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Summary

The renormalisation of noncommutative quantum field theories was an open problem for
a long time due to the mixing of ultraviolet and infrared divergences. In this Habilitation
thesis, I prove that the real ¢*-model on the four-dimensional Euclidean Moyal plane is
renormalisable to all orders in perturbation theory. It turns out that—compared with the
commutative case—the bare action of relevant and marginal couplings contains necessarily
an additional term: an harmonic oscillator potential for the free scalar field action. This
entails a modified dispersion relation for the free theory, which becomes important at
large distances (UV/IR-entanglement).

First, I represent the ¢*-action in the harmonic oscillator base of the Moyal plane,
where the action describes a matrix model the kinetic term of which is neither constant nor
diagonal. I derive a closed formula for the resulting propagator, using Meixner polynomials
in an essential way.

Then, I develop the renormalisation group approach for dynamical matrix models,
the core of which is a flow equation for the effective action. The renormalisation proof is
now reduced to the verification that the flow equation—a non-linear first-order differential
equation—admits a regular solution which depends on finitely many initial data. In the
perturbative regime, the flow equation is solved by ribbon graphs drawn on Riemann
surfaces. I prove a general power-counting theorem which relates the power-counting
behaviour of ribbon graphs to their topology and to two scaling dimensions of the cut-off
propagator.

For the model under consideration, I determine these scaling dimensions by numerical
methods. As a result, only planar graphs with two or four external legs can be relevant
or marginal. These graphs are labelled by an infinite number of matrix indices. I prove
the existence of a discrete Taylor expansion, which decomposes the (infinite number of)
planar two- and four-leg graphs into a linear combination of four relevant or marginal
base functions and an irrelevant remainder. These four universal base functions have
the same index dependence as the original action in matrix formulation, which implies
the renormalisability of the model. Moreover, I prove that the effective action converges
quadratically in the inverse scale of the bare interactions.

Additionally, I compute the one-loop [-functions of the four-dimensional noncom-
mutative ¢*-model with oscillator term. The S-function for the coupling constant is
non-negative and vanishes for those frequency of the oscillator potential where the action
is invariant under a duality transformation which exchanges positions and momenta.

Finally, I prove that ¢*-theory on the two-dimensional Moyal plane is super-
renormalisable, where the one-loop planar two-leg graph is the only one which is marginal.
The proof requires again an oscillator potential which, however, can be switched off at
the end by adjusting it to the inverse logarithm of the scale of the bare interactions.



II



Zusammenfassung

Die Renormierung nichtkommutativer Quantenfeldtheorien war wegen der Mischung von
Ultraviolett- und Infrarotdivergenzen iiber lange Zeit ein offenes Problem. In dieser Habili-
tationsschrift beweise ich, dafl das reelle ¢*-Modell auf der vierdimensionalen Euklidischen
Moyal-Ebene zu allen Ordnungen der Storungstheorie renormierbar ist. Es stellt sich her-
aus, dafi—verglichen mit dem kommutativen Fall—die nackte Wirkung der relevanten und
marginalen Kopplungen einen Zusatzterm besitzt, welcher durch ein Oszillatorpotential
fiir die Wirkung des freien Feldes beschrieben wird. Dieses fithrt zu modifizierten Dis-
persionsrelationen fiir die freie Theorie, welche bei groflen Abstdnden bedeutsam werden
(UV/IR-Mischung).

Zunichst stelle ich die ¢*-Wirkung in der harmonischen Oszillatorbasis der Moyal-
Ebene dar. In dieser Basis beschreibt die Wirkung ein Matrixmodell, dessen kinetischer
Teil weder diagonal noch konstant ist. Ich leite eine geschlossene Formel fiir den resultie-
renden Propagator her, wobei Meixner-Polynome eine wesentliche Rolle spielen.

Danach entwickle ich den Renormierungsgruppenzugang fiir dynamische Matrixmo-
delle, dessen Kernstiick eine Flufigleichung fiir die effektive Wirkung ist. Der Renormie-
rungsbeweis reduziert sich nun auf die Uberpriifung, da8 die FluBgleichung—eine nicht-
lineare Differentialgleichung erster Ordnung—eine regulire Losung besitzt, die nur von
endlich vielen Anfangsdaten abhéngt. Die storungstheoretische Losung der FluBgleichung
ist durch Bandgraphen gegeben, welche auf einer Riemannschen Fliche dargestellt werden.
Ich beweise ein Theorem, welches das allgemeine Potenzabzéhlverhalten eines Bandgra-
phen zu dessen Topologie und zu zwei Skalendimensionen des abgeschnittenen Propagators
in Verbindung setzt.

Fiir das betrachtete Modell bestimme ich die Skalendimensionen mittels numerischer
Methoden. Es stellt sich im Ergebnis heraus, dafl die planaren Graphen mit zwei oder vier
dufleren Beinen die einzigen sind, welche relevant oder marginal sind. Diese Graphen sind
durch unendlich viele Matrixindizes charakterisiert. Ich beweise die Existenz einer diskre-
ten Taylor-Entwicklung, welche diese (unendlich vielen) planaren Graphen mit zwei oder
vier dueren Beinen in eine Linearkombination von vier relevanten oder marginalen Basis-
funktionen sowie einen irrelevanten Rest zerlegt. Diese vier universellen Basisfunktionen
haben dieselbe Indexabhéngigkeit wie die Ausgangswirkung in der Matrixformulierung,
woraus schlieflich die Renormierbarkeit des Modells folgt. Weiters beweise ich, daf} die
effektive Wirkung quadratisch in der inversen Skala der nackten Wechselwirkungen kon-
vergiert.

Zusatzlich berechne ich in Einschleifennéherung die S-Funktionen des nichtkommuta-
tiven ¢*-Modells mit Oszillatorterm. Die 3-Funktion der Kopplungskonstante ist nicht-
negativ und verschwindet fiir jene Frequenz des Oszillatorpotentials, fiir die die Wirkung
invariant unter einer Dualitétstransformation zwischen Orten und Impulsen wird.

SchlieBlich beweise ich, dafi die nichtkommutative ¢*-Theorie in zwei Dimensionen
superrenormierbar ist, wobei der planare Einschleifengraph mit zwei &ufleren Beinen der
einzige marginale Graph ist. Der Beweis erfordert wieder ein Oszillatorpotential, welches
am Ende jedoch ausgeschaltet werden kann, indem man es proportional zum inversen
Logarithmus der Skala der nackten Wirkung ansetzt.
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1 Introduction

1.1 Motivation

Half a century of high energy physics has drawn the following picture of the microscopic
world: There are matter fields and carriers of interactions between them. Four different
types of interactions are known: electromagnetic, weak and strong interactions as well as
gravity. The traditional mathematical language to describe these structures of physics
is that of fibre bundles (see e.g. [Nak9(]). The base manifold M of these bundles is a
four-dimensional metric space with line element ds* = g, (z) dz"dz”. Matter fields ¢ are
sections of a vector bundle over M. The carriers of electromagnetic, weak and strong
interactions are described by connection one-forms A of U(1), SU(2) and SU(3) principal
fibre bundles, respectively. Gravity is the determination of the metric g by the one-forms
A and sections v, and vice-versa.

The dynamics of (4,1, g) is governed by an action functional S[A, ), g], which yields
the equations of motions when varied with respect to A,,g. The complete action func-
tional for the phenomenologically most successful model, the standard model of particle
physics, consists of numerous individual pieces when expressed in terms of (4,1, g).

Next, there is a clever calculus, called quantum field theory, which as the input takes
the action functional S and as the output returns numbers. There is another (much
more expensive) source of numbers: experiments. There is a remarkable agreement®
of up to 10~ between corresponding numbers calculated by quantum field theory and
those coming from experiment. This tells us two things: The action functional (here: of
the standard model) is very well chosen and, in particular, quantum field theory is an
extraordinarily successful calculus.

However, this can only be an approximation: Taking gravity (i.e. the dynamics of the
space-time manifold) into account, quantum field theory is ill-defined. To see this, let
us recall how we measure technically the geometry of space-time. The building blocks
of a manifold are the points labelled by coordinates {z*} in a given chart. Points enter
quantum field theory via the sections ¢ (x) and A(x), i.e. the values of the fields at the
point labelled by {z#}. This observation provides a way to “visualise” the points: We
have to prepare a distribution of matter which is sharply localised about {x*}. For a
perfect visualisation we need a J-distribution of the matter field. This is physically not
possible, but one would think that a d-distribution could be arbitrarily well approximated.
However, that is not the case, there are limits of localisability long before the d-distribution
is reached [DFR95].

Let us assume that there is a distribution of matter which is supposed to have two sep-
arated peaks within a space-time region R of diameter d. How do we test this conjecture?
We perform a scattering experiment in the hope to find interferences which tell us about
the internal structure in the region R. We clearly need test particles of de Broglie wave
length \ = % < d, otherwise we observe a single peak even if there is a double peak. For
A — 0 the gravitational field of the test particles becomes important. The gravitational

IThere are of course experimental data which so far could not be derived from first principles, such
as the energy spectrum of hadrons.



2 1 INTRODUCTION

field created by an energy E can be measured in terms of the Schwarzschild radius

_ 2GFE _ 2Gh S 2Gh | (1.1)
A Acd ™ ded

Ts

where GG is Newton’s constant. If the Schwarzschild radius r; becomes larger than the
radius %, the inner structure of the region R can no longer be resolved (it is behind the
horizon). Consequently, we have to require % > rg, which implies the condition

d |Gh

Hence, the Planck length /p is the fundamental length scale below of which length meas-
urements become operational meaningless [DFR95]. Space-time cannot be a manifold.

What does this mean for quantum field theory? It means that we cannot trust tra-
ditional quantum field theories like the (quantum) standard model because they rely on
non-existing information about the short-distance structure of physics which is implicitly
used in the loop calculations.

There exist a few proposals about how to replace the space-time manifold, notably
string theory and quantum gravity. For deep background information I refer to Rovelli’s
beautiful dialogue [Rov03]. I refrain from further commenting these two religions, because
the subject of this Habilitation thesis is a third one.

We know from quantum mechanics that any measurement uncertainty (enforced by
principles of Nature and not due to lack of experimental skills) goes hand in hand with
noncommutativity. In particular, commutation relations between coordinate operators
which yield the localisation requirement (I2]) have been identified in [DFR95]. However,
space-time is more than just a copy of quantum mechanical phase space. It is the arena for
field theory. Thus, apart from only describing the algebra of space-time operators, we have
to realise the geometric world of gauge fields, fermions, differential calculi, Dirac operators
and action functionals associated with this algebra. Fortunately for us, the relevant
mathematical framework—noncommutative geometry—has been developed, foremost by
Alain Connes [Con94l [Con00]. Related monographs are [Mad00, Lan97, Var97, (GBVF01].

Noncommutative geometry is the reformulation of geometry in an algebraic and
functional-analytic language, in this way permitting an enormous generalisation. Today,
noncommutative geometry is well-established and indispensable in mathematics. In phys-
ics, the most important achievement of noncommutative geometry is to overcome the dis-
tinction between continuous and discrete spaces, in the same way as quantum mechanics
washed away the discrepancy between waves and particles.

This achievement is particularly visible in the standard model of particle physics.
The standard model was proposed around 1970 as the conglomerate of the electroweak
model of Glashow, Salam and Weinberg [Gla61], [Sal68, Wei67], including the (at first
sight artificial) Higgs sector [Higb4, [EB64l [Kib67] to give enormous masses to the (at
that time conjectured) W- and Z-bosons, and the independent quantum chromodynamics
[EGMT73|IGWT3, [Pol73| to describe the strong interactions. At that time, few people would
have expected that this ugly standard model survives the experiments of the following 30
years.
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As a matter of fact, the standard model is not only natural but also rather uniqué?
[ISS03] from the point of view of noncommutative geometry: It is a spectral triple [Con95].
Actually, the standard model inspired Connes to discover the axioms [Con96] of spectral
triples. In particular, the language in which spectral triples are formulated is very close
to field theory: Besides the algebra A represented on a Hilbert space H (which alone
are only good for measure theory), to describe metric spaces with spin structure one also
needs a Dirac operator D, the chirality 4® and the charge conjugation .J. For the proof
of Connes’ theorem [Con96|] that commutative spectral triples are spin manifolds, see
[Ren01) (GBVFQ1]. All finite spectral triples are known [PS98, [Kra98al.

As already underlined, noncommutative geometry evaporates the distinction between
continuous and discrete spaces. For the standard model, the relevant geometry is that
of the two-sheeted universe [CLI1], i.e. two copies (one for left-handed and one for right-
handed fermions) of the four-dimensional space separated from each other by the de
Broglie wavelength of the Higgs boson. It is a discrete Kaluza-Klein geometry [MWO02]
with discrete fibre consisting of two points. Writing down gauge theory on such a dis-
connected space, the component of the gauge field in the discrete direction is a scalar,
the Higgs field, and the corresponding part of the noncommutative Yang-Mills action
gives the Higgs potential responsible for spontaneous symmetry breaking. Moreover, the
Yukawa coupling of the Higgs with the fermions is nothing but the restriction of the
minimal coupling of the gauge fields with the fermions to the discrete direction. In fact,
the geometrical insight goes much deeper. For instance, the spectral triple description
enforces the following (in the language of Yang-Mills-Higgs models unrelated) features
[CIS99):

e weak interactions break parity maximally,

weak interactions suffer spontaneous breakdown,

strong interactions do not break parity,

strong interactions do not suffer spontaneous breakdown.

I refer to [IKS95, MGBV9S§| for details about the noncommutative geometrical construc-
tion of the standard model and to [GB02] for a historical review.

Eventually, noncommutative geometry achieved via the spectral action principle
[CCI7] a true unification of the standard model with general relativity on the level of
classical field theories. Kinematically, Yang-Mills fields, Higgs fields and gravitons are all
regarded as fluctuations of the free Dirac operator [Con96]. The spectral action

S = tracex<zf—j> , (1.3)

(which is the weighted sum of the eigenvalues of D? up to the cut-off A?) of the single
fluctuated Dirac operator D gives the complete bosonic action of the standard model, the
Einstein-Hilbert action (with cosmological constant) and an additional Weyl action term
in one stroke [CC97]. See also [IKS97]. The parameter z in (L3)) is the “noncommutative
coupling constant” [CIS99]. Assuming the spectral action (L3]) to produce the bare action

2Tt is not possible to formulate grand unified theories with spectral triples. It is possible to stay within
the spirit of noncommutative geometry, but one has to relax the tight connection with other parts of
mathematics. See [CFE92| [CF94] [Wul99] for examples of noncommutative GUTs.
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at the (grand unification) energy scale A, the renormalisation flow based on the one-loop
[-functions leads to a Higgs mass of 182...201 GeV [CIS99].

Of course, the unification of the standard model with general relativity via the spectral
action is of limited value as long as it is not achieved at the level of quantum field theory.
On the other hand, the arguments of [DEFR95] make clear that this will not be possible
with almost commutative geometries (products of commutative geometries with matrices).
Space-time has to be noncommutative itself. The complete problem of a gravitational
dynamics of the noncommutative space-time being too difficult to treat, the first step
is to consider field theory on noncommutative spaces with fixed background. The most
natural candidate is the Moyal plane [Gro46, Moy49], which was identified as a solution of
the uncertainty conditions for coordinate operators [DFR95]. The (D-dimensional) Moyal
plane is characterised by the non-local x-product

D
(axb)(x) = /dDy(;lﬂ)kDa(qu%G-k)b(x—I—y) e 0 =—0,,€R, (1.4)
which is associative but not commutative. The Moyal plane is a spectral triple |GGBIT04]
and the spectral action has been computed [Vas04], (GI04]. Other interesting noncommut-
ative spectral triples are the noncommutative torus [Con80) [Rie81, [Rie90], the Connes-
Landi spheres [CLO1] and the (mostly spherical) examples found by Connes and Dubois-
Violette [CDV02]. Remarkably, the noncommutative torus is relevant for the compacti-
fication of M-theory [CDS98] and the Moyal plane arises as a limiting case of type ITA
string theory [DH98| [SW99).

It is not difficult to write down classical action functionals on noncommutative spaces
(the first example was Yang-Mills on the noncommutative torus [CR87]), but it is not clear
that quantum field theories [BS59, VW76], 1Z80] can be defined consistentlyd. As locality
is so important in quantum field theory [EGT3], it is perfectly possible that quantum field
theories are implicitly built upon the assumption that the action functional has to live on
a (commutative) manifold. It was, therefore, an important step to prove that Yang-Mills
theory is one-loop renormalisable on the Moyal plane and on the noncommutative torus
[MSR99, [SJ99, [KW00]. This means that these models are divergent [Fil96], but the one-
loop divergences are absorbable in a multiplicative renormalisation of the initial action
such that the Ward identities are fulfilled.

In this line of success, it was somewhat surprising when Minwalla, Van Raamsdonk
and Seiberg [MVRS00] pointed out that there is a new type of infrared-like divergences
which makes the renormalisation of scalar field theories on the Moyal plane very unlikely.
To get an idea about the problem one has to compute the non-planar one-loop two-point
function resulting from the noncommutative ¢*-action. The corresponding integral is fi-
nite, but behaves ~ (fp)~2 for small momenta p of the two-point function. The finiteness
is important, because the p-dependence of the non-planar graph has no counterpart in the
original ¢*-action, and thus (if divergent) cannot be absorbed by multiplicative renormal-
isation. However, if one inserts the non-planar graph declared as finite as a subgraph into
a bigger graph, one easily builds examples (with an arbitrary number of external legs)
where the ~ p~2 behaviour leads to non-integrable integrals at small inner momenta. This

is the so-called UV/IR-mizing problem [MVRS00].

3This refers to infinite-dimensional quantum field theories. There is no problem with finite-dimensional
examples [GKPI6D, [GKP96al.
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The heuristic argumentation can be made exact: Using a sophisticated mathematical
machinery, Chepelev and Roiban have proven a power-counting theorem [CR00L [CRO1]
which relates the power-counting degree of divergence to the topology of ribbon graphs.
The rough summary of the power-counting theorem is that noncommutative field theories
with quadratic divergences become meaningless beyond a certain loop order®. For ex-
ample, in the real noncommutative ¢*-model there exist (in four dimensions) three-loop
graphs which cannot be integrated.

Thus, to prove renormalisability of quantum field theories on the four-dimensional
Moyal plane is an enormous challenge. One has to circumvent the power-counting theorem
of Chepelev and Roiban [CRO1], but at the same time respect the physical insight in the
UV/IR-mixing mechanism. This is subject of my Habilitation thesis.

1.2 Renormalisation group approach to noncommutative field
theories

In this Habilitation thesis I prove that the real noncommutative ¢*-model is renormalisable
to all orders in four dimensions—a work based on a very pleasant collaboration with
Harald Grosse. The proof is contained in the two articles [GW03al, [GW04b]. A summary
was given in [GW04c]. The one-loop f-function is evaluated in [GW04a]. The proof of
the two-dimensional case is given in [GWO03h].

At first sight, a renormalisability proof of ¢*-theory on the four-dimensional Moyal
plane seems to be in grave contradiction with [MVRS00, [CR00, [CRO1]. However, this
is not the case. In fact, the results of these papers are reconfirmed, it is only that their
message is taken serious. The message of the UV /IR-entanglement is that

noncommutativity relevant at very short distances modifies—whether we like it or
not—the physics of the model at very large distances.

The required modification is, to the best of my knowledge, unique: It is given by an
harmonic oscillator potential for the free field action. The following theorem is proven in
the thesis:

Theorem 1 The quantum field theory associated with the action

2

" 1 Qs N IU(Q) A
S = [ d'w (50,6 %00 + - (5,0) x (i0) + Lo x o+ Toxox 9 6) (@), (15)
for @, == 2(071) ., 2", ¢-real, Euclidean metric, is perturbatively renormalisable to all
orders in \.

The action (L3) is covariant with respect to a remarkable duality between position
space and momentum space [LS02a]: Under the exchange of position and momentum (i.e.
not the Fourier transformation),

pu s 0p) = 7| detd] d(x) (1.6)

4There exist proposals to resum the perturbation series, see [MVRS00, [CRO01], but there is no complete
proof that this is consistent to all orders.
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together with ¢(p,) = [ d*z e"D"Pant g(z,) for a being a cyclic label, one has
S [ 10, A, Q] - 925[¢; % % %} (1.7)

Of course, we cannot treat the quantum field theory associated with the action (L5
in momentum spacd?. Fortunately, there is a matrix representation [BM49] of the Moyal
plane, where the x-product becomes a simple product of infinite matrices and where the
duality between positions and momenta is manifest. The matrix representation plays an
important role in the proof that the Moyal plane is a spectral triple |[GGBIT04]. It is
also crucial for the exact solution of quantum field theories [Lan03| [LSZ03, [LSZ04] on
noncommutative phase space.

In the traditional Feynman graph approach the value of the integral associated to
non-planar graphs is not unique, because one exchanges the order of integrations in in-
tegrals which are not absolutely convergent. To avoid this problem one should use a
renormalisation scheme where the various limiting processes are better controlled.

The preferred method is the use of flow equations. The idea goes back to Wilson
[WKT74]. It was then used by Polchinski [Pol84] to give a very efficient renormalisability
proof for commutative ¢*-theory. Several improvements to the proof have been made
in [KKS92]. Later, the method has been applied, for instance, to massless ¢?-theory
[KK94], to QED [KK96] and to spontaneously broken Yang-Mills theory [KMO00]. For an
introduction to that renormalisation method, see [Sal99].

Applying Polchinski’s method to the noncommutative ¢*-model there is, however, a
serious problem in momentum space. We have to guarantee that planar graphs only ap-
pear in the distinguished interaction coefficients for which we fix the boundary conditions
at the renormalisation scale Az. Non-planar graphs have phase factors which involve inner
momenta. Polchinski’s method consists in taking norms of the interaction coefficients, and
these norms ignore possible phase factors. Thus, we would find that boundary conditions
for non-planar graphs at Ar are required. Since there is an infinite number of different
non-planar structures, the model is not renormalisable in this way8. A more careful exam-
ination of the phase factors is also not possible, because the cut-off integrals prevent the
Gaufian integration required for the parametric integral representation [CR00, [CRO1]. In
conclusion, I believe it is extremely difficult (if not impossible) to use the exact renormal-
isation group equation for noncommutative field theories in momentum space. The best
one can hope is to restrict oneself to limiting cases where e.g. the non-planar graphs are
suppressed [BGI02, BGI03]. Even this restricted model has rich topological features.

In other words, we have to avoid the momentum space formulation of the noncom-

5Tt should be possible to use the Mehler formula for momentum space computations, see (Z.5]) on page
B8 although this is probably not so easy.

SThere are already some attempts [GP0I] to use Polchinski’s method to renormalise noncommutative
field theories. I have, however, severe reservations on the method and results. The main argument in
[GP01] is that the Polchinski equation is a one-loop equation so that the authors simply compute an
integral having exactly one loop. It is, however, not true that nothing new happens at higher loop order.
For instance, all one-loop graphs can be drawn on a genus-zero Riemann surface. The entire complexity of
Riemann surfaces of higher genus as discussed by Chepelev and Roiban [CR0O0, [CR01] shows up at higher
loop order and is completely ignored by the authors of [GP0I]. As I will demonstrate in the Habilitation
thesis, the same discussion of Riemann surfaces is necessary in the renormalisation group approach, too.
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mutative ¢*-model. I have already stressed that the matrix basd? of the Moyal plane
is convenient to realise both the partial derivatives and the coordinate multiplication in
the classical action (L5). In the matrix base, the interaction part [dPz(¢ x ¢ x ¢ x ¢)
in (LH) becomes simply tr(¢?), where ¢ is now an infinite matrix (with entries of rapid
decay). Thus, we get rid of the oscillating phase factors—the first condition to apply the
renormalisation group techniques. The price for the simplification of the interaction is
that the kinetic matrix, or rather its inverse, the propagator, will become very complic-
ated. However, in Polchinski’s approach the propagator is anyway made complicated when
multiplying it with the smooth cut-off function. Indeed, all difficulties can be overcome.

The renormalisation proof is very technical. I do not claim that it is the most efficient
one. However, it was for us (Harald Grosse and me), for the time being, the only possible
way. There are several “miracles” without which the proof had failed. The first is that the
propagator is complicated but numerically accessible. We had thus convinced ourselves
that the propagator has such an asymptotic behaviour that all non-planar graphs and all
graphs with N > 4 external legs are irrelevant according to our general power-counting
theorem for dynamical matrix models [GW03a]. However, this still leaves an infinite
number of planar two- or four- point functions which would be relevant or marginal
according to [GWO03al]. In the first versions of [GW03a] we had, therefore, to propose
some consistency relations inspired by [Zim85] in order to get a meaningful theory.

Miraculously, all this was not necessary. We had found numerically that the propag-
ator has some universal locality properties suggesting that the infinite number of relev-
ant / marginal planar two- or four- point functions can be decomposed into four relev-
ant / marginal base interactions and an irrelevant remainder. Of course, there must exist
a reason for such a coincidence, and the reason are orthogonal polynomials. In our case, it
means that the kinetic matrix corresponding to the free action (3:28)) written in the mat-
rix base of the Moyal plane is diagonalised by orthogonal Meixner polynomials [Mei34]®.
Then, having a closed solution for the free theory in the preferred base of the interaction,
the desired local and asymptotic behaviour of the propagator can be derived.

I stress, however, that some of the corresponding estimations of Section are, so far,
verified numerically only. There is no doubt that the estimations are correct, but for the
purists I have to formulate the result as follows: The quantum field theory corresponding
to the action (ILH]) is renormalisable to all orders provided that the estimations given
in Section hold. Already this weaker result is a considerable progress, because the
elimination of the last possible doubt amounts to verify properties of hypergeometric
functions.

Noncommutative ¢*-theory in two dimensions is different. One also needs the harmonic
oscillator potential of (7)) in all intermediate steps of the renormalisation proof, but at
the end it can be switched off with the removal of the cut-off. This is in agreement with

"For another matrix realisation of the Moyal plane and its treatment by renormalisation group meth-
ods, see [Nic03].

8In our renormalisation proof [GWO3b] of the two-dimensional noncommutative ¢*-model we had
originally termed these polynomials “deformed Laguerre polynomials”, which we had only constructed
via their recursion relation. The closed formula was not known to us. Thus, I am especially grateful to
Stefan Schraml who has provided us first with [MR9I], from which we got the information that we were
using Meixner polynomials, and then with the encyclopaedia [KS96] of orthogonal polynomials, which
was the key to complete the renormalisation proof.
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the common belief that the UV/IR-mixing problem can be cured in models with only
logarithmic divergences.

1.3 Organisation of the Habilitation thesis

The Habilitation thesis is divided into three parts:

e In the main part, consisting of Sections BHEl and Appendices BHE] I prove that
the duality-covariant noncommutative ¢*-model is renormalisable to all orders and
convergent in the limit of removed cut-off. This part is based on [GW03al, [GW04h].
At the end of this Section I make a few comments on the strategy of the proof.

e In the introductory part, placed into Section Pl before the main part, I give a sum-
mary of the ideas and techniques used in the renormalisation proof. The essential
formulae of the main part are presented, but without any proofs and partly with
simplified notation. This part is based on [GW04c]. Moreover, I give in Appendix[A]
a limited historical overview about field theories on noncommutative spaces and at-
tempts of their renormalisation.

e In a supplementary part, consisting of Appendices [GHH], I apply the results of the
main part to two interesting exercises:

— In Appendix [Gl T compute the one-loop [-functions of the duality-covariant
noncommutative ¢3-model, based on the identification of relevant and marginal
graphs achieved in the main part. This computation follows [GW04a].

— In Appendix Ml I prove that the two-dimensional noncommutative ¢*-model
is renormalisable to all orders. The proof uses the general framework given
in Sections ] and @ and refers to some formulae of Sections Bl and [6l The
proof is inspired by [GWO03b]. It is, however, considerably streamlined thanks to
orthogonal polynomials which had not been identified yet at the time of writing
of [GW03b].

