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RIGID-ANALYTIC L - TRANSFORMS

P. Schneider
Fakultdt flir Mathematik
Universitdtsstr. 31
8400 Regensburg
Bundesrepublik Deutschland

In this talk I want to present a new method of defining p-adic
L-functions for a certain class of elliptic curves. 1In the first

' section we shortly review the general philosophy of complex and p-adic

L-functions and then explain the idea of the method which is based on
the notion of a rigid-analytic automorphic form. The construction of
a p-adic L-function associated with such an automorphic form is carried
out in the second section.

I. THE STARTING POINT

Let w\e be an elliptic curve over the rationals. One of the most
interesting invariants of E is-its Hasse-Weil L-function

- 1-2s5, -1 1. ~8, =1
L(E,s) = TT (1-t p %4p 72571 . 77 (1< p™%)
pgood P pbad P

P

with ﬂwnu*vi_. - #E(IF_) if E has good reduction at p,
+l or 0 otherwise,

It converges for Re(s) > 3/2 and apparently collects arithmetic inform-
ation about E. But in order. to study its properties one needs analytic
methods. We therefore now assume that E is a Weil curve, i.e., there
exists a nonconstant: @l-morphism

Xo (N)

>E

such that 7w (iw) = 0 and e = ae.m for any holomorphic differential
form w on E,where A is a constant and f is a normalized newform of
weight 2 for T, (N).

Commentary:

) 1) 7*w always is a cuspform of £mu..a~.n, 2 for Iy (N) which is an eigen~

form for all Hecke operators am.t Pt N." The requirement "n*w newform"
means that N is the minimal possible number for which such a 7 exists.

2) One of Weil's conjectures says that any m\a is a Weil curve.
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The analytic properties of the Mellin transform

™

s -
(g5 = Z1C _ £liy)ySlay

0
of f are easy to obtain. But according to Eichler/Shimura, Igusa,
and Deligne/Langlands we have

L(E,s) = L(f,s).

We therefore get analytic continuation and a functional equation also
for L(E,s).

On the other hand, at certain integer points L(f,s) and its twists
by Dirichlet characters have strong algebraicity and even integrality
properties. Therefore there is a natural way to associate with L(f,s)

a p-adic analytic L-function L_(f,s) (p a prime number and s now a p-adic

P
variable) such that the values of L(f,s) and L_(£,s) at the "critical®

integer points are closely related AEWNzn\wswuwmnnozno<nN~ Manin,
Amice~-Velu, Visik). We emphasize that with this method bw~m~mu cannot
be defined independently of L(f,s). It also should be mentioned that
there is a theory (Iwasawa,Mazur) how to define arithmetically a p-adic
L-function ﬁwam\mv“ furthermore there is the "main conjecture” which
relates L_(E,s) to L (f,s).
| 4 P

Our idea to construct a p-adic L-function for E wu to use directly
Mumford's theory of p-adic¢ uniformization. Let av denote the noavwmnwo=
of an algebraic closure of ev. The modular curve xoﬂzv\av itself is a

Mumford curve if and only if N = p (see [2]). Unfortunately, at present,
no corresponding discrete group is known explicitly. But let us assume
that N is square-free with an even number of prime divisors. Denote by
Uz the quaternion algebra over @ which is ramified precisely at the prime
divisors of N, and let Ty be the group of units of reduced norm 1 in a
maximal order of Uz. If mZ\B is the Shimura curve with mzﬁaw = ﬁZ/Hm
then a result of Ribet ([8]) says that the Jacobian of mz is @-isogenous
to the new part of the Jacobian of X,(N):

Qeﬁzv:mt ~ Jac mz.

We now fix a prime divisor p of N and denote Uwvum

over @ vhich is ramified precisely at « and at the prime divisors of
N different from p. The image ﬁm in vmﬁuﬁavv of the mnochOm mvc:wnm
(with respect to a maximal order) in Um.wm a discrete and finitely

generated subgroup of MQHNAG ). Bccording to Cerednik ([1]) one has a

P
rigid-analytic isomorphism

the guaternion algebra

—
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L}

.,
mz.av. HZ/ﬁav/auv .

