 6.6.1 or [Wal] Prop.
IV.2.2(i) any IndGP (Eχ) with χ ∈ Ξ ∩X1

nr(M) is irreducible. It therefore suffices to choose a
nonzero F ∈ O(Xnr(M)) such that the complement D(F ) of its zero set is contained in Ξ.

Let U ⊆ G be an arbitrary compact open subgroup. From our earlier identity we deduce
the equality of C∞(X1

nr(M))-modules

eUΠ = eUSeΠ + mχ(eUΠ)

for any χ ∈ X1
nr(M) such that F (χ) 6= 0. Using a good maximal compact subgroup K ⊆ G

the formula
eUΠ = eUeU∩KΠ = eU [C∞(X1

nr(M))⊗C eU∩K IndKP∩K(E)]

exhibits eUΠ as a finitely generated module over C∞(X1
nr(M)). Hence, by the Nakayama

lemma, we obtain the equality of localized modules

(eUΠ)F = (eUSeΠ)F
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over the localization C∞(X1
nr(M))F of C∞(X1

nr(M)) in F . This means, again by finite gen-
eration of eUΠ, that we find a natural number n = n(U) ∈ N such that

Fn · SeUΠ = S(Fn · eUΠ) ⊆ SeUSeΠ ⊆ SeΠ .

With SeΠ therefore also Fn · SeUΠ lies in the subcategory Mt
e(G). Furthermore, we know

from the proof of [SZ2] Cor. 8.7 that Π has no F -torsion. Hence the map

SeUΠ
Fn·−−−→ Fn · SeUΠ

is an isomorphism of S-modules (remember that the C∞(X1
nr(M))- and the S-action com-

mute). We see that SeUΠ lies in Mt
e(G). Hence

eUΠ ⊆ SeUΠ = SeSeUΠ ⊆ SeΠ .

Since U was arbitrary we finally conclude that Π = SeΠ.

The analog of the above proposition for the algebra H(G) is due to Bernstein. For any
idempotent f ∈ H(G) we have the full subcategory Mf (G) of all H-modules V in M(G)
such that HfV = V . Then f is called special if this subcategory Mf (G) is closed under the
formation of subquotients in M(G). We followed the strategy of proof in [BK] (3:6) but had
to deal with the extra difficulty that C∞(X1

nr(M)) is not an integral domain.
For any V in Mt(G), let

V =
⊕

Θ

VΘ

with VΘ inMt(Θ) be the decomposition corresponding toMt(G) =
∏

ΘMt(Θ). In particular,

S(G) =
⊕

Θ

S(G)Θ

is a decomposition into two sided ideals. Let ZΘ denote the central idempotent which defines
the component category Mt(Θ), i.e., multiplication by ZΘ induces a projection ZΘ,V : V �
VΘ.

Proposition 1.3. Let e ∈ S(G) be a special idempotent; then we have:

i. The set of all connected components Θ such that ZΘ,S(e) 6= 0 is finite;

ii. Mt
e(G) =

∏
ZΘ,S(e)6=0Mt(Θ);

iii. S(G)eS(G) =
∑

ZΘ,S(e)6=0 S(G)Θ;

iv. the functors

Mt
e(G) −→M(eSe) and M(eSe) −→Mt

e(G)

V 7−→ eV M 7−→ Se⊗eSeM

are quasi-inverse equivalences of categories.
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Proof. i. Since e =
∑

Θ ZΘ,S(e) the set of all connected components Θ such that ZΘ,S(e) 6= 0
has to be finite.
ii. Obviously, with any V also all of its components VΘ belong to Mt

e(G). Hence, by the
proposition, Mt

e(G) is a product of full component categories. The formula

ZΘ,V (v) = ZΘ,V (ev) = ZΘ,S(e)v for any v ∈ eV

shows that ZΘ,S(e) 6= 0 ifMt(Θ) ⊆Mt
e(G). On the other hand, if ZΘ,S(e) 6= 0 then (Se)Θ =

ZΘ,S(Se) is nonzero and lies in Mt
e(G). Hence any irreducible subquotient of (Se)Θ lies in

Mt(Θ) as well as in Mt
e(G). It then follows from the proposition that Mt(Θ) ⊆Mt

e(G).
iii. Finally, if Mt(Θ) ⊆Mt

e(G) then SΘ lies in Mt
e(G) which implies that

SΘ = SeZΘ,S(S) = ZΘ,S(SeS) ⊆ SeS .

It follows that
SeS =

∑
ZΘ,S(e)6=0

(SeS)Θ =
∑

ZΘ,S(e)6=0

SΘ .

iv. This is a completely formal consequence. Compare, for example, [BK] (3.12).

Proposition 1.4. For any finite set θ of connected components there is a special idempotent
e ∈ S(G) such that Mt

e(G) =
∏

Θ∈θMt(Θ).

Proof. This is literally the same argument as in [BK] (3.13) which we therefore only sketch.
Choose a compact open subgroup U ⊆ G such that eUV 6= 0 for any irreducible representation
in Mt(θ) :=

∏
Θ∈θMt(Θ). Write

eU = e+ e′ with e ∈ ⊕Θ∈θSΘ and e′ ∈ ⊕Θ6∈θSΘ.

Then SeV ⊆ ⊕Θ∈θVΘ and hence Mt
e(G) ⊆ Mt(θ). On the other hand let V be in Mt(θ)

and suppose that SeV 6= V . Any irreducible quotient V0 of V/SeV lies inMt(θ) but satisfies
eV0 = 0. Since e′V = e′V0 = 0 it follows that eUV0 = 0 which is a contradiction. In particular
Mt

e(G) =Mt(θ) is abelian and the idempotent e therefore special.

There is the following useful observation.

Lemma 1.5. Any idempotent f ∈ H(G) which is special in H(G) also is special in S(G).

Proof. Let V be in Mt
f (G), hence SfV = V . As a G-representation we have, by the analog

forM(G) of Prop. 1.3, the natural decomposition V = V ′⊕HfV where HfV lies inMf (G)
and fV ′ = 0. This decomposition is given by central idempotents for H, i.e., by idempo-
tents in lim←−U Z(H(G,U)) ([SZ2] Lemma 1.2.i). Since H(G,U) is dense in S(G,U) we have
Z(H(G,U)) ⊆ Z(S(G,U)). It follows that the center of M(G) is contained in the center of
Mt(G), and we obtain that the above decomposition is, in fact, S-invariant. We deduce that
V = SfV = HfV , i.e., that V lies in Mf (G). One easily concludes that with Mf (G) also
Mt

f (G) is closed under the formation of subquotients.

Let Irr(G) denote the set of isomorphism classes of irreducible smooth G-representations.
It naturally is a topological space for the Jacobson topology. We recall that the Jacobson
closed subsets are the subsets of the form

V (J ) := {[V ] ∈ Irr(G) : J V = 0}

with J running over the two sided ideals in H(G).
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Remark 1.6. The subset Irrt(G) is dense in Irr(G).

Proof. We have to show that any f ∈ H(G) which annihilates all irreducible tempered V
necessarily is zero. Suppose that f 6= 0. Because of the inclusions H(G) ⊆ S(G) ⊆ C∗r (G) (see
[Vig] Prop. 28 for the second inclusion into the reduced C∗-algebra of G) we may view f as
a nonzero element in C∗r (G). In the context of C∗-algebras it is a general fact that for any
nonzero f there is a simple C∗r (G)-module X, which in particular is an irreducible unitary
G-representation, such that fX 6= 0. As explained in the proof of [SSZ] App. Prop. 3.i the
subspace V of smooth vectors in X is an irreducible tempered G-representation, and is dense
in X. Hence fV 6= 0.

We now introduce a preorder on the set of connected components of Ωt(G). In the following
(.) refers to the closure operation in the topological space Irr(G).

Definition 1.7. For two connected components Θ and Θ′ of Ωt(G) we write Θ′ . Θ if there is
a chain Θ′ = Θ0, . . . ,Θn = Θ such that (νt)−1(Θi)∩ (νt)−1(Θi+1) 6= ∅ for all i = 0, . . . , n− 1.

Remark 1.8. i. If θ is a finite set of connected components of Ωt(G) and e ∈ H(G) is
an idempotent which is special in S(G) and such that Mt

e(G) =
∏

Θ∈θMt(Θ) then θ is
saturated in the sense that with Θ any Θ′ & Θ also lies in θ.

ii. Any connected component Θ lies in a finite saturated set.

Proof. i. Suppose that Θ′ 6∈ θ. Then eV = 0 for any V in Mt(Θ′). Let J ⊆ H(G) denote the
joint annihilator ideal of all irreducible representations in Mt(Θ′). In particular, e ∈ J . But
V (J ) ⊇ (νt)−1(Θ′). If (νt)−1(Θ)∩ (νt)−1(Θ′) 6= ∅ for some Θ ∈ θ then V (J )∩ (νt)−1(Θ) 6= ∅.
Hence there would be a representation V 6= 0 in Mt(Θ) ⊆ Mt

e(G) such that J V = 0 and a
fortiori eV = 0 which is a contradiction.

ii. We pick an irreducible tempered G-representation V inMt(Θ). By the analog for H(G)
of Prop. 1.4 we find a special idempotent f ∈ H(G) such that V lies in Mt

f (G). According
to Lemma 1.5 the idempotent f also is special in S(G). Hence we may apply Prop.s 1.2
and 1.3 and obtain a finite set θ of connected components such that Mt(Θ) ⊆ Mt

f (G) =∏
Θ′∈θMt(Θ′). By i. the finite set θ, which contains Θ, is saturated.