Section [7l contains the conclusion and gives an outlook to subsequent activities. These
applications demonstrate that the Habilitation thesis, which in the first instance solves
a longstanding technical problem concerning the renormalisation of noncommutative ¢?-
theory, provides new insight into noncommutative field theories in general. Moreover,
there are potential applications of the developed methods and obtained results to other
areas of quantum field theory.

Figure [I] shows the dependency of the various sections of the Habilitation thesis. The
central results are contained in Sections [5.4] and [H.2l

I would like to add a few comments on the strategy in the main part. The first step
is to rewrite the ¢*-action (LH) in the harmonic oscillator base of the Moyal plane, see
B42)) and ([B.45). The free theory is solved by the propagator (3.49]), which I compute
in Appendix using Meixner polynomials in an essential way. The propagator is rep-
resented by a finite sum which enables a fast numerical evaluation. Unfortunately, I can
offer analytic estimations only in a few special cases.

The propagator is so complicated that a direct calculation of Feynman graphs is not
practicable. Therefore, I employ the renormalisation method based on flow equations
[Pol84) [KIKS92], which I adapt in Section [l to non-local (dynamical) matrix models. The
modification K[A] of the weights of the matrix indices in the kinetic term is undone in
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Figure 1: Flow chart of the Habilitation thesis.

the partition function by a careful adaptation of the effective action L[¢, A], which is
described by the matrix Polchinski equation (4I5]). For a modification given by a cut-off
function K[A], renormalisation of the model amounts to prove that the matrix Polchinski
equation (LI5) admits a regular solution which depends on a finite number of initial data.

In a perturbative expansion, the matrix Polchinski equation is solved by ribbon graphs
drawn on Riemann surfaces, see Section [£3l Then, I prove in Appendix [Dl the Power-
counting Theorem [0 which relates the general power-counting behaviour of a ribbon
graph to its topology and to two scaling exponents of the cut-off propagator. In this way,
regular scaling dimensions guarantee the existence of a regular solution of the matrix
Polchinski equation.

According to Appendix [E], the model under consideration is indeed characterised by
regular scaling dimensions. However, the general proof involves an infinite number of
initial conditions, which is physically not acceptable. Therefore, the challenge is to prove
the reduction to a finite number of initial data for the renormalisation flow.

The answer is the integration procedure given in Definition [2, Section B.1], which
entails mixed boundary conditions for certain planar two- and four-point functions. The
idea is to introduce four types of reference graphs with vanishing external indices and
to split the integration of the Polchinski equation for the distinguished two- and four-
point graphs into an integration of the difference to the reference graphs and a different
integration of the reference graphs themselves. The difference between original graph and
reference graph is further reduced to differences of propagators, which I call “composite
propagators”. See Section

The proof of the power-counting estimations for the interaction coefficients (Propos-
ition [[3] in Section [5.4]) requires the following extensions of the general case treated in
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Section M}

e [ prove that graphs where the index jumps along the trajectory between incoming
and outgoing indices are suppressed. This leaves 1PI planar four-point functions with
constant index along the trajectory and 1PI planar two-point functions with (in total)
at most two index jumps along the trajectories as the only graphs which are marginal
or relevant.

e For these types of graphs I prove that the leading relevant/marginal contribution is
captured by reference graphs with vanishing external indices, whereas the difference
to the reference graphs is irrelevant. This is the discrete analogue of the BPHZ Taylor
subtraction of the expansion coefficients to lowest order in the external momenta.

Thus, Proposition [I3] provides bounds for the interaction coefficients of the effective
action at a scale A € [Ag,Ag]. Here, Ap is the renormalisation scale where the four
reference graphs are normalised, and Ay is the initial scale for the integration which
has to be sent to oo in order to scale away possible initial conditions for the irrelevant
functions. The estimations of Proposition [I3] are actually independent of Ay so that the
limit Ay — oo can be taken. This already ensures the renormalisation of the model.

However, one would also like to know whether the interaction coefficients converge in
the limit Ag — oo and if so, with which rate. That analysis is performed in Section
which culminates in Theorem [I6, confirming convergence with a rate Aj2.

Figure 2 explains the relations between the main steps of the proof. The central
results are the power-counting behaviour of Proposition I3 and the convergence theorem
(Theorem[I6). Note that the numerical estimations for the propagator influence the entire
chain of the proof.

[ would like to finish the Introduction with a TEXnical remark. The Habilitation thesis
contains numerous cross references. Thanks to the hyperref package, it is very convenient
to jump to a cited equation, reference or section and then back to the place of reading.
Moreover, I have equipped the Bibliography on page with links to the eprint arXiv
and to the SPIRES database. Of course, these convenient features are only available in
the electronic version of the Habilitation thesis. Therefore, I would like to encourage the
reader of a printed copy to ask me for the electronic files.


http://arxiv.org
http://www.slac.stanford.edu/spires/hep/

1.3 Organisation of the Habilitation thesis

11

propagator (3.49)
derived in App. [B.3

integration procedure
Def.

/

composite propagators

Sec. 5.2 App. [E]

Power-counting behaviour
of interaction coefficients, Prop. [[3]

Ap-dependence of
interaction coefficients (6.4))

Y —

Power-counting behaviour
— of auxiliary functions, Prop. [14]

/

wl interaction (5.1))

// matrix Polchinski equation (EI5)
\ derived in Sec. 1] and App.

.

numerical bounds

App. [
l Y

general power-counting theorem
for non-local matrix models
Theorem [I0 proven in App.

differential equations

— for Ag-varied functions (6.17))
— for auxiliary functions (G.16))

— of Ag-varied functions, Prop. \

’Convergence Theorem, Thm. ‘

Figure 2: Flow chart of the renormalisation proof.
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2 Summary of ideas and techniques

As the renormalisation proof of Theorem [ is quite long and technical, I give in this
section an overview about the main ideas and techniques. This is basically the contents
of the letter [GWO04c] I have written with Harald Grosse.

2.1 Reformulation as a dynamical matrix model

As mentioned before, the explicit z-dependence of the action (LH]) forces us to work in the
matrix base of the Moyal plane. We choose a coordinate frame where 6 = 015 = —0y =
034 = —0,43 are the only non-vanishing f-components. We expand the fields according to

¢(.§C> = Zml m2.nl n2eN (b"nl nl bml nl (x) Where bml nl (',’U) = fmlnl (x17 .TQ)menQ (x37 .T4), Wlth
MM, m2n2 m2 n2 m2 n2

(xl—ixg)*ml _;( 24 2) (xﬁ—ixg)*"l
(T, mg) = 2 (9e-glatead)) AT 2.1
Frtn (1, 22) mil(20)™ ( ) nll(20)" 21)
(binn * b)) () = Spibpi () /d4x by () = (2760)? 6, - (2.2)

Due to (2.2)) the non-local x-product interaction becomes a simple matrix product, at the
price of rather complicated kinetic terms and propagators. We obtain for the action (LX)

1 A
_ 2 - -
m,n,k,lEN2
Gm; nlplp = (ug—k%(m1+n1—|—m2+n2+2))5n1k15m1l15n2k25m2l2
m#< n4 k41

902/ /11971 T
- %( kLt 5n1+1,k16m1+1,l1 + mint 5n1—1,k15m1—1,l1)5n2k25m212

_902
— 2220 (V202 62 2022 + VPn2 8p2_ 1 j20m2 1 2) SOy . (2.4)

We have Gy = 0 unless m+k = n+l, which is due to the SO(2) x SO(2)-invariance of
the action.

We are interested in a perturbative solution of the quantum field theory about the free
theory, the solution of which is given by the propagator A, i.e. the inverse of G, k-
In a first step we diagonalise the kinetic matrix:

Gml m1+a1‘ll+a1 ll = Z 1y1 M0+4Q(2y +2y —f—(l/ —f—(l/ +2))U(111)U(2l2 9 (2'5)

m2 m24a27124a2 12 >
yy?=0

[ A 1)

For fixed «, the kinetic matrix is in both components a Jacobi matrix (a certain tridiag-
onal band matrix) [MRI1]. The diagonalisation of that band matrix yields the recursion

relation for (orthogonal) Meixner polynomials M, (y; 3, c) = o F} <7"L’;y|1—c>, see [KS96].
The corresponding equidistant eigenvalues are those of the harmonic oscillator. To com-
pute the propagator we have to invert the eigenvalues (u%+%(2y1+2y2+&1+a2+2)) in
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(Z3). Using the identity

) (T )R (L)
Z 'a' a 2F1< 1+« b) o4 1+o

y=0
~ (1—-(1=b)ay™t! 7 <—m, —l’ ab? )
T (1—a)etmti+ 2 140 [(1—(1=b)a)?/

which can be regarded as the heart of the renormalisation proof, we arrive at

la| <1, (2.6)

Am1 nl gl gl

m2 n2;k2 12

m +l1 m +l2
2

Z Z 1+‘§‘§2+ (m'+k'+m*+k%)—v'—0*, 1420 +207)
_lmlotl o jm2-2|
2 2
(1+2v +202 % s(m* -k +m2+ k) o' +0? (1_9)2>(1_Q>2v1+2v2
X
o 24480 4 L (k2 4k2) vl 02 (1+80)% ) \1+Q

2 ) - . :
nt kl mt ZZ
]} +k*nt+l \/<1ﬂ—{—%) <UZ+an) (Uz_l_%) <Uz+l 2m ) ( )

(2

1+Q

One should appreciate here that the sum in (27) is finite, i.e. we succeeded to solve the
free theory with respect to the preferred base of the interaction. The explicit solution
enables a fast numerical evaluation of the propagator, which is necessary to determine
the asymptotic behaviour of the propagator for large indices. In few cases I can evaluate
the sum exactly:

e 0< A, 1,1 pn (uo) < A1 g (0)

m2 nQ;kQ 12 m2 nQ;kQ 12

This means that we can ignore the mass g in our estimations for € > 0.

. ) (1-0Q)2 0/8
o Ammmn(0) = gz 261 < m+2 ‘ (1+Q)2> ™ Qmr )t/ Emt D)

There is a discontinuity in the asymptotic behaviour of the propagator at 2 = 0. For
2 = 0 there is a long-range correlation which decays only very slowly with \/% This
is the origin of the UV /IR-mixing. For {2 > 0 the correlation decays with % which
guarantees a good power-counting behaviour of the model with 2 > 0. The asymptotic
behaviour provides the easy part of the renormalisation proof.

_ 0 1-Q\m'+m?
m2 é,SS(O) T 2(149Q)%(m!+m?+1) (H_ﬂ)

This property controls the non-locality. The model is non-local in the sense that
there is a correlation A,,,.;; for arbitrarily large ||m — l||. However, that correlation
is exponentially suppressed, preserving some sort of quasi-locality. This provides the

tricky part of the renormalisation proof.
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2.2 The Polchinski equation

It is, in principle, possible to proceed with the discussion of Feynman graphs built with the
propagator (2.7) according to Zimmermann'’s forest formula [Zim69]. But the complexity
of the arising graphs (compare (27) with the simple z-'— of commutative field theories)
requires a more sophisticated approach: the renormalisation by flow equations. The idea
goes back to Wilson [WKT74] and was further developed by Polchinski to an efficient
renormalisation proof of commutative ¢*-theory [Pol84].

The starting point is the definition of the quantum field theory by the cut-off partition
function

Z[J,A] = /(Hdcbab> exp (— S[o, J,A]) (2.8)

Slo, A = x0)* (132 3 L DG () i + LI, A]+C[A]

mnkl
+ Z ¢mn mnkl Jkl+ Z JmnEmnkl A]Jkl) . (29)

m,n,k,l mnkl

The most important pieces here are the cut-off kinetic term

K [—
Gzézé;zéﬁw "( H 2K (7 ))G md kil (2.10)
iezll,k?,zl,l?

OA2 20A2

where the weight of the matrix indices is altered according to a smooth cut-off func-
tion? K. and the effective action L[¢p, A] which compensates the effect of the cut-off.
We are interested in the limit A — oo, where the cut-off goes away, limp .o K(75z) =
1. Thus, we would formally obtain the original model for A = oo and L[¢, 0] =
%Zm,n,k,l ¢mn¢nk¢kzl¢lm7 C[OO] = 0, Emn;kl [OO] = 0, an;kl [OO] = nkéml‘ HOWGVGI, A=
is difficult to obtain due to the appearance of divergences, which require compensating
counterterms in L[¢].

The genial idea of the renormalisation group approach is to require instead the in-
dependence of the partition function from the cut-off, A%Z[J, A] = 0. Working out the
details one arrives, in particular, at the Polchinski equation for matrix models

OA 2 8A

m,n,k,l

where AX L (A) == (HiEmth’ L K(QAQ))Anm;lk. To obtain (2.I1)) it is important to
realise finite matrices via a smooth function K. There are other differential equations for

9T understand the cut-off as a limiting process € — 0 in K~ (9/12) =1 for i > 20A%. In the limit, the
partition function (Z8) vanishes unless ¢ .1, 1 =0 if max(m?!, m? n' n2) > 20A2, thus 1mp1ement1ng a

3).

m2 n?2

cut-off of the measure [[, , ddap in (2.8). All other formulae involve K (55
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the functions C, F| F' in (29) which, however, are trivial to integrate. The true difficulties
are contained in the non-linear differential equation (2.11]).

The Polchinski equation has a non-perturbative meaning, but to solve it we need, for
the time being, a power series ansatz:

2V 42 27T9 1;7 2
Z /\V Z Z Agl‘l/l)m;...;mNnN [A]gbmﬂu e CmenN . (212)
V=1 N=2 mz7nZ€N2

Then the differential equation (2.I7]) provides an explicit recursive solution for the coeffi-
amany [/\] Which, because the fields ¢,,,, carry two indices, is represented by

.....

nN
Lot g
9 o
A—- s
oA Q m
may
S
mmnkl Ni=1 - .
my’
B
7
(2.13)
An internal double line symbolises the propagator Quum(A) = 5 AZAR L (A) =
n k
m 1

Clearly, in this way we produce very complicated ribbon graphs which cannot be
drawn any more in a plane. Ribbon graphs define a Riemann surface on which they can
be drawn. The Riemann surface is characterised by its genus g computable via the Euler
characteristic of the graph, g = 1 — %(I: — I + V), and the number B of holes. Here,
L is the number of single-line loops if we close the external lines of the graph, I is the
number of double-line propagators and V' the number of vertices. The number B of holes
coincides with the number of single-line loops which carry external legs. A few examples
might help to understand the closure of external lines and the resulting topological data:

L=2 g=10
I=3 B=2 (214)
V=3 N=6
L=1 g=1
I=3 B=1 (215)
V=2 N=2
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A(ccord)mg to the topology we label the expansion coefficients of the effective action by
A VB,g

mini;...;MNNN *

2.3 Integration procedure of the Polchinski equation

The integration procedure of the Polchinski equation represents the entire magic of renor-
malisation. Suppose we want to evaluate the planar one-particle irreducible four-point
function with two vertices, Aﬁ;ﬁ;ﬁ’f%mw The Polchinski equation (2.13) provides the
A-derivative of that function:
m«_\\.__l l
0 (2,1,0)1PI /\ )
AG_AAm" sktim [N = Z \/ By [A] + permutations.  (2.16)

2 L
peN Qv

A

A 3

n n

We consider the special case with constant indices on the trajectories. The first guess
would be to perform the A-integration of (2.16]) from some initial scale Aq (sent to co at the

end) down to A. However, this choice of integration leads to Anzml ’Skl,flllm [A] ~ In 8¢, which
diverges when we remove the cut-off Ay — oco. Following Polchinski [P0184] we understand
renormalisation as the change of the boundary condition for the integration. Thus, the

idea would be to introduce a renormalisation scale Ag so that we would integrate (2.10)

from Ag up to A. Then, An?ml }?klzlezm [A] ~In AA , and there would be no problem any more
sending Ay — oo. However, since there is an mﬁmte number of matrix indices and there
is no symmetry which could relate the amplitudes for different indices, that integration
procedure entails an infinite number of initial conditions Ajnl Szl,zllm [AR]. These initial
conditions correspond to normalisation experiments, and Clearly a model requiring an
infinite number of normalisation experiments has no physical meaning. Thus, to have a
renormalisable model, we can only afford a finite number of integrations from A up to

A. The discussion shows that the correct integration procedure is something like

A@LOIPT o
mn;nk;kl; lm[ ] Ay ] l : v ] 0 0 l :
= - m - m
7 'n n 7' n n
vl L2 A0 0.4
+ m k: 0 - 0 (AT + 00000000[ R
7'n n 70 0y

(2.17)

The second graph in the first line of the rhs and the graph in brackets in the last line are
identical, because only the indices on the propagators determine the value of the graph.
Moreover, the vertex in the last line in front of the bracket equals 1. Thus, differentiating

(2.I7) with respect to A we obtain indeed (2.16). As a further check one can consider
(ZI7) for m =n =k = = 0. Finally, the independence of A% 'FL A1 on the indices

mn; nk kl;lm

m,n, k, [ is built-in. This property is, for Ag — oo, dynamically generated by the model.
There is a similar Ay-Ag-mixed mtegramon procedure for the planar 1PI two-point

V,1,o 1PI V,1,0)1P1 V,1,0 1PI

functions A’ ) 1o Al ; ) 1 ooand A ) 1 1. These involve in total three
n mt+1lnt+l n nl ml

2 27 n2 m2 m2 2 1 p2 m2 2+1 n2+1’ 2 2

n
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different sub-integrations from Ag up to A. All other graphs are integrated from Ay down
to A, e.g.

3 Y b
P A\
2,2,0)1P1 - - T <
AR [A] = — / N > | o [T (2.18)
A peN? y ;S z/
mlv

2.4 The power-counting estimation

Proposition 2 The previous integration procedure yields

V,B, (4=N)+4(1-B-29) pay—N [N ;TNANT oy N A
SR s [AT] < (VOA) N e R L i
(2.19)
where PI[X]| stands for a polynomial of degree q in X. The notation ™™ ™ N2 stands

1 2 2
my m na

Jor the set of ratios 555, 535, - - -5 gi%-

Idea of the proof. The cut-off propagator @Qyn.ki(A) contains both an UV and an IR cut-
off, Q1,1 k11 (A) # 0 only for A? < max(m?',... [?) < 20A%. The global maximum

m2 n25 k2 12

of the propagator A, isat m =n =%k =1= O If A increases, at least one of the
indices of @, must increase as well, resulting in a decrease of ‘an;kl(Aﬂ with A. If we
normalise the volume of the support of Qnki(A) with respect to a single index to 62 A*
(corresponding to a four-dimensional model), then

C
|an;k‘l(A)| < W?pém-‘rk,n-i-l . (220)

Thus, the propagator and the volume of a loop summation have the same power-counting
dimensions as a commutative ¢*-model in momentum space, giving the total power-
counting degree 4 — N for an N-point function.

This is (more or less, see below) correct for planar graphs. The scaling behaviour of
non-planar graphs is considerably improved by the anisotropy (or quasi-locality) of the
propagator:

0~ 1A 104a. i+l
o 0 0 0

(2.21)

Q=0.1 ,LLO:O
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n k
As a consequence, for given index m of the propagator Quun.k(A) = — the contribu-

tion to a graph is strongly suppressed unless the other index [ on the trajectory through
m is close to m. Thus, the sum over [ for given m converges and does not alter (apart
from a factor 271) the power-counting behaviour of (2.20):

e
3 (%x |Qmmkl<A)|) < o (2.22)

lEN2 ’

In a non-planar graph like the one in ([2I8]), the index n3—fixed as an external index—
localises the summation index p ~ ns. Thus, we save one volume factor #?A* compared
with a true loop summation as in ([2.I7). In general, each hole in the Riemann surface
saves one volume factor, and each handle even saves two: In the genus-1 graph

3 mz// \ C (2.23)

ny is fixed as an external index, and the quasi-locality ([221]) implies ny ~ p =~ q ~ r.
Thus, instead of the two loops of a corresponding line graph, the non-planar ribbon graph
[223) does not require any volume factor in the power-counting estimation.

A more careful analysis of ([2.7)) shows that also planar graphs get suppressed with

o Jmé—1f]
Cy 2 max(m®,l*)+1 3 i i . _
‘Qm; nl ki (A)‘ < goaz L lims (—91\2 ) , for m' < n’, if the index along a tra
(V,1,0)1PI (V,1,0)1PI (V,1,0)1PI
jectory jumps. This leaves the functions A, 2p g, A0 s AV e and
m2 n25n2 m2 m2  n2 n2m

V,1,0)1PI . .
Al 1 ) 1 1,1 as the only relevant or marginal ones. In these functions one has to use

m‘2+1 n2+1;n2 m2 X
a discrete version of the Taylor expansion,

Cs /max(m', m?)
it (A) = Qo MA‘ ’ , 2.24
‘Qm2n2;n2 m2( ) Q0n2;n20< ) < QGA2< 9A2 ) ( )
Qs s () = @y o 8) = 01 (Q a4 (4) = Qg (1)
C’4 max(m!, m?)\2
— m? 1 .10 — onl nlo ’
Qi) = Qs )| < g (T )
(2.25)
) Cs /max(m!, m?)\ 3
‘Q’”l%l"iﬁlz o (M) = VMR o (B )‘ = Q@A2< N ) ' (2.26)

These estimations are traced back to the Meixner polynomials. The factor vm! 4+ 1 in
([2:20) is particularly remarkable. Any other Taylor subtraction (e.g. with prefactors v'm!
or vm!'+2) would kill the renormalisation proof.

These discrete Taylor subtractions are used in the integration from Ay down to A in
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prescriptions like (ZI7):

EANL n: morn 0 n:
/ i dA/ k /\k [A]

Ao dA, Ao AN / .
:/ A Z anpn Qoppo)(A )le;pl(A>

+ QOp;pO( )(le;pl - QOp;pO)(A”)) ~ M )

TEIe (2.27)

Factors like % and ””2 in (227) are responsible for the appearance of the polynomial

pav- N[mlnl,gl\:gnNnN} in ([Z19). U

Thus, decomposing (similar as in the BPHZ subtraction) in planar 2- and 4-point
functions the propagators into reference propagators at zero-indices and an irrelevant
part, we have

A = {ARE) ot (AN — AQE ) ot (40T - Q)

m2 n25 k2 12 00 00 0 00’00 00’00

1

Z)O()) — A(V’%’Og) }5m111 Op1 11 0272 022
10

00.0
00’00

e N OO

V,1,0) / /
+ A(l 1.00 11(5 1+1 l16n1+1 k16m2l25n2k2 + 5m1 1 l15n1 1 k15m2l25n2k2>
00’00

+ AOV(;IOOO (\/ k2126m2+1 12(5,12_;,_1 k26 1l15n1k1 +vVvm n25m2 1 215112 1 k2(5 lll(;nlkl)

11°00
+ irrelevant part , (2.28)
A%k??‘“;mm = A(()‘(;’.l.f?go (%5n1m25n2m35n3m46n4m1 +5 perms> + irrelevant part . (2.29)

We conclude that there are four independent relevant /marginal interaction coefficients:

pilA] = AVOAT palA] = AV — AT (A
00’00 00’00 00’00

pslA] = AV A = AV A, palA] = AV oo oolA] - (2.30)
00’00 11’00 00°’00°’00°’00

At A = Ay we recover the same index structure as in the initial action (23), 24,
identifying p,[Ag] = p° as functions of the parameters pg,,Q, A\. Together with the
Ap-independence of Proposition [2, this already ensures the renormalisation of the model
[KKS92]. However, we would also like to control the limit Ay — oo.

2.5 Removal of the cut-off

For given data Ay, p?, the integration of the Polchinski equation yields the coefficients
AYBa) [A, Ag, p°] and thus, via [230), ps[A, Ag, p°]. Now, according to Section 23]
in particular (ZI7), we keep pb[AR, Ao, p°] constant when varying Ag. This leads to the
identity

A0 dA

L{¢, Ar, Mg, p°[AG]] — L[, Ar, Ag, p[AG]] = v Ao

R[®, Ar, Ao, p°[Ao]] (2.31)
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01 .__ [(b A A07 b 8pb[A,A0,p0}
R[p, A, Ao, p°] := Ag ZH (A, Ag, p° —8A0 . (2.32)
4
OL[¢, A, Ao, p°]  Opf
HYIA, Ay, p°) := S —— @ . 2.33
Ao r 2 9pa Ips[A, Ao, p°] (2.33)

From (2.I1]) one derives flow equations for the coefficients of R and H*:

OR - OH*® -
— = _ a — al__ b a
A=t = M[L.R] ST HOM,L R, A oy = ML H') ;1 HYMy[L, HY, (2.34)

for certain functions M, M, which are linear in the second argument. We only have initial
conditions at Ag for these coefficients, thus the integration must always be performed
from Ay down to A. Fortunately, there are (by construction) remarkable cancellations in
the rhs of (2.34)) so that relevant contributions never appear. One proves

Proposition 3

a(V,B,g)
‘Hmlnl ----- mNnN[

A7 AOv pOH

(4—N—-26N44(1-B—29) 4/ —N [M1N015 - -
< (Von)' N

mNnN:| P2V+1+5a4 X |:h,1 A] (235)

‘Rv(ﬁ‘m/lglg..,mNnN [Aa A07 pO] |

(4—N)+4(1—B—2g) —av—N [N - - .
< <A_%> (\/éA) P [

;mN"N] P53 [m %} . (2.36)

HA? R

I give the main ideas of the proof of (2.30]). First, Rnilln? mans = 0, because the ¢*-vertex

.....

is scale-independent, which leads to a vanishing coefficient according to (2Z32). Then,
as Rﬁifn?) .mans appears in each term on the rhs of the first differential equation (2.34])

.....

for the 2-vertex six-point function and the 1-vertex two-point function, the coefficients

R%%l??__,mﬁnm R%’llﬁ??mwz nd R%lm ‘maony are A-independent. Next, one derives e.g.
0 C
2,1,0) (2,1,0) 0
R7(’nln1 ..... yMeNe [AO? AO’ ] (AaAAml’nl ..... yMeNe [A7 A07 p ])A:AO ~ 0_/% ? (237)

where the scaling behaviour follows from (2.19). Since the first differential equation (2.34))
is linear in R and relevant coefficients are projected away, the relative factor A—2 between
|A[A]| and |R[A]| which first appears in (2.37) and similarly in R,(q}b’llﬁ??mgm,RwlLfn?)mm
survives to all R-coefficients. By integration of (2.31]) we thus obtain

Theorem 4 The duality-covariant noncommutative ¢*-model is (order by order in the
coupling constant) renormalisable
e by an adjustment of the initial coefficients pO[Ao] to give renormalised constant
couplings pE = pa[Ar, Mo, pY[Ao]], and
e by the corresponding integration of the flow equations.
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The limit AV-B:9) [Ag,o0] == lim AV:B:9) [Agr, Ao, p°[Ag]] of the expansion

Ming;...;MNNN Ag—o00 MINg;...;MNIN

coefficients of the effective action L[p, Ag, Ao, p°[Ao]] exists and satisfies

MIN;.. ;MNIN MINT;. sMNIN

(270) 2 ~2A(V:B9) (AR, 00] — (270) 7 ~24V:B9) (AR, Ao, pO]‘

AN 1 \Bt29-1 MmN ... MNN N A
< 2R ( ) ptv-n [ - - TN N}PQV—*[l —0]. 2.38
= A2\ oA IRl 239

2.6 Renormalisation group equation

Knowing the relevant/marginal couplings, we can compute Feynman graphs with sharp
matrix cut-off A'. The most important question concerns the 3-functions appearing in the
renormalisation group equation, which describe the cut-off dependence of the expansion
coefficients I'y, .. .myny Of the effective action when imposing normalisation conditions
for the relevant and marginal couplings. We have

. 0 ,. 0 0 0
hinoo <NW + N’)/ + ,uoﬁm)a—lug + ﬂ)\a + ﬁﬂa_Q>Fm1n1;...;mNnN [,u(), )‘7 QaM =0 P
(2.39)
where

0
ﬁA = NW ()‘[NphyS7 Aphys; Qphys: /\[]) ) ﬁﬂ = NW (Q[Nphym >\phySa QphySaM) )

N 0O 0
ﬁ,uo = Ea_ (/vbg [,uphySa )\phys> Qphys; N]) ) Y= NW ( In Z[,uphys’ >\phyS7 QphyS7 M) .
0

(2.40)

Here, Z is the wavefunction renormalisation. To one-loop order we find

B)\ _ /\12)hys (1_Qf)hys> ﬁQ _ )\physthys (1_9123hys)
4872 (1+Qghys)3 ’ 9672 (]‘+912)hys>3 ’
8+0u2, )02

Aphys <4N In(2) + { (11‘5);%:) )_ghys> Aphys Qf)hys

Buo = - 2 2 2 =S ) 7= 2 2 3 " (241)
48m2 0z, (1422 ) 9672 (1+€20,.)