Thus any Weil curve E with an wnmp%ﬂwn conductor N which fulfills the
ahove umwasvmwonu {and ncswoaﬁmsnpw has multiplicative reduction at p)
has a p-adic analytic uniformization

.
Ty~ (€0,) Lk (€p)

which is "defined over Q". Furthermore the rigid-analytic automorphic
form ene of weight 2 for a% up to a constant only depends on E.

In the next section we shall construct a p-adic analogue bvaa.uv
of the classical Mellin transform for any rigid-analytic automorphic
form g of arbitrary weight. In particular, we view hvge‘s~mv as the
p-adic L-function of E; of course, one first has to normalize the
constant correctly (using Hecke operators). But we will not discuss
this problem here,neither the question whether thewe.m~ and hvam~mv
agree.

II. THE L-TRANSFORM

Let X ¢ aw be a finite extension field of ev~ let T ¢ SL,(K) be
a finitely generated discrete subgroup, and denote by &m K U {=} its
set of limit mowanw. I then acts discontinuously (via fractional linear
transformations) on the analytic set ’

H: = am. U -{=)}~ £

and according to Mumford ([7) or [6]) C: = I'\H has a natural structure
om;aAWBOOnr projective curve over aﬁ. We always make the following
assumptions:
a) &£ is infinite (and therefore compact and perfect);
b) =eX. - a

DEFINITION:

A rigid-analytic function f: H.— €_'is called an automorphic form of

weight n € ¥ for T if

P

£(yx) = (ex+a)™f(x) for all y = ﬂ .WV €T and x € H.

Furthermore zsAqv denotes w&m [

.<onmou space of all automorphic forms
of weight :.mONm r. - ’

P

In a completely analogous way as in the classical case of a co-compact
Fuchsian group one can compute the dimension of the vector space z=~ﬂv

-1

~t
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for n # 1. We state the result only for a Schottky group T.

PROPOSITION:

Suppose that T is free of rank ¥ > 1. Then

dim, M (T) = 30 for n < 0,
n

P 1 for n = 0,

r for n = 2,

(n-1) (r-1) for n > 3.

Proof: We have My (I) = am since C is projective. On the other hand

r is egual to the genus of C. zmAﬂv which is isomorphic to the vector
space of holomorphic differentials on C nwmﬂmmonm has the dimension r.
The considerations in §4 of [5] imply the existence of a nonvanishing

meromorphic function f, on H such that

£olyx) = (cx+d) f4x) for all vy = AM wv ET and x € H

and
. deg div(fy) = r - 1.
Conseguently the map
Zo.,@? div(£,)) —> M (T)
f  —> £.£]

is an isomorphism. But the dimension on the left hand side for n<o
or n > 3 is the required one by the Riemann-Roch theorem,

r :on,ouww‘monm on H but also on a certain tree eﬂ. Namely, let
Hx be the wnszncawﬂm.nnmm om.mﬁquv. The straight paths of ex.n:m
ends of which correspond to the fixed points of a non-trivial hyperbolic
mwmamsn in I' (i.e., the axes in e of the hyperbolic elements in T)
form a subtree of Hx The tree e is oo:mnﬂrnnmm from this subtree a@
neglecting all vertices. P Eknv nsm following two properties:

i. P has O:H< nio wmumombﬂ vertices NH wuu VN.

ii. there is no sO:nnw<»mH mwpwvnwn mwwambn in T which fixes P but
: :0« w wau m

pn only mmvmsmm on' T (not on the field xvs The muocv I' acts without
inversion.on HH (use ku Ir.1.3), and the quotient’ anmvr S: = ﬂ/eﬂ is
finite ([6} I.3. .2.2). mcnn:mﬂaoﬂm. there is a canonical T'-~equivariant
UMumOﬁwos . . | .
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& <—> {ends of T}

{equivalence classes of halflines in Hﬁv
([6]11.2.5).