2 Iwahori components

For the rest of the paper we will work under the assumption that our group G is k-split and
has connected center. We fix a Borel subgroup P ⊆ G with Levi decomposition P = TN
where T is a maximal k-split torus in P and N is the unipotent radical. As usual, P = TN
denotes the opposite Borel subgroup. We recall that the modulus character δP of P can be
constructed as follows. We put

∆(t) := det(ad(t); Lie(N))

where ad(t) denotes the adjoint action of t ∈ T on Lie(N). Then δP is the composite

P
pr−−→ T

|∆(.)|−1
k−−−−−→ C

× .

Let W := NG(T )/T denote, as usual, the Weyl group of G.
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We fix a hyperspecial vertex x0 in the apartment corresponding to T and we let C denote
the chamber in the direction of P with x0 in its closure. The stabilizer K of x0 is a good
maximal compact subgroup of G, and the pointwise stabilizer J ⊆ K of C is an Iwahori
subgroup.

It is known from the work of Borel and Bernstein (cf. [BK] (9.2)) that the idempotent
εJ ∈ H(G) is special in H(G). This means that the category MεJ (G) of all smooth G-
representations which are generated by their J-fixed vectors is abelian and is a direct factor of
the full categoryM(G). According to Lemma 1.5 the idempotent εJ is special in S(G) as well.
Therefore, by Prop. 1.3, there are finitely many connected components Θ1, . . . ,Θr ⊆ Ωt(G)
such that

Mt
εJ

(G) =

r∏
i=1

Mt(Θi) .

Let IrrtεJ (G) ⊆ IrrεJ (G) denote the sets of isomorphism classes of irreducible tempered and of
irreducible smooth G-representations in MεJ (G), respectively. Of course we have

IrrtεJ (G) = (νt)−1(Θ1 ∪ . . . ∪Θr) .

In the following we write θεJ := {Θ1, . . . ,Θr}. With respect to the Jacobson topology IrrεJ (G)
is an open and closed subset of Irr(G). We also recall that, by the result of Borel and Bernstein,
the functor

MεJ (G)
∼−−→M(H(G, J))

V −→ εJV

is an equivalence of categories. On the one hand, this Morita equivalence induces a bijection
between IrrεJ (G) and the set Irr(H(G, J)) of isomorphism classes of simple H(G, J)-modules.
On the other hand, it induces an inclusion preserving bijection between the sets of two sided
ideals in HεJH and H(G, J) = εJHεJ , respectively, which maps J ⊆ HεJH to I := εJJ εJ ⊆
H(G, J); in this case we, moreover, have for any V in IrrεJ (G) that [V ] ∈ V (J ) if and only
if IεJV = 0. We see that the Jacobson topology on IrrεJ (G) coincides with the Jacobson
topology on Irr(H(G, J)).

2.1 The Kazhdan-Lusztig classification

The simple H(G, J)-modules have been classified by Kazhdan-Lusztig, and we have to review
this classification in this section. We first note that the Bernstein presentation of the alge-
bra H(G, J) as described in [HKP] Lemma 1.7.1 and (1.15.2) coincides with the generators
and relations, specialized to q ∈ C×, given in [KL] 2.12. Hence their generic Hecke algebra
specialized to q is indeed the algebra H(G, J) (compare also [BM] (3.9)).

Let Ĝ = LG◦ denote the (complex) connected Langlands dual group of G. We remark
that our assumption that the center of G is connected is equivalent to the derived group of
Ĝ being simply connected ([Bo2] 2.2.(5)).

Let (u, s) be a pair of elements in Ĝ where s is semisimple, u is unipotent, and which
satisfy the relation sus−1 = uq. The complex algebraic variety

Bu := {B : B Borel subgroup of Ĝ, u ∈ B}
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is acted upon by the algebraic group

M(u) := {(g, λ) ∈ Ĝ× C× : gug−1 = uλ}

through conjugation by the first component g. Inside M(u) we consider the centralizer
M(u, s) := ZM(u)((s, q)) of the element (s, q) as well as the algebraic subgroup M := M(s)
generated by the element (s, q). By functoriality the group M(u, s) acts on the M -equivariant
K-group KM

0 (Bu). This action is R(M)-linear for the representation ring R(M) of M . By
general principles it factorizes through an action of the component group

M̄(u, s) := M(u, s)/M(u, s)◦(Z(Ĝ)× {1})

where Z(Ĝ) denotes the center of Ĝ. Using the character

R(M) −→ C

[E] 7−→ Tr((s, q);E)

Kazhdan-Lusztig form
Mu,s := C⊗R(M) K

M
0 (Bu)

still carrying an M̄(u, s)-action, and they show that Mu,s also carries a specific H(G, J)-
action which commutes with the M̄(u, s)-action. For each irreducible representation ρ of the
finite group M̄(u, s) one may therefore introduce the H(G, J)-module

Mu,s,ρ := (ρ∗ ⊗CMu,s)
M̄(u,s) .

We obviously have

Mu,s =
⊕
ρ

(ρ⊗CMu,s,ρ) .

The nonzero ones among the Mu,s,ρ are called the standard H(G, J)-modules.

Theorem 2.1 ([KL] Thm. 7.12). i. The standard moduleMu,s,ρ has a unique simple quo-
tient Lu,s,ρ.

ii. Every simple H(G, J)-module is isomorphic to some Lu,s,ρ.

iii. Lu,s,ρ and Lu′,s′,ρ′ are isomorphic if and only if the triples (u, s, ρ) and (u′, s′, ρ′) are

Ĝ-conjugate.

Let π(u, s, ρ) be an irreducible smooth G-representation such that

εJ ∗ π(u, s, ρ) ∼= Lu,s,ρ

as H(G, J)-modules. The above theorem says that the association π(u, s, ρ)←→ (u, s, ρ) sets
up an injective map

IrrεJ (G) ↪→ set of Ĝ-orbits of triples (u, s, ρ).

By [KL] 2.4.(g) there is a homomorphism of algebraic groups

γu,s : SL2(C) −→ Ĝ

10



such that γu,s(
(

1 1
0 1

)
) = u and

(2) sγu,s(A)s−1 = γu,s(
( q1/2 0

0 q−1/2

)
A
( q−1/2 0

0 q1/2

)
) for any A ∈ SL2(C) .

In particular the semisimple elements s and γu,s(
( q1/2 0

0 q−1/2

)
) commute. By [KL] 2.4.(h) the

homomorphism γu,s is uniquely determined up to conjugation by an element in the simulta-

neous centralizer Z
Ĝ

(u, s) of u and s in Ĝ.

Theorem 2.2. Equivalent are:

i. π(u, s, ρ) is tempered;

ii. the semisimple element γu,s(
( q−1/2 0

0 q1/2

)
)s in Ĝ is compact.

In this case we have Mu,s,ρ = Lu,s,ρ. Also equivalent are:

iii. π(u, s, ρ) is essentially discrete series;

iv. there is no proper Levi subgroup of Ĝ which contains both u and s.

Proof. This is [KL] Thm.s 8.2 and 8.3 provided G is semisimple. An argument which reduces
the general case to the semisimple one can be found in [ABPS] Prop. 9.3.

By this theorem the property of being tempered or discrete series for π(u, s, ρ) does not
depend on the parameter ρ. We therefore call in this case the pair (u, s) tempered and discrete,
respectively.

2.2 The Jacobson topology on the smooth Iwahori component

Let Ĝunip be the subset of unipotent elements in Ĝ. It is a closed irreducible subvariety of

Ĝ with respect to the Zariski topology ([SS] Thm. III.1.8). For any u ∈ Ĝunip we denote by

Ou ⊆ Ĝunip the conjugacy class of u. Moreover, O
Ĝ

denotes the set of all unipotent conjugacy

classes in Ĝ. The closure O of a unipotent class O is understood with respect to the Zariski
topology. We recall the following facts:

– The set O
Ĝ

is finite ([SS] Thm. I.5.4).

– Each unipotent class O is open in its closure O ([Car] §1.5).

– The closure O is a union of unipotent classes.

On O
Ĝ

one therefore can define the partial order

O1 ≤ O2 if O1 ⊆ O2 .

We then have
O =

⋃
O′≤O

O′ and O \O =
⋃
O′<O

O′ .
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Our goal in this section is to relate the Jacobson topology on IrrεJ (G) to the partial order on
O
Ĝ

via the map

IrrεJ (G) −→ O
Ĝ

[π(u, s, ρ)] 7−→ Ou .