There are two remarkable special cases. First, for {2 = 1, which corresponds to a self-dual
model according to (L), we have §y = g = 0. This is true to all orders for G, and
conjectured for (3, due to the resemblance of the duality-invariant theory with the exactly
solvable models discussed in [LSZ04]. Second, (g also vanishes in the limit 2 — 0, which
defines the standard noncommutative ¢*-quantum field theory. Thus, the limit Q — 0
exists at least at the one-loop level.

2.7 The two-dimensional case

Repeating the renormalisation group analysis for the two-dimensional duality-covariant
¢*-action, one obtains the following power-counting estimation for the expansion coeffi-
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cients of the effective action:

1 \(V=1)+(B+2g-1) ,1\3V-Y-2+B+2g
(V,B.g) - il
‘Amlnlg--;mNﬂN [AHD:2 < <9A2> (Q)

L A
y Pvf%fBﬂgH [mﬂn, QA,QmNnN] szf% [111 A—R} . (2.42)

The only marginal graphs are the one-loop planar two-point graphs

.0
AQA(LLO) [A] = Z \/ [A] 4+ (m < n) . (2.43)

N~ Tmminm

ff':ﬁ"' LN
Due to the matrix indices these graphs still represent an infinite number of divergent
graphs. Again, the leading divergence is captured by the reference graph with m =n =0
in (2.43]) whereas the difference between (2.43]) and the reference graph is irrelevant.

It is important to notice that we do not need a normalisation condition for the oscillator
frequency. This makes it possible to use the harmonic oscillator potential as a regulator.
The estimation (2Z.42]) is obtained by integrating the Polchinski equation for a fixed scale
Ao and a fixed frequency €. It turns out that relating Q to Ay according to Q[Aq] =
(1 + In j\\—;)fl, the limit Ay — oo still exists. In this way, the standard noncommutative
¢*-theory (without oscillator term) is constructed as the limit of a sequence of duality-
covariant ¢*-models which converges with Aj?.
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3 The duality-covariant noncommutative ¢*-model

3.1 The noncommutative R?”

The noncommutative R”, D = 2.4,6, ..., also referred to as the D-dimensional Moyal
[Moy49] plane, is defined as the algebra RY which as a vector space is given by the space
S(RP) of (complex-valued) Schwartz class functions of rapid decay, equipped with the
multiplication rule [GBVSS]

dPk .
(axb)(x) = / 2m) /dDy a(z+360-k) b(x+y) ™V (3.1)
Ok =0k, , ky=ky', 6=—0".

The entries 6" in (B.1]) have the dimension of an area. Generalisations of (31I) to de-
formations of C*-algebras are considered in [Rie93]. For some historical remarks, see
Appendix [A 1l

Using the identity [ (g:)k,; e @=v) = §(x — y) it is not difficult to prove that the
*-product (B.1]) is associative ((a x b) x ¢)(x) = (a x (b x ¢))(z) and non-commutative,
axb # bxa. Moreover, complex conjugation is an involution, a x b = bx@. One has the

important property

/ P2 (0% b)(x) = / Pz a()b(z) (3.2)

Partial derivatives are derivations, 0,(a * b) = (J,a) x b+ a * (9,b). For various proofs
(such as in [GGBIT04]) one needs the fact that for each f € RY there exist fi, fo € RY
with f = fi x fa, see [GBVSS].

There is a (unfortunately more popular) different version of the *-product,

(@ 1)(w) = exp (052 )al)e)

7 (3.3)

Yy=z=T

which is obtained by the following steps from (B.1]):

e Taylor expansion of a(z + 16-k) about k = 0

iky _ _iaiu elk.y

repeated representation of ke

integration by parts in y

k-integration yielding [ (g:)’%eik-y = d(y)

e y-integration

Of course, as the Taylor expansion is involved, at least one of the functions a, b has to be
analytic. Actually, the formula (B.3) is an asymptotic expansion of the x-product (3.1
which becomes exact under the conditions given in [EGBV89]. I would like to stress that
the most important property concerning physics is the non-locality of the x-product (B1I),
not its non-commutativity. To the value of axb at the point x there contribute individual
values of the functions a,b far away from z. This non-locality is hidden in ([B.3): At
first sight it seems to be local, as only the derivatives of a,b at = contribute to (a * b)(x).
However, the point is that analyticity is required, where the information about a functions
is not localised at all.
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A third version of the x-product which is particularly useful for field theory in mo-
mentum space is obtained by expressing on the rhs of (8.1]) the functions by their Fourier
transformation™. This yields

@)= [ ogpe™ [ e i) (3.4

Being a non-compact space, the noncommutative R” cannot have a unit. For various
reasons, the restriction of the x-product to Schwartz class functions should be relaxed.
That extension to tempered distribution was performed in [GBV88]. A good summary is
the appendix of [GBLMV02]. Since (3] is smooth, for 7" being a tempered distribution
and f, g € S(RP) one defines the product T x f via

(Txf,g):=(T,f*g), (3.5)

and similarly for f*T. Both T x f and f x T are smooth functions [GBVS&S], but not
necessarily of Schwartz class. The set of those 1" for which 7' % f is of Schwartz class is
the left multiplier algebra My (RY), and similarly for Mz(RE) (which is different). Then,
the Moyal algebra is defined as M(RY) := M (RP) N Mr(RP). It is a unital algebra
(in fact the largest compactification of RY) and contains also the coordinate functions
r* and the “plane waves” eP+*". In fact, the famous commutation relation [z, z"] =
0" holds in M(R2) and not in RY. The Moyal algebra is huge so that for practical
purposes appropriate subalgebras must be considered [GBVSS| (GGBIT04]. There are
several surprises on M (RJ): For instance, the Dirac d-distribution belongs to M (RY),
with 6 x = %1. On the other hand, ea®'** € M(R2) iff |a| # 61, 0 := 02 = —6?. This
proves, by the way, that for different 6 the Moyal algebras M (RY) are different.

Most calculations on the Moyal plane simplify considerably in an adapted coordinate
frame. For our purpose we loose nothing in placing ourselves into a coordinate system in
which 6 has in D dimensions the form

6, 0 ... 0
ho=| . 0| 91-:(_92_ 0). (3.6)
0o 0 ... 9%

Traditionally, physicists expand the algebra RY into the Weyl basis (plane waves)
e'Pu® which has the advantage that the resulting computations are similar to the usual
treatment of commutative field theories in momentum space. For both mathematical
investigations (see e.g. [GBVS8Y, (GGBIT04]) and our renormalisability proof it is, however,
much more convenient to use the harmonic oscillator basis given by the eigentransitions
of the Hamiltonian H = %xux“. Thus, in D = 2 dimensions, we have

Hx fi,0 =60, (ml + %)fm1n1 , fint * H =6, (nl + %)fmlnl . (37)

197 use the convention that f(z) = [ (g:)pD e~ f(p) and f(p) = [dPxze?* f(x).
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These eigentransitions are given by

2 2H

fm1n1 = . a*"™"
\/nilmiler

amxe xa™ (3.8)
(x1 +izy) and a = \%(561 —izy). I derive these (and other useful) formulae

1
V2
in Appendix [B.] following the presentation in [GBVS&S]|. In particular, the f,1,: are given

by Laguerre polynomials in radial direction and Fourier modes in angular direction, see
(B.12), and correspond to the transition between levels of the harmonic oscillator as first
derived in [BM49].

Further, we note that the f,,1,1 are also the common eigenfunctions of the Landau
Hamiltonian

where a =

1

1
Hi = 5(@ + A" £ A", A, = 5 B (3.9)
If B,y = 4(07")., and thus B := -, one has
Hz_fmlnl = B(ml + %)fmlnl 5 HL_fm1n1 = B(nl + %)fmlnl . (310)

Thus, the harmonic oscillator basis has the additional merit of diagonalising the Landau
Hamiltonian. This observation was the starting point of various exact solutions of
quantum field theories on noncommutative phase space [Lan03] [LSZ03|, [LSZ04].

Due to the choice ([B.6]), the D-dimensional generalisation of the harmonic oscillator
base of RY is

bmn<x> = fm1n1 (3317 33'2) fm2n2 (.Tg, x4) o me/QnD/2 (-erla xD) ) (311)
, e , -
Nz2>sm= . N2sn= . . (3.12)
mD/2 nD/2

The identification (312]) will frequently be used in this Habilitation thesis, in particular
in D = 4 dimensions. As we derive in Appendix [B], this base satisfies

(b % bt ) () = Ol () / dPx by = (20)P/2V/det 05, . (3.13)

Thus, the f,,1,1 behave like infinite standard matrices with entry 1 at the intersection of
the (m! + 1) row with the (I* + 1) column, and with entry 0 everywhere else. In fact,
the decomposition

[e.9]

RS a(@)= Y i friw (2) (3.14)

mlnl=0

defines a Fréchet algebra isomorphism between RZ and the matrix algebra of rapidly
decreasing double sequences {a,1,1} for which

1

@ = (3 0 mt+ 0 + D o) .15

mlnl=0
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is finite for all £ € N, see [GBVSS].
For more information about the noncommutative R” T refer to [GBVSS, [VGBSS|
GGBIT04].

The Moyal plane is closely related to the noncommutative torus, which is the best-
studied noncommutative space [Con80), [Rie81]. A basis for the algebra T} of the non-
commutative D-torus is given by unitarities U? labelled by p = {p,} € Z”, with
UP(UP)* = (UP)*UP = 1. The multiplication is defined by

Ury? = ™" puavrota wrv=1,...,D, " =—-9*"ecR. (3.16)
Elements a € T¢ have the following form:

a=3a,U",  a,eC, [pl"lay] — 0 for [lpl| — oc . (3.17)

pEZA
If 0 ¢ Q (irrational case) one can define partial derivatives
0,U” = —ip,U" . (3.18)

which satisfy the Leibniz rule and Stokes’ law with respect to the integral

/a =a , (3.19)
where a is given by (B.17]).

An excellent presentation of the noncommutative torus was given by Rieffel [Ric90].

3.2 Field theory on noncommutative R”

A field theory is defined by an action functional. The most natural action from the point
of view of noncommutative geometry is U(N) Yang-Mills theory in four dimensions:

1
= 4 — pv
Sym[A] /d xtrMN(c)<4g2 F,,+F ) , (3.20)
F.=0A —0A,—i(A, A, —A,xA,), A, =4 € R; ® My(C) . (3.21)

This action arises from the Connes-Lott action functional |[Gay03] and the spectral action
principle [Vas04, [GI04] as well as in the zero-slope limit of string theory [SW99]. For
quantum field theory it has to be extended—as usual—by the ghost sector:

Sef = /d4xtrMN(C) (8{5*3NA“+ %E*B+p“*AM+a*c}> , (3.22)

where « is the gauge parameter. The components of ¢, ¢, p* are anticommuting fields and
the graded BRST differential s [BRS76] (which commutes with d,,) is defined by

sA, =0,c—i(A,xc—cxA,), sc=icxc,
sc= DB, sB=sp' =s0=0. (3.23)
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The external fields p* and o are the Batalin-Vilkovisky antifields [BVS8I] relative to A,
and ¢, respectively. For N = 1, one-loop renormalisability of the quantum field theory
associated with the action Syn + Sy was proven in [MSR99).

Note that each 6; in (3.6]) is invariant under two-dimensional rotations. This means
that action functionals which involve the *-product like (8:20) are invariant under the

subgroup (50(2))% of the D-dimensional rotation group SO(D).

The Yang-Mills action (3:20) suggests that action functionals for field theories on R}
are simply obtained by replacing the ordinary (commutative) product of functions on
Euclidean space by the *-product (3.I]). This procedure leads to the following action for
noncommutative ¢*-theory:

A
Slo| = /de<%8u¢*8“¢+ %m%»ub—i— I(b*qb*qﬁ*(b) (x) . (3.24)

It must be stressed, however, that this is a formal procedure and that—in contrast to
the Yang-Mills action ([B:20)—the scalar field action ([B.24]) does not directly follow from
noncommutative geometry or the scaling limit of string theory [SW99]. In fact, I am
going to prove that it has to be extended according to Theorem [I] on page [Bl

It was pointed out by Langmann and Szabo [LS02a] that the x-product interaction is
(up to rescaling) invariant under a duality transformation between positions and momenta.
Indeed, using a modified Fourier transformation ¢(p,) = [ diz ("D Pantt p(z,), where
the subscript a refers to the cyclic order in the x-product, one obtains from the definitions
B1) and B4) and the reality ¢(z) = ¢(z) the representation

Slo A = [ d'a J(owox o 0)a)

B / <ﬁd4xa) O(1)H(2) D) b (4) V (1, w2, 23, 24) (3.250)

4
AP\ =)
= / (H #) ¢(p1)d(p2)d(p3)@(pa) V (p1, P2, p3, ) (3.25Db)
a=1
with
¢ A 454 1 puv
V(1. p2,p3,p4) = 5 (27)° 8" (pr—pa-tps—pa) cos (59 (P1,uP2,0 +p3,#p4,u)> ,  (3.26a)
A1
V(zy, x0, 23, 24) = 1T et §* (21 —x9+T3—14) COS (2(9’1)W(a:’fx§ + xé‘xi)) . (3.26Db)
Thus, the replacements
QAS(p) o7 V |det9| Cb(x) ) Py — fi'u = 2(9_1);wxy ) (3'27)

exchange the a,b-versions of (B:25) and (3.26).

On the other hand, the usual free scalar field action given by A = 0 in (3:24) is not
invariant under that duality transformation. In order to achieve this we have to extend
the free scalar field action by a harmonic oscillator potential:

2

Stalts ol = [ (300,005 °0) + 5 (0u0)» (#0) + o x6) @) . (339
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Of course, the oscillator potential breaks translation invariance. For complex scalar fields
p of electric charge €2, another possibility is given by a constant external magnetic field

B,, = 4(67"),,, via the covariant derivative D, ¢ := 9, + iQA,¢, with A, B,,x":
1 *
St = [ @ (5Du) = (D) + e} 0). 29)

Adding the interaction term Siy[p; A] = % [ d*z o x ¢* x o % ¢*, the quantum field theory
associated with the magnetic field action (B8.29) was analysed and for {2 = 1 exactly solved
in [LSZ03, [LSZ04]. Note that

1 . 1 )
Stree P15 1405 Q] 4 Stree[P2; 110, 2] = Esf?ee[¢l+l¢2; Lo, Q2] + §Sfee[¢1+l¢2; o, —€2 . (3.30)

The interaction mixes ¢1, ¢, though.

Now, under the transformation (3.27]) one has for the total action (L)

po A1
S[63 10,2, Q) > 028 =]
[quuOv ) ]'_) QS,Q 9279 )

and accordingly for SZ_[p, Q]+ Sint[p, A]. In the special case Q2 = 1 the action S[@; g, A, 1]
is invariant under the duality (3.27)) and can be written as a standard matrix model. This
was exploited in [LSZ03|, [LSZ04].

Before starting to analyse the duality-covariant model 1 would like to make some
comments on the quantum field theory associated with the action (3.:24). As usual, the
Euclidean quantum field theory is (formally) defined via the partition function,

/D o~ Sll=f a7 (@) (3.32)

(3.31)

We suppose here that the fields are expanded in the Weyl basis ¢(z) = [ % (p)eP®,
where ¢(p) are commuting amplitudes of rapid decay in ||p|| and e® is the base of an
appropriate subalgebra of the Moyal algebra M (RY) (see page 24]). Then, the “measure”
of the functional integration is formally defined as D[¢] = [[ cgp do(p)-

As usual, the integral (3.32) is solved perturbatively about the solution of the free
theory given by A = 0. The solution is conveniently organised by Feynman graphs built
according to Feynman rules out of propagators and vertices. For the noncommutative
scalar field action ([B3.24), the representation (B.4]) leads to the following rules:

e Due to (B.2), the propagator is unchanged compared with commutative ¢*-theory,

but for later purpose written in double line notation:

p o1 (3.33)

p2+m2

e The vertices receive phase factors [Fil96] which depend on the cyclic order of the

legs:

There is momentum conservation p; + py + p3 + ps = 0 at each vertex (due to
translation invariance of (3.24))).
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The double line notation reflects the fact that the vertex (3.34)) is invariant only under
cyclic permutations of the legs (using momentum conservation). The resulting Feynman
graphs are ribbon graphs [Haw99, [CR00] which depend crucially on how the valences of
the vertices are connected. For planar graphs the total phase factor of the integrand is
independent of internal momenta, whereas non-planar graphs have a total phase factor
which involves internal momenta. Planar graphs are integrated as usual and give (up to
symmetry factors) the same divergences as commutative ¢?-theory [Fil96]. One would
remove these divergences as usual by appropriate normalisation conditions for physical
correlation functions. Non-planar graphs require a separate treatment.

I refrain from evaluating the standard one-loop graphs which is done in hundreds of
papers. Instead, I review the main ideas of the remarkable power-counting analysis of
Chepelev and Roiban [CR00, [CRO1]. First, there is a closed formula for the integral
associated to a noncommutative Feynman graph in terms of the intersection matrices
I, J, K which encode the phase factors and the incidence matrix £. We give an orientation
to each inner line [ and let k; be the momentum flowing through the line . For each vertex

v we defind™

1 if [ leaves from v ,
Ea=4q —1 if [ arrives at v , (3.35)
0 if [ is not attached to v .

We let P, be the total external momentum flowing into the vertex v. Restricting ourselves
to 4 dimensions, an 1PI (one-particle irreducible) Feynman graph G with I internal lines
and V' vertices gives rise to the integral

|4

/H & kl (27) 45( nglk,)

v:l

\%
X exp ww( Z ™ g Z Z TURPY Y KUWP;LP;) . (3.36)

m,n=1 m=1 v=1 v,w=1

One can show that ™", J™ K" € {1,—1,0} after use of momentum conservation [Fil96].

Next, one introduces Schwinger parameters i i > = [da e~o(F*+m*) and the identity
(2m)*0(q,) = [ d*y, €% for each vertex in (33G)), then complete the squares in k& and
performs the Gauflian k: integrations2. Writing vz = yv + 23 for © = 1,...,V—1 one
has ZXZI YpEor = Z 1 ! 2:€%. The yy-integration yields the overall momentum conser-
vation. It remains to complete the squares for z; and finally to evaluate the Gauflian

11'We assume that tadpoles (a line starting and ending at the same vertex) are absent. In the final
formula they can be taken into account [CROI].

12This means that the order of integrations is exchanged in an integral which is in general not absolutely
convergent. Thus, the result (B37) is based on a certain limiting procedure, which is not necessarily
unique. That leaves the possibility of circumventing the UV /IR-problems arising from (3.37) by different
limiting procedures. This observation was the starting point for my work.
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zp-integrations. The result is [CRO0]

\%4 \%4
1
Ig(P):(27T)45<ZPv>WeXp (iHW Z KUwP{;LP,Z>
=1 v,w=1
2

I I
o0 e_lelalm 1 - -
x doy ~——— exp (= Z(JP)TA(JP
/0 H ' Vdet Adet B (= GP)A D)

1,- ~ _ ~
+(EATN(IP) + 2iP) BT EAT (JP) + 2iP) ) | (3.37)
where
~ \%
AT = 0008y — 16, (JP) =Y ™6, P!,
v=1
El=&y foro=1,...,V—1, PP =P forv=1,...,V-1,
1

By = > EMM(AT £ (3.38)

m,n=1

The formula (B.37) is referred to as the parametric integral representation of a noncom-
mutative Feynman graph. See also [MVRS00]. Actually, |[CRO1] treats a more general
case where also derivative couplings are admitted.

Possible divergences of (3:37) show up in the a; — 0 behaviowr™. In order to analyse
them one reparametrises the integration domain in (3.37), similar to the usual procedure
described in [IZ80]. For each Hepp sector [Hep66]

Oy < Oy <o <y, related to a permutation 7 of 1,..., [ (3.39)
one defines o, = H]I:Z ?, with 0 < By < oo and 0 < 3; < 1 for j # I. The leading
contribution for small 3; has a topological interpretation.

A ribbon graph can be drawn on a genus-g Riemann surface with possibly several
holes to which the external legs are attached [CRO0, [CRO1]. T will say more on ribbon
graphs on Riemann surfaces in Section starting on page 42l 1 will explain, in par-
ticular, how a ribbon graph G defines a Riemann surface. On such a Riemann surface
one considers cycles, i.e. equivalence classes of closed paths which cannot be contracted
to a point. According to homological algebra [Spr81], one actually factorises with respect
to commutants, i.e. one considers the path aba='b~! involving two cycles a,b as trivial.
We let cg(G;) be the number of non-trivial cycles of the ribbon graph G wrapped by the
subgraph G;. Next, there may exist external lines m,n such that the graph obtained by
connecting m,n has to be drawn on a Riemann surface of genus g,,, > ¢. If this happens
one declares an index j(G) = 1, otherwise j(G) = 0. The index extends to subgraphs by
defining jg(G;) = 1 if there are external lines m,n of G which are already attached to G;
so that the line connecting m,n wraps a cycle of the additional genus g — ¢, of G.

Now we can formulate the relation between the parametric integral representation
and the topology of the ribbon graph. Each sector ([339) of the a-parameters defines

13The mass term regularises the a — oo behaviour of ([3.37). It should be possible to proceed accord-
ingly for massless models using Lowenstein’s trick of auxiliary masses [Low76].
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a sequence of (possibly disconnected) subgraphs G; C Gy C --- C G; = G, where G; is
made of the i double-lines 7y, ..., m; and the vertices to which these lines are attached.
If G; forms L; loops it has a power-counting degree of divergence w; = 4L; — 2i. Using
sophisticated mathematical techniques on determinants (e.g. Cauchy-Binet theorem and
Jacobi ratio theorem), Chepelev and Roiban have derived in [CRO1] the following leading
contribution to the integral:

|4 |4
Zg(P) = (27r)45( > Pv> Wldete)g exp <i9,“, > K“wP,lf‘Pj;>
v=1 vaw=1
dﬁ B2m 1 I-1 dﬁz
X Z / wa[e 4:9 Q) /0 (H W)

Hepp sectors i=1
X exp (—fﬁ(P) H %) (1 + o(@)) , (3.40)
=1

where fr(P) > 0, with equality for ezceptional momenta. In order to obtain a finite
integral Zg, one obviously needs

1. w; —4eg(G;) < 0 for all ¢ if j(G) = 0 or j(G) = 1 but the external momenta are
exceptional, or

2. w; —4cg(G;) < 0 or jg(G;) = 1 for all 7 if j(G) = 1 and the external momenta are
non-exceptional.

There are two types of divergences where these conditions are violated.

First let the non-planarity be due to internal lines only, j(G) = 0. Since the total graph
G is non-planar, one has cg(G) > 0 and therefore no superficial divergence. However,
there might exist subgraphs G; related to a Hepp sector of integration ([3:39) where w; —
4eg(Gi) > 0. Such a situation requires disconnected™ loops wrapping the same handle of
the Riemann surface. In this case the integral ([8.37) does not exist unless one introduces
a regulator. The problem is that such a subdivergence may appear in graphs with an
arbitrary number of external lines. In the commutative theory this also happens, but
there one renormalise already the subdivergence. This procedure is based on normalisation
conditions, which can only be imposed for local divergences. Since a non-planar graph
wrapping a handle of a Riemann surface is clearly a non-local object (it cannot be reduced
to a point, i.e. a counterterm vertex), it is not possible in the noncommutative case to
remove that subdivergence. We are thus forced to use normalisation conditions for the
total graph, but as the problem is independent of the number of external legs of the
total graph, we finally need an infinite number of normalisation conditions. Hence, the
model is not renormalisable in the standard way. This is the UV /IR-mixing problem.

14T have the impression that the problem with disconnected graphs as discovered by Chepelev and
Roiban is completely ignored in the recent literature. Therefore, I have to stress the following: In renor-
malisation schemes for noncommutative quantum field theories which are based on the forest formula, it
is not possible to restrict oneself to connected graphs. The reason is that, in contrast to the commutative
situation, disconnected subgraphs can be coupled in the noncommutative case via the topology of the
Riemann surface defined by the total graph.
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The proposal to treat this problem is a reordering of the perturbation series [MVRS00],
but a complete proof is missingD. Clearly, the problem is absent in theories with only
logarithmic divergences.

The second class of problems is found in graphs where the non-planarity is at least
partly due to the external legs, j(G) = 1. This means that there is no way to re-
move possible divergences in these graphs by normalisation conditions. Fortunately,
these graphs are superficially finite as long as the external momenta are non-exceptional.
Subdivergences are supposed to be treated by a resummation. However, since the non-
exceptional external momenta can become arbitrarily close to exceptional ones, these
graphs are unbounded: For every § > 0 one finds non-exceptional momenta {p,} such
that [(¢(p1)...¢(ps))| > 3. This problem also arises in models with only logarithmic
divergences.

3.3 The duality-covariant ¢*-action in the matrix base

I now return to the duality-covariant ¢*-model given by the action (LH) on page Bl As
already mentioned, we have to proceed in the matrix base (311 of RY, which means that
the fields are expanded according to

S) = Y bmnbmn() . (3.41)

m,nGN%
This has the advantage that the x-product (BI) is represented by a product (BI3]) of
infinite matrices and that according to (B.4]) the multiplication by z* is easy to realise.

On the other hand, the kinetic term ([B.28) of that action becomes very complicated. We
can thus rewrite the action (IL3]) as follows:

S[¢, Mo, )\, Q] = (27'()% Vdet 0 Z <%Gmn;kl¢mn¢kl + %¢mn¢nk¢kl¢lm> ) (342)

D
m,n,k,lENZ

where
dPx

— 1z 25 Gl 2
Gmn;kl . / (QW)%\/M (a,ubmn * a bkl + Q (x,ubmn) * (SC bkl) + Ho bmn * bkl) (.’13) .

(3.43)
I cite the two-dimensional result from (B.I1]) in Appendix [B.1}

2(14+02
Gmlnl;klll = (pg + %
1

20102
01

(m1+n1+1)> Op1 11 Oyt

(\/(n1+1)(m1+1)(5n1+17k1(5m1+1711 + vn1m1(5n1_17k1(5m1_1711) .
(3.44)

15T conjecture that the result of such a reordering and resummation procedure would be equivalent to
the duality-covariant ¢*-action, but I cannot prove this idea.



3.3 The duality-covariant ¢*-action in the matrix base 33

The self-dual case Q2 = 1 is particularly simple. Due to (BI1) it is not difficult to generalise
this result to four dimensions:

G.,

1klll
n2 k2

1
2
) 9
(u - (@) (1) 4
2
9

7 (1—92)(\/( 1—|—1)(m —|—1) Ot 149, 1 Ot 1, +vVn m! d,1 1k16m1 111)5n2k25m2l2

2
— —(1 QQ) (\/(n2+1)(m2+1) 5n2+1,k26m2+1,12 + Vn2m? 5n271,k26m271712)5n1k15m1l1 .

02
(3.45)

(1—|—Q2> (n2+m2—|—1)> 5n1k1 (Smlp 5n2k2 5m212

=

The D-dimensional generalisation is obvious.

The quantum field theory is defined by the partition function

Z[J] = / ( I] d¢ab> exp (= S[¢] — 2m)2Vdetd S bundum) - (3.46)

D D
a,beN2 m,neNZ

The measure used in (3.40) differs by the Jacobian | det } = | det frun(p, ¥ )| from the

measure of the partition function (Z32), where fon(p, w) is evaluated in (B.IH). As the
Jacobian is field-independent, it can safely be ignored. For instance, raising it to the
action a la Faddeev-Popov [FP67], we obtain a free ghost sector which decouples from
the fields ¢,,.