Notation: For any tree T we denote by Vert(T), resp. Edge(T), the set
of vertices, resp. edges, of T. For any edge y of T, the vertices Aly)
and E(y), resp. the edge ¥, are defined to be the origin and the

terminus, resp. the inverse edge, of y.

DEFINITION:

Let M be an abelian group. A harmonic cocycle on eﬂ with values in M
is a map
c: maomﬁawv — M
with the properties
i. c(y) = -cly) for all y € Edge(T;), and

ii. M cly) =0 for all P € <de1H.H; .

. E(y)=pP
Let nswnaaa~zv denote mrm abelian group of all M-valued harmonic co-
cycles on Hw. :

Our first basic observation will be that by "integration" one can
construct a map from vector-valued holomorphic differential forms on H
to vector-valued harmonic cocycles on Tp. By "integration"” we mean
the theory of residues which we shortly recall in the following. (I am
grateful to F. Herrlich for some clarifying discussion about this point.)

' Let

F = Qﬁcﬁsulﬂuo U-..4 ﬂ&

be a ooaumnnmm affinoid set t:mnm nzm Dy wnm ‘pairwise mpmuowsn open
disks

D, u,ﬁx." _xlwo_w > _U _m and

.U.,u {x : *xnw. _v _ for 1 < i < m;

for mvawwHOunw we only consider the case n:mn m > H and « ¢ F.
Furthermore we can assume that a_ ¢ F. Put

F; = n‘am c ﬁsu/uﬁ

and
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wo(x) & = xmw°~ resp. w; (x) : =

for 1 <ic<m.

These twnxv obviously are invertible holemorphic functions on F. Any
holomorphic differential form € Q(F) on F has representations

_ 1 .
w=£ 4 w with £, € O(F).
Let now
- @) (1) : (1)
£y 0= £ oot £ with mU. meﬁi

and m%..:evnc for 1<jz<m

be the Mittag-Leffler decomposition of mw Aﬁm_ p. 41), which is uniquely
determined and fulfills the following condition on the norms

. (1)
*) Ted. = max JE:M .
i'F 0<5am 3 wu

The differential form

.oA
wy oz o= nw

then is meromorphic on WM with at most one pole at x = a, in- case

i =20, resp. x = » in case 1 <i<m. If

denotes its development into a Laurent series we define

o A1)
resj w : = ¢l .
i

This definition is indépendent of the particular representation of the
disks o». Namely, for 1 <. i < m already wy and therefore also res, w

: . L i
(See [4] p. 21) is independent; the case i = 0.then follows from the - 7
subseguent theorem of residues. Although this result is well known we
will include a proof for the convenience of the reader.

PROPOSITION:

LS. ) ) . . T
] resyw = 0 . ‘for any w € Q(F).
i=0 i .
Proof: If the WMmmMﬂwom holds true for ﬂwnwoumw,VOHOSmnvuwn differential

forms on F then also for any holomorphic one by -taking limits and using
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(*). Let therefore

w = g(x)dx € Q(F)

be a differential form where g(x) is a rational function without poles
in F. If we view w as a meromorphic differential form on €_ U{=}

K P
then we of course have

resw =0
mmam.c (=} 2

where res is defined in the usual way by

Tesw r=a, w= ¢m§n<.ﬁxulcn?nﬁv ‘for afw,
lv .1

J ar®Vaz for a=o,
VER Vv X X

Since w is holomorphiec on F we get

m
Jr.(w) =0 with r.(w):= §| res w .
j=0 1 i a€p, °

The assertion then is proved if we show that one has

HmmUws = |nw.ev .