For this purpose we define the subsets

π−1(O) := {[π(u, s, ρ)] : Ou = O} for any O ∈ O
Ĝ

in IrrεJ (G).

Theorem 2.3. For any O ∈ O
Ĝ

we have

π−1(O) ⊆
⋃
O′≥O

π−1(O′) .

To prepare for the proof of this theorem we recall a key tool from [KL] which is the
Steinberg variety

Z := {(u,B,B′) : u ∈ B ∩B′}

consisting of triples where B,B′ are Borel subgroups of Ĝ and u is an unipotent element in
their intersection. The group Ĝ× C× acts on Z by

(Ĝ× C×)× Z −→ Z

((g, λ), (u,B,B′)) 7−→ (guλ
−1
g−1, gBg−1, gB′g−1) .

(We recall that uλ
−1

= exp( 1
λX) if u = exp(X) for a nilpotent X ∈ Lie(Ĝ).) For any locally

closed Ĝ× C×-invariant subvariety X of Z we have the (Ĝ× C×)-equivariant K-group

K(X) := KĜ×C×
0 (X)⊗ C .

Such X of interest here arise as follows: For any locally closed subvariety Y ⊆ Ĝunip which is

invariant under conjugation by Ĝ we define

ZY := {(u,B,B′) ∈ Z : u ∈ Y }.

The canonical morphism j = jY : ZY −→ ZY , resp. i = iY : ZY −→ Z, is an open, resp.
closed, immersion. They give rise to homomorphisms

0 // K(ZY )

j∗

��

i∗ // K(Z)

K(ZY )

��
0.

For any O ∈ O
Ĝ

the closed immersion iO : O \ O −→ O induces a homomorphism i∗O :
K(ZO\O) −→ K(ZO). According to [KL] 5.3 one has:

12



a) i∗ is injective.

b) j∗ is surjective.

c) im
(
K(ZY ) −→ K(Z)

)
=
∑

O∈O
Ĝ
,O⊆Y im

(
K(ZO) −→ K(Z)

)
.

d) The sequence 0 −→ K(ZO\O)
i∗O−−→ K(ZO)

j∗O−−→ K(ZO) −→ 0 is exact ([KL] 1.3(g) and

Thm. 5.2).

Let H denote the (extended) affine Hecke algebra over the Laurent polynomial ring C[q±1]
in the variable q of the root system of Ĝ as described in [KL] 2.12-13. The algebra H(G, J)
is the specialization of H with respect to q 7→ q.

In [KL] 3.4(b) a specific element 1 ∈ K(Z) is exhibited and in Thm. 3.5 a distinguished
(H,H)-bimodule structure on K(Z) is constructed such that h1 = 1h for any h ∈ H and
such that the map

H
∼=−−→ K(Z)(3)

h 7−→ h1 = 1h

is an isomorphism of bimodules. Again by [KL] 5.3 one has:

e) Each K(ZY ) carries an (H,H)-bimodule structure such that the maps i∗ and j∗ are
homomorphisms of bimodules.

f) Each simple left H-module is a (left) H-module quotient of K(ZO) for some O ∈ O
Ĝ

.

Proposition 2.4. The simple H(G, J)-module Lu,s,ρ is a (left) H-module quotient of K(ZO)
if and only if O = Ou.

Proof. We abbreviate L := Lu,s,ρ. Recall that L is an H-module quotient of the standard H-
moduleMu,s,ρ. On the other hand, the proof of [KL] Prop. 5.13 can be interpreted as saying
that given any H-module surjection K(ZO) � L, for some O, there is another H-module
surjectionMu′,s′,ρ′ � L with u′ ∈ O (since our q is fixed we suppress it in the notation of loc.
cit.). The main Thm. 7.12 in [KL] then implies that the triples (u, s, ρ) and (u′, s′, ρ′) must
be Ĝ-conjugate and so, in particular, O = Ou. In view of property f) above this proves the
assertion.

We let Irr(H) be the set of isomorphism classes of simple H-modules equipped, as always,
with its Jacobson topology. Since H(G, J) is a quotient of H the space Irr(H(G, J)) is a closed
subspace of Irr(H). For any O ∈ O

Ĝ
we introduce the subset L−1(O) := {[Lu,s,ρ] : Ou = O}

of Irr(H).
Because of properties a), d), and e) above we may identify, under the isomorphism (3),

K(ZO\O) and K(ZO) with two sided ideals JO and IO in H such that JO ⊆ IO and IO/JO ∼=
K(ZO) as bimodules.

Lemma 2.5. For any simple H(G, J)-module L = Lu,s,ρ and any O ∈ O
Ĝ

we have:

i. IO · L 6= 0 if and only if Ou ≤ O;

ii. V (IO) ∩ Irr(H(G, J)) =
⋃
O′�O L−1(O′);
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iii.
⋂
O′′�O V (IO′′) ∩ Irr(H(G, J)) =

⋃
O′≥O L−1(O′) is closed in Irr(H(G, J)).

iv. L−1(O) ⊆
⋃
O′≥O L−1(O′).

Proof. i. First we assume that O is minimal such that IO ·L 6= 0. Then IO ·v 6= 0 for a certain
v ∈ L and therefore IO · v = L because L is simple. So we obtain a surjective map IO → L,
which sends h to hv, of (left) H-modules. The minimality of O implies that IO′ · L = 0 for
any O′ < O. On the other hand, applying property c) above with Y := O \O we obtain

JO =
∑
O′<O

IO′ .

It follows that JO · L = 0. Hence L is an H-module quotient of IO/JO ∼= K(ZO). Prop. 2.4
then implies that O = Ou. Finally, if Ou ≤ O then IOu ⊆ IO and 0 6= IOu · L ⊆ IO · L.

ii. is immediate from i.
iii. Using ii. we see that the left hand side is equal to⋂

O′′�O

⋃
O′�O′′

L−1(O′) .

This is the union of all L−1(O′) such that O′ � O′′ whenever O′′ � O, i.e., such that any
O′′ ≥ O′ also satisfies O′′ ≥ O. The latter condition simply amounts to O′ ≥ O which
characterizes the right hand side of the asserted identity.

iv. is immediate from iii.

Under the natural homeomorphism of Jacobson topological spaces IrrεJ (G) ' Irr(H(G, J))
the subset π−1(O) of the left hand side corresponds to the subset L−1(O) of the right hand
side. Therefore Lemma 2.5.iv proves Thm. 2.3.

Remark 2.6. For any O ∈ O
Ĝ

we have L−1(O) = Irr(H(G, J)) ∩
(
V (JO) \ V (IO)

)
; in

particular, π−1(O) is open in its closure.

2.3 The cuspidal support

Let Xnr(T ) denote the complex torus of unramified characters of T . The cuspidal support
map

ν : IrrεJ (G) −→W\Xnr(T )

is characterized by the fact that if χ ∈ ν([V ]) then V is isomorphic to a subquotient of the
normalized parabolic induction IndGP (χ). Equivalently ν([V ]) can be viewed as the infinitesimal
(or central) character of V as follows. For later purposes we need to recall this in a specific
form. We put T 0 := J ∩ T which is the maximal compact subgroup of T . An element t ∈ T
is called dominant if t(J ∩N)t−1 ⊆ J ∩N and t−1(J ∩N)t ⊆ J ∩N . For any compact open
subset X ⊆ G we let charX ∈ H(G) denote its characteristic function. Bernstein has shown
the following.

Lemma 2.7. The map

C[T/T 0] −→ H(G, J)

tT 0 7−→ δ
−1/2
P (t)charJt1J ∗ char−1

Jt2J
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where t = t1t
−1
2 with dominant t1 and t2 is a well defined embedding of unital algebras. It

restricts to an isomorphism

C[T/T 0]W
∼=−−→ Z(H(G, J)) .

Proof. See [HKP] Remark 1.7.2, §1.4, and Lemma 2.3.1.

On the other hand, by [BK] (9.2) the trivial representation on J is a G-cover of the trivial
representation on T 0. Hence [BK] Cor. 7.12 applies and says that, for any Borel subgroup
T ⊆ Q ⊆ G, there is a unique homomorpism of unital algebras

tQ : C[T/T 0] −→ H(G, J)

such that
tQ(tT 0) = δ−1

Q (t)charJtJ for any Q-dominant t ∈ T .

(Note that by the formula before (7.8) in [BK] our δQ is the inverse of theirs.) Since [BK]
work with unnormalized parabolic induction (whereas we work with the normalized one) we
renormalize this algebra homomorphism by defining

tnormQ (tT 0) := δ
1/2
Q (t)tQ(tT 0) .

Then [BK] Cor. 8.4 says that, for any χ ∈ Xnr(T ), we have an isomorphism of H(G, J)-
modules

εJ IndGQ(χ) ∼= HomC[T/T 0](H(G, J),Cχ)

where C[T/T 0] acts on H(G, J) through the homomorphism tnormQ and on Cχ through the
character χ. By comparing definitions we see that the homomorphism in Lemma 2.7 is equal
to tnormP . It is shown in [Dat] Prop. 2.1 that the restriction tnormQ

∣∣C[T/T 0]W is independent
of the choice of the parabolic subgroup Q. Hence from now on we will treat the isomorphism
C[T/T 0]W ∼= Z(H(G, J)) in Lemma 2.7 as an identification. The following description of the
cuspidal support in terms of the action of the center is now an immediate consequence of the
above isomorphism.