For the free theory defined by A = 0 in (3.42), the solution of (B.40)) is given by

1
J]| o = Z10] exp ((27T)g Vdetd ) §JmnAmn;likl> : (3.47)
m,n,k,lGN%
where the propagator A is defined as the inverse of the kinetic matrix G-
Z Gmn;klAlk;sr = Z Anm;lkazl;rs = 5mr5ns . (348)
kIENT kIENT

I compute the propagator in D = 4 dimensions in Appendix [B.3] after diagonalising the
kinetic matrix ([3.45]) in Appendix B.2l For 6; = 0, = 0 the result is

7

Amlnl 11 = —————— 0 1001 01071002102 2072
m b T ()RR O

min(m,1 +l1 ,nl +k1) min(m2+l2 ,n2+k2)
2 2

x Y S B L (m mP k4 k) ot —o?, 142014 20%)
ol Iml=tl] v2=Im2=
2

12

(H% 1202, B0 L (b k) o (1_9)2)
X ~ 7
o 2+%+§(m1+m2+k1+k2)+v1+v2 (1+0)2

ki me [t 1—0\ 20
. i i . i__Ji i : 4
" H ( gk ’“> (v%’“%”) <v@+%> (v i ) (=5) -
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Here, B(a,b) is the Beta-function and gFl(“éb}z) the hypergeometric function. In (3:49)
one should appreciate the finiteness of the sum, i.e. we have obtained a closed solution of
the partition function of the free theory (A = 0) with respect to the preferred base of the
interaction. The D-dimensional generalisation is not difficult.

The usual procedure would be to solve the interacting theory perturbatively:

Z[J] = Z[0] exp<— V[ 4 ]) exp ((Qw)%\/m 3 %JmnAmmlikl> ,

aJ
m,n,k,lENZ
0 A o
v[Z] .= - . 3.50
[&]] 41((27) 2 Vdet )3 2 , 0Jm1 0y, 0Jjn O T, (3.50)

m,n,k,leNZ2

It is convenient to pass to the generating functional of connected Green’s functions,
WIJ] =InZ[J]:

aJ
D 1
WieelJ] := (2m) 2 Videt 6 Z EJmnAmn;likl : (3.51)

D
m,n,k,lEN2

WI[J] = In Z[0] + Wiee[J] + In (1 + o Wieel ] (exp < — V[ 9 ]) _ 1)veree[J}> :

In order to obtain the expansion in A one has to expand In(1 + ) as a power series in x
and exp(V') as a power series in V. By Legendre transformation we pass to the generating
functional of one-particle irreducible Green’s functions:

o] = (2m)2Vdetd > ¢, Jum — W[J] | (3.52)

D
m,neN?Z
where J has to be replaced by the inverse solution of

o 1 oW J]
e (277')%\/(16139 aJnm .

In principle, it should be possible to renormalise the action functional (3.53]) by stand-
ard Feynman graph computations (involving loop sums) combined with an appropriate
generalisation of the forest formula [Zim69]. However, the complicated structure of the
propagator (3.49) makes it extremely difficult to proceed as in momentum space. There-
fore, we shall use an adapted version of Polchinski’s renormalisation proof based on flow
equations for effective actions. This approach is conceptually much easier, in particular,
there is no need to discuss overlapping divergences.

I will return to (8.53)) in Section [Gl when computing the one-loop [G-function of the
four-dimensional model.

(3.53)
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4 Flow equations for non-local matrix models

According to the previous remarks, in particular those of Section [L2] I am going to
renormalise the duality-covariant noncommutative ¢*-model by means of flow equations.
This requires an adaptation of the Wilson-Polchinski approach [WK74| [Pol84] to matrices.
In view of a future application to other examples, I find it convenient to develop the
matrix formulation of the Wilson-Polchinski programme in a general context. Indeed,
many noncommutative field theories have a matrix formulation. I think of fuzzy spaces
[Mad92, [GKPI6D, [GKP96a] and g-deformed models [GMSO1, [(GMS02].

I derive in Section [4.1] the matrix version of the Polchinski equation which describes
how the effective action L[¢, A] has to be adjusted with a variation of the cut-off scale A
in order to make the partition function A-independent. The perturbative solution of the
Polchinski equation is given by ribbon graphs as introduced in Section [£.3 In Section [4.4]
I formulate the power-counting theorem for the effective action L[¢p, A] obtained by solv-
ing (better: estimating) the Polchinski equation perturbatively. The very long proof is
delegated to Appendix [Dl

We will see that the power-counting degree of divergence of a ribbon graph depends on
the topological data of the graph and on two scaling dimensions of the cut-off propagator.
In this way, suitable scaling dimensions provide a simple criterion to decide whether a non-
local matrix model has the chance to be renormalisable or not. However, having the right
scaling dimensions is not sufficient for the renormalisability of a model, because a divergent
interaction is parametrised by an infinite number of matrix indices. Thus, a renormalisable
model needs further structures which relate these infinitely many interaction coefficients
to a finite number of base couplings. In case of the duality-covariant noncommutative ¢*-
model, these additional structures are induced by properties of orthogonal polynomials.

My derivation and solution of the matrix Polchinski equation combines the original
ideas of [Pol84] with some of the improvements made in [KKS92|. In particular, I follow
[KKS92] to obtain Ag-independent estimations for the interaction coefficients. Another
suggestion of [KKS92|, the removal of the restrictions to the external parameters (here:
the range of the matrix indices), will be important in Section [fl For an introduction into
the classical techniques of renormalisation by flow equations (in momentum space) I refer
to the monograph [Sal99].

4.1 The exact renormalisation group equation

We consider a ¢*-matrix model with a general (non-diagonal) kinetic term,

S[¢] = VD( Z %Gmn;kl¢mn¢kl =+ Z %¢mn¢nk¢kl¢lm> ) (41)

m,n,k,l m,n,k,l

where m,n, k,l € N¢. For the noncommutative R”, D even, we have ¢ = %. The factor
Vp is the volume of an elementary cell. The choice of ¢* is no restriction but for us the
most natural one because we are interested in four-dimensional models. Standard matrix
models are given by

1
qg=1, Gmn;kl = _25ml5nk . (42)
Ho
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For reviews on matrix models and their applications I refer to [Dij91, [DFGZJ95]. The
idea to apply renormalisation group techniques to matrix models is also not new [BZJ92].
The difference of our approach is that we will not demand that the action can be written
as a trace of a polynomial in the field, that is, we allow for matrix-valued kinetic terms.
The only restriction we are imposing is

Grngt =0 unless m+k=n-+1. (4.3)

The restriction (£3)) is due to the fact that the action comes from a trace. It is verified

for the noncommutative R” due to the (S 0(2)) %—symmetry of both the interaction and
the kinetic term. The kinetic matrix G, contains the entire information about the
differential calculus, including the underlying (Riemannian) geometry, and the masses of
the model. More important than the kinetic matrix G will be its inverse, the propagator
A defined by

Z Gmn;klAlk;sr = Z Anm;lkal;rs = 5mr(5ns . (44)
il il

Due to (£3) we have the same index restrictions for the propagator:
Ak =0 unless m+k=n+1. (4.5)
Let us introduce a notion of locality:

Definition 5 A matriz model is called local if Ay = A(m,n)0mi0nk for some function
A(m,n), otherwise non-local.

We add sources J to the action (4.1]) and define a (Euclidean) quantum field theory
by the generating functional (partition function)

_ / Do) exp (= S[6] = Vo S bmadun) . Dléd] = [ dbrn "

According to Polchinski’s derivation of the exact renormalisation group equation we now
consider a (at first sight) different problem than (4.6). Via a cut-off function K[m,A],
which is smooth in A and satisfies K[m, oo] = 1, we modify the weight of a matrix index
m as a function of a certain scale A:

2190 = [ D) exp (= S[6.J.A) (47)
Slg, J,A] = (ZM 5O Gl (A)

+ 2l¢mn skt [A] it + Zﬂ = Ty B ]JlirL[gb,A]JrC[A]), (4.8)

)= ( TT KL AT ) o (19)

iem,n,k,l
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with L[0,A] = 0. Accordingly, we define

Afm lk ) = < H K[iaA])Anm;lk . (410)
iem,n,k,l
For indices m = (m!,..., %) € N7 we would write the cut-off function as a product
D .
K[m,Al = []24; K<(v ’)”;A ) where K(z) is a smooth function on Rt with K(z) = 1
D) D A2

for 0 < x <1 and K(z) = € for x > 2. In the limit ¢ — 0, the partition function
() vanishes unless ¢y, = 0 for max;(m,n’) > 2(Vp)5A2, thus implementing a cut-off
of the measure D[¢] = [],, ddap in [2.8). All other formulae involve positive powers of

K ((v T)”;AQ) which multiply through the cut-off propagator (5.3) the appearing matrix
p) D

indices. In the limit ¢ — 0, K[m, A] has finite support in m so that all infinite-sized
matrices are reduced to finite ones.

The function C[A] is the vacuum energy and the matrices £ and F, which are not
necessary in the commutative case, must be introduced because the propagator A is
non-local. It is, in general, not possible to separate the support of the sources J from
the support of the A-variation of K. Due to K[m,o0] = 1 we formally obtain (48] for
A — oo in ([£7) if we set

A
L[¢7 OO] = Z E¢mn¢nk¢kl¢lm ) C[OO] =0 ) Emn;kl [OO} =0 ) an;kl [OO] = (5ml6nk .
mun,k,l

(4.11)

However, we shall expect divergences in the partition function which require a renormal-
isation, i.e. additional (divergent) counterterms in L[¢, co]. In the Feynman graph solution
of the partition function one carefully adapts these counterterms so that all divergences
disappear. If such an adaptation is possible with a finite number of local counterterms,
the model is considered as perturbatively renormalisable.

Following Polchinski [Pol84] we proceed differently to prove renormalisability. We first
ask ourselves how to choose L,C, E, F in order to make Z[J, A] independent of A. For
this purpose I derive in Appendix [(] starting on page the following identity:

O—/D VD( Z L m"’“lm)qskl (4.12)

klmn

1OAK (M) (L9, A]OLIS,A] 1 9L, A
+ 3 s Db Obmn Vo 00 a¢mn)

k,l,m,n

OAK (A)

1 nm
- Z §JtuFt€;kl [A] lka—Aan;rs [A] Irs

k,l,m,n,r s tu

OAK, (A | 0
- Y e e W+ o= 3 L (K ALK, )
Vb OA

k,lm,n,rstu m,n

x exp(—S[o, J,A]) . (4.13)
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On the other hand, we differentiate (7)) with respect to A, compare it with (£.I3]) and
conclude

0 .
SA 2 A = iff (4.14)
OAK
oA = 2 aA OPrmn 6¢>m OV (%mn acbm
aan kl aA711(’m’;l’k’ (A)
A— - m/;g/ N Gmn i Aa—AFkll,;kl [A] ’ (416)
a-Emn kl aAf;m"l’k’ (A)
A— N——"—"Fpp A 4.1
mz - ) sl (@17
00 ZA— In (K[m, A]K[n, Al)
OAE . (A) 92
2])D mon kel oA agbmn a¢kl =0

where [ f[¢]] o =1 [¢] — f[0]. Naively we would integrate (LI5)—(ZI8) for the initial
conditions (4II]). Technically, this would be achieved by imposing the conditions (4.11)
not at A = oo but at some finite scale A = Ay, followed by taking the limit Ay — oo.

This is easily done for ([ZI6)—EI8):

mn kl Z Gmn m/n/ n m’ ikl (AO) (419)
mn kl Z Amn sm/n/ ) (Gf’m’;l’k’(A) - Gf’m’;l’k’ (A0)> Aé{’l’;kl<A0) ) (420)
m!/ n’ k'l
ClA] = = In (T &tm, AIK [, Ao))
Vo L ) )
1 [P OALE L (N) 92L[¢, N]
BRI Y nm; ) , 4.21
o, . > N D Dot | 50 (4.21)

m,n,k,l

At A = Ag the functions F, E,C become independent of Ay and satisfy, in particular,
(#11) in the limit Ay — oo.

The differential equation (£IH), referred to as the Polchinski equation for matrix
models, is of a different type than (L.I16)—(£IT): it is a non-linear differential equation.
Its integration is highly non-trivial. Before passing to the integration procedure, I would
like to derive the physical interpretation of the effective action. For this purpose we insert
the solutions (£I9) and (E20) into the cut-off partition function (7). The vacuum
energy C[A] can be ignored, because it does not contribute to correlation functions. We
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thus obtain

Z[J, A, Ao] = /D exp( VD( Z ¢mn mnkl( )bri

mnk:l

+ Z _JmnAnm lk(AO) (le rs(A) le TS (AO)) Asr ut(AO)Jtu

m,n,k,l,r.stu

+ Z ¢mnGmnkl )Al[lg;sr(AO)Jrs+L[¢7AaA0]>)

m,n,k,l,r,s

—op (Vo X A (80) (G (A) — G (80)) Al (Ao)

m,n,k,lrstu

xexp | — VpL[o, A, A ‘ )
< [ O] m”_zklre nmlk(A)lers(Ao)%

(Vo 3 S A (A0)CH, (DAL (M) ) ZolA, Ao

m,n,k,lrs,tu

(4.22)

where

Zo[A, Ao] = / D[¢] exp ( ~Vp Z (Smn + Z Jrs AN (1)) Gt (M)

m,n,kl
Qbkl + ZAlk ut A0 Jtu ) .
(4.23)

Thus, Z is expanded into a series of Feynman graphs with vertices given by the Taylor
expansion coefficients

N
Lo ] 1= (50 HOAL__) (1.24)
NI'\OGminy OPmgny - - - OPrmyny / $=0
connected with each other by internal lines AX(A) and to sources J by external lines
AK(Ag). We choose K[m, A] to be a cut-off function, which means that K has finite sup-
port in m for finite A. Then, for finite A, the summation variables in the above Feynman
graphs are via the propagator AX(A) restricted to a finite set. Thus, loop summations
are finite, provided that the interaction coefficients L, n,. myny|[A] are bounded. In
other words, for the renormalisation of a non-local matrix model it is necessary to prove
that the differential equation (LI5]) admits a regular solution. As pointed out in the
introduction to Section M, to obtain a physically reasonable quantum field theory one has
additionally to prove that there is a regular solution of (£I5]) which depends on a finite
number of initial conditions only. This requirement is difficult to fulfil because there is, a
priori, an infinite number of degrees of freedom given by the Taylor expansion coefficients
(#24). This is the reason for the fact that renormalisable (four-dimensional) quantum
field theories are rare.
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4.2 On the integration of the Polchinski equation

We are going to integrate (£15) between a certain renormalisation scale A and the initial

.....

[A] . A
A 2 ’< A P =] 4.25
oA = " Ar (4.25)
Here, P9[X] > 0 stands for some polynomial of degree ¢ in X > 0. Clearly, P?[X], for
X > 0, can be further bound by a polynomial with non-negative coefficients. As usual
we define

77777

relevant, with r; < 0 irrelevant and with r; = 0 marginal.

Definition 6 Homogeneous parts Lﬁf?m. many [A] in (428) with r; > 0 are called

There are two possibilities for the integration, either from Ay down to A or from Az up
to A, corresponding to the identities

i i Ao dA 0 i
L£H)1n1;~~-;WLNnN [A] = L1(ﬂ)1n1;-~~;mNTLN [AO] - /A W(A/wl’gn)mu...;mzvmv [A/]) (4.26&)

A !
i dA o
= Lgn)lnl;...;mNnN [AR] +/A A, (A/WLgn)lnl;.-.;mNnN [A/]) (426b)
R
One has [GRO0, §2.722]
—1)4q! 4 (—rn=)
T \1 ( qJ)rlq " —( T xR) + const for r # 0,
/dw :L‘T_1<1Il E> = " . =0 il (4.27)
q
?(1n£> + const forr=20.
q TR

At the end we are interested in the limit A — oo. This requires that positive powers of
Ay must be avoided in the estimations. For r; < 0 we we can safely take the direction

([£264a) of integration and then, because all coefficients are positive, the limit Ag — oo in
the integral of (d.26a]). Thus,

CdN,, 0

|L%)1n1;~~.;mzvmv [AH < ‘L%)lm;m;mzvmv [AOH +/A W A/ML%)W“'“WN”N [A/]
. A
< ‘L%)lm;...;mwnw [Ao]| + ATl pe [ln A_} : forr; <0. (4.28)
R

Here, P% is a new polynomial of degree ¢; with non-negative coefficients. Now, the
limit Ag — oo carried out later requires that ‘L%)lm. imyny[Ao]| in ([E2J) is bounded,

.....

.....

iterated, s; must be sufficiently large. We do not investigate this question in detail and
simply note that it is safe to require

Aol| < Ay P [m j\\—ﬂ . forr <0, (4.29)
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for the boundary condition.

In the other case r; > 0, the integration direction (4.26al) will produce divergences in
Ay — oo. Thus, we have to choose the other direction (£.26D). The integration (E27)
produces alternating signs, but these can be ignored in the maximisation. The only
contribution from the lower bound Ag in the integral of (4.26D)) is the term with j = 0 in
(#2T). There, we can obviously ignore it in the difference A" — A’%,. We thus obtain from
([#27)) the estimation

AT P [m ﬁ] for 7; > 0

L Ag]| +
Z o R

29 (4.30)

ming;.. ,mNnN ‘ for 7 = 0
7 — .

The reduction from P [111 j\\—;} in Polchinski’s original work [Pol84] to P[ln ﬁ} is due to
[KKS92]. We can summarise these considerations as follows:

Definition/Lemma 7 Let {A o . mny [A]| be bounded by (7-25),

L9 A A
‘A(? 1M1y MN N[ ]‘ S A”Pqi[ln—}

S i, (4.31)

The integration of ([{.31]) is for irrelevant interactions performed from Ay down to A
starting from an initial condition bounded by ‘L%)lnl;‘,,;mNnN [AOH < AglanQi [In /1\\—]‘;] For
relevant and marginal interactions we have to integrate (4.31]) from Ag up to A, starting
from an initial condition Lmlm, smany [AR] < 00. Under these conventions we have

[A]] < A7 poctt [m ﬁ] . (4.32)

L3 .

mini;...;MNNN

A few comments:

o The stability (£.31]) versus (4.32]) of the estimation will be very useful in the iteration
process.

e Integrations according to the direction (£.26D]), which entail an initial condition
Lﬁg{m;.,.;mN”N [AR], are expensive for renormalisation, because each such condition

(even the choice L s mnm [Agr] = 0) corresponds to a normalisation experiment.
In order to have a meaningful theory, there has to be only a finite number of required
normalisation experiments. Initial data at Ag do not correspond to normalisation
conditions, because the interaction at Ag — oo is experimentally not accessible.
Moreover, unless artificially kept alivél®, an irrelevant coupling scales away for
Ay — oo via its own dynamics. The property limy, o L,(ﬁ)lm;,,,;mNnN [Ao] =0 for an
irrelevant coupling is, therefore, a result and no condition.

e There might be cases where the direction (4.26D) for r; < 0 gives convergence for
Ay — oo nevertheless. This corresponds to the over-subtractions [Zim73] in the
BPHZ renormalisation scheme. We shall not exploit this possibility.

16 An example of an irrelevant coupling which remains present for Ay — oo is the initial ¢*-interaction
in two-dimensional models, see Appendix [l
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Unless there are further correlations between functions with different indices, specify-
ing L%)lm;,,,;mNnN [Ag] means to impose an infinite number of normalisation conditions
(because of m;, n; € NP/2). Hence, a non-local matrix model with relevant and/or mar-
ginal interactions can only be renormalisable if some additional structures exist which
relate all divergent functions to a finite number of relevant/marginal base interactions.
Such a distinguished property depends crucially on the model. Presumably, the class of
models where such a reduction is possible is rather small.

When we return to the duality-covariant ¢*-model in Section [ on page B0, these
reductions will be identified and taken into account. Here, we will restrict ourselves to
find the general power-counting behaviour of a non-local matrix model which limits the
class of divergent functions among which the reduction has to be studied in detail. We
will find that—under very general conditions on the propagator—all non-planar graphs
(as defined below) are irrelevant. Such a result is already an enormous gain™ for the
detailed investigation of a model.

Thus, our strategy is to integrate the Polchinski equation (A.I5]) perturbatively between
two scales Ag and Aq for a self-determined choice of the boundary condition according
to Definition/Lemma [7l The resulting normalisation condition for relevant and marginal
interactions will not be the correct choice for a renormalisable model. Nevertheless, the
resulting estimation (£32]) is compatible with a more careful treatment. As we will see
for the example of the duality-covariant ¢*-model in Section [, we can replace

e almost all of the relevant functions with bound 2—5]3‘1 [In ﬁ] in (£32) by irrelevant
functions with bound (max(ml, ni,...,my, nN))QX—qu[ln K\—R], and
e almost all marginal functions with bour;d Piln AAR] in (£32)) by irrelevant functions
with bound max(my,ni, ..., my,ny)5zPn ﬁ],
for some reference scale .

4.3 Ribbon graphs and their topologies

We can symbolise the expansion coefficients Ly, n,. ..

SMNTN as
TL]\]//

0T + (N = 1) permutations of {m;n;} . (4.33)

Mg -2

The big circle stands for a possibly very complex interior and the outer (dotted) double
lines stand for the valences produced by differentiation (f24]) with respect to the N
fields ¢y,n,- The arrows are merely added for bookkeeping purposes in the proof of the
power-counting theorem. Since we work with real fields, i.e. ¢n = @nm, the expansion
coefficients Ly, n,...myny have to be unoriented. The situation is different for complex
fields where ¢ # ¢* leads to an orientation of the lines. In this case we would draw both
arrows at the double line either incoming or outgoing.

"We recall [MVRS00] that non-planar graphs produce the trouble in noncommutative quantum field
theories in momentum space.
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The graphical interpretation of the matrix Polchinski equation ([AI5]) is found when
differentiating it with respect to the fields ¢,,»,:

(4.34)

Combinatorial factors are not shown and a symmetrisation in all indices m;n; has to be
performed. On the rhs of (£.34]) the two valences mn and kl of the subgraphs are connected
n k

to the ends of a ribbon which symbolises the differentiated propagator ——-= = A(%Affm; Ik
For local matrix models in the sense of Definition [5] we can regard the ribbon as a product
of single lines with interaction given by A(m,n). For non-local matrix models there is an
exchange of indices within the entire ribbon.

We can regard (AI5) as a formal construction scheme for L{¢, A] if we introduce a
grading L[p,A] = Y o \VLI)[¢, A] and additionally impose a cut-off in N for V = 1,
le

1
L) e mann Al =0 for N > Nj.. (4.35)
In order to obtain a ¢*-model we choose Ny = 4 and the grading as the degree V in the
coupling constant A. We conclude from (£.I5]) that L%}nl;,._;mm is independent of A so
that it is identified with the original (A\/4!)¢*-interaction in (ZI)):

(1) 1

m1n1;m2n2;m3n3;m4n4[ ] = A 6< nimsa n2ﬂl36n3m46mm1 + 6n1m36n3m45n4m25n2m1

+5n1m4 6n4m2 6n2m3 5n3m1 + 5711 ma 6n4m3 6n3m2 5n2m1

+5n1m36n3m25n2m46n4m1 + 6”177126”27714577»47713577»37711) . (436)

To the first term on the rhs of (£.36]) we associate the graph

Awma MY
ng i
5n1m25n2m35n3m45n4m1 = . (437)
Lo 2y

The graphs for the other five terms are obtained by permutation of indices.
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As mentioned before, a complex ¢*-model would be given by oriented propagators
— and examples for vertices are

(4.38)

The consequence is that many graphs of the real ¢*-model are now excluded. We can
thus obtain the complex ¢*-model from the real one by deleting the impossible graphs.

The iteration of (£34) with starting point (£37)) leads to ribbon graphs. The first
examples of the iteration are

\i

ni A ne6: A

imy L ime

mo : i ns
e i <
= —— = (4.39)

\ "/ ST - o : Y

my ms : m45 :
T N Y :m3 Y ing
o A

We can obviously build very complicated ribbon graphs with crossings of lines which
cannot be drawn any more in a plane. A general ribbon graph can, however, be drawn on
a Riemann surface of some genus g. In fact, a ribbon graph defines the Riemann surfaces
topologically through the Euler characteristic x. We have to regard here the external
lines of the ribbon graph as amputated (or closed), which means to directly connect the
single lines m; with n; for each external leg m;n;. A few examples may help to understand
this procedure:

L=2 B=2
I=3 N=6
V—3  pe_3 (4.40)
g=20 t=20
L=1 =1
I=3 N=2
Vo e (4.41)
g=1 t=1
L=2 B=1
I=3 N=6
V=3 Ve=3 (4.42)
g=0 t=0

The genus is computed from the number L of single-line loops of the closed graph, the
number I of internal (double) lines and the number V' of vertices of the graph via

X=2-29=L—-I+V. (4.43)



4.3 Ribbon graphs and their topologies 45

There can be several possibilities to draw the graph and its Riemann surface, but L, I,V
and thus g remain unchanged. Indeed, the Polchinski equation ({15 interpreted as in
(#34) tells us which external legs of the vertices are connected. It is completely irrelevant
how the ribbons are drawn between these legs. In particular, there is no distinction
between overcrossings and undercrossings.

There are two types of loops in (amputated) ribbon graphs:

e Some of them carry at least one external leg. They are called boundary components

or holes of the Riemann surface. Their number is B.

e Some of them do not carry any external leg. They are called inner loops. Their
number is Ly = L — B.

Boundary components consist of a concatenation of trajectories from an incoming index n;
to an outgoing index m;. In the example (£40) the inner boundary component consists
of the single trajectory nymg whereas the outer boundary component is made of two
trajectories nzmy and nzmy. We let o[n;] be the outgoing index to n; and i[m;] be the
incoming index to m;.

I have to introduce a few additional notations for ribbon graphs. An external vertex is
a vertex which has at least one external leg. I denote by V¢ the total number of external
vertices. For the arrangement of external legs at an external vertex there are the following
possibilities:

n' A n! A n A
i i Limy
< L < <~ < P <

] — (4.44)

= G . = o = =
o m m o
m ma |
v y "2

I call the first three types of external vertices simple vertices. They provide one starting
point and one end point of trajectories through a ribbon graph. The fourth vertex in (4.44))
is called composed vertez. It has two starting points and two end points of trajectories.

A composed vertex can be decomposed by pulling the two propagators with attached
external lines apart:

nl\;//;\ nl\;/ A
fimg : imi

ma: ma :
ying : ing
V/\ ¥ A

In this way a given graph with composed vertices is decomposed into S segments. The
external vertices of the segments are either true external vertices or the halves of a com-
posed vertex. If composed vertices occur in loops, their decomposition does not always
increase the number of segments. We need the following

Definition 8 The segmentation index v of a graph is the maximal number of decomposi-
tions of composed vertices which keep the graph connected.

It follows immediately that if V¢ is the number of composed vertices of a graph and S
the number of segments obtained by decomposing all composed vertices we have

L=V S+1. (4.46)
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In order to evaluate Ly, n,:. .myny [A] Dy connection and contraction of subgraphs ac-
cording to (L34) we need estimations for index summations of ribbon graphs. Namely,
our strategy is to apply the summations in (£34]) either to the propagator or the subgraph
only and to maximise the other object over the summation indices. We agree to fix all
starting points of trajectories and sum over the end points of trajectories. However, due
to (A3) and (£36) not all summations are independent: The sum of outgoing indices
equals for each segment the sum of incoming indices. Since there are V¢ + V¢ (end points
of) trajectories in a ribbon graph, there are

s<Ve+Ve-S=Ve4+.-1 (4.47)

independent index summations. The inequality (44T) also holds for the restriction to
each segment if V¢ includes the number of halves of composed vertices which belong to
the segment. We let £° be the set of s end points of trajectories in a graph over which we
are going to sum, keeping the starting points of these trajectories fixed. We define

Taking the example of the graph (4.40), we can due to V¢ 4+ ¢ = 3 apply up to two
index summations, i.e. a summation over at most two of the end points of trajectories
msg, M4, Mg, where the corresponding incoming indices i[ms] = ns, i[my] = n3 and i[mg] =
ny are kept fixed. For the example of the graph (£41]) we can due to V¢ + ¢ = 2 apply
at most one index summation, either over m; for fixed i[m;] = ny or over i[my] = n;. For
E' = {my} we would consider

if £ = {my,mg,...,ms}. (4.48)

i[m]=const

> {1@ : (4.49)
m2

ni1=const

Note that for given ny the other outgoing index is determined to my; = ny + ny — mo
through index conservation at propagators (L) and vertices ([AL3T). It is part of the
proof to show that the index summation (£.49) is bounded independently of the incoming
indices nq, ns.