Let us first consider the case i > 1. If

g = gy*...+g,  with ﬂunvozmw mu.maawuv

and gj(=) = 0 for 1 < j <m
is the Mittag-Leffler decomposition of g, then A M uquvvax is
) j#i

holomorphic on Dy which implies

- rylw) = Hwﬁaw»xvmxvn
According to [4] p. 22 we ?w<m

nwﬁsvn Wmaawaxvmxv n.muwv

where g (x)dx = § QAFuAml¢4m L On the other hand, from
i v oWy W .
vEX 1 i . .
= glx)dx = uvwm WI we derive f;, = b;g and therefore
- 1 U U
wy = vw@wm ﬂwl.owﬁxvux. Together with & ﬂH = -w;' mtw this implies
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(1) _ _s(1)
« Sy &0<l~ *
. m .
In the case.i = 0 the differential form AuM mmovvn w.._.... is holomorphic on
Uo and we get . =1 °
= (0)5 1
r,(w) no.mo d ) .
. (<]
put £°%0 1 is holomorphi {x:
£ f.o, olomorphic on {x: Tnlno_v = _vo_m._. ¥e thus have
- @ 1, _ _ © 1
o (w) LZNEN .usow Ja-a | MA_U | res, £, dg-
olp!Folp °
which according to ] p. 22 is equal to |n.m_u.v. Q.E.D.

We have to list some further useful properties of the residues the proof
of which is an easy exercise.

Remark:
—_——

i, res, (w;+w,) = res, w, + res_ u,;
UM 172 Um 1 UM 2

t..uonw.u avil./aoc...ca: UD ,,U...) DF be an affinoid set
containing F where the co......_uasuu..:...... (1 < n< m) are pairwise

disjoint open disks; for 0 <i<n and any w € Q(F') we then have

,Homeunoue_m.
5, p,!¥

iil. for any vy € PGL, aavv with = g y(F) we have

Y, - iep Y. L -1
«..‘wuicu..u W Houuws with W= wey
The second ingredient which we need for the construction of a map
from the holomorphic differential forms 0(H) on H to nrmnﬁw.avv is a
certain natural family of affinoid subsets of R. 1Its definition relies

on ideas of Drinfeld ([3], see alec [4] Chap. V): We first put

Uly): .n” {a €£: a halfline in T, corresponding to a
" passes through y) -

for any y € mmmmga* . The Ul(y) are compact and ovmu in & and form a
basis of the topolagy .of L. , : ’
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Remark: . -
i. %= U(y) VU(F and. &€ = \U U(§) where the union is disjoint in each
E{y)=P
case;

id, U(y(y)) = y(U(y)) for any v €T.

Let now
R: ev Y {e} —> um,c,?v
a +—> (amod = if _w_m.M“_L
1 © otherwise

be the usual reduction map where m, ﬁmmv..ﬂv. denotes the maximal ideal,

resp. the residue c¢lass field, of amv smmmn wa" n m,oulw for o € vmﬁn (K).
Furthermore, we denote by P o that vertex of qx,swwor is defined by the

lattice 2,08 where ay is the ring of integers in K.

LEMMA :

For any Yy € mmmms.ﬁvs the set

|H l
Uv. : = m.o Cﬂqﬁcqv: c ﬁmu U {=}

where o € wmbn (X) is such that E(y) = Qﬂmov. is an open disk and does
not depend on the special av,on.nm of G.

Proof: The fibres of wa are open disks. So, it remains to show that .

wuagm: is a one-point set. We obviously can assume that T = u.x and

.0 =1 in which case that property is easily checked by explicit

computation.

"'Thus, for any P € Vert (),

F(P) ¢ = ,c?v./c D. -
P E(y)=p ¥

is a connected wmmwnowm subset of H, and we have

F(y(P)) = y(F(P)) for y € I.

We now associate with'a :bHoaow.Ewu..n differential form w € Q(H) the map

ne" maawﬁnv |v.ﬁ_umU . .
Y f—— n,mmu (w]F(E(Y))) .
. Dy v
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LEMMA:

Cy, is a buuso:un nonwn.nm on Tp.