Corollary 2.8. The cuspidal support map ν is continuous for the Jacobson and Zariski
topology on the source and target, respectively.

Proof. By the above discussion ν can be viewed as the map

Irr(H(G, J)) −→ Spec(Z(H(G, J)))

[L] 7−→ annihilator ideal of L in Z(H(G, J)).

In this form the map is visibly continuous.

Proposition 2.9. If χ ∈ Xnr(T ) lies in the cuspidal support of some [V ] ∈ IrrεJ (G) then the
center C[T/T 0]W of H(G, J) acts on εJV through the character χ.

By the very construction of the Langlands dual group we have

(4) Xnr(T ) = T̂

(cf. [Bo2] 9.5) which moreover is a maximal torus in Ĝ. Let χs ∈ Xnr(T ) denote the unramified
character which corresponds to an element s ∈ T̂ under this identification. We note that
unitary unramified characters correspond to compact (= elliptic) elements in T̂ .
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Proposition 2.10. Suppose that s ∈ T̂ ; then the center C[T/T 0]W of H(G, J) acts on Mu,s

through the character χs.

Proof. Let R(Ĝ×C×) denote the representation ring of the complex algebraic group Ĝ×C×.
According to [KL] (2.14) the formal character provides an isomorphism

R(Ĝ× C×)
∼=−−→ Z[q±1][X∗(T̂ )]W

between the representation ring and the center of the generic Hecke algebra; here X∗(T̂ ), of
course, denotes the character group of the algebraic torus T̂ . By [KL] (5.12) the center of
the generic Hecke algebra acts, after making the above identification, on the module Mu,s

through the character Tr((s, q); .). This latter character corresponds on Z[q±1][X∗(T̂ )] to the
character sending q to q and ξ ∈ X∗(T̂ ) to ξ(s). Using the formulas in [KL] (2.12) and [HKP]
(1.15) one checks that under the identification

T/T 0 ∼=−−→ X∗(T̂ )

tT 0 7−→ ξt(s
′) := χs′(t)

the center of the generic Hecke algebra specializes to the description of the center of H(G, J)
given in Lemma 2.7. Moreover, the above character becomes on C[T/T 0] the character χs.

Corollary 2.11. Up to conjugation we may assume that the triple (u, s, ρ) satisfies s ∈ T̂ ;
then the representation π(u, s, ρ) has cuspidal support Wχs.

Proof. Recalling that Lu,s,ρ is a quotient of Mu,s it remains to combine Prop. 2.9 and Prop.
2.10.

Let Xnr(G) denote the group of unramified characters of G. To be precise we recall that
a character χ : G −→ C× is called unramified if it is trivial on the subgroup G1 ⊆ G which
is the simultaneous kernel of the |ξ|k with ξ running over all k-rational characters of G. Note
that Xnr(G) is a complex algebraic torus (cf. [Ca] III.3.2).

Lemma 2.12. Xnr(G) = Z(Ĝ)◦.

Proof. Clearly Z(Ĝ)◦ ⊆ T̂ . On the other hand it follows from the Cartan decomposition of
G that the natural map Xnr(G) −→ Xnr(T ) is injective. Since all coroots α̌ of G have their
image in the derived group of G we have χ◦α̌ = 1 for any χ ∈ Xnr(G). As the coroots of G are
the roots of Ĝ this means that χ viewed, via (4), as an element of T̂ lies in the simultaneous
kernel of all roots which is nothing else than the center Z(Ĝ). Hence under the identification
(4) we have Xnr(G) ⊆ Z(Ĝ) and a fortiori Xnr(G) ⊆ Z(Ĝ)◦. But both sides are tori of the
same dimension so that equality must hold.

2.4 The unipotent class of a tempered Iwahori component

In this section we will first of all show that in a tempered pair (u, s) the semisimple element
s determines the unipotent orbit Ou. We begin with the following fact. Given a unipotent
element u ∈ Ĝ we choose, using the Jacobson-Morozov theorem, a homomorphism of algebraic
groups γu : SL2(C) −→ Ĝ such that γu(( 1 1

0 1 )) = u.
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Proposition 2.13. The map

O
Ĝ
−→ set of all semisimple conjugacy classes of Ĝ

Ou 7−→ class of γu(
( q1/2 0

0 q−1/2

)
)

is injective.

Proof. The map is well defined since γu is determined by u up to conjugation by an element in
the centralizer of u. Let now u and u′ be two unipotent elements such that the homomorphisms

gγug
−1 and γu′ coincide in the element in

(
q1/2 0

0 q−1/2

)
. Since this element generates a Zariski

dense subgroup of the diagonal torus C× in SL2(C) it follows that we have gγug
−1|C× =

γu′ |C×. By derivation we deduce that Ad(g) ◦ dγu|C = d(gγug
−1)|C = dγu′ |C. Therefore the

assumptions of [B-GAL] Chap. VIII §11.3 Prop. 6 are satisfied and we obtain that dγu and
dγu′ are Ĝ-conjugate. Since SL2(C) is simply connected this implies, by [B-GAL] Chap. III
§6.1 Thm. 1, that γu and γu′ are Ĝ-conjugate. We conclude that Ou = Ou′ .

We now fix a semisimple element s ∈ Ĝ and let s = sesh be its polar decomposition
into the elliptic part se and the hyperbolic part sh. Consider any unipotent u ∈ Ĝ such that

sus−1 = sq and define τu := γu,s(
( q1/2 0

0 q−1/2

)
) with γu,s as in section 2.1. We have:

1. τu is well defined up to conjugation by elements in Z
Ĝ

(u, s).

2. By (2) the image of γu,s lies in the centralizer Z
Ĝ

(τ−1
u s) of τ−1

u s; in particular, τu and
s commute.

3. τu is hyperbolic and satisfies τuuτ
−1
u = uq.

4. u and se commute. (By 2. the elements τ−1
u s and u, hence also (τ−1

u s)e and u commute;
but (τ−1

u s)e = se by 3.)

Corollary 2.14. In a tempered pair (u, s) the Ĝ-conjugacy class of sh determines the unipo-
tent orbit Ou.

Proof. By Prop. 2.13 the class of τu determines Ou. On the other hand Thm. 2.2 says that
τ−1
u s is elliptic. Finally properties 2. and 3. above imply that τu = sh.

We need two further properties of tempered pairs.

Lemma 2.15. Let (u, s) and (u′, s′) be two tempered pairs; if s′ = sσ with an elliptic element
σ ∈ Z(Ĝ) then Ou = Ou′.

Proof. With (u′, s′) also (u′, s) is a tempered pair, since s′h = sh. It remains to apply Cor.
2.14.

Let L ⊆ G be a Levi subgroup.

Remark 2.16. For a general k-split reductive group G (with not necessarily connected center)
we have:

i. The centralizer of any k-split torus is a Levi subgroup in G, which is k-split;
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ii. any Levi subgroup L ⊆ G is the centralizer of its connected center Z(L)◦;

iii. the center Z(L) of any Levi subgroup L ⊆ G satisfies Z(L) = Z(G) · Z(L)◦.

Proof. For i. see [BT] Thm. 4.15.a). For ii. see [Bo1] Prop. 14.18 (or Prop. 20.6(i); also note
that Z(L) and Z(L)◦ are defined over k by [Bo1] Prop. 1.2(b) and Thm. 18.2(ii)). In fact we
need a few details of this argument to see iii. Suppose that the Levi subgroup L is standard
with respect to the maximal torus T in G and the set of simple roots ∆ ⊆ X∗(T ). Then (cf.
[Spr] 8.1.8(i))

Z(G) =
⋂
α∈∆

ker(α) .

Moreover there is a subset I ⊆ ∆ such that

Z(L) =
⋂
α∈I

ker(α) .

The set I is a basis of the root system of L with respect to T . Hence dim(T/Z(G)) = |∆| and
dim(T/Z(L)) = |I| so that dim(Z(L)◦/Z(G)◦) = |∆ \ I|. The map

Z(L)

∏
α∈∆\I α−−−−−−−→

∏
α∈∆\I

Gm

therefore restricts to a homomorphism Z(L)◦/Z(G)◦ −→
∏
α∈∆\I Gm of tori of the same

dimension with a finite kernel. Hence the map Z(L)◦ −→
∏
α∈∆\I Gm is surjective which

implies the identity in iii.

The identity Z(L) = Z(G) · Z(L)◦ shows that L inherits from G the assumption that its
center is connected. The dual group L̂ can be viewed as a Levi subgroup of Ĝ.

Lemma 2.17. Let (u, s) be a tempered pair in Ĝ and (u′, s′) be a tempered pair in L̂; if s
and s′ are Ĝ-conjugate then u and u′ are Ĝ-conjugate.