4.4 Formulation of the power-counting theorem

We first have to transform the matrix Polchinski equation ({IH]) into a dimensionless
form. It is important here that in the class of models we consider there is always a
dimensionful parameter,

1

pw=(Vp) P, (4.50)

which instead of A can be used to absorb the mass dimensions. The effective action

L[¢, A] has total mass dimension D, a field ¢ has dimension % and the dimension of the
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coupling constant for the A\¢? interaction is 4 — D. We thus decompose L[¢, A] according
to the number of fields and the order in the coupling constant:

L, A] = i%?% 3 (#)VWA%)MWWN[A]<¢";;12_";) (%gggfv) . (451)
V=1 N=2 mi,n H H

The functions A%)nl;,.,;m o |[A] are assumed to be symmetric in their indices m;n;. Inser-

m,n,k,l N1=2Vi=1
+ <<N1—1) — 1) permutations
1%
- Agnl)nl;...;mNnN;mn;kl [A]} ) (452)
where
2x O K
Qunan(A) 1= H2ASAK L (A). (4.53)
OA ’
The permutations refer to the possibilities to choose N; — 1 of the pairs of indices
miny, ..., myny which label the external legs of the first A-function.

The cut-off function K in ([AI0) has to be chosen such that for finite A there is a finite
number of indices m, n, k, l with Qum.x(A) # 0. By suitable normalisation we can achieve
that the volume of the support of @Q,m.x(A) with respect to a chosen index scales as AP:

Zsign|K[M;A]| <Cp (%)D ) (4.54)

for some constant C'p independent of A. For such a normalisation we define two exponents
do0,01 by

1\ %
nrzr,ln%lzfl |Qnm;lk(A)| S C(0 <K> 5m+k,n+l ) (455)

e (3 (maxl Quuan(M)) < 1 (5)" (4:56)

In (£50) the index n is kept constant for the summation over k. It is convenient to
encode the dimension D in a further exponent §, which describes the product of (£.54)
with (453):

A

g Qo) 3 (| ) < a(5)" (4.57)

We have obviously Cy = CpCy and 6, = D — dy.
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Definition 9 A non-local matriz model defined by the cut-off propagator Qum:k given by
(7-10) and ({4-53) and the normalisation (4.57) of the cut-off scale A is called regular if

0p = 01 = 2, otherwise anomalous.

The three exponents dg, 01,2 play an essential role in the power-counting theorem
which yields the A-scaling of a homogeneous part A%&,B,’,“’nﬁw [A] of the interaction

coeflicients

A%)m;...;mwnw [A] = Z Z Z Z A%‘,ﬁ;ﬁ’%w [A] 2<N<2V 42

1<Ve<V 1<B<N 0<g<1+Z_ﬂ_§ 0<<B-1

(4.58)

It is important that the sums over the graphical (topological) data V¢ B,g,¢ in (L5S)
are finite. We are going to prove

Theorem 10 The homogeneous parts An‘{lth’%’gw [A] of the coefficients of the effective

action describing a ¢*-matriz model with initial interaction ({£.30) and cut-off propagator
characterised by the three exponents &g, 01,05 are for 2 < N < 2V+2 and Zf\il(mi—ni) =
0 bounded by

Z [ Al i ]

< <A> 52(\/—%4—2—29—3) <,u ) 01(V—-Ve—142g+B—1+s) (u)§0(V6+L—1—S) P2V—% |: A ]

In —
R
(4.59)

provided that for all V'<V, 2 < N’ < 2V'42 and V'=V, N4+2 < N' < 2V+2 the

. " l t mal Ve Bl gl _ A
initial conditions for { relevant / margina AV VB ) [A] are imposed at { AR },
' 0

1

A

A

irrelevant AR Ty
respectively, according to Definition/Lemma ] The bound (4.59) is independent of the
unsummed indices m;,n; ¢ E°. We have A%’Xf;ﬁ’ﬂ{ﬁzw[A] =0 for N > 2V+2 or

Zf\;1(mz_n1> # 0.

I remark that Ly = V — % + 2 — 29 — B is the number of inner loops of a graph. The
(very long) proof of this theorem is delegated to Appendix [Dl between pages and 1351

The power-counting estimation (£59) does not make any reference to the initial scale
Ag so that we can safely take the limit Ay — oo [KKS92]. In this way we have constructed
a regular solution of the Polchinski equation (4.I5]) associated with the non-local matrix
model. However, this solution remains useless unless it can be achieved by a finite number
of integrations from Agr to A depending on a finite number of initial conditions at Ag.
I refer to the remarks following Definition/Lemma [[l A first step would be to achieve
regular scaling dimensions:

Corollary 11 For reqular matriz models according to Definition[d we have independently
of the segmentation index and the numbers of external vertices and index summations

Z {An‘mflfﬁ — H S (%)uD(QngBl)PQV— |:1Il AAR} : (460)

where w =D + V(D —4) — N% is the classical power-counting degree of divergence.
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We have derived the relation (£60) with respect to the classical power-counting degree
of divergence only for ¢*-matrix models, but it is plausible that it also holds for more
general interactions.

The power-counting theorem (Theorem [I0)) provides a necessary condition for renor-
malisability: The two scaling exponents dg, 0; of the cut-off propagator have to be large
enough relative to the dimension of the underlying space. We will see during the next
section™ that for the usual noncommutative ¢*-model given by the action ([3:24) on page
these exponents equal 6y = 1 and 6; = 0. The weak decay ~ A~! of the propagator
leads to divergences in A ~ Ay — oo of arbitrarily high degree. The appearance of un-
bounded degrees of divergences in field theories on noncommutative R* is often related to
the UV/IR-mixing [MVRS00]. We learn from Theorem [I0 that similar effects will show
up in any matrix model in which the propagator decays too slowly with A. This means
that the correlation between distant modes is too strong, i.e. the model is too non-local.

Adding a harmonic oscillator potential to the action one achieves 6y = d; = 2, which
thanks to Theorem [0 provides the first part of the renormalisation proof. The more
difficult part consists in proving that the infinitely many boundary conditions at Ar used
in Theorem [I0] can actually be related to finitely many base interactions.

18This is the case Q = 0 in (5.I9) and (5.20) on page BT
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5 Renormalisation group analysis of the duality-
covariant noncommutative ¢j-model

I have developed in Section M the Wilson-Polchinski renormalisation programme for non-
local matrix models where the kinetic term (Taylor coefficient matrix of the two-point
function) is neither constant nor diagonal. Introducing a cut-off in the measure Hmn APmn
of the partition function Z, the resulting effect is undone by adjusting the effective action
L[¢] (and other terms which are easy to evaluate). If the cut-off function is a smooth
function of the cut-off scale A, the adjustment of L[p, A] is described by the differential
equation (AI5) on page B8 Integrating (AI5]) perturbatively between the initial scale
Ay and the renormalisation scale Ag < Ay, I have derived Theorem [10 on page 48
which describes the power-counting behaviour of the expansion coefficients of L[p, Al.
The power-counting degree is given by topological data of ribbon graphs and two scaling
exponents of the (summed and differentiated) cut-off propagator. This power-counting
theorem is model independent, but it relied on boundary conditions for the integrations
which do not correspond to a physically meaningful model.

I will show in this Section that the four-dimensional duality-covariant noncommut-
ative ¢*-theory given by the action (L) on page Bl admits an improved power-counting
behaviour which only relies on a finite number of physical boundary conditions for the
integration.

5.1 Integration of the matrix Polchinski equation

To some extent, finding a renormalisable model is a matter of trial and error: The model
is defined by the set of relevant and marginal interactions as it comes out of the power-
counting theorem, but on the other hand this output is used as the input to derive the
power-counting theorem. To say it differently: One has to be lucky to make the right
ansatz for the initial interaction which is then reconfirmed by the power-counting theorem
as the set of relevant and marginal interactions. I am going to prove that the following
ansatz for the initial interaction of a (D = 4)-dimensional model is such a lucky choice:

1 /1
Lo Ao ol = D g (5 (A m e m D)) fs s 6o

2 2
m n n m
ml,m2nl n2eN

— ,Og(\/ nlmlgbml nl gbnl,l mlo1 + V n2m2¢m1 nl (;5 al ol ))
m2 n2 n2 m2 m2 n2 n2-1m2—-1
FY ghenadnnenndnn -0
ml,m2nln2 k! k21 ,12€N
For simplicity, I impose a symmetry between the upper and lower component, which could
be relaxed by taking different p-coefficients in front of m’+n’ and vVm'nt. Accordingly, I
choose the same weights in the noncommutativity matrix, 6; = 6, = 6.

The differential equation (.15 is non-perturbatively defined. However, we shall solve
it perturbatively as a formal power series in a coupling constant A which later on (equation
(514) on page BH) will be related to a normalisation condition at A = Ar. We thus
consider the expansion (L5]]) on page 7 where we put D = 4 and

Vi = (270)* (5.2)



5.1 Integration of the matrix Polchinski equation o1

identified by comparison of (&Il on page 35 with (3.22)) on page According to (E50)
we have p~! = v/276. We choose

Kl () ().

1
z;;:;;;“):( 1T f((m))%zﬁ;z;ﬁ’ (5:3)

iEM ,m°,n,n",
kY k200012

= AK

ml
m2

where K (z) is a smooth monotonous cut-off function™ with K(z) = 1 for z < 1 and
K(x) = 0 for x > 2. With all these specifications, the normalised Polchinski equation
(#E52) on page [T takes the form

AiA(V) [Aa A07p0]

A~ TN mMNTN

N V-1

1 1% (V-W1)
= Z Z Z §Qnm§lk(A)ASn117)11;...;le,lanfl;mn[A]AlenlNl;...;mNnN;kl[A]

N1=2Vi=1m,n, k,cN2
N
— 1) ermutations
* ((Nl—l) P

1
- Z éQnmilk(A)Air‘jl)nl;.,.;mNnN;mn;kl [A] ) (54)
m,n,k,lEN2
with
1 OAT, (A

I am going to compute the functions A%)m;,,,;m vmy Dy iteratively integrating the Pol-
chinski equation (5.4)) starting from boundary conditions either at Ar or at Ag. The right
choice of the integration direction is an art: The boundary condition influences crucially
the estimation, which in turn justifies or discards the original choice of the boundary con-
dition. At the end of numerous trial-and-error experiments with the boundary condition,
one convinces oneself that the procedure described in Definition [I2] below is—up to finite
re-normalisations discussed later—the unique possibility? to renormalise the model.

I recall from Section that the matrix Polchinski equation (5.4) is solved by rib-
bon graphs drawn on a Riemann surface of uniquely determined genus g and uniquely
determined number B of boundary components (holes). The ribbons are made of double-

. n_k .
line propagators = Qmn:i(A) attached to vertices
i

N wmy ngf/

nan Ty

m = 5n1m2(5n2m35n3m45n4m1 . (5'6)

1. Lo
//;"”1 mM2N

19A possible plot is shown in (ZI0) on page [[4l
20T “only” prove that the method works, not its uniqueness. The reader who doubts uniqueness of the
integration procedure is invited to attempt a different way.
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A graph « is produced via a certain history of contractions of (in each step) either two
smaller subgraphs (with fewer vertices) or a self-contraction of a subgraph with two ad-
ditional external legs. At a given order V of vertices there are finitely many N-leg graphs
(distinguished by their topology and the permutation of external indices) contributing
the part A%),Zl;,A,;mNmN to a function A%)m;,,,;mNmN. A ribbon graph is called one-particle
irreducible (1PI) if it remains connected when removing a single propagator. The first
term on the rhs of the Polchinski equation (5.4]) leads always to one-particle reducible
graphs, because it is left disconnected when removing the propagator Qm. in (5.4)).

According to the detailed properties a graph v we define the following recursive pro-
cedure (starting with the vertex (5.0) which does not have any subgraphs) to integrate
the matrix Polchinski equation (5.4)):

Definition 12 We consider generalised? ribbon graphs v which result via a history of
contractions of subgraphs which at each contraction step have already been integrated ac-
cording to the rules given below.

1. Let 7y be a planar (B =1, g = 0) one-particle irreducible graph with N = 4 external
legs, where the index along each of its trajectories is constant (this includes the two
external indices of a trajectory and the chain of indices at contracting inner vertices

in between them). Then, the contribution A’ Ll el el gl (A) (using the natural
m2 n21n2 K272 12712 2

cyclic order of legs of a planar graph) of y to the effective action is integrated as follows:

A [A]
ml nl ,nl k1 ,kl 11 ,ll ml
m2 n21n2 k2552 125712 n2

Bo g ) -
= A A(Vl)’yl 1l k11 g1 1 [A/]
A N ON' ™~ 737" :2 ; :2 §2 ;52 .~

T~
w9 vy :
T 2 8.8 k2 ¢ A AooooooooA
mk 0N ooi00i0 0700[ ]
A
it +~ 7 me Y
DA R —
m1‘ _k'l AdA/ / ) W)y / o~
+ m? % k2 / A /AOO.OO.OO.OO[A] +A00.00,00.00[AR] (5.7)
Ag A ON'" 0000100700 00°00°00°00
f/ Z; "\\'V

Here (and in the sequel), the wide hat over the N'-derivative of an A"-function indicates
that the rhs of the matriz Polchinski equation (5.4) has to be inserted. The two vertices
in the third and fourth lines of (5.7) are identical (both are equal to 1). The four-leg
graph in the third line of (5.7) indicates that the graph corresponding to the function
in brackets right of it has to be inserted into the holes. The resul2 is a graph with
the same topology as the function in the second line, but different indices on inner
trajectories. The graph in the fourth line of (5.7) is identical to the original vertex
(2.8). The different symbol shall remind us that in the analytic expression for subgraphs
containing the vertex of the last line in (5.7) we have to insert the value in brackets
right of it.

21 This refers to graphs with composite propagators as defined in Section on page
22Gee ([ZI7) for an example.
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Remark: I use here (and in all other cases below) the convention (its consistency will
be shown later) that at A = Ao the contribution to the initial four-point function is

. e 1% v :
independent of the external indices, Al O).'EO.OO.OO [Ag] = Al 1)71 i o Ao, This
00°00°00700 T 2N 122 12512 2
' 1l Id admit AY)7, Ao) — AV Ao| =
is mot really necessary, we could admit 1l gl g [ o] = Ao b0.00.00[No] =
2 2 2k27k2l27l2 00’00’00’00
C 1,1 1 gl k11 [Ao wzth‘C’ 1,1 pl gl g1l g1, [AOH S ng\li‘:.
m2 21 2k2’k2l2’l2 2’ 2k2’k2l2712

2. Let v be a planar (B =1, g =0) 1PI graph with N = 2 external legs, where either the
index is constant along each trajectory, or one component of the index jumps once
by £1 and back on one of the trajectories, whereas the mdem along the possible other
trajectory remains constant. Then, the contribution AV 1 T 1 [A] of v to the effective

m< n ’nzm

action is integrated as follows:

V)
Aml nl ,nl ml [A]
m2 n2 7"2 m2

Ao g A/ 8 vy
— A/_A(Vl)’Y (N
/A A { ON mgzé;m( )

m

— — —

S d / 9 V) ' 9 '
e o L R A gRAL ] = N AR (V)
, 8/\ VAT
(VAT (] = NG A (1)
0 0
1 (V)vy ’ v /
ot (Mg ATTL N - NG AT V)
2 2
’ v n _ . /
et (VAN (4] - AT A V) }
s n NAN 40
+ o, N A(O0 oolN]) + A(O oA
2; 2; /AR N < ON’ 0700[ ]> 00 00[ R]

—

AN ,8/\ ) 0 , V)y V)
/A N (AE)A'A . [A] AaA’A [A])+A10 01[AR Aogygg

AR)
dN’ 0 0
2 = / . / V)~ )y
+m /A v (VAN V] = A AR ) [A]) 4+ AN (4] Agg,ngR)

—

A / -
/ dA (A iA(OV;)“; o[A/] _ N iAOVO)"éO[A/D + A(OV)’Y [AR
A 0

+nt
( RA/ 0N ooi0o ON' ooioo (1)?(1)8 83
d\ 9wy 9 4o (V)
o (/A v (Vam Ayl = Mg AR V) + A e= A (A
(5 8
23A jump forward and backward means the following: Let ki,...,kqe—1 be the sequence of indices at

inner vertices on the considered trajectory nm, in correct order between n and m. Then, for either r = 1
or 7 = 2 we require n” = kI = m” for all i € [1,p—1] U [¢g,a—1] and k] = n" £ 1 (fixed sign) for all
i € [p,q—1]. The cases p =1, ¢ = p+1 and g = a are admitted. The other index component is constant
along the trajectory.
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3. Let vy be a planar (B =1, g =10) JPI graph having N = 2 external legs with external

. . mitl nl+l, nt m m! nt  nlm!
mdices ming; mang = m2 2 n2m

(equal sign) or mini;meng = '3 T 3",
with a singlé? jump in the index component of each trajectory. Under these conditions

the contribution of v to the effective action is integrated as follows:

Vi
A( 1-2‘-1 n1-2‘—17n2 mé [A]
. MdN 0w ,
= A A/ A aAIA 1+1 nil-érl n; ™, [A] . . .
" n2 0
o 1 T 1) > e Dloreeeeenss > . - (V’Y /
vV (mi+1)(nt41) > S A (?A’Aéég o [A] }
n1+1 nt A ’ _
"l2 dA. a

/i) (nlD) = / — (A’—A(K”OO[A’]> + AT AR

mﬂl’;zkl ml ARA ON ooioo 00°00

(5.9)

AV A

m241 n241 ;nz m2

Bo g/ 0 e
- A AWy A
/A Y { an ot g (V)

S 2"
—/(m24+1)(n2+1) > +j_ S A/aA/A(ovo)_’z)O [A] }
mrngl 22 11°00
nt nt A
n? dN 0
/) (1) 72 - A’—A00 00[A’]> + AV o [AR]
mgi1 Z; A A ON 1100 11700

(5.10)

4. Let v be any other type of graph. This includes non-planar graphs (B > 1 and/or
g > 0), graphs with N > 6 external legs, one-particle reducible graphs, four-point graphs
with non-constant index along at least one trajectory and two-point graphs where the
integrated absolute value of the jump along the trajectories is bigger than 2. Then, the
contribution of v to the effective action is integrated as follows:

Ao A 0
N = = [5G (MG AR s ) - (5.11)

The integration procedure identifies the following distinguished functions p,[A, A, p°]:

07 . 0
prA Ao P = ) AloeolA Ao, o7, (5.12a)
~ as in Def. [212] 00700
0 0
pAA P = ST (AT [N A = ATeoo[A Ao p)) . (5.12D)
- as in Def. [IE] 00°00 00°00
24In case of the index arrangement mini;mong = mm;”'l "”;rl; Z; m; and sequences ki, ka_1
(l1,...,lp—1) of indices at inner vertices on the trajectory mims (ngmi) this means that there exist

labels p, ¢ with n'+1 =k} for all i € [1,p—1], n' =k} for all i € [p,a—1] and n? = k? for all i € [1,a—1]
on one trajectory and m'+1 = [} for all j € [¢,b—1], m' = kj for all j € [1,¢q—1] and m? = k7 for all
J € [1,b—1] on the other trajectory. The cases p € {1,a} and ¢ € {1, b} are admitted.
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p3[A7A07p0] = Z <_ AY 1,00 [AaAOap0]> ) (512C)
~ as in Def. 1213 00700
palA, Ao, p%] = Z Aég;gg;gg;gg[/\af\oapo] : (5.12d)

~ as in Def. [[2/]

This identification uses the symmetry properties of the A-functions when summed over
all contributing graphs. It follows from Definition [[2] and (5.1]) that

palNo, Mo, p°] = p° a=1,....4. (5.13)

As part of the renormalisation strategy encoded in Definition [I2] the coefficients (B.12])
are kept constant at A = Agz. We define

pa[AR7A07pO] =0 for a = 17273 ) p4[AR7A0apO] =A. (514)

The normalisation (5.I4) for py, pa, ps identifies A, (Ag) as the cut-off propagator re-
lated to the normalised two-point function at Ag. This entails a normalisation of the
mass [, the oscillator frequency €2 and the amplitude of the fields ¢,,,. The normalisa-
tion condition for ps[Ag, Ao, p°] defines the coupling constant used in the expansion (EL51)

on page 41

5.2 Ribbon graphs with composite propagators

It is convenient to write the linear combination of the functions in braces { } in (B.7)-
(510) as a (non-unique) linear combination of graphs in which we find at least one of the
following composite propagators:

(O) m?2 m2
-5-90-9090 90909009090
le nl nlpl = le nl,nl ml _QOnl,nlo B (515&)
m2 n2§n2 m2 m2 n2'n2 m 0n2'n20 nt nt
’VL2 n2
ml m1
2 m2
1) —_ 00 1H(0) 2 ~(0) _ 4eseeeeste
le nl nlml 7 le nl nlml m anl nl 1 -—m QOTL1 nlo~ ————> (515b)
m2 n2n2 m2 m2 n2in2 m?2 0n2in20 1n27n21 nt nt
n2 n2
m1+1 m!
(+3) o~ o N
o— _ <hAh A A A A A AAA
Qm1+1 nlil nlml Qm1+1 nlil nlml — VIN +1Q1 nl4+1 nlo - 5 (5~15C)
m2 n2 ;n2 m2 m2 n2 'n2 m?2 0 n2 'n20 nl41 nt
7L2 TL2
ml ml
(_%) 5 m241 m?2
o— _ ¥ YVYVYVYYYVYYVYYVY
Q ml  nl nlml T Q ml ol plgml — VM —|—1Q0 B = rvvvveeRs (515(1)
m24+1 n2+417n2 m2 m241 n241°n2 m?2 1n241°n20 nl nl
n241 n?2
To obtain the linear combination we recall how the graph v under consideration is pro-
duced via a history of contractions and integrations of subgraphs. For a history a-b-...-n
(a first) we have
)
A=AV [A]

N~ M TN

Z /(A)B dA,, /(An)B dA,, /(Ab)B dA,
B (A An (A An—l o (A Aa

Ma,Na,kaslay s Mn,nn kn,ln )A n)A b)A

X annn;knln (An) t menb;kblb (Ab>Qmuna§kala (Aa) Vﬂ‘;ﬁak’;j;n:\?nnnknl" ) (516)
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kal Fenln - : _ _
where Vlanalala: mnmnfnin js the vertex operator and either (A;)a = Ay, (Ay)p = Ag or

(A)a = Ag,(N))p = A;. Note that in (5.10) there is one integration less than the

number of propagators. The graph A%Aé‘émoo[/\] is obtained via the same procedure
(including the choice of the integration direction), except that we use the vertex operator
Vganakala-mnnnknln “Thig means that all propagator indices which are not determined by
the external indices are the same. Therefore, we can factor out in the difference of graphs
all completely inner propagators and the integration operations.

We first consider the difference in (5.7)). Since 7 is one-particle irreducible with con-
stant index on each trajectory, we get for a certain permutation 7 ensuring the history of

integrations
0 AV 0

N ink;kl;lm [Al] - A/WAE)‘(;)O’(Y);OO;OO [Al]

= {H Q. ker,shomm, (M) H Qokr, 1k, 0(Ar;) }
- {z (T @oe82) @ (1)

b=1 i=1

N

X( H Qmw(ﬂ’%u);kw(j)mw(a’)(Aﬂ(j))>} ) (5.17)

j=b+1

where «y contains a propagators with external indices and m,, € {m,n, k,l}. The parts

of the analytic expression common to both A’5% Amn kam V] and A5 A(()‘()/)()Y) .00:00[ V]
are symbolised by the dots. The &, are inner indices. We thus learn that the difference
of graphs appearing in the braces in (B.7) can be written as a sum of graphs each one
having one composite propagator (B.15al). Of course, the identity (5.17) is nothing but
a generalisation of a” — b = S°7— b (a—b)a"*~'. There are similar identities for the
differences appearing in (0.8)-(E.10). I delegate their derivation to Appendix [l T show
in Appendix [E.2] how the difference operation works for a concrete example of a two-leg

graph.

5.3 Bounds for the cut-off propagator

Differentiating the cut-off propagator (53]) with respect to A and recalling from (210
that the cut-off function K (x) is constant unless = € [1,2], we notice that for our choice
0, = 0, = 0 the indices are restricted as follows:

aA{il nl k11 (A)
A—m? ,gA,Q 2 =0 unless OA% < maX(ml,mQ,nl,n27k1, kz,ll,ZQ) < 20N .
(5.18)

In particular, the volume of the support of the differentiated cut-off propagator (G.IS])
with respect to a single index m,n, k,l € N? equals 40?A*, in agreement with (Z.54) on
page AT for a (D = 4)-dimensional model.
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I determine in Appendix[Flon page 45l the A-dependence of the maximised propagator
A x> which is the application of the sharp cut-off realising the condition (5I8) to the
propagator, for selected values of C = §A? and €, which is extremely well reproduced by
(E2) and (E.3). We thus obtain for the maximum of (5.3])

max | Qg (M) (32max |K'(x)]) max |AS

mn;kl ‘C:A%’

< —
m,n,k, - 270 m,n,k,l
C
QT(;G 5m+k,n+l for 2 >0 )
<5 (5.19)
0 for =0,

\/TQQ 5m+k,n+l

where Cy = C}32 max, |K’(z)|. The constant Cj Z 1 corrects the fact that (E2) holds
asymptotically only. Next, from (F.3]) and (E.6) we obtain

1
InﬁXZHéEkX ‘an;kl(/\)‘ < %(32 m§x|K'(gp)|) mT%XZH;akX ‘Arcnn;kl‘c:/\ze
l ' l ’

Ch

W fOI' Q > 0 y

< o (5.20)
= for Q =0,
015

where C) = 48C"/(77) max, |K’(z)|. The product of (5.19) by the volume 46?A* of the
support of the cut-off propagator with respect to a single index leads to the following
bound:

A2
4009— for Q >0,
> (max|Quan(d)] ) < Q (5.21)
mn 40, (\/5A)3 for 0 =0.
According to (B.49) on page 108 there is the following refinement of the estimation (G.19):
m'\ T m*NF 1
1_,1 ,,1_,1 < 12| —— R - )
Qutop st () voomen = G (552) " (532) e (5:22)

This property will imply that graphs with big total jump along the trajectories are sup-
pressed, provided that the indices on the trajectory are “small”. However, there is a
potential danger from the presence of completely inner vertices, where the index summa-
tion runs over “large” indices as well. Fortunately, according to (E.4)) this case can be
controlled by the following property of the propagator:

lmfet1y2 1
( 2 éﬂ?&mz;zazég;(/\)’)§C4( ) g 62)

1€ N2
lm =1l >5

where we have defined the following norms:
2
lm ==Y "Im" =0, [Imlleo = max(m',m?)  ifm="5, I=1. (5.24)
r=1
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Moreover, we define

lming;...;many|leo = max (Imilsos 724l ) - (5.25)

=1,...,

Finally, we need estimations for the composite propagators (5.15), page B3l and (E.7),
page [[40

) | < o lmlle 1 5.26
‘Qzézé;zéﬁ( )| = G7ga qanz (5.26)
2
‘Qzézé,zézé< ) —06< 6N ) QOAZ° (5.27)
1 [0 A
(+3) m2n2’ n2 m2lloo
‘Qm;i”i“;zé m (A) §C7< OA2 ) QOA2 (5:28)

These estimations follow from (B.51]) and (B.53)) on page M09

5.4 The power-counting estimation

Now, I am going to determine the power-counting behaviour of the duality-covariant non-
commutative ¢*-model, generalising Theorem [0 on page @8 The generalisation concerns
1PI planar graphs and their subgraphs. I refer to Section on page [42] for the definition
of the segmentation index ¢, of a trajectory and of an index summation. A subgraph of a
planar graph has necessarily genus ¢ = 0 and an even number of legs on each boundary
component. We distinguish one boundary component of the subgraph which after a se-
quence of contractions will be part of the unique boundary component of an 1PI planar
graph. For a trajectory mm on the distinguished boundary component, which passes

through the indices ki, ..., k, when going from n to m = o[n], I define the total jump as
a—1

() 1= lln = Fally + (3 ke = sl ) + 1o = mlls (5.29)
c=1

Clearly, the jump is additive: if we connect two trajectories nm and mm’ to a new
—_—

: 7 - — — : :
trajectory nm/, then (nm’) = (nm) + (mm'). We let T' be a set of trajectories n;o[n,]
on the distinguished boundary component for which we measure the total jump. By
definition, the end points of a trajectory in T cannot belong to £°.