Proof: The ‘above proposition immediately implies M ¢, =0. Fix -

now an edge y of .H.H. and put Q: = A{y) and P: = E(y). The open disks
D, with E(z) =P, 2 # y or E(z) =Q, z # Y then are pairwise disjoint
such that

F(y): = ¢ u{=NUp, 3 F(o) uF(P) ;
z

this follows from the general fact that, for any two edges ¥yr¥, of

T, with E(y,) = b.QHV and y, # N..y we have

D, < D
Y= 0N

freduce to the case Tp = .H.x and apply (6] I§2). Using again the above

proposition we compute

Rvnnmm?__m;m:nuM .nmm :.__Em:
OE w qu E(z)=P UN
z#y ) o

| Hmmae_zu\:n M Hmug_wQ:
Em,uw L E(z)=0 Dz
27y - z#y

= .} res, (w|F(Q) = - res_ (w[F(Q))
E(z)=q D"z oy
zAY .
= e, o v 0.E.D.

We therefore get the ﬂ.c.wez..(wuwmaﬁ#oaosoﬂvru..ms

-~

1 ,DC.: -~ nw.wws.d am-v

.E..Tlv,m?_v"‘u Q.E .

In order to derive from it maps from the automorphic forms to the
harmonic cocycles we introduce the symmetric powers

WP = synw (n > 0)

of the natural umvn,.mmmvnwnwou of P c mﬁwic on the nv.aiwnno«, space
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tu au e ﬁvw We then have the homomorphisms

It My, (M) —s #o(ramew’) — 1%(r,c, (1w

f | > c_.: = (108id :Emu

Yg £ Wt
LY i n-i

where wer = ] x*f(x)ax e (1,0) -(0,1)
=0

Remark:

.E—mﬂmwum.ow:o:wnmwawv €.t moA?ovaAe?Sb:.lv :wa?s.u:mom [9] mm.2.8).

We will show in another paper that

.. .uvH
eI, Mo (D) (T, W)

is an isomorphism (which can be viewed as an analogue of the Shimura
isomorphism in the classical theory of automorphic forms).

The next basic observation is that harmonic noownwmm on ew are
:oﬁ&.:n mHmn than certain distributions on the set of limit points £.

DEFINITION:

For any abelian group M and any locally compact and totally disconnected
space X let D(X,M) denote the abelian group of all M-valued finitely
additive functions on the family of compact open subsets of X
("distributions on X"). 1In case X is compact put

UoCnLé" = {u € D(X,M): u(xX) = 0}.

The following result due to Drinfeld ([3]) now is easy to prove.

LEMMA:

The map D, ©e, 5 —> Cpap(Tp/M)  is an isomorphism.

M TI.vn:QT = w(U(y)).,

Furthermore, if we set- K ..K/T.v .then H@mnﬂwnﬂwos of distributions
induces an isomorphism _u fﬂ.zv =, EK (M), Altogether we thus have
constructed roao.:onur..mam , ’

2 (1) —> ¢y zj o W) T D W

£ | ce ——s e -
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We consider . u_ as the p-adic L~transform of the automorphic form f. If
£ : :

fhas weight 2 then ug even is a Hm..ne.mwcma measure (i.e., a bounded
distribution) on & ° ‘Namely, because of its TI'-invariance and the
finiteness of the quotient graph § the cocycle ce takes on only a finite
number of different values. In general Mg will not be-a measure but
we can describe its growth rather precisely. Let f always be an auto-

morphic form of weight n+2 for T.

Notation: For any w € Q(H) and any y € Edge 3.—; we put

res,w : = res, (w|F(E(Y))).

Yy
LEMMA :
.a b :

For 0 <i <n, yc€ mmmw.aar Yy = An mv €T, and e € av such that
y(e) # = we have

. ; a-i

i - n-2i 7t ped o dig i+j

Tes, () (eve) E(0dx = (cerd) u.mo 5t 4D ores (o) e prax .