Proof. Since (u′, s′) also is a tempered pair when considered in Ĝ the assertion is immediate
from Prop. 2.13.

Theorem 2.18. The map

IrrtεJ (G) −→ O
Ĝ

[π(u, s, ρ)] 7−→ Ou

is constant on the components (νt)−1(Θ) for Θ ∈ θεJ and hence induces a map

θεJ −→ OĜ
Θ 7−→ OΘ .

Moreover, we have:
Θ′ . Θ =⇒ OΘ′ ≥ OΘ .
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Proof. Let π(u, s, ρ) be any irreducible tempered G-representation in IrrtεJ (G). Its discrete
support is represented by some pair (L, πL(u′, s′, ρ′)). The cuspidal support of πL(u′, s′, ρ′) is
contained in the cuspidal support of π(u, s, ρ). It therefore follows from Cor. 2.11 that s and s′

are conjugate in Ĝ. Lemma 2.17 then implies that Ou = Ou′ . Now let π(u1, s1, ρ1) be any other
irreducible tempered G-representation in the same component category as π(u, s, ρ). By con-
struction its discrete support is represented by an L-representation of the form χπL(u′, s′, ρ′)
for some unitary unramified character χ of L. According to Lemma 2.12 we have χ = χσ
for some elliptic element σ ∈ Z(L̂)◦. Comparing cuspidal supports again we see that the
discrete support of π(u1, s1, ρ1) also can be represented by an L-representation of the form
πL(u′′, s′σ, ρ′′). From our initial argument we know that Ou1 = Ou′′ . On the other hand
Lemma 2.15 tells us that u′ and u′′ are conjugate already in L. Altogether it follows that
Ou = Ou1 . The order reversing property of the map Θ 7−→ OΘ is an immediate consequence
of Thm. 2.3.

This theorem, in particular, says that, for any O ∈ O
Ĝ

, the set of tempered components

θO := {Θ ∈ θεJ : OΘ ≤ O}

is saturated.

2.5 The case GLn(k)

In this section our group G always is assumed to be G = GLn(k). Then the map Θ 7−→ OΘ

in Thm. 2.18 is a bijection (cf. [SSZ] §2 Fact 2). With the notation introduced before Thm.
2.3 we have

(νt)−1(Θ) = π−1(OΘ) ∩ IrrtεJ (G) .

It then follows from Thm. 2.18 that the preorder . on θεJ is a partial order. We will show
that the image of this partial order . for general n is strictly weaker than the reverse of the
partial order ≤ on O

Ĝ
.

The set O
Ĝ

can and will be identified with the set of ordered partitions of n. Such a
partition P is a non-increasing sequence m1 ≥ . . . ≥ mn of nonnegative integers such that
m1 + . . . + mn = n. It corresponds to the orbit OP of the unipotent element with Jordan
blocks of size mi. When writing a partition we usually will omit the mi which are equal to
zero. The partial order ≤ on O

Ĝ
corresponds to the dominance order on the set of partitions.

Lemma 2.19. The relation (l1, . . . , ln) ≥ (m1, . . . ,mn) is a cover for the dominance order if
and only if there are 1 ≤ r, s ≤ n such that lr = mr + 1, ls = ms − 1, li = mi for any i 6= r, s
and either s = r + 1 or mr = ms.

Proof. See [Bry] Prop. 2.3.

We remind the reader that, for any Θ ∈ θεJ , the closure of (νt)−1(Θ) viewed in Irr(H(G, J))
is V (JΘ) for the ideal JΘ := {f ∈ H(G, J) : fV J = 0 for any [V ] ∈ (νt)−1(Θ)}.

Lemma 2.20. Let M ⊆ G be a Levi subgroup, τ be a irreducible smooth M -representation,
and denote by IndGP the normalized parabolic induction functor for a fixed (but arbitrary)
choice of parabolic subgroup P with Levi component M ; then, for any f ∈ H(G, J), the map

Xnr(M) −→ EndC(IndGP (χτ)J)

χ 7−→ f| IndGP (χτ)J
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is a regular algebraic map on the algebraic torus Xnr(M).

Proof. (We fix a good maximal compact subgroup K of G. The target of the map in the
assertion naturally identifies with the vector space EndC(IndKK∩P (τ)J), which is independent
of χ.) For the convenience of the reader we sketch the well known argument. Let B :=
O(Xnr(M)) denote the ring of regular functions on the torus Xnr(M). The group M acts on
B via the universal unramified character χuniv(m) := [χ 7→ χ(m)]. Then B ⊗C τ is a smooth
M -representation via the diagonal action, which is B-linear. It follows that

IndGP (B ⊗C τ)J = IndKK∩P (B ⊗C τ)J = B ⊗C IndKK∩P (τ)J

is an (H(G, J), B)-bimodule, which as a B-module is finitely generated free. We see that our
element f , as an endomorphism of this B-module, is given by a matrix (bij)i,j with entries
in B. One easily checks that f| IndGP (χτ)J then is given by the matrix of complex numbers

(bij(χ))i,j .

We fix a connected component Θ ∈ θεJ . There is a discrete pair (M, τ) such that (νt)−1(Θ)
consists of the isomorphism classes of all G-representations of the form IndGP (χτ) for χ ∈
X1
nr(M). Recall for this that for the group GLn(k) unitary normalized parabolic induction is

irreducible.

Lemma 2.21. The closure (νt)−1(Θ) contains all [V ] where V is an irreducible constituent
of IndGP (χτ) for some χ ∈ Xnr(M).

Proof. This is immediate from Lemma 2.20 since X1
nr(M) is Zariski dense in Xnr(M).

To go further we will use the Bernstein-Zelevinsky classification of irreducible represen-
tations in terms of multisets of segments. Since we only consider representations with an
Iwahori fixed vector, a segment ∆ of length r is a sequence of unramified characters of k×

of the form ∆ = (χ| |jk, χ| |
j+1
k , . . . , χ| |j+r−1

k ) where j ∈ Z, r ≥ 1, and χ is an unramified
character. Bernstein-Zelevinsky associate with ∆ a specific irreducible smooth representa-
tion L(∆) of GLr(k) (we follow the notations in [Rod]). The representation L(∆) is dis-
crete series if and only if the segment ∆ is centered, i.e., χ is unitary and j = −(r − 1)/2
([Rod] Prop. 11). Now consider a multiset of segments (∆1, . . . ,∆s) such that the lengths
of the ∆i form a partition m1 ≥ . . . ≥ ms of n. We then view σ := L(∆1) ⊗ . . . ⊗ L(∆s)
as a representation of the Levi subgroup M = GLm1(k) × . . . × GLms(k) of G. Following
[Rod] §2.1 we write IndGP (σ) = L(∆1) × . . . × L(∆s), where P is the upper block-diagonal
parabolic subgroup with Levi M . Bernstein-Zelevinsky construct a specific irreducible sub-
quotient L(∆1, . . . ,∆s) of this parabolically induced representation (cf. [Rod] Thm. 3 and
[Zel] Thm. 1.9). The classification theorem ([Rod] Thm. 3) says that this sets up a bijection
between the set of all multisets of segments whose lengths add up to n and the set IrrεJ (G).
Moreover, the representation L(∆1, . . . ,∆s) is tempered if and only if all segments ∆i are cen-
tered, and L(∆1, . . . ,∆s) = L(∆1)× . . .× L(∆s) in this case. We emphasize that associated
with a multiset of segments a = (∆1, . . . ,∆s) we have

– the partition P(a) formed by the lengths of the ∆i and

– the cuspidal support of L(a), which is the multiset ν(a) := ∆1 + . . .+ ∆s of unramified
characters of k× (i.e., the sequence of unramified characters contained in the ∆i) viewed
as an element of W\Xnr(T ).
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For any partition P of n let L−1(P) := {[L(a)] ∈ IrrεJ (G) : P(a) = P}. Obviously IrrεJ (G)
is the disjoint union of these subsets L−1(P). If P = (m1 ≥ . . . ≥ ms) then L−1(P) contains
(the isomorphism class of) the representation L(a(P)) where a(P) = (Σ1(P), . . . ,Σs(P)) is

the multiset of segments Σi(P) := (| |−(mi−1)/2
k , . . . , | |(mi−1)/2

k ). These segments are centered.
Hence L(a(P)) is tempered; in fact, it is the unique “real” tempered representation in L−1(P).
Moreover, if M is the standard Levi subgroup with block sizes given by P, then the map

QP : Xnr(M) −→ L−1(P)

(χ1, . . . , χs) 7−→ [L(χ1Σ1(P), . . . , χsΣs(P))]

as well as its restriction QtP : X1
nr(M) −→ L−1(P) ∩ IrrtεJ (G) are surjective. Note that

the discrete support of a tempered L(χ1Σ1(P), . . . , χsΣs(P)) is given by the discrete pair
(M,L(χ1Σ1(P))⊗ . . .⊗ L(χsΣs(P)).

Proposition 2.22. For any partition P of n we have L−1(P) = π−1(OP).