—_

Moreover, we consider a second set 7" of ' trajectories n;o[n;| of the distinguished

boundary component where one of the end points m; or n; is kept fixed and the other
- -y

end point is summed over. However, we require the summation to run over (n;o[n,;]) > 5

only, see (5.23). We let > . be the corresponding summation operator.

Additionally, I have to introduce a new notation in order to control

e the behaviour for large indices and given A,
e the behaviour for given indices and large A
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For this purpose we let P? [W} denote a function of the indices mq,nq,...,

mpy,ny and the scale A which is bounded as follows:

a >
0< po [mlnl, QA;mNnN} < { C, M for M > 1, (5.30)

Cbe fOl"MSl,
mi+1 nf+1 n’j\,+1>
20A2 7 20A2 7777 20A2 )

M = max (
mi,niggs,gt/

for some constants C,, C},. The maximisation over the indices m;,n; excludes the sum-
mation indices £. By definition,

a—a [TIN15 ... MMNTIN o Ng;...;MNTN
I e (5.31)
for 0 < a < aand b > 0, assuming appropriate C,, Cj,. Moreover,
pa mang; ... s My NN, pa2 MN 11Ny 415 - - - s TMINTIN Pa1+a2 ming;...;MNNIN
b1 AA2 b2 OA2 b1+b2 AA2
(5.32)

I am going to prove:

Proposition 13 Let v be a ribbon graph having N external legs, V wvertices, V¢ external
vertices and segmentation index v, which is drawn on a genus-g Riemann surface with B
boundary components. We require the graph v to be constructed via a history of subgraphs
and an integration procedure according to Definition[I2 on pageldQ. Then, the contribution
A%ZLB,’;ZL;),%N of v to the expansion coefficient of the effective action describing a duality-
covariant ¢*-theory on R} in the matriz base is bounded as follows:

1. If v is as in Definition [I2[1, we have

A(VV 71’01?31 Bl gl 1o, [A,Ao,po] A(ovovoo C?OO)(’)YO [AvAOaPO])
2 27 2k2’k2l2’l2 2 00700’00’00
1 1 1k1 k‘l ll ll 1 3V _2_Ve A
P4V N m2 n2’ n2 k2 k2 (20 2 m2 <_> P2V72|:1 _:| )
e 5 nyc]s (5:3%)
. 1N\ 3V—2-Ve A
AG O N Mool < () P[] (5.33D)
00°’00°’00’00 Q AR
2. If v is as in Definition 122, we have
Af:foymem Ao ™A, Ao, pol
—m! (AT A, Ag, po) — AVSY6 5 A, Ao, po])
00’00 00’00
— 0t (ADOOA, Mg, po) — AT 5 A, Ao, pol)
00’00 00’00
—m2 (AN A, Ao po] — AV V(AL Ao, po])
10’01 00’00
— 2 (AL OOA, Mg, po] — ASY5 YO A, Ao, po))
01’10 00’00

1 l.nlml

(MmWNP%gﬁM@W“ﬁWﬂm&y(m@
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e 1\ 3V-1-Ve A
4GSO, Ko, ol < (04%) () PV ] (5.34b)
00’00 Q AR
. . 1N\ 3V-1-Ve A
‘A(lvovo ’11’0’0)7[/\7/\0,,00] - A(ovovo 61’0’0)7[/\,/\0,00]‘ < <5> p-t [ln —} .
00’00 00’00 R
(5.34c¢)
3. If v is as in Definition 1213, we have
A 1A Ao, o] = v/ Im DAL 07 A, Ao, po|
mi4+1lnl4l, ntm? e
: 1\3V-1-V A
< 9A2 P4V*N m2  n? ' n2m? (_) P2V*l |:l _:| 5.35
= (A F OA2 Q Rl (5359
. 1\3V-1-v© A
‘ASV;V() glvO’O)V[A,Ao,po]) < (—) pv- [ln —] . (5.35b)
00°00 Q Agr

4. If v is a subgraph of an 1PI planar graph with a selected set T of trajectories on one
distinguished boundary component and a second set T" of summed trajectories on that
boundary component, we have

Z Z ‘A%Xf;’.é;gvii\)z%]v [A) A07 :00] ’

Es gtl

S (9A2)(2_%)+2(1_B)P4V7N )

[mlnl; .. MmN
(2t/+ZWeT min(2,3 (n;jo[n;]))

OA?

y <§]_2>3V—];—1+B—V5—L+S+tlp2vJgf [ A } (5.36)

In —
HAR

5. If v is a non-planar graph, we have

V,Ve.B,gu 2\ (2= 5)+2(1-B=29) pay—N[TN15 .- - MNIN
Z }Aa(’nlnl;...;gw\)jn]v [Av A07 pOH < (QA ) 2 PO [ o2 i|
gs

1\ 3V—5—14+B+2g—Ve—i+s ~ A
- PQV‘*[I —} . (5.
x ( Q) ] G

Proof. We prove the Proposition by induction upward in the vertex order V' and for given
V downward in the number N of external legs.

We start with with the proof for non-planar graphs, noticing that due to (5.31]) the

estimations (5.33), (£.34), (£33) and (5.36) can be further bounded by (5.37). The
proof of (B.37)) reduces to the proof of Theorem [I0l given in Appendix[D] where we have
to take for (%)50 (%)61 and (%)52 the estimations (5.19), (5:20) and (5.21]) with both
their A- and Q-dependence. Independent of the factor (£.30), the non-planarity of the
graph guarantees the irrelevance of the corresponding function so that the integration
according to Definition [[2] agrees with the procedure of Theorem [0l The dependence
on %, % through (B.30) is preserved in its structure, because for w > 0 we have

R gn © m b gn © m—+1\? 1 C M1y b
——F < - < '
/A A A [(9/\’2] - /A N A""Ob<2(9A’2> = wit2b chb<29A2> (5.38a)
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for m+1 < 20A? and

/Aod_Alipa[m]</Ao dA/QC <m+1>b+/\/m;51dj\’gc <m+1>a

L N AT LgAar] < B A A P\ 9gA2 N A A T\ 99N

1 C a<m+1>a (w+2a)Cy—(w+2b)C, C ]

~ wt2a A¥ 202 (w+2a)(w+2b) (m2_;1)5
(5.38b)

for m+1 > 20A*. For (w+2b)C, > (w+2a)Cy, we can omit the last term in the second

line of (£.38h), and for (w+2b)C, < (w+2a)C, we estimate it by (WH%S(ZJE‘;;;%)C“

times the first term. Taking a polynomial in In ﬁ into account, the spirit of (5.3])) is
unchanged due to (L27).

The proof given in Appendix [D] uses the bounds (5.19) and (5.20) of the propagator,
which does not add factors iz. Since two legs of the subgraph(s) are contracted, the
total a-degree of (B.30) becomes 4V — N — 2, which due to (531]) can be regarded as
degree 4V — N, too.

Al The proof of (5.36]) is essentially a repetition of the proof of (5.37) (and thus of the proof
of Theorem [I0]), with particular care when contracting trajectories on the distinguished
boundary component. The verification of the exponents of (§A?), & and In AA—R in (5.36])
is identical to the proof of (5.37). We can thus restrict ourselves in verifying the a, b-

degrees of the factor (5.30).

We first consider the contraction of two smaller graphs v; (left subgraph) and 7, (right
subgraph) to the total graph .

1. We first assume additionally that all indices of the contracting propagator are de-
termined (this is the case for Vi*4+Vy = V¢ and 11415 = 1), e.g.

L I el —— N ok (5.39)

As a subgraph of an 1PI planar graph, at most one side ml or myl; (mk; or myk) of
the contracting propagator Qm muy, (Qmymk k) can belong to a trajectory in 7.

—_
In the left graph of (5.39) let us assume that the side ml connects two trajectories
e — —

ifm|m € T} and lo[l] € T to a new trajectory i[m]o[l] € T'. The proof for the small-
A degree a = 4V — N in (530) is immediate, because the contraction reduces the
number of external legs by 2 and we are free to estimate the contracting propagator
by its global maximisation (5.19). Concerning Marge—A degree b, there is nothing

—— — —
to prove if already (i[m]m) + (lo[l]) > 4. For (i[m]m) + (lo[l]) < 4 we use the refined
estimation (5.22)) for the contracting propagator, which gives a relative factor M 2 {tm)

compared with (5.19), where M = max (”";gj{’j L ”g”gj\;“l). Now, the result follows
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from (5.29)). Because of (ijm|m) + (lo[l]) < 4, the indices m", (" from the propagator
can be estimated by i[m]” and o[l]". If the resulting jump leads to 3 (i[m]o[l]) > 2,
we use (5.31]) to reduce it to 2. In this way we can guarantee that the b-degree does
not exceed the a-degree. Alternatively, if <17>TL> > 5 we can avoid a huge (i[m]o[l]) by
estimating the contracting propagator via (5.23) instead of22 (5.22)), because a single

propagator |Qum,.,:| is clearly smaller than the entire sum over ||m —I[[; > 5.

_ _
If i[m]o[l] € T”, then the sum over o[l] with (ijm]o[l]) > 5 can be estimated by the
combined sum

_— s —
— over a finite number of combinations of m, [ with max((ijm|m), (ml), (lo[l])) < 4,
which via (M) and the induction hypotheses relative to T},T5 contributes a

1" i T T T
factor M (miel) ¢ o (5.36), where M = max <°[2]9AJ§1, ‘[ZgAﬁl, éeﬁv ”;J}). We use

(53T) to reduce the b-degree from 3 (i[m]oll]) to 2.

—_
— over m via the induction hypothesis relative to i[m|m € T, combined with the
usual maximisation (5.19) of the contracting propagator and an estimation of 7,

—
where lo[l] ¢ T3, T3,
— over [ for fixed m = i[m], via (5.23), taking 1[ |m ¢ Ty, T] and lo[ | ¢ 15, T5.
— over ofl] for fixed m and [, with i|m] ~ m ~ [, via the induction hypothesis relative
— _
to lo[l] € T3, the bound (5I9]) of the propagator and i[m|m ¢ Ty, T7.

A summation over i[m| with given o[l] is analogous.

In conclusion, we have proven that the integrand for the graph ~ is bounded by
(E34]). Since we are dealing with a N > 6-point function, the total A-exponent is
negative. Using (IBBE) we thus obtain the same bound (IBBH) after integration from

Ao down to A. If m1l1 €T or mlll € T" we get (B.36) directly from (5.:22) or (5.23).
The discussion of the right graph in (5.39) is similar, showing that the integrand is

bounded by (5.36]). As long as the integrand is irrelevant (i.e. the total A-exponent
is negative), we get (5.30) after A-integration, too. However, v might have two legs

only with (i(m)m) + (lo(l)) < 2. In this case the integrand is marginal or relevant,
but according to Definition [[24] we nonetheless integrate from Ag down to A. We
have to take into account that the cut-off propagator at the scale A vanishes for
A% > ||lmym; k1k||o /0. Assuming two relevant two-leg subgraphs ;1,72 bounded by
OA”? times a polynomial in In % each, we have

A /
O dA / / /
e \@mlmklkmw [A] A2 (A
A
[[mim;ki1k| /0 dA/

< Q S OA P I A/}

Ar

In this case there is an additional factor & in (5:20) compared with (5.I9). It is plausible that this
is due to the summation, which we do not need here. However, I do not prove a corresponding formula
without summation. In order to be on a safe side, one could replace € in the final estimation (6.58) by
Q2. Since Q is finite anyway, there is no change of the final result. I therefore ignore the discrepancy in

1

Q-
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2.

[d3.

Co ool ((lmumskikllo ) 2
Co mym; kik oA
< Z0(9A2) p? [—’}PW 2[—} . 4
< o AP =5 Agr (5.40)
Here, I have inserted the estimation (5.19) for the propagator, restricted to its sup-
& =1In, /7= +In AA—R and estimated

(Iny/732)" < czpz. Thus, the small-A degree a of the total graph is increased by
2 over the sum of the small-A degrees of the subgraphs (taken = 0 here), in agree-
ment with (5.36). The estimation for the logarithm is not necessary for the large-A
degree b in (B.30). Using (531]) we could reduce that degree to b = 0. I would like
to underline that the integration of 1PR graphs is one of the sources for the factor
(530) in the power-counting theorem. Taking the factors (5.30) in the bounds for
the subgraphs ~; into account, the formula modifies accordingly. We confirm (5.36])
in any case.

port. In the logarithm I have expanded In

It is clear that all other possibilities with determined propagator indices as discussed
in Appendix [D.] are treated similarly.

Next, let one index of the contracting propagator be an undetermined summation
index, e.g.
aml I al _
N n k f
4 g (5_41)
o
>Jn ....... >J klv l1
A

Let i[k]o[n] € T. Then, k is determined by the external indices of 5. There is
nothing to prove for (W{:) > 4. For <1[l€7{>;> < 4 we partitionate the sum over n
into (rﬁ%} < 4, where each term yields the integrand (5.36]) as before in the case
of determined indices (5.39), and the sum over <7ﬁ;> > 5, which yields the desired
factor in (B.30) via (5.23) and the similarity k = i[k] of indices. As a subgraph of a
planar graph, m # o[n] in 71, so that a possible kj-summation can be transferred to
m. If i[k]o[n] € T" then in the same way as for (5.39) the summation splits into the

four possibilities related to the pieces no[n], kn and i[k]k, which yield the integrand

(530 via the induction hypotheses for the subgraphs and via (5.22]) or (5:23)). The
A-integration yields (5.36]) via (5.3])) if the integrand is irrelevant, whereas we have
to perform similar considerations as in (5.40) if the integrand is relevant or marginal.

The discussion of graphs with two summation indices on the contracting propagator,
such as in

5

= ol
t K f (5.42)
____________ —
—_— X .
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dl4.

[d5.

is similar. Note that the planarity requirement implies m # o[n] and [ # i[k].

Next, we look at self-contractions of the same vertex of a graph. Among the ex-
amples discussed in Section [D.2] there are only two possibilities which can appear in
subgraphs of planar graphs:

(5.43)

There is nothing to prove for the left graph in (5.43]). To verify the large-A degree b
relative to the right graph, we partitionate the sum over n into

—_— —_—
e (i[njn) < 4 and (no[n|) < 4, where each term yields (5.36]) via the induction
— —
hypothesis for the trajectories i[n|n € T} and no[n] € T of the subgraph (in the
same way as for the examples with determined propagator indices),
—_— —_— —_
e (i[njn) <4 and (no[n]) > 5, for which the induction hypothesis for i[n]n ¢ T}, T}
_
and no[n| € T7, together with i[n] ~ n, gives a contribution of 2 to the b-degree
in (5.30), and
— — —
e (i[nJn) > 5, which via the induction hypothesis for i[n]n € T and no[n| ¢ 11,7}
gives a contribution of 2 to the b-degree in (£.30).

The case i[n|o[n] € T’ is similar to discuss. At the end we always arrive at the
integrand (5.36). If it is irrelevant, the integration from Ay down to A yields (5.36))
according to (5.38). If the integrand is marginal /relevant and ~ is one-particle redu-
cible, then the indices of the propagator contracting 1PI subgraphs are of the same
order as the incoming and outgoing indices of the trajectories through the propag-
ator (otherwise the 1PI subgraphs are irrelevant). Now, a procedure similar to (5.40)
yields (5.36]) after integration from Ay down to A, too. If v is 1PI and marginal or
relevant, it is actually of the type [H3] of Definition I2] and will be discussed below.

Finally, there will be self-contractions of different vertices of a subgraph, such as in

(5.44)

The vertices to contract have to be situated on the same (distinguished) boundary
component, because the contraction of different boundary components increases the
genus and for contractions of other boundary components the proof is immediate.
Only the large-A degree b is questionable.

R —
Let i[m]o[l] € T, with i[m| # o[l] due to planarity. According to (D.4T), m is
regarded as a summation index. As before we split that sum over m into a piece
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—
with (i[m|m) < 4, which yields the b-degree of the integrand (5.36]) term by term via
_
the induction hypothesis relative to i[m|m,lo[l] € Ty and (5.22)) for the contracting

—_
propagator, and a piece with (ifm]m) > 5, which gives (5.30) via the induction
— — e —
hypothesis relative to i[m|m € T] and lo[l] ¢ T1,T]. If i[m]o[l] € T" the sum over
—
o[l] with i[m]o[l] > 5 is estimated by a finite number of combinations of m,[ with
_— T
max((i[m|m), (ml), (lo[l])) < 4, which yields the integrand (53] via the induction
hypothesis for 77 and (5.22), and the sum over index combinations

—

o (ifm]m) <4, (ml) <4, (lo[l]) > 5
. <@>s4, (ml) > 5
e (ijmm) >5

which is controlled by the induction hypothesis relative to 77 or (B.23]), together with
the similarity of trajectory indices at those parts where the jumps is bounded by
s

4. The case where i[k]m; € T or i[k]m; € T" is easier to treat. We thus arrive in
any case at the estimation (B30 for the integrand of v, which leads to the same
estimation (5.30]) for « itself according to the considerations at the end of @l4. If ~ is
of type [IH3 of Definition [I2] we will treat it below.

The discussion of all other possible self-contractions as listed in Appendix [D.3] is
similar.

This finishes the part @ of the proof of Proposition [I3]

Il Now, we consider 1PI planar 4-leg graphs ~ with constant index on each trajectory.
If the external indices are zero, we get (5.33D]) directly from Theorem [0, because the
integration direction used in the proof given in Appendix[D]agrees with Definition T2l

For non-zero external indices we decompose the difference (0.33al) according to (5.17)
on page into graphs with composite propagators (5.15al), page (G5 bounded by
(5:26) on page The composite propagators appear on one of the trajectories of 7,
and as such already on the trajectory of a sequence of subgraphs of v, starting with
some minimal subgraph ~y. The composite propagator is the contracting propagator
for 79. Now, the integrand of the minimal subgraph ~, with composite propagator
is bounded by a factor C’g% times the integrand of the would-be graph v, with
ordinary propagator, where m is the index at the trajectory under consideration. If
Yo is irrelevant, the factor Cg% of the integrand survives according to (5.38) to the
subgraph 7, itself. Otherwise, if vy is relevant or marginal, it is decomposed according
to [[H3] of Definition Here, the last lines of (B.7)—(5.I0) are independent of the
external index m so that in the difference relative to the composite propagator these
last lines of (5.0)—(5.10) cancel identically. There remains the first part of (5.7)—(5.10I),
which is integrated from Ay downward and which is irrelevant by induction. Thus,
(538) applies in this case, too, saving the factor C’g% to 7o in any case. This factor
thus appears in the integrand of the subgraph of v next larger than 7. By iteration
of the procedure we obtain the additional factor C’é% in the integrand of the total
graph v with composite propagators, the A-degree of which being thus reduced by 2
compared with the original graph ~. Since ~ itself is a marginal graph according to
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the general power-counting behaviour (5.37), the graph with composite propagator is
irrelevant and according to Definition [[2l] to be integrated from Ay down to A. This

explains (£.33al).

Similarly, we conclude from the proof of (5.3€]) that the integrands of graphs v according
to Definition [23 are marginal. In particular, we immediately confirm (5.35h]). For
non-zero external indices we decompose the difference (B.35al) according to (E.J) into
graphs either with composite propagators (.15al) bounded by (526]) or with composite
propagators (0.15d)/(5.15d) bounded by (5.:28)). In such a graph there are—apart from
usual propagators with bound (5.19) / (5.20)—two propagators with a'+a? = 1 in (5.22))
and a composite propagator with bound (5.26]), or one propagator with a' + a? = 1
in (522)) and one 1composite propagator with bound (5:28). In both cases we get a
|matn 3t

2
m2 n2 Hoo

total factor S 7'v) compared with a general planar two-point graph (5.37). The
detailed discussion of the subgraphs is similar as under [Il

Finally, we have to discuss graphs 7 according to Definition M22l We first consider
the case that v has constant index on each trajectory. It is then clear from the proof
of (B.37) that (in particular) at vanishing indices the graph -+ is relevant, which is
expressed by (5.34D]). Next, the difference (5.34d) of graphs can as in (5.17) be written
as a sum of graphs with one composite propagator (B.I5al), the bound of which is given
by (20]). After the treatment of subgraphs as described under [Il the integrand of
each term in the linear combination is marginal. According to Definition we have
to integrate these terms from A up to A which according to the general procedure of
Definition/Lemma [T leads to (5.34d). Finally, according to (E.3]) and (E.4)), the linear
combination constituting the lhs of (£.34al) results in a linear combination of graphs

with either one propagator (5.15b]) with bound (E:27)), or with two propagators (5.15al)
with bound (5.26). A similar discussion as under [ then leads to (5.34al).

The second case is when one index component jumps once on a trajectory and back.
According to the proof of (B.30) the integrand of « at vanishing external indices is
marginal. We regard it nevertheless as relevant using the inequality 1 < (0A?)(0A%)~
where (#A%)~! is some number kept constant in our renormalisation procedure. We
now obtain (5.34D)). Similarly, the integrand relative to the difference (5.34d) would
be irrelevant, but is considered as marginal via the same trick. Finally, the linear
combination constituting the lhs of (5.34a)) is according to (E.3) and (E.6)-(E9) a
linear combination of graphs having either two propagators with a' 4+ a? = 1 in (5.22))
and a composite propagator with bound (5.26]), or one propagator with a' +a? =1 in
(5:22)) and one composite propagator (5.15d)/(5.15d) with bound (5.28)). The discussion
as before would lead to an increased large-A degrees Py¥ " instead of PV~ in (5.34a)),
which can be reduced to PV~ according to (5.31).

This finishes the proof of Proposition [I3 U

It is now important to realise that the estimations (B.33])—(5.37) of Proposition I3 do

not make any reference to the initial scale Ag. Therefore, the estimations (5.33)—(5.37),
which give finite bounds for the interaction coefficients with finite external indices, also
hold in the limit Ay — oo [KKS92]. This is the renormalisation of the duality-covariant
noncommutative ¢*-model.
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In numerical computations the limit Ag — oo is difficult to realise. Taking instead a
large but finite Ag, it is then important to estimate the error and the rate of convergence
as Ag approaches co. This type of estimations is the subject of the next section.

I finish this section with a remark on the freedom of normalisation conditions. One
of the most important steps in the proof is the integration procedure for the matrix
Polchinski equation given in Definition [[2] For presentational reasons I have chosen the
smallest possible set of graphs to be integrated from Ag upward. This can easily be
generalised. We could admit in (57) any planar 1PI four-point graphs for which the
incoming index of each trajectory is equal to the outgoing index on that trajectory, but
with arbitrary jump along the trajectory. There is io\change of the estimation (5.33al),
because (according to Proposition [[3{4]) A’ %A(X{ﬁ’?ﬁ’?ﬂ R [A’] is already irrelevant

m2 n2n2 k21K2 12972 2
for these graphs, so is the difference in braces in (5.1). Moreover, integrating such an

irrelevant graph according to the last line of (5.7)) from Ag upward we obtain a bound
(AT;;)PW*Q [In ﬁ], which agrees with (5.33D)), because A%0 is finite. Similarly, we can
relax the conditions on the jump along the trajectory in (5.8)—(5.10). We would then
define the py[A, Ag, p°]-functions in (5.12) for that enlarged set of graphs 7.

In a second generalisation we could admit one-particle reducible graphs in IH3] of
Definition [I2] and even non-planar graphs with the same condition on the external indices
as in [[H3] of Definition [2l Since there is no difference in the power-counting behaviour
between non-planar graphs and planar graphs with large jump, the discussion is as before.
However, the convergence theorem developed in the next section cannot be adapted in an
easy way to normalisation conditions involving non-planar graphs.

In summary, the proposed generalisations constitute different normalisation conditions
of the same duality-covariant ¢*-model. Passing from one normalisation to another one
is a finite re-normalisation. The invariant characterisation of our model is its definition
via four independent normalisation conditions for the p-functions so that at large scales
the effective action approaches (5.1]).
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6 The convergence theorem

In this section I prove the convergence of the coefficients of the effective action in the
limit Ag — oo, relative to the integration procedure given in Definition [21 This is a
stronger result than the power-counting estimation of Proposition [[3, which e.g. would
be compatible with bounded oscillations. Additionally, I identify the rate of convergence
of the interaction coefficients.

6.1 The Ay-dependence of the effective action

We have to control the Ag-dependence which enters the effective action via the integration
procedure of Definition [[21 There is an explicit dependence via the integration domain
of irrelevant graphs and an implicit dependence through the normalisation (5.14]), which
requires a carefully adapted Ag-dependence of p?. For fixed A = Ag but variable Ag we
consider the identity

/ / " " dA d
L[¢7 AR7A07pO[AOH - L[¢7AR7AOapO[AOH = / A - (AOdA [¢7 ARuA())pO[AOH)
" 0 0

Mo dA, OL[p, AR, Ao, p° pS OL[¢, A, Ao, p°]
- /3 Ao (AO O\, ZA dAO dp" ) ‘ (6.1)

a

The model is defined by fixing the boundary condition for p, at Ag, i.e. by keeping
pv[AR, Ao, p°] = constant:

8pb[AR AO pr AR AO ] dp

0 = dpy[Ar, Mo, p°] = 0P dA 20 P 1 8P g 6.2
po[AR; Ao, ] oA, o+z o0 a0 (6.2)
Assuming that we can invert the matrix M%wa, which is possible in perturbation

theory, we get

dpy 24: Opa  Ops[Ar, Ao, p"] (6.3)
apb [AR7 A07 PO] aA/\O . .