Proof: Using (-cx+a) = (a-cy(e)) - .c(x-y(e)) and (cetd) (a—cy(e)) =1 we
compute

ey - Y (yme) i
nmm%ﬂx e) " f (x)dx nmms« (¥) ((x-e) \mcsaﬁ

2

B+2¢ (x) (-ox+a) “2ax

= HﬂM* va

A dx-b

. 2 "¢ v“_, (-cx+a)

= H.mm< ) (ce+a) i n.x|<mvu..~|nx+mv=lwn§vmx

- lev .Abuwu..v.nﬁj W Anmﬁvu..ﬁxnam-wﬁw‘n,\ (e)) i ("3 Ajmvzawlwm?,&x
j=0. :
n=i . , - it s

= L O et -0)" Ires v 0k,
=0 3 Yy

In particular, our assertion holds true if i = n. The general case then
follows by an inductive argument using identities like

mel my

= )
T I ady = -n for ‘i <m. ~  Q.E.D.
=i 17 1 :

PROPOSITION:

evwn« exists a no:mnn:m C > 0 such that we have

-
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Y nfa-i
D<\

.\_.nmm.%ﬁxlmvuw.mﬁ.i mx_m. <C

for all 0 < i <n, y € Edge(T;) with U(F) c¥, and e € U(¥) where

P, : = sup{|u-v

v ! t u,v € wa .

P
Proof: Since the quotient graph S is finite we can choose finitely many
edges Yyro+s¥y ©f Tp such that = ¢ carw.wvc...c c@.av and such that
® g U(y) is Tl-equivalent to one of the Y, say

any y € ma@m.ﬁ; with

s ab
¥y = vly,) with vy = (J 5) €T. Using
-1 d -1 -1
W7o + 5 = Iy e -y =] 2o
n_w p~ Yy
and
= 1oyl -2
Py = ley Amv+m_v o<<
we derive from the above lemma
nw\mnv ._nmmwﬁlmv»m?vmx.v
n/2- 1,47,
<P, - max |y Rmrm_u |

||Hu+u
Bmfcl Am: 25%_@

Y 0<j<n-i

Mamx o:\unwuu. ._nmm ?L«ufm:w.ﬁ.ﬂxvmx_ .
0<j<n-i Yv Yy A P

But the last term obviously is bounded independently of 41:3 md&ﬂcv .

Q.E.D.

hmncm .nmm.:uo the ev|<nw=m& distributions :Mov ....L._m:.; on n.ﬂo

by
n : :
(i) i n~i

e = § oug (1,00 (0, 1)

- :
Putting (

SN ¢ 3]
% T )
U . -

for 0 < i < n and any compact open mcvm,mn, u mKo then induces a

anﬁ.:omn map

—.atm anko.v — g,

on the space .nf&ov of all functions with compact support on ..ﬁo which
are locally a -polynomial in x of degree < n. The above proposition



- therefore is well-defined and analytic in x € Hom
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shows that ﬂ:@m.auv satisfies a certain ‘growth condition; we namely have

ﬁ (x-e) mrm = - nﬁm (x~e) mAxvmx
uiy)

(under the appropriate assumptions). That property allows us to extend
h.w:n to 'a map on all functions with compact support on mmr which
satisfy a certain condition of Lipschitz type. ' In order to be more
specific let us make the following assumption which from an arithmetic
point of view seems to be a natural one:

m is cocompact in mrnﬁe ).

Then T, = ee Acmm Mwumuww wv mnn Mg wmw&wuﬂ&w&:&»Oﬂqp um u s .
X P

In fact, the above vuomomw¢HOﬁ shows that [. m:m induces an "admissible
measure" on sw in the sense of Visik ([10]). The function
L(£,x): = Mx xdu,
5
e ° cont v.a ) (see [10}).
In particular, if «: sv — H+vu < av denotes the canonical projection
map then
L l-s

I (E,8) = L (5,679

is an analytic mcsaﬂwou on the .open aisk (s € €_:|s| Aavnw\ﬂmluvv

P P
where q = 4 for p =2 and q = p onSOntwmm.

wwwmwmznmm
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