Proof. In the subsequent Appendix we will prove that L(a) ∼= π(ua, sa). Hence we must
show that the unipotent class Oua corresponds to the partition P(a). But by definition, if
a = (∆1, . . . ,∆s), then ua is the block-diagonal matrix with diagonal blocks (u∆1 , . . . , u∆s).
Therefore the Jordan normal form J(ua) of ua has diagonal blocks (J(u∆1), . . . , J(u∆s)).
Moreover the elements u∆i are such that γu∆i,s∆i

is the irreducible representation of SL2(C)

of dimension equal to the length of ∆i. Passing to the Jordan normal form is a conjugation
which preserves irreducibility. Hence the J(u∆i) indeed must be single Jordan blocks, which
implies our claim.

Zelevinsky introduces in [Zel] 7.1 a partial order ≤ on the set of all multisets of segments.
It is the transitive hull of the following “elementary” relations. Let a = (∆1, . . . ,∆s) be a
multiset of segments. If two segments ∆i and ∆j are linked ([Zel] 4.1) then one may replace
them by the segments ∆i∪∆j and ∆i∩∆j obtaining in this way a multiset of segments b ≤ a.
It is not difficult to deduce from this that whenever b ≤ a then P(b) ≥ P(a). Moreover, it
is clear that, if b ≤ a, then the two representations L(b) and L(a) have the same cuspidal
support.

In the following let P(Θ) be the unique partition of n such that OΘ = OP(Θ). It follows
from Lemma 2.21 and Prop. 2.22 that

(νt)−1(Θ) = L−1(P(Θ)) = π−1(OΘ) ,

which can be viewed as a refinement of Remark 1.6.

Proposition 2.23. (νt)−1(Θ) ∩ IrrtεJ (G) is the set of all [L(b)] such that L(b) is tempered
and b ≤ a for some a with [L(a)] ∈ L−1(P(Θ)).

Proof. First suppose that b ≤ a for some [L(a)] ∈ L−1(P(Θ)). We have

a = (χ1Σ1(P(Θ)), . . . , χsΣs(P(Θ))) for some χ := (χ1, . . . , χs) ∈ Xnr(M).

By [Zel] Thm. 7.1 the relation b ≤ a implies that L(b) is a constituent of IndGP (χσ) where
σ := L(Σ1(P(Θ)))⊗ . . .⊗L(Σs(P(Θ))). By Prop. 2.22 the G-orbit of the discrete pair (M,σ)
lies in Θ. Hence it follows from Lemma 2.21 that [L(b)] ∈ (νt)−1(Θ).
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Now let, vice versa, [L(b)] be an element in (νt)−1(Θ)∩ IrrtεJ (G) = L−1(P(Θ))∩ IrrtεJ (G).
It is straightforward to see that the composite map

Xnr(M)
QP(Θ)−−−−−→ L−1(P(Θ))

ν−−→W\Xnr(T )

has a Zariski closed image. Since the left arrow is surjective and ν is continuous it follows
that

ν(L−1(P(Θ))) = ν(L−1(P(Θ))) .

Hence we find an [L(a)] ∈ L−1(P(Θ)) such that L(b) and L(a) have the same cuspidal
support. For a fixed cuspidal support (χ1, . . . , χn) ∈ W\Xnr(T ) let S denote the (finite) set
of all multisets of segments with this cuspidal support. We then have:

– S is the set of all multisets of segments c such that c ≤ ({χ1}, . . . , {χn}) ([Zel] Thm.
7.1).

– S contains a unique multiset d such that d ≤ c for any c ∈ S; it is characterized as being
the multiset d = (Σ′1, . . . ,Σ

′
r) such that no pair of segments Σ′i,Σ

′
j , for any 1 ≤ i 6= j ≤ r,

is linked ([Zel] Lemma 9.10).

As L(b) is tempered the segments in the multiset b are centered. Hence b satisfies this latter
characterizing condition, and it follows that b ≤ a.

Corollary 2.24. Equivalent are for any two Θ′,Θ ∈ θεJ :

i. (νt)−1(Θ′) ∩ (νt)−1(Θ) 6= ∅;

ii. [L(a(P(Θ′)))] ∈ (νt)−1(Θ);

iii. there exists a multiset of segments a = (∆′1, . . . ,∆
′
s) such that P(a) = P(Θ) and ν(a) =

ν(a(P(Θ′))).

Proof. By definition b1 := a(P(Θ′)) = (Σ1, . . . ,Σr) with Σi := Σi(P(Θ′)). As a consequence
of Prop. 2.22 we have

(νt)−1(Θ′) = {[L(χ1Σ1, . . . , χrΣr)] : χi ∈ X1
nr(k

×)}.

In particular, [L(b1)] ∈ (νt)−1(Θ′).
Now let [L(b)] ∈ (νt)−1(Θ′) ∩ (νt)−1(Θ). We have b = (χ1Σ1, . . . , χrΣr) for some χi ∈

X1
nr(k

×). By Prop. 2.23 there is an [L(a)] ∈ L−1(P(Θ)) such that b ≤ a. Let a = (∆1, . . . ,∆s).
The representations L(b) and L(a) have the same cuspidal support, i.e., b and a have the same
underlying multiset of unramified characters of k×. Suppose that ξi ∈ χiΣi and ξj ∈ χjΣj

both are contained in some ∆l; then ξi ∈ ξj | |Zk ; since χi and χj are unitary it follows that
χi = χj . We see that, for any 1 ≤ l ≤ s, there is a unique χ(l) ∈ {χ1, . . . , χr} such that
∆l ⊆ χ(l)(Σ1 ∪ . . . ∪ Σr). Hence we may define new segments ∆′l by

χ(l)∆′l = ∆l .

For any χ ∈ x := {χ1, . . . , χr} we define the multisets of segments bχ := (χiΣi : χi = χ) and
aχ := (∆l : χ(l) = χ). Then

b = (χ1Σ1, . . . , χrΣr) =
∑
χ∈x

bχ and a = (∆1, . . . ,∆s) =
∑
χ∈x

aχ .
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By construction bχ and aχ, for any χ ∈ x, have the same underlying multiset of unramified
characters. It follows that b1 = (Σ1, . . . ,Σr) and a1 := (∆′1, . . . ,∆

′
s) have the same multiset

of unramified characters. As we have seen already in the proof of Prop. 2.23, the fact that the
segments Σi are centered then implies that necessarily b1 ≤ a1. Since P(a1) = P(a) = P(Θ)
it finally follows from Prop. 2.23 that [L(b1)] ∈ (νt)−1(Θ).

Corollary 2.25. Equivalent are for any two Θ′,Θ ∈ θεJ :

i. (νt)−1(Θ′) ⊆ (νt)−1(Θ);

ii. the partition P(Θ) is a refinement of the partition P(Θ′).

Proof. We again observe that (νt)−1(Θ′) = {[L(χ1Σ1, . . . , χrΣr)] : χi ∈ X1
nr(k

×)} with the
centered segments Σi := Σi(P(Θ′)). If ii. holds true then we may replace in any multiset b =
(χ1Σ1, . . . , χrΣr) some pairs of segments by their sum obtaining a multiset a = (∆1, . . . ,∆s)
such that b ≤ a and [L(a)] ∈ L−1(P(Θ)). It therefore follows from Prop. 2.23 that [L(b)] ∈
(νt)−1(Θ). On the other hand, if i. holds true then any [L(b)], where the unitary characters
χi in b = (χ1Σ1, . . . , χrΣr) are pairwise different, lies in (νt)−1(Θ). Again by Prop. 2.23 there
must exist a multiset a = (∆1, . . . ,∆s) ≥ b such that P(a) = Θ. Since ν(b) = ν(a) the
additional assumption on the χi implies that the segments ∆j only can arise by subdividing
some of the segments χiΣi. Hence necessarily P(a) is a refinement of P(b).

We see that the image of . is finer than the reverse of the refinement order on partitions.
In order to show that the image of ., in general, is strictly in between the reverse of the
refinement order and the reverse of the dominance order we consider Θ′,Θ ∈ θεJ such that

(5) P(Θ′) = (n−m ≥ m) = (m1 +m2 −m ≥ m) > P(Θ) = (m1 ≥ m2)

for some m2 > m ≥ 0. By Lemma 2.19 this is a cover for the dominance order if and only if
m = m2 − 1.

Proposition 2.26. In the above situation (5) we have

(νt)−1(Θ′) ∩ (νt)−1(Θ) 6= ∅ if and only if m1 = m2 or m = 0.

Proof. First suppose that the left hand intersection is nonempty and that m 6= 0. By Cor.

2.24 we have [L(Σ1,Σ2)] ∈ (νt)−1(Θ) where Σ1 = (| |−(n−m−1)/2
k , | |(n−m−1)/2

k ) and Σ2 =

(| |(−(m−1)/2
k , | |(m−1)/2

k ). By Prop. 2.23 we must have a multiset of segments (∆1,∆2) ≥
(Σ1,Σ2) such that ∆i has length mi. Comparing cuspidal supports we have:

1) ∆i = (| |lik , . . . , | |
li+mi−1
k ) for some li ∈ 1

2Z.