Inserting ([6.3) into (6.1]) we obtain

/ / " " Ao dA
L[¢7AR,A07PO[A0H — Lo, AR7A07PO[A0H = //, AOO R[¢, AR, Ao, p [AOH ) (6.4)
with
OLI$, A, Ao, ')
A, Ay, 0°] = A L
R[¢7 , 1\0, P ] 0 8/\0
4
A, Ay, p° AA
. Z [¢7 Oap] apa Agapb[ 05 ] (65)
o0 dpu[A, Ao, p°] I
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Following [Pol84] we differentiate (6.5) with respect to A:

OR o 1 0L ~ 0, OL\OR, Ipy
N Aoa_/y)(Aa_Q N Z aTg(AaTQ op 09,

4
OL Op, dpp\ Op2 \ pa oL 9" Opy
A <A A ASPY (6.6
ab;l aﬂbaﬂ< 3/\)3,% “0Ao Z ' 0pl Opy OaAo( 8A> (6.6)

I have omitted the dependencies for simplicity and made use of the fact that the derivatives
with respect to A, Ag, p° commute. Using [T5), with V; = (276)?, we compute the terms
on the rhs of (6.6):

(e
0
= m;” ! aA"m u:(4) (2‘%[%/;:207’) | aZM (Ao aiOL[cb,A,Ao,po])
N (27:6)2 [8¢m(228¢kl (AU aiOL 14,4, Ao, po])] ¢)
= M[LA gALO} (6.7)
Similarly, we have
aig <A8L[¢’ QJ’\AO”OOU - M[L, g—é} . (6.8)

For (6.6]) we also need the function AOB%O(A%), which is obtained from (6.7)) by first
expanding L on the lhs according to ([AL.51]) and by further choosing the indices at the A-
coefficients according to (5.12). Applying these operations to the rhs of ([6.7]), we obtain
for U — Aoaa—ALo or U — gTLO the expansions

Z Z N' m1n1 ----- mNnN[L U]¢m1n1' ‘QmenN (6.9)

N=2m;,n;EN2

and the projections

ML U = > MylLU], (6.10a)
~ as in Def. [[2I2] 00700

MyLU = > (M 0:[L,U] = Mo 0[L,U]) (6.10b)
'yasinDef. 00’00 00’00

Ms[M, U] == Y (=M, [LTU]), (6.10c)
~ as in Def. [[213] 00700

M4[L, U} = Z Mgo.oo_oo OO[L, U] . (610d)

00’00’0000

~ as in Def.
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Since the graphs « in (G.I0) are one-particle irreducible, only the third line of (6.1) can
contributd® to M,. Using (6.7), (6.8) and (6.10) as well as the linearity of M[L, U] in the
second argument we can rewrite (6.0) as

4

Ag—f = M|L,R] — 2 gfiMa[L,R] , (6.11)
where the function
a—L[A, Ao, p°] = 24: OLIA Ao, 7] 01, (6.12)
0pa —  Opy  Opa[A Do, p]
scales according to
4
Nax(g0) = Mle ] - X gl ] (613

as a similar calculation shows.
Next, we also expand (6.5) and (6.12]) as power series in the coupling constant:

oL IS 27r9 sz 2
%[Qﬁ,/\, AO’pO] = Z )‘V Z Z Hsml‘;b)l ..... IMNTN [Aa A07100]¢m1n1 e ¢mNnN )
a V=0 N=2 mi,m;
(6.14)
00 2V +2 (271'8)1;] _9
R[‘b?AaAU?pO] = Z )‘V Z RN Z Rm1n1 ,,,,, IMNTN [A AO? ]¢m1n1 T (menN .
V=1 N=2 mi,n;
(6.15)

The differential equations (6.13) and (6.11]) can now with (6.9) and (6.10) be written as

AaHa V)

AL smN N [

_ Vi) a(V—11)
- { Z Z Z Qrmik (A) Agmlm 7mN171nN171§mn[A]Hlen1\fll;-~~§mNnN;kl[A]
N

1=2V1=1mymn,k,l

N 1
+ <(N1—1> - 1) permutations } - Z EQnm;lk(A)Hm(l‘;)l 7777 skl (A
1 a(V1
- Z Hrlrzlvrle,‘./.'l.,mNnN [A]{ - 5 Z Qnm;lk(A)Hg(g;lg) ;

d 1 a(V; a(V;
- Z Ho msen [A]{ Z Qi (A )(H (8 18)(1);mn;kl[A] —H g(g 13)3 mn; kl[A])}
[

mnkl

Def. 22

261f one-particle reducible graphs are included in the normalisation conditions as discussed at the end
of Section 54 also the second line of (G.7) must be taken into account.
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E 3(V-11) - E
Hmlnl, ymNnN { o Q"m lk (1) (1)78 87mn,kl [A] }

mnkl [Def. 23]
4(V-11) a(V1)
Z Hmlnl, l,mNnN { -5 Z Qnm lk: H887 8 gg;gg;mmkl ]} s (616)
Vi=1 mnkl [Def. [T2]
a (v 0
AaAle)n1 mNnN[A7A07p ]
N V-1
— 1% (V=V1)
- { Z Z Z Q”m?lk( A£n117)11 le—lan—ﬁmn[A]RlenlNl;...;mNnN;kl[A]
N1=2Vi=1m,n,k,l
N
- 1) tati - A
+ <(N1—1> permutations } mzn%l Qumsir (A mml, ——.
1
Y ] - Y QR Mw}
2 007007
v1 1 m,n,k,l [Def. I212]
- Z anKlLVl,mNnN {__ Z Qnm lk ( (lvol)o Lmmnskl [A] R(OV(} 00, skl [A]) }
0070 0" 0070 03"
Vi=1 m,n,k,l [Def. 22
1
3(V-11) . (V1)
+ Z Hmlnly 1ymz\mz\r [A]{ 9 Z Q"m5lk(A)Réé;88;mn;kl[ ]}
m,n,k,l [Def. I2B]
1
- Z Hﬁzﬁn,‘/l,m]\rn]\] [A]{ - 5 Z Qnm;lk(A)R(ovol_)o 0,00.00, . kl[A]} (617)
Vie1 — 00°00°00°00° [Det. 2]

I have used several times symmetry properties of the expansion coefficients and of the
propagator and the fact that to the 1PI projections (6.I0) only the last line of (6.9)
can contribute. By {... }ipet.ma7 I understand the restriction to H-graphs and R-graphs,
respectively, which satisfy the index criteria on the trajectories as given in Definition []
The H-graphs will be constructed later in Section[6.21 The R-graphs are in their structure
identical to the previously considered graphs for the A-functions, but have a different
meaning. See Section [6.4]

6.2 Initial data and graphs for the auxiliary functions

Next, I derive the bounds for the H-functions. Inserting (5.]) into the definition (6.12]) and
expanding it according to (6.14]) we obtain immediately the initial condition at A = Ay:

Hgl(lvT'L)l;m;mNnN [AO? A07 pO] = 5N25V05n1m25n2m1 ) (618)
H’r2rl(K1)1, MNNTN [A07 AO? po] = 5N25V0 (m%+ni+m%+n§)5nlm2 6n2m1 ) (619)
HS’%(EL)L IMNTN [AOv A07 po] (620)

= _5N25V0(( n1m15 1m%+1(5n%+17m% + n2m25 L m} 10, 1 1m1)5 2. 20 2

ny,mj n2,m1

+ ( n1m16n2 m3+ 15n§+1 m?2 + n2m25n2 m3— 16 1m1>5n%,m%5n%,m ) ) (621)
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1
HAW) [Ao, Ao, p°] = Sna0"° (_(5mm2(5n2m3(5n3m45n4m1 + 5 permutations ) . (6.22)

mini;..;MNNN 6

I first compute Hgf?%l;m;mm [A] for a € {1,2,3}. Since there is no 6-point function at

order 0 in V, the differential equation (G.I6]) reduces to

angL(lc)%l ooy M4ATUY [A]
OA

3
= Z Z C;)n i H’fl;l(?’all;...;mzlnzl [A] <Qnm;”€(A)H:;L(/(:l)’;k’l’;mn;kl [A]) ’ (623)

b=1 m,n,k,lm’ n' k'l

A

for certain matrices C}" ™5 The solution is due to (5.5) given by

He©) [A] = HeO) [A]

MINT;...;MaNg MANT;...5M4AN4

3
m/'n’; k'l a(0
+ Z Z C'b e Hfrg?zzl;...;numl [AO] (Afm;lk (A) - A7IL(rr1,;ll<: (AO))Hm(’g’;k’l’;mn;kl [AO]

b=1 m,n,k,lm’ n k'l

3
m/n";k'l 176(0
+ Z Z Cb anglzzl;...;m4n4 [AO]

b=1 m,n,k,lm’ n k'l

3

% ((Afm,lk(A) o Afm,lk(AU)) Z Z Cl:’nmn/”;kwlmH:;g)l??k/l/?mmkl [AO]>

b/:1 m//’n// ’k//7l//7m/// ’/n////7k7/// 7l///

X ( (Ag/mll;lllk// (A) - AT[L(//mII;ll/k// (AO)) H;],:L(l?l)n//l;kl//l///;mlln//;kllll/ [A0]>

T (6.24)
With the initial conditions (G.I8)—(G.2I]) we get
H,‘;(IOT)“;_.;WM [A,Ag,p°) =0 forae{1,2,3}. (6.25)

Inserting ([6:25]) into (G.I6]) we see that Hﬁflor)mmwz for a € {1,2,3} and Hﬂ%l;,,,;mm are
constant, which means that the relations (6.I8)—([6.22)) hold actually at any value A and
not only at A = A,.

We need a graphical notation for the H-functions. I represent the base functions

(EIR)-([6.22), valid for any A, as follows:

1 2
1(0) S A
H Vo0 [A] = <ga ~ (6.26)
m2 n2n2 m2 m m
777.2 m2
77.1 77.1
2 2
2(0) S
Hov g (A= 7o @i (6.27)
m2 n2n2 m2 m, m
m m
nlgl 31 n;
3(0) I NP
Ho g o (A= 72 - (6.28)
m n2 'n2 m?2 m ng m2
m m
[R2
Aw L
DA
7740 Al = 1 e 5 tati 6.99
mlnl nlgl gl g1 ml[ ] = 6 m2 B8 2 + o permutations . ( . )
m2 n21n2 K252 12512 )n2
Lm0y
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The special vertices stand for some sort of hole into which we can insert planar two- or
four-point functions at vanishing external indices. However, the graph remains connected
at these holes, in particular, there is index conservation at the hole co and a jump by (1)

or 2 at the hole .

By repeated contraction with A-graphs and self-contractions we build out of (6.26])—
(629) more complicated graphs with holes. For instance, there is a planar and a non-
planar self-contraction of (6.29):

s
A A m1 2 »'4
Z (0) '
an lem1n1,m2n2,mn Kkl + Py
1_ T

m,n,k,l

4n mé\\¥

7 (6.30)

These contractions correspond (with a factor —3) to last term in the third line of (G.I6).
We also have to subtract (again up to the factor —3) the fourth to last lines of (G.IG).
For instance, the fourth line amounts to insert the planar graphs of (6.30) with m; =
ny =mse =ng = 8 into (6:26). The total contribution corresponding to the first graph in

. 1 1
630), with my =ny =7, and ny = my = 75, reads

() o)
208, N T N

mt 2 - m
" ya 1 m?2 " /,".. L m
n . SomT Ty
ORI SN
1 h ? 0 ? 1 2 0 9 0 9
R 1 J— 0 —_ = 0 — 0
m 0 \\w 0\ o 3m 1\ /3 0\
1 1 1 1
"2 . m! i ©™  m! m,o w. om! -
m2 | m2 m2 L m2 m2 L m2 m2 L m2
| Y B Y T £
ORI SRS SNOSEN SROREN

_ (6.31)

The second graph in the first line of (6.31)) corresponds to the fourth line of (€.16]). The
second line of (6.3T]) represents the fifth line of (€10]), undoing the symmetry properties
of the upper and lower component used in (6.I6]). The difference of graphs corresponding
to the Z; component vanishes, because the value of the graph is independent of Z; There
is no planar contribution from the last two lines of (6.16). In total, we get the projection
(521) to the irrelevant part of the graph. The same procedure leads to the irrelevant part
of the second graph in ([6.30]).

With these considerations, the differential equation (6.16]) takes for N =2 and a = 4
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the form
0 1
Aa_AH'?n(lOT?Ll;anQ [A] = _65n1m25n2m1 < Z Q'Ezll)l;lnl (A) + Z lelg)l,lng (A)>
leN2 leN2
1
- nglm;mznz (A) : (6'32)

The first line comes from the planar graphs in (6.30) and the subtraction terms according
to (6.31]), whereas the second line of (6.32) is obtained from the last (non-planar) graph

in (630). Using the initial condition ([6.22)) at A = Ag, the bounds (5.19) and (5.27)

combined with the volume factor (C20A?)? for the [-summation we get

C
(5n1m26n2m1 + —O 5n1m25n2m1 . (633)

C (% + lmll%)
HO) A]| < > =
| [A]l Q0A2

miniiman2 — QQAQ

It is extremely important here that the irrelevant projection le?ln and not the propagator
Qniyn itself appears in the first line of (6.32)).

6.3 The power-counting behaviour of the auxiliary functions

The example suggests that similar cancellations of relevant and marginal parts appear in
general, too. Thus, we expect all H-functions to be irrelevant. This is indeed the case:

Proposition 14 Let v be a ribbon graph with holes having N external legs, V wertices,
Ve external vertices and segmentation index ¢, which is drawn on a genus-g Riemann
surface with B boundary components. Then, the contribution H%KJ”?,?N‘%L of v to the
expansion coefficient of the auziliary function of a duality-covariant ¢*-theory on R} in

the matriz base is bounded as follows:

1. For ~ according to Definition [I2[1 we have

Z F7a(V:V 1000y [A, Ao, po

mlnl nl gl g1l ,ll ml
v as in Def. [121I]

m2 n2;n2 k2;k2 12712 m2

2\ =01 S4y 249604
< (0A%) 7 PYAE

minl ikl B0 1 md . @ e
m2 n2 ; n2 Zg ) Zz 52; ;2 m2 <l>3V1+5 iy P2v_1+6a4 |:1Il £i|
e Q A’

(6.34)

where all vertices on the trajectories contribute to V°.

2. For v according to Definition [12I12 we have

Z H(rln(lv;‘,{e;lfo’ow [A7 A07 pO]

1

m

2 12502 m2

~vasinDef. @ ™ " nfm

|:m1n1. nl mt

M] (l>3v+5a4_ve P2V+5“4[1n A] , (6.35)

< 2\ 1-0' 54y 49504 N
<(M) B 7ol An

2— 6y (2001 4692)

where all vertices on the trajectories contribute to V°.
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3. For ~ according to Definition we have

a(V,V¢,1,0,0
Z H7n(1+1 n1+1_,,)1 [A7A07100]

1,1
. 2 2 12 ;2
~ as in Def. [2I3] m nem

n

2\ 1-0' 4y 49504
< (00 P

(6.36)

OA2 Q A_R] ’

ml4+1l nl+1 . nl m?! ad _y/e
|: m2  n? ' n? m2:| ( 1 )3V+5 v P2V+5a4 [ln A

where all vertices on the trajectories contribute to V°.

4. If v is a subgraph of an 1PI planar graph with a selected set T of trajectories on one
distinguished boundary component and a second set T" of summed trajectories on that
boundary component, we have

Z Z ‘H%XLY%?V% [A, Ao, po) |

gs gt’
< (QAQ)(2751a7%)+2(1—B)P4V+2+25a4_N |:m1n1; ...y MNNN
- (2t’+ZW€Tmin(Z,%(njo[njD)) OA2
3V—Nysed i B_Ve_qst+t/
x (é) S o P gy A] . (6.37)
R

The number of summations is now restricted by s +t' < V4.

5. If v is a non-planar graph or a graph with N > 4 external legs, we have

D TR A Ao ol

é‘s
2§01 Ny 12(1-B-2 ad_pn | Ming; .o yman
< (0/\2)( 2 )12( Q)PSW+2+254 N | Tt . NN
OA
V- 15041 B1og—Ve—i+s
% (%) 2 FOT B * P2V+1+6“47%[1n A} (6.38)
R

The number of summations is now restricted by s < Ve+ui.

Proof. The Proposition will be proven by induction upward in the number V' of vertices
and for given V' downward in the number N of external legs.

Bl Taking (5.31)) into account, the estimations ([6.34))—([6.37)) are further bound by (6.38).
In particular, the inequality (6.38) correctly reproduces the bounds for V' = 0 derived
in Section [6.2l By comparison with (5.37), the estimation (6.38)) follows immedi-
ately for the H-linear parts on the rhs of (6.16) which contribute to the integrand
of H%KLYE%%VL%N [A]. Since planar two- and four-point functions are preliminarily ex-
cluded, the A-integration (from Ay down to A) confirms (6.38)) for those contributions
which arise from H-linear terms on the rhs of (6.16]) that are non-planar or have N > 4
external legs.

We now consider in the H-bilinear part on the rhs of (6.I6) the contributions of non-
planar graphs or graphs with N > 4 external legs. We start with the fourth line in
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([E14), with the first term being a non-planar H-function which (apart from the number
of vertices and the hole label a) has the same topological data as the total H-graph
to estimate. From the induction hypothesis it is clear that the term in braces { } is
bounded by the planar unsummed version (B; = 1,91 = 0,4, = 0,57 = 0) of (6.37),
with Ny =2 and T'=T" = (), and with a reduction of the degree of the polynomial in
In AA by 1:

R

1 1%
_ 1 e (A H ) }
‘{ 9 Z Qnmsin (A) 0000 mnskl Det. 22

m,n,k,l
< (9[\2)(1_6&1) <l>3V1+6a4_V16 P2V171+6a4 |:ln £i| (6 39&)
- Q Apl’ '
1(V-V1,VE,B,g
Z |Hm(1n1;---;mzvn1vg )[AH
gs
< (9A2)(1—%)+2(1—B—2g)P4(V—V1)+2—N [mlnl; cee ;mNnN]
= 0
OA\2
V-V1)—~ 4 B4+2g-Ve—its
x (é)S( A PQW*V”“*%[ln A} : (6.39b)
R

We can ignore the term P[], see (5.30), in (6.39al) because the external indices of that
part are zero. In the first step we exclude a = 4 so that the sum over V; in (6.10]) starts
due to (6I8)-E2I) at V3 = 1. For V; = V there is a contribution to (6.39b]) with
N = 2 only, where (639al) can be regarded as known by induction. Since the factor
()" can safely be absorbed in the polynomial P[ln &], the product of (6.39al) and
(6.39h) confirms the bound (6.38)) for the integrand under consideration, preliminarily
for a # 4. In the next step we repeat the argumentation for a = 4, where (6.390), with
Vi =0, is known from the first step.

Second, we consider the fifth line in (6.I6]). The difference of functions in braces { }
involves graphs with constant index along the trajectories. We have seen in Section
that such a difference can be written as a sum of graphs each having a composite
propagator (5.20]) at a trajectory. As such the (#A?)-degree of the part in braces { } is
reduced® by 1 compared with planar analogues of (638)) for N = 2. The difference of
functions in braces { } involves also graphs where the index along one of the trajectories
jumps once by [1) or (1) and back. For these graphs we conclude from (5:22) (and the fact
that the maximal index along the trajectory is 2) that the (#A?)-degree of the part in
braces { } is also reduced by 1:

1
'{ QmZn%lQ Jk‘( ) ég;gé;mn?kl[ ] 88;88;mn;kl[ ] [Def.m
< 1\ 3Va+694(1-V¢) ol A
< (0A2)( 5 1)(@) 1 Y pavi-14 [ln A_R] , (6.40a)

ZTThe origin of the reduction is the term P2[ ] introduced in (5.30), with b = 1 in presence of a
composite propagator (5.20]). The argument in the brackets of PJ'[ | is the ratio of the maximal external
index to the reference scale #A2. Since the maximal index along the trajectory is 1, we can globally
estimate in this case P[] by a constant times (§A%)~1.
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mini;...;MNNN

Z |H2(V—V1,V€,B,g,L) [A] |
gs

< (QAQ)(Q—%)Jr?(I—B—?g) P4(V—V1)+2—N [mlnl; . §mNnN}
= 0
OA?
V-V1)— Y414 B+2g-Ve—its
y (é>3( 1)— S +1+B+2g + P2(V—V1)+1—g]|:1n£:| ‘ (6.40D)
R

Again we have to exclude a = 4 in the first step, which then confirms the bound (6.38])
for the integrand under consideration. In the second step we repeat the argumentation
for a = 4.

Third, the discussion of the sixth line of (6.16]) is completely similar, because there the
index on each trajectory jumps once by (1) or (1). This leads again to a reduction by 1
of the (A?)-degree of the part in braces { } compared with planar analogues of (6.35))
for N = 2.

Finally, the part in braces in the last line of (6.10) can be estimated by a planar N = 4
version of (6.38)), again with a reduction by 1 of the degree of P[ln ﬁ]

! a(Vi)
'{ ) Z Qnm;lk(A)Hoo,o8;38;88%mn;kl[A]}[De£m

m,n,k,l oo

get /1N 3Vi—Ll+smove aa[ A
< (gA2)" (_) P22+ [1 _] 6.41
< ( ) 9 HAR s ( a)
> I HA A
gs
- (91\2)(2_%”2(1_3_29) Pé(v_v1)+4—N[m1n1; QA,QmNnN]

3(V=V1)=N 414+ B4+2g—Ve—its
y (l) (V=Vi)=5+1+B+2g + Pz(v-%)ﬂ—%[ln A] ) (6.41Db)
0 Ar

We confirm again the bound (6.38) for the integrand under consideration.

Since the total H-graph is by assumption non-planar or has N > 4 external legs, the
integrand (6.38)) is irrelevant so that their integration from Ag down to A (and use of
the initial conditions (6.I18)-(6.22])) yields the same bound (6.38]) for the graph, too.

Al According to Section [6.2) the inequality (637 is correct for V' = 0. By comparison
with (5.36]), the estimation (637]) follows immediately for the H-linear parts on the
rhs of (6I0) which contribute to the integrand of Hion. 29 [A]. Excluding planar
two- and four-point functions with constant index on the trajectory or with limited
jump according to [[H3] of Definition [[2] the A-integration confirms (6.37) for those
contributions which arise from H-linear terms on the rhs of (6.16]) that correspond to
subgraphs of planar graphs (subject to the above restrictions). The proof of (6.31) for
the H-bilinear terms in (€.16]) is completely analogous to the non-planar case. We only
have to replace (6.39D), (6.40D) and (6.41hL) by the adapted version of (G.37). In par-
ticular, the distinguished trajectory with its subsets T, 7" of indices comes exclusively

from the (6.37)-analogues of (6.39D)), (6.40D) and (6.4ID) and not from the terms in
braces in (6.16]).
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Il We first consider a # 4. Then, according to (GI8)—(62I) we need V' > 1 in order
to have a non-vanishing contribution to (6.34]). Since according to Definition [[2/] the
index along each trajectory of the (planar) graph ~ is constant, we have

e 1 e
He(V,Ve,1,0,0)y [A] = — gev,ve,1,0,0) [A] + 5 permutations . (6.42)

M1N1;M2N2;M3N3;MAN4 - G MAT2;M2ME MM MaN]

Then, using (G.I8)—([6.22)) and the fact that v is 1PI, the differential equation (6.10)

reduces to

a a(V,V¢,1,0,0 0
Aa_A ( Z Hﬂ”b(lﬁl;ﬂib27né;7)723n3;m4n4 [Aa AOa P ]

~ as in Def. a#4

1 a ¢ L a € L
= <_E{ Z Qnm;lk (A) <Hm(x;zz;;g’?’%g);m3m4;m4n1;mn;kl [A]_HO(gjgngéf)b?;v’Bn,kl [A])}
m,n,k,l

v V-1
+5 permutations) + the 4™ to last lines of (6.16) with Z — Z : (6.43)

Vi=0 W=l

0 a(V,Ve,B,0,0) : - _

ere, the term Hg.0.00.00:mm:x [A] i the second line of (6.43) comes from the (Vi=V)-
contribution of the last line in (6.16]), together with ([6.22]). In the same way as in
Section we conclude that the second line of (6.43) can be written as a linear com-
bination of graphs having a composite propagator (5.I5al) on one of the trajectories.
As such we have to replace the bound (5.20)) relative to the contribution of an ordinary
propagator by (5.:26]). For the total graph this amounts to multiply the corresponding

estimation (6.37)) of ordinary H-graphs with N = 4 by a factor maﬁ;n il which vields

the subscript 1 of the part PV "272"[] of the integrand (634), for the time being
restricted to the second line of (6.43]). Since the resulting integrand is irrelevant, we
also obtain ([6.34]) after A-integration from Ay down to A. Clearly, this is the only
contribution for V' =1 so that (6.34]) is proven for V' =1 and a # 4.

In the second step we use this result to extend the proof to V =1 and a = 4. Now,
the differential equation (6.I6]) reduces to the second line of (6.43]), with a = 4, and
the fourth and fifth lines of (6I6) with V' =1 and V; = 0. There is no contribution
from the sixth line of (6.16) for V4 = 0, because the part in braces would be non-
planar, which is excluded in Definition [28 Inserting (6.22]) we obtain the composite
propagator (B.I5D) in the part in braces { } of the fifth line of (G.I6]). Together with
([634) for V =1 and a # 4 already proven we verify the integrand (6.34) for V =1
and a = 4. After A-integration we thus obtain (€.34]) for V =1 and any a.

This allows us to use (6.34) as induction hypothesis for the remaining contributions in
the last line of (643]). This is similar to the procedure in [5, we only have to replace
(6.39D)), (6.40D) and (6.410)) by the according parametrisation of (6.34]). We thus prove

([©34) to all orders.

We first consider a # 4. Then, according to (6I8)-(6.21)) only terms with V; > 1
contribute to (6.16). Using (6.I8)-(6.22) and the fact that v is 1PI, the differential
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equation (6.I0) reduces to

B
AT A )
~ as in Def. [22] m2n27n2 2 atd

m2 n2in2 m2imnkl 00700

=3l X Qe (g N - N
m,n,k,l

—m! (H0yo A = Hoy o UA))

0070 03mmikl 0030 o3Mmkl
g - ey
00700’ 00700’
g - )
107017 00700’
—n’ (Hg(X’XO ﬁf}g [A] - Hg(o‘{g/o if}:; [A])> } (6.44a)
01710 007003 (Def. [22]
1 a
_ Hiln(?)nl nl ml [A]{ Y Z Qnm;lk(A)Ho(oY%o_oo 00, okl ]} (644b)
m2 n2in2 m2 2mnkl 00°00°00°00° ! [Defﬂﬂ]
\%4 V-1
+ the 4™ to last lines of (6.16) with Z — : (6.44c)

V1=0 Vi=1

If the graphs have constant indices along the trajectories, we conclude in the same
way as in Appendix [E.T] that the part (6.44al) can be written as a linear combination
of graphs having either a composite propagator (5.I5D]) or two composite propagators
(5.I5al) on the trajectories. As such we have to replace the bound (5:20) relative
to the contribution of an ordinary propagator by (5.217) or twice (5.20) by (G.26)).
For the total graph this amounts to multiply the corresponding estimation (€.37) of

max(m”,n")

ordinary H-graphs with N = 2 by a factor (T)2, which yields the subscript

2 of the part PyV*2"[] of the integrand (6.35), for the time being restricted to the

part (6.44al). For graphs with index jump in Definition [[2I2] we obtain according to
Appendix [EJl the same improvement by (%2"))2. Next, the product of (6.33) with
(4T3l gives for (6.44D) the same bound (G35) for the integrand. Since the resulting
integrand is irrelevant, we also obtain ([6.33]) after A-integration. Clearly, this is the

only contribution for V' =1 so that (6.35) is proven for V =1 and a # 4.

In the second step we use this result to extend the proof to V=1 and a = 4. Now,
the differential equation (6.16]) reduces to the sum of (G.44al) and (6.44L), with a = 4,
and the fourth and fifth lines of (€16]) with V' = 1 and V; = 0. There is again no
contribution of the sixth line of (6.I6]) for V; = 0. Inserting (6.22) we obtain the
composite propagators (5.15al) in the fifth line of (6.16]), which together with (6.35]) for
V =1 and a # 4 already proven verifies the integrand (6.35) for V =1 and a = 4.
After A-integration we thus obtain (6.35) for V' =1 and any a.

This allows us to use (6.30) as induction hypothesis for the remaining contributions
([6.44d) for V > 1. This is similar to the procedure in B, we only have to replace (6.390),
(6.40D) and (6.41D]) by the according parametrisation of (6.35]). We thus prove (6.33])
to all orders.
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The proof of (6.30]) is performed along the same lines as the proof of (6.:34]) and (6.33]).

There is one factor % from (njo[n;])+(n90lns]) = 2 in (637) and a second factor

from the composite propagator (5.26) or (5.28) appearing according to Appendix [E.T]
in the (V3 = V))-contribution to (6.10]).

This finishes the proof of Proposition [I4] O

6.4 The power-counting behaviour of the Aj-varied functions

The estimations in Propositions [[3 and [[4] allow us to estimate the R-functions by integ-
rating the differential equation (6.I7). Again, the R-functions are expanded in terms of
ribbon graphs. Let us look at R-ribbon graphs of the type described in Definition T2/l

0] — 0 . )
Since  as in Def. [ AOO 00 0000 Ao, p°] = pa[A, Ao, p°], we can rewrite the expansion
00’00’00

coefficients of ([6.7]) as follows:

0
1kl gl11 il ml [A7 A07 p ]
2 k2’k2 129 12 m2

33

m
~asin Def. [0 ™

0
- AO Z (AE'IL/)’ZL nl Bl kL1l 11 ml [AvA(J?pO] - A(OVO)’ZJO.O 0.00[A7A07/00]>
00’00’0000

8A - as in Det. [0 m;né;anQ;k2l27l2m2 ;
4 :
0
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ahml pa’yasinDef. m2 n25n2 k2752 12772 ;2 00700700700
op? 0
a A A, Ao, p°] . 6.45
X Sk, Ao, OaAopb[ 0,0] (6.45)

This means that (by construction) only the (Ag, p°)-derivatives of the projection to the
irrelevant part (0.33al) of the planar four-point function contributes to R. Similarly, only
the (Ag, p°)-derivatives of the irrelevant parts (5.34al) and (5.35al) of the planar two-point
function contribute to R. According to the initial condition (B.1I), these projections and
the other functions given in Definition M2/ vanish at A = Ay independently of Ay or p2:

0
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01710 00°00 ~ as in Def. [[212]
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The Ag-derivative at A = Ay has to be considered with care:

0= A 0 AVV B,Q,L)'Y [A07A07p0]
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and similarly for (6.46al)—(6.46d)). Inserting (6.45)), (6-46), (6.47) and according formulae
into the Taylor expansion of (G.H]) we thus have
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—m? (AT YA, Ag, 0] — AT OOA,L Ag, p°))

10’01 00’00

01°'10 00°00
§ : (V.2,1,0,0)y 0
leﬂ 141l nl ml [A07 AOa P ]
~ as in Def. m?  n? In?m?

O [ (V,Ve1,00)y
- Z (Aa_A<A L1l nl ml [AuA07p0]

2
~ as in Def. [2I] n? n2m2

—nQ(A%%?O’O”[A,Ao,pOJ—AM#’“‘)”[A,Ao,pO]))) . (648b)
A=Aq

00’00

— /(1) (n 1) AV G A, Ay, p°]>) , (6.48¢)
A=Ag

RV.Ve.Bg.)y [Ao, Ao, P’

Mmini;..;MNNN

7 as in Def. [I2]4]

0 e
AL AWVVEBGOY A A 0 ' 6.45d
( A~ T mNnN[ Ao, p'] v asin Def. I2H/ ( |
In particular,
REiiemand A Ao, 0] = 0. (049

We first get (6.49) at A = Ay from (6.48al). Since the rhs of (€17 vanishes for V' =1 and
N =4, we conclude ([6.49) for any A.

Proposition 15 Let v be an R-ribbon graph having N external legs, V vertices, V¢ ex-
ternal vertices and segmentation index v, which is drawn on a genus-g Riemann surface
with B boundary components. Then, the contribution R%K{ﬁ’ﬁ;ﬂw of v to the expansion
coefficient of the Ag-varied effective action describing a duality-covariant ¢*-theory on R}

in the matrixz base is bounded as follows:

1. If v is of the type described under [IH3 of Definition[12, we have
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2. If v is a subgraph of an 1PI planar graph with a selected set T of trajectories on one
distinguished boundary component and a second set T" of summed trajectories on that
boundary component, we have

Z Z ‘R%X:,B,Snivmv [A Ao, Po”

g gt/
A? ~¥)12(1-B) ming;...;MNNN
< (55) (089 piv-N _ RS
AZ ( ) (2t’+2meTmin(2,%(nj0[nj]>)) OA2
1N\ 3V—Z—1+B+2g-Ve—its+t’ A
x (5> ’ pv-% [m A—]OJ . (6.53)

3. If v is a mon-planar graph or a graph with N > 6 external legs, we have

. A? _N _B_ v |mang; .. man
meae’%;nN[A,AO’pOH < (A_(2)> (9A2)(2 ¥)+2(1 29)P64V N|: 11 — N N}
1\3V-&—14+B+2g-Ve—i+s N Ao
- PQV‘*[I —] . (6.54
X <Q> g (6.54)

We have Rw‘{;‘,fl B’ﬁggw =0 for N >2V+2 or Z ((m;—n;) # 0.

Proof. Inserting the estimations of Proposition [3] into (€.48]) we confirm Proposition
for A = Ay, which serves as initial condition for the A-integration of ([6.I7). This entails
the polynomial in ln Ao jinstead of In 2 A, appearing in Propositions[I3land 14l Accordingly,
when using Prop081t10ns [3] and [14] as the input for (6I7), we will further bound these
estimations by replacing In f; by ln
Dueto(@)therhsof(mvan1shesforN—2V—1andf0rN—6V—2
This means that the eorrespondlng R-functions are constant in A so that the Proposi-
tion holds for R,ﬁﬁ;}’ﬂgm [A], R&ﬁ; 97112712 [A] and Rn%ﬁ{}jo ?mym [A]. Since (6I7) is a linear

differential equation, the factor 22 relative to the estimation of the A-functions of Pro-
0

position [[3] first appearing in R%;%;i’?n‘;m [A], R%’llrf 2112)712 [A] and RS,%;%;};?;},W [A], survives
to more complicated graphs, provided that none of the R-functions is relevant in A.

For graphs according to Definition [[2J] the first two lines on the rhs of (6.17) yield in
the same way as in the proof of (5.37) on page [60) the integrand ([6.54]), with the degree of
the polynomial in ln 2 lowered by 1. Since under the glven conditions an A-graph would

be irrelevant, an R—graph with the additional factor & p is relevant or marginal. Thus, the
0

A-integration of the first two lines on the rhs of (6I7) can be estimated by the integrand
and a factor P'[In & 1%, in agreement with (6.54). In the same way we verify (G.53) for the
first two lines on the rhs of (6.17).

In the remaining lines of (6.17)) we get by induction the following estimation:

wmitk (M) RYG o A} ’
H Z Qrmt (A g 'm";kl[ | [Det. 22

00’00’
m,n,k,l

< (ﬁj) (0A2) (é)gv_l_ve P2 ﬁﬂ (6.55a)
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These estimations are obtained in a similar way as (6.39al), (6.40a) and (6.41a). In par-
ticular, the improvement by (AA?)~! in (G.550) is due to the difference of graphs which
according to Section 5.2 yield a composite propagator (5.I5al). To obtain (6.55d) we have
to use (G.53) with (njo(n1)) + (ng2o(ng)) = 2, which for the graphs under consideration is
known by induction.

Multiplying (6.55]) by versions of Proposition [[4] according to m for Vi <V, we
obtain again (6.54) or (6.53), with the degree of the polynomial in In £¢ 2 lowered by 1, for
the integrand. Then, the A-integration proves (6.54) and (6.53)).

For graphs as in [[H3] of Definition [[2] one shows in the same way as in the proof of
[MH3] of Proposition [I4] that the last term in the third line of (6I7) and the (Vi = V)-
terms in the remaining lines project to the irrelevant part of these R-functions, i.e. lead

to (G.50)—(6.52). This was already clear from (6.45]). For the remaining (V; < V)-terms
in the fourth to last lines of (6I7]) we obtain (650)—(6.52) from (€55) and (634)— (IBBEI)

This finishes the proof.

6.5 Finishing the convergence and renormalisation theorem

We return now to the starting point of the entire estimation procedure—the identity (6.4]).
We put A = Ay in Proposition [[8 and perform the Ag-integration in (6.4)):

Theorem 16 The ¢*-model on Ry is (order by order in the coupling constant) renormal-
isable in the matriz base by adjusting the coefficients p2[Ao] defined in (5.13) and (512)
of the initial interaction [51)) to give (5.14) and by integrating the the Polchinski equation
according to De(ﬁmtwn [72.

The limit Ay 250, AR, 00] i= limay o A%Zl,ﬁﬂz}w [Ar, Ao, p°[Ao]] of the expan-

-----

sion coefficients of the effective action L[p, Ar, Mo, p°[Ao]], see [{.51), exists and satisfies
’(27T9)772A V,Ve B,g,) [AR7 ] (27_(0)—7214 V,V€,B,g,t) [AR,AO,pO]‘

MINg;...;MNNN ming;...;MNNN
6—N _ . . _N_ye_
Ag 1 \2(B+2 1)P4V’N ming;...;myny | (1\3V-3 -V pav—% Ao
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< ( — In =2
A2 \QoAZ 0 Q R

(6.56)
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Proof. The existence of the limit and its property (6.50) are a consequence of Cauchy’s
criterion applied to (6.4 after insertion of Proposition [[5] taken at A = Ar. We have also
used (5.31)) in Proposition 5l Note that [ % Pi[lnz] = X P"[Inz], see ([€2T). O

The proof of the renormalisation theorem is the main result of the Habilitation
thesis. I will summarise and discuss these achievements in Section [7

One can now address several other questions which depend on or are related to the
renormalisation proof. For instance, it is very interesting to compute the [-function of
the duality-covariant ¢*-model. I provide this calculation in Appendix [Glstarting on page
49 It turns out that the one-loop [-function for the coupling constant remains non-
negative. The self-dual case €2 = 1 has particular features. Moreover, I find that the limit
2 — 0 exists at the one-loop level. T interpret this result as related to the fact that the
UV/IR-mixing in momentum space becomes problematic only at higher loop order.

Another interesting exercise is the renormalisation of noncommutative ¢*-theory in two
dimensions, which I perform in Appendix [Hl starting on page [56l The renormalisation
proof is much simpler in two dimensions. In fact, I can prove more: It is possible to couple
the frequency €) to the initial scale Ay so that in two dimensions the limit 2 — 0 exists
as a perturbatively renormalisable quantum field theory. This seems to be related to the
folklore that the UV /IR-mixing is not a problem in two dimensions.

Finally, a few comments on the limit &6 — 0. In the developed approach, 6 defines
the reference size of an elementary cell in the Moyal plane. All dimensionful quantities,
in particular the energy scale A, are measured in units of (appropriate powers of) §. In
the final result of Theorem [I6], these mass dimensions are restored. Then, we learn from
(6.56) that a finite 6 regularises the non-planar graphs. This means that for given Ay and
Ap the limit & — 0 cannot be taken.

On the other hand, there could be a chance to let 8 depend on Ay in the same way as in
the two-dimensional case treated in Appendix [Hl the oscillator frequency € was switched
off with the limit A — oco. However, this does not work. The point is that taking in
(610) on page [69 instead of the Ag-derivative the #-derivative, there is now a contribution
from the #-dependence of the propagator. This leads in the analogue of the differential
equation (6I1]) to a term bilinear in L. Looking at the proof of Proposition I3, we see
that this L-bilinear term will remove the factor Aj2.

Thus, the limit § — 0 is singular. This is not surprising. In the limit § — 0 the
distinction between planar and non-planar graphs disappears (which is immediately clear
in momentum space). Then, non-planar two- and four-point functions should yield the
same divergent values as their planar analogues. Whereas the bare divergences in the
planar sector are avoided by the mixed boundary conditions in [[H3] of Definition [2] the
naive initial condition in Definition [[24] for non-planar graphs leaves the bare divergences
in the limit § — 0.
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7 Conclusion

In this Habilitation thesis I have proven that the real Euclidean ¢*-model on the four-
dimensional Moyal plane is renormalisable to all orders in perturbation theory. The proof
is based on the sequence of articles [GW03al, [GW04bl I(GW04c| and the additional material
in [GWO03bl IGW04al on the two-dimensional case and the g-function.

My Habilitation thesis solves, first of all, a longstanding technical problem concerning
the renormalisation of noncommutative ¢*-theory. On the other hand, the proof produced
several by-products which are valuable on their own. This includes the adaptation of the
renormalisation scheme based on flow equations to dynamical matrix models and the
identification of a deep connection between local and global aspects in noncommutative
quantum field theories.

The bare action of relevant and marginal couplings of the model is parametrised by four
(divergent) quantities which require normalisation to the experimental data at a physical
renormalisation scale. The corresponding physical parameters which determine the model
are the mass, the field amplitude (to be normalised to 1), the coupling constant and—in
addition to the commutative version—the frequency of a harmonic oscillator potential.

The crucial decision was to work in the matrix base of the Moyal plane, which avoids
the oscillating phase factors of the Weyl basis. I was able to derive a closed solution of
the free theory in the matrix base, see (3.49) on page This solution was of enormous
importance during the renormalisation proof. To the best of my knowledge, the solution
(349) and its limit (B.63) for vanishing oscillator potential were not known before.

The next achievement was the development of the renormalisation group approach for
non-local (dynamical) matrix models. Its importance goes beyond the present renorm-
alisation proof. Many noncommutative algebras have a matrix representation, whereas
the possibility of Fourier modes is a rather exceptional feature of the Moyal plane. Thus,
the tools developed here make the superior efficiency of renormalisation by flow equations
[Pol84] available for more general noncommutative spaces. In particular, the very general
power-counting theorem (Theorem [I0] on page AR)) gives a first criterion whether a field
theory on a noncommutative space has the chance to be renormalisable or not. It is
remarkable that the language of ribbon graphs drawn on Riemann surfaces is required
both in the proof of our power-counting theorem for non-local matrix models and in the
momentum space approach to field theories on the Moyal plane [CR00, [CRO1]. T hope
that these techniques will prove fruitful for other investigations on matrix models.

For the renormalisation proof it was important to add the harmonic oscillator poten-
tial to the standard noncommutative ¢*-action. From the point of view of traditional
renormalisation theory it seems very surprising that such a brutal z-dependence yields a
renormalisable model. The renormalisation of the duality-covariant noncommutative ¢*-
model teaches us a lesson which, although fairly obvious, was completely ignored before:
A Feynman graph in a perturbative quantum field theory is a mon-local object in the
sense that it is made of several local vertices connected over the distance via propagators.
Renormalisation requires that the singular part (in the sense of the forest formula) of such
a non-local graph is proportional to a local counterterm vertex. For example,

/d4$1 d4$2 T1 T2 ~ /d4ZL’X (71)
singular part
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In noncommutative quantum field theory we are fully aware of the delicate situation
when x1, z5 come close to each other, where the singular part of the loop has to reproduce
the noncommutative multiplication encoded in the vertex. However, we did not take
into account that also the opposite case where x1,xo are far away from each other has
to reproduce the noncommutative multiplication. This is, in fact, a constraint on the
topology of the underlying space. Thus, renormalisation necessarily entangles the local
and the global properties of the model. In this light, the separation of the infrared
and ultraviolet regimes in a commutative quantum field theory was just an enormous
chance. Unfortunately, the resulting prejudice obscured the view and had us look for a
renormalisation of field theories on an asymptotically Euclidean Moyal plane. This did
not work [MVRS00], and after the previous remarks we should not be surprised about
that.

I have had the luck to identify the right topology which belongs to the x-product: the
harmonic oscillator potential. Although originally introduced for computational reasong,
this is not a bad trick but a true physical effect. It is the self-consistent solution of the
UV /IR-mixing problem found in the traditional noncommutative ¢*-model in momentum
space. It implements the duality (see also [LS02a]) that noncommutativity relevant at
short distances goes hand in hand with a modified structure of the space relevant at large
distances.

At fist sight, such a modified structure of space at very large distances seems to be
in contradiction with experimental data. But this is not true. Neither position space
nor momentum space are the adapted frames to interpret the model. In the spirit of
noncommutative geometry [Con96|, the model is invariantly characterised by the spectrum
of the Schrodinger operator relative to the free theory,

L, 2 1o ou Q2 o 4
H¢:§(p +po) H:_gaua +7x#x +7- (7.2)

As this operator describes the quantum mechanics of the harmonic oscillator, we obtain??
with the definition of Z the quantisation of momenta

4 .
p’ = (m'+n'+m’*4+n*+2) m',n' € N. (7.3)

g

These quantised momenta give us the impression of a finite universe. Indeed, there
is some evidence of a non-trivial topology of the universe in the angular power spectrum
of the cosmic microwave background [Lev02] measured by the WMAP satellite [BT03].
There is currently a debate about which topological model gives the best fit of the WMAP
data, see e.g. [LWRT03, [ALST04]. Other WMAP constraints imply that the extension
of the universe is larger than L, = 24 Gpc = 7.4 x 10 cm [CSSK04]. Assuming 6 = (%,

281t was clear very early that the propagator computed from the standard noncommutative ¢*-action
does not have the scaling dimensions of a renormalisable model. In the matrix base of the Moyal plane,
the standard Laplace operator is a tri-diagonal band matrix. The main diagonal behaves nicely, but
the two adjacent diagonals are “too big” and compensate the desired behaviour of the main diagonal.
Making the adjacent diagonals “smaller” one preserves the properties of the main diagonal and obtains the
good scaling dimensions required for a renormalisable model. The deformation of the adjacent diagonals
corresponds to the inclusion of a harmonic oscillator potential in the free field action.

29The relation (7.3) can also be obtained from comparison of (B.22)) with (B.31)) and (B.32).
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where ¢p = 1.6 x 107* cm is the Planck length (L2)), we would obtain from (7.3) the
incredibly small value of Q = ﬁ < 107'%4, Tt is clear that for typical momenta on earth,
the discretisation of momenta is not visible.

There is no reason to believe that the spectrum of the Schrédinger operator ((T.2)) gives
a good account for the WMAP data. But the renormalisation of the duality-covariant
noncommutative ¢*-model prepares us to accept that there is a deep connection between
cosmology and noncommutative quantum field theory via the renormalisability constraint.
If Nature abhors the infinitesimal small (in form of noncommutativity of the space), it
cannot admit the infinitely large.

Several further activities are conceivable.

e Analytic bounds for the asymptotic behaviour of the propagator. It is somewhat dis-
appointing that the powerful renormalisation proof for the duality-covariant noncom-
mutative ¢*-model relies on a couple of numerical verifications. There is no doubt
that these estimations are correct, but the situation is not satisfactory. I have tried
hard to prove these estimations analytically, but for the time being without success.
The problem is the opposite behaviour of the various terms in (B.39). The binomials

become huge for u’ ~ 1 max(m’,[') whereas the hypergeometric function is minimal for

these values and maximal for small and large u*. Clearly, the more tractable equation

(B.3T) shows the same behaviour. One should probably keep the hypergeometric func-

tion in (B.36) (which is also a Meixner polynomial) unexpanded and use appropriate

asymptotic expansions of these special functions. This is a recent topic in mathematics

[Tem03, [JWOSg].

o The Mehler formula. Although the harmonic oscillator potential breaks translation
invariance (in form of quantised momenta), the Schrédinger operator can be exploited
in momentum space using the Mehler kernel [Sim79)

2

(=55 ) Kr.0) = 800~ ). (7.4

After some calculus one can represent the partition function associated with the bilinear
part of the action ([B.42) as follows:

o = 2000 (5 [ LS LI Kl ) (@))

2) (2n)t
63 ! Zl+% 0 (1—2) , 0 (1+2) )
Ku(p,q) = m/odz mexp ( T30 (1) (p+q)” — 80 (1—2) (p—q) ) :

(7.5)

Thus, the Mehler kernel gives the Feynman rule for the propagator in momentum
space. The rules for the vertices are unchanged and are given by (B3.34). It would
be interesting to compute simple graphs and eventually to repeat the power-counting
analysis of Chepelev and Roiban [CR00, [CRO1] for the propagator ((Z.H). The difficulty

is the loss of momentum conservation over the propagator. This means that (7.0
5(p—q)
P2Hup
to separate the true divergences from the shadow of momentum conservation at p = q.

actually replaces In particular, there is a divergence in ([Z.5]) for p = ¢. One has
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e The duality-covariant noncommutative ¢*-model in the spectral base. It is natural to

expand the action (B:42)) into the eigenfunctions of the Schrodinger operator (7.2).
Then, the propagator reads m, with p? now being discrete. In contrast to the
Mehler formula, there is now momentum conservation over the propagator. In order to
obtain the vertices we have to shift the unitary matrices U\ appearing in (B.22) from
the kinetic matrix or the propagator into the vertex. This involves a summation over
the matrix labels m, [, a at the vertex, leaving the eigenvalues x = p? as the dynamical
variables. It will be interesting to study the properties of these dressed (physical)
vertices. In particular, special functions often have locality properties in the sense that
the integral over a product of them vanishes unless certain parameter conditions are
satisfied. I expect such relations for Meixner polynomials, too. This would correspond
to some fuzzy momentum conservation at the vertices.

e Gauge theories. The renormalisation of noncommutative ¢*-theory is a remarkable res-
ult, but for phenomenological reasons it would be much more important to renormalise
gauge theories on noncommutative spaces. Moreover, gauge theories arise naturally in
noncommutative geometry from fluctuations of a Dirac operator [Con96|. There are
two natural candidates for a four-dimensional Dirac operator which carry a germ of an
oscillator potential:

D' =iy"9, + 21y 'z, D = in"9d, + 2107y (07 1) " . (7.6)

Both D’ and D are formally self-adjoint and have the required charge-conjugation
property JDUJ~1 = DU where Jip = v%y%), with ¢/ denoting the complex conjugated
spinor. Conjugation by unitary elements of the Hilbert space and generalisation of the
resulting pure gauge to a general gauge yields the fluctuated Dirac operator

Dy = D+ (7" + I8 )p(AL) + (7 + 10 8%) Tp(A) T, (1)

and similarly when starting from D. Here, p(A, )¢ := A, * ¢ stands for the represent-
ation given by left x-multiplication. It is interesting that both the momentum part 9,
and the position part x, in (Z.6]) generate the same gauge potential A, = A_M Another
unitary conjugation gives the usual gauge transformation,

(p(w)Jp(u)J Dy (p(u*) Jp(u*)J ") =Dy, Al =iuxdu" +uxA,xu*. (7.8)

i

for u being an unitary element of an appropriate subalgebra of the Moyal algebra.

By construction, the spectral action trace(X(DA/A)Q), see ([L3), is invariant under
gauge transformations A, — Aj. The free Laplacian D'? has a discrete spectrum so
that there is no need to smear it with a function of compact support as in [GI04]. The
actual computation of the spectral action remains a big challenge. The renormalisation
by flow equations as in [KK96, [KMO00] is a formidable task.

A faster approach would be to construct an action for a noncommutative U(1) gauge
field directly from “covariant coordinates” X, = 6, 2" 4 A,, see [MSSWQQ]. Then,
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one can consider the following action functional:

S = /d4:)3 <a1[XM, X, [X7, X, + a0 X, % XP % X, + X”)

_ / @' (01 F - (07)0 (67 + (,)°
b an (T A + (A A + 3@ Ay A) + A 4,) (A, % A)
+ %(55“:)2“)(50”14”)» , (7.9)

where F),, is the field strength defined in (3.20) on page The A-linear term in the
last line has to be eliminated by a shift A, = A}, + a,(r), which in turn leads to the
gauge transformation A, — u * [i(?u +a,(x), u*}* +ux A, xu*. The resulting action
contains an explicit z-dependence in the A’-bilinear part similar to the duality-covariant
noncommutative ¢*-action. Working out the details is an interesting exercise.

On the other hand, one should try to include the harmonic oscillator potential merely
as a computational trick—like the auxiliary mass in Lowenstein’s approach [Low76] to
massless models—which at the end should be consistently removed as in the noncom-
mutative ¢j-model discussed in Appendix [H

A Higgs-like model. It was noticed by Dav1d Broadhurst that the quantity = 2 i ac-
cording to (G.24) and (G.25)), page | stable against one- loop correctlons of the
duality-covariant noncommutative ¢j- model This comblnatlon describes the loca-
tion of the minimum of the potential —10%%2¢* + 2¢* which arlses from the massless
duality-covariant noncommutative ¢*-action after changing the sign of the oscillator
potential. Thus, it would be interesting to look for non-trivial solutions of the corres-
ponding classical field equation

A
0= —0,0"¢ — Q*7%¢ + plp + 6¢3 (7.10)
and to attempt a quantisation about such a solution.

Renormalisation of other models. The derivation of the propagator in Appendices
and [B.3, which was related to the orthogonal Meixner polynomials, is easily generalised
to a large class of special functions. The spectral representation (B.22)) of the kinetic
matrix and the orthogonality relation (B.23]) can be written abstractly as an integration
over the spectrum o with measure du(o):

Gap = /d,u(J)Ua(U)(,ug +o)Up(0), Awp:= /du(U)Ua(U)(ug +0) tU(0) (7.11)

and
55 = / AU Uy(0) . (o —o) Z UL (7.12)
The corresponding vertices of a ¢"-matrix model would be
Varooan = i5%@2 - 0aa;0aa; + permutations . (7.13)

n!
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In our example, the matrix indices a, b stand for pairs of elements of N 7 so that we
need oriented d-functions 5m = Opp # 5W = Om. To each solution of (Z12)
one can associate a dynamical matrix model for which one should investigate the
renormalisation along the presented lines. In particular, this includes the classical
orthogonal polynomials and their g-analogues [KS96]. So far I have only studied the
case of Meixner polynomials (which is the duality-covariant noncommutative ¢*-model,
see Appendix[B.2)) and of Laguerre polynomials (which is the standard noncommutative
¢*-model, see Appendix [B.6 where the renormalisation fails). Of particular interest
is the case of truncated Legendre polynomials, which is related to the fuzzy sphere

[GKPI6H).

Investigations beyond the perturbation series. The renormalisation of the duality-
covariant noncommutative ¢*-model performed here was based on a perturbative ex-
pansion of the effective action. This is not satisfactory. A direct non-perturbative
solution of the flow equations would be too ambitious. Therefore, the optimal method
would consist in a (Borel) resummation of the perturbation series in the spirit of con-
structive renormalisation [Riv9ll, Riv00]. See also [Sim74l [GJ&T].

There is probably not much hope for the model under consideration, because the one-
loop S-function is positive, see Appendix [Gl However, the sign of the S-function can
formally be changed by taking the “wrong sign” of the coupling constant. Moreover,
we have seen that planar graphs only require a renormalisation, thus making perfect
contact with the investigations in [tH82al [Riv84]. It remains to work out the details.

In general, as the naive resummation is obstructed by the requirement to renorm-
alise divergent graphs [Riv9l] and, on the other hand, in (renormalisable) noncom-
mutative field theories planar graphs only can be divergent, these models seem to be
well-suited for constructive techniques [tH82b]. The most interesting model to start
with is probably the noncommutative version of the Gross-Neveu model [GN74] in two
dimensions—to be built around the Dirac operator in ([T.6)—the commutative version
of which was constructed in [DR00].

Moreover, the duality-covariant noncommutative ¢*-model is characterised by count-
ably many degrees of freedom—in the same way as models on lattices [Kog79]. There
could be a chance to extend some of the powerful tools available for lattice models (see
e.g. [Bal88]) to noncommutative spaces, too.

Minkowskian signature of the metric. Since we were working on a Euclidean space, the
duality-covariant noncommutative ¢*-theory is rather a model for a spin system than a
quantum field theory. It is probably a bad idea to convert the results by Wick rotation
to Minkowski space [BDEP02]. In particular, the Osterwalder-Schrader axioms [OS73]
are unlikely to satisfy without adaptation. Therefore, a direct Minkowskian approach
following [DFRI5, BDFP02] is necessary.

Unfortunately, the required breaking of Lorentz invariance (at least in intermediate
steps) and its effect to the phase factors in momentum space have prevented so far
any conclusions valid to all orders for these models. I am optimistic that the use of an
adapted (matrix) base where the oscillating phases disappear will turn out very useful
for quantum field theories on noncommutative Minkowski space. Probably, one should
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keep the Weyl base for the time direction in order to make use of the Cauchy integrals.
However, there is no need of the Weyl base for the space directions, and an adapted
base for them should improve the calculus considerably.

Relations to string theory. Gauge theory on the Moyal plane arises in the zero-slope
limit of string theory in presence of a Neveu-Schwarz B-field [DH98, SW99]. As I
argued that renormalisation requires an appropriate structure of the space at very
large distances, the question arises whether the oscillator potential has a counterpart
in string theory. I am not an expert of string theory to make a qualified comment,
but it is tempting®? to relate the oscillator potential to the maximally supersymmetric
pp-wave background metric of type IIB string theory found in [BFOHP02],

8 8

. , 1
ds® = 2xtx™ — 