2) Σ2 = Σ1 ∩ Σ2 = ∆1 ∩∆2.

The other case being analogous we may assume that l1 ≤ l2. Then 2l1 = −n+m+1 by 1) and
2l2 = −m+ 1 by 2). Since m2 > m we deduce that 2l2 + 2m2 − 2 = −m+ 2m2 − 1 > m− 1.
It follows that 2l2 + 2m2 − 2 = n − m − 1 and 2l1 + 2m1 − 2 = m − 1. We conclude that
2m1 = −2l1 +m+ 1 = n = −2l2 + n−m+ 1 = 2m2.

Vice versa, let us first suppose that m1 = m2 and m 6= 0. Then a(P(Θ′)) = (Σ1,Σ2)

with Σi as above. We define a = (∆1,∆2) by ∆1 = (| |−(n−m−1)/2
k , . . . , | |(m−1)/2

k ) and
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∆2 = (| |−(m−1)/2
k , . . . , | |(n−m−1)/2

k ). Both segments ∆i have length m1 = m2 and are linked.
Moreover, Σ1 = ∆1 ∪ ∆2 and Σ2 = ∆1 ∩ ∆2. Hence a(P(Θ′)) ≤ a and Prop. 2.23 implies
that [L(Σ1,Σ2)] ∈ (νt)−1(Θ′)∩ (νt)−1(Θ). Finally, suppose that m = 0. Then a(P(Θ′)) is the

single centered segment Σ = (| |−(n−1)/2
k , | |(n−1)/2

k ) of length n. We define a = (∆1,∆2) by

∆1 = (| |−(n−1)/2
k , . . . , | |−

n−1
2

+m1−1

k ) and ∆2 = (| |−
n−1

2
+m1

k , . . . , | |(n−1)/2
k ) and conclude as

before.

This result can partially be generalized as follows. Suppose that we have

(6) P(Θ′) = (. . . ≥ mi +mj −m ≥ . . . ≥ m̂i ≥ . . . ≥ m̂j ≥ . . . ≥ m ≥ . . .)
> P(Θ) = (. . . ≥ mi ≥ . . . ≥ mj ≥ . . .)

for some i < j and some mj > m ≥ 0, and consider the following assertions:

a) Θ′ . Θ.

b) (νt)−1(Θ′) ∩ (νt)−1(Θ) 6= ∅.

c) m1 = m2 or m = 0.

Lemma 2.27. In the above situation (6) we have the implications c) =⇒ b) and b) =⇒ a).

Proof. The implication from b) to a) is trivial. The implication from c) to b) is shown by an
argument exactly analogous to the corresponding part of the proof of Prop. 2.26.

Proposition 2.28. In the above situation (6) suppose in addition that P(Θ′) > P(Θ) is a
cover for the dominance order (so that, in particular, m = mj − 1). Then all three assertions
a), b), and c) are equivalent.

Proof. Since P(Θ′) > P(Θ) is a cover the relation Θ′ . Θ in a) must be a cover as well. This
implies b) by the definition of .. Because of Lemma 2.27 it remains to show that b) implies c).
By Cor. 2.24 we have [L(a(P(Θ′)))] ∈ (νt)−1(Θ). Moreover, by Prop. 2.23 we have a multiset
of segments a such that P(a) = P(Θ) and b := a(P(Θ′)) ≤ a. By our cover assumption this
latter relation must be elementary. This means that b and a only differ in pairs of segments
(Σ1,Σ2) < (∆1,∆2) where ∆1 and ∆2 have length mi and mj , respectively. From this point
on the further argument again is exactly analogous to the first part of the proof of Prop.
2.26.

Example 2.29. For n = 6 we below display the Hasse diagram for the dominance order on the
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left and for (the reverse of) the partial order . on the right:
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Prop. 2.28 tells us, for general n, exactly which covers for the dominance order disappear
in the Hasse diagram for .. But the partial order also has new covers.

Example 2.30. For n = 15 we have the dominance covers on the left and the corresponding
covers for the reverse of . on the right:
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We finish by an example that a) above does not, in general, imply b).

Example 2.31. For n = 7 we have the covers Θ421 . Θ331 . Θ322, where ΘP denotes the com-
ponent corresponding to the partition P. But the intersection (νt)−1(Θ421)∩(νt)−1(Θ322) = ∅
is empty. The reason is that, because of the different parities occurring in (421), an elementary
relation b ≤ a for multisets of segments with P(b) = (421) can only affect the two segments
of length 4 and 2.

25



Appendix: Comparing Bernstein-Zelevinsky and Kazhdan-Lusztig parame-
ters

Although it must be well known to the experts how the Bernstein-Zelevinsky and Kazhdan-
Lusztig parameters for representations with Iwahori fixed vector compare to each other we
could not find any proof in the literature. We therefore, for the convenience of the reader,
sketch the argument in the following.

First we consider a single segment ∆ = (χ, χ| |k, . . . , χ| |n−1
k ) with n ≥ 1 and an unrami-

fied character χ of k×. We put λ := χ($) ∈ C× and define s∆ ∈ GLn(C) to be the diagonal
matrix with diagonal entries (λ, λq−1, . . . , λq1−n). Let ρn : SL2(C) −→ GLn(C) be the irre-
ducible representation given by the (n−1)th symmetric power of the natural two dimensional
representation. The elements

u2 :=

(
1 1
0 1

)
and τ2 :=

(
q1/2 0

0 q−1/2

)
satisfy τ2u2τ

−1
2 = uq2. One easily checks that s∆ = (λq−(1−n)/2) · ρn(τ2). We define the unipo-

tent element u∆ := ρn(u2). It immediately follows that s∆u∆s
−1
∆ = uq∆, and one checks that

ρn satisfies the properties of γu∆,s∆ . Hence τu∆ = ρn(τ2) and τ−1
u∆
s∆ = (λq−(n−1)/2) · Idn. We

see that the pair (u∆, s∆) is a Kazhdan-Lusztig parameter for the group GLn(k), and this
pair is tempered (cf. Thm. 2.2.i) if and only if |λ| = q(1−n)/2 if and only if the segment ∆ is
centered.

Now let a = (∆1, . . . ,∆t) be a multiset of segments of unramified characters of k×. Let n
be the sum of the lengths of these segments. We define the element ua, resp. sa, in GLn(C)
to be the block-diagonal matrix with diagonal blocks (u∆1 , . . . , u∆t), resp. (s∆1 , . . . , s∆t). We
obviously have sauas

−1
a = uqa so that (ua, sa) is a Kazhdan-Lusztig parameter for GLn(k).

Moreover, if M ⊆ GLn(k) denotes the Levi subgroup corresponding to P(a) then we have

γua,sa = γu∆1
,s∆1
× . . .× γu∆t ,s∆t

: SL2(C) −→ M̂ ⊆ GLn(C) ,

and therefore, using Prop. 2.2, we see that (ua, sa) is tempered if and only if all the segments
∆i are centered. We obtain that the representation L(a) is tempered if and only if the repre-
sentation π(ua, sa) is tempered. Since unitary induction is irreducible for the groups GLn(k) a
tempered representation is (up to isomorphism) uniquely determined by its cuspidal support.
But it follows from Cor. 2.11 that L(a) and π(ua, sa) have the same cuspidal support. This
proves the following intermediate result.

Lemma 2.32. If L(a) is tempered then L(a) ∼= π(ua, sa).

The general case will be reduced to the tempered case by using the Langlands classifica-
tion. We proceed in several steps.

Step 1: Let T ⊆ G = GLn(k) be the torus of diagonal matrices. Its character group X∗(T )
has the standard basis {ε1, . . . , εn} where εi maps a diagonal matrix to its ith diagonal entry.
Let P∅ denote the upper triangular Borel subgroup of G. The corresponding simple roots are
the εi− εi+1 for 1 ≤ i ≤ n− 1. For any subset I ⊆ ∆ := {1, . . . , n− 1} we define the subtorus
TI := {t ∈ T : εi(t) = εi+1(t) for any i ∈ I}. Its centralizer MI in G is a Levi subgroup,
which is a Levi component of a unique parabolic subgroup PI containing P∅. We have the
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obvious injective restriction maps for characters X∗(MI) ↪→ X∗(T ) and X∗(MI) ↪→ X∗(TI).
The cokernel of the composite map X∗(MI) ↪→ X∗(T )→ X∗(TI) is finite. Hence we obtain

X∗(MI)⊗ R

∼=

��

))SSSSSSSSS

X∗(T )⊗ R

uukkkkkkkkk

X∗(TI)⊗ R.

The simple coroots induce, for any j ∈ ∆, the linear form

λj : X∗(T )⊗ R −→ R

n∑
i=1

riεi 7−→ rj − rj+1 .

The image of the upper oblique arrow is {µ ∈ X∗(T )⊗R : λi(µ) = 0 for any i ∈ I}. We define
the subset

(X∗(MI)⊗ R)+ := {µ ∈ X∗(MI)⊗ R : λi(µ|T ) > 0 for any i ∈ ∆ \ I}.

Finally we need the injective map

X∗(MI)⊗ R −→ Xnr(MI)

ν = µ⊗ r 7−→ νnr(m) := |µ(m)|rk .

The Langlands classification now says the following (cf. [BW] XI§2 or [Sil]).

Proposition 2.33. For any smooth irreducible representation π of G there is a unique subset
I ⊆ ∆, a (up to isomorphism) unique tempered irreducible representation σ of MI , and a
unique element ν ∈ (X∗(MI) ⊗ R)+ such that π is the unique irreducible quotient of the
normalized parabolic induction IndGPI (ν

nrσ).

We call (MI , σ, ν) the Langlands triple associated with π.
To make this even more explicit let MI = GLn1(k)× . . .×GLns(k) (with n = n1 + . . .+ns

and ∆ \ I = {n1, n1 + n2, . . . , n1 + . . . + ns−1}). The character group X∗(MI) has the basis
det1, . . . ,dets where detl is the projection onto the factor GLnl(k) followed by the determinant
map. We then have

(X∗(MI)⊗ R)+ = {
s∑
l=1

rl detl : r1 > . . . > rs}.

Step 2: We now suppose that π = L(a) = L(∆1, . . . ,∆t) corresponds to the multiset of
segments a = (∆1, . . . ,∆t), and we will explain how to compute the Langlands triple of π

in terms of the multiset. In a unique way we may write ∆i = | |r
′
i
k ∆0

i where r′i ∈ R and the
segment ∆0

i is centered. Let {r′1, . . . , r′t} = (r1 > . . . > rs). For each 1 ≤ l ≤ s we form the
multiset of centered segments al := (∆0

i : r′i = rl). We then have a = | |r1k a1 + . . . + | |rsk as.
By [Rod] Prop. 12 each L(al) is a tempered representation of GLnl(k) for some nl ≥ 1, and
n1 + . . .+ ns = n.
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Lemma 2.34. The Langlands triple of π = L(a) is

(GLn1(k)× . . .×GLns(k), L(a1)⊗ . . .⊗ L(as), r1 det1 + . . .+ rs dets) .

Proof. It is clear that the triple in the assertion satisfies the conditions of a Langlands triple.
It belongs to the unique irreducible quotient of the parabolic induction

|det |r1k L(a1)× . . .× | det |rsk L(as) .

On the other hand, L(a) is the unique irreducible quotient of the parabolic induction

L(∆1)× . . .× L(∆t) = |det |r
′
1
k L(∆0

1)× . . .× | det |r
′
t
k L(∆0

t ) ,

where the segments ∆1, . . . ,∆t have to be numbered in such a way that, for any i < j, the
segment ∆i does not precede the segment ∆j ([Rod] Thm. 3.a). We do this enumeration in
the following way. For any 1 ≤ l ≤ s let al = (∆0

l,1, . . . ,∆
0
l,tl

). We then take the enumeration

a = (| |r1k ∆0
1,1, . . . , | |

r1
k ∆0

1,t1 , | |
r2
k ∆0

2,1, . . . , | |
r2
k ∆0

2,t2 , . . . , | |
rs
k ∆0

s,1, . . . , | |rsk ∆0
s,ts) .

According to [Rod] Prop. 12 we have L(al) = L(∆0
l,1)× . . .× L(∆0

l,tl
) and hence

|det |r1k L(a1)× . . .× | det |rsk L(as)

= | det |r1k L(∆0
1,1)× . . .× | det |r1k L(∆0

1,t1)× . . .× | det |rsk L(∆0
s,1)× . . .× | det |rsk L(∆0

s,ts) .

It therefore remains to show that, for any 1 ≤ i < j ≤ s, 1 ≤ b ≤ ti, and 1 ≤ c ≤ tj , the
segment | |ri∆0

i,b does not precede the segment | |rj∆0
j,c. We have

| |rik ∆0
i,b = (χi,b| |

ri−
`i,b−1

2
k , . . . , χi,b| |

ri+
`i,b−1

2
k ) and

| |rjk ∆0
j,c = (χj,c| |

rj−
`j,c−1

2
k , . . . , χj,c| |

rj+
`j,c−1

2
k )

for appropriate integers `i,b, `j,c ≥ 0 and unitary unramified characters χi,b, χj,c of k×. If
χi,b 6= χj,c then obviously none of the two segments can precede the other. Hence we may
assume that χi,b = χj,c = 1. Suppose that the left segment precedes the right segment. Then

ri −
`i,b − 1

2
< rj −

`j,c − 1

2
= (ri −

`i,b − 1

2
) +m ≤ ri +

`i,b − 1

2
< rj +

`j,c − 1

2

for some integer m ≥ 1. Recall that we have ri > rj . The last inequality therefore implies
`i,b−`j,c

2 < rj − ri < 0, whereas the equality implies
`i,b−`j,c

2 = ri − rj +m > m > 0. This is a
contradiction.

Step 3: Next we suppose that π = π(u, s) corresponds to the Ĝ-orbit of the pair (u, s) in the
Kazhdan-Lusztig classification. This time we will compute the Langlands triple of π in terms
of (u, s). By conjugation we may assume that the semisimple element s′ := τ−1

u s (cf. properties
1.-4. after Prop. 2.13) lies in T̂ . We let s′ = s′es

′
h be the polar decomposition and we consider

the centralizer Z
Ĝ

(s′h), which is a Levi subgroup of Ĝ containing T̂ . We have Z
Ĝ

(s′h) = M̂
for a Levi subgroup M of G which contains T . Using those properties 1.-4. one sees that u
and the semisimple element sL := τus

′
e both lie in M̂ and satisfy sLus

−1
L = uq. Moreover
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(u, sL), by Thm. 2.2, is a tempered pair in M̂ . Hence we have the tempered M -representation

π(u, sL). On the other hand, the element s′h lies in the (connected) center of M̂ and therefore,
by Lemma 2.12, corresponds to an unramified character χs′h of M . Since s′h is hyperbolic the
character χs′h has positive real values and therefore is of the form χs′h = νnr for a unique

ν ∈ X∗(M) ⊗ R. Since M̂ is the maximal Levi subgroup with s′h in its center, the point ν
viewed in the Coxeter complex X∗(T )⊗ R lies in a unique facet which is open in X∗(M)⊗ R
and hence corresponds to a unique parabolic subgroup P of G with Levi component M . By
conjugation by an appropriate Weyl group element we may assume that P = PI and hence
M = MI and ν ∈ (X∗(MI)⊗ R)+.

Proposition 2.35. The Langlands triple of π = π(u, s) is (MI , π(u, sL), ν).

Proof. See [BM] after Thm. 6.2.

We now will combine these steps to establish the general case.

Proposition 2.36. For any multiset of segments a we have L(a) ∼= π(ua, sa).

Proof. We have to compute the Langlands triple of π(ua, sa) and match it to the Langlands
triple of L(a). For a single segment ∆ = (χ, . . .) = | |r′k ∆0, where the segment ∆0 is centered,
we have

s′∆ = τ−1
u∆
s∆ = (q−r

′ χ($)

|χ($)|
) · Idlength(∆) and hence (s∆)′h = q−r

′ · Idlength(∆) .

Our decomposition a = | |r1k a1 + . . .+ | |rsk as then implies

(sa)
′
h = diag(q−r1 · Idn1 , . . . , q

−rs · Idns) ,

where here and in the following diag(. . .) denotes the (block-)diagonal matrix with (block-)

entries . . . . Therefore M̂ = Z
Ĝ

((sa)
′
h) corresponds to M = GLn1(k)×. . .×GLns(k). Moreover

sa = diag(s| |r1k a1
, . . . , s| |rsk as) = diag(q−r1sa1 , . . . , q

−rssas)

implies
(sa)L = ((sa)

′
h)−1sa = diag(sa1 , . . . , sas) ,

and obviously ua = diag(ua1 , . . . , uas) since ua only depends on the lengths of the segments.
Therefore in the Langlands triple of π(ua, sa) we will have M = MI and

π(ua, (sa)L) = π(diag(ua1 , . . . , uas),diag(sa1 , . . . , sas)) .

The latter is isomorphic to L(a1)⊗ . . .⊗L(as) by Lemma 2.32. Finally we have to determine

νa ∈ (X∗(MI) ⊗ R)+ such that νnra = χ(sa)′h
∈ Xnr(MI). For a general z ∈ Z(M̂I)

◦ ⊆ T̂ the
unramified character χz is determined via

χz(ε
∨($)) = ε(z) whenever ε∨ ∈ X∗(T ) corresponds to ε ∈ X∗(T̂ ).

In our case, with the input z = (sa)
′
h = diag(q−r1 · Idn1 , . . . , q

−rs · Idns), we see that χz = νnra
for νa = r1 det1 + . . .+ rs dets ∈ (X∗(MI)⊗ R)+. Now use Lemma 2.34.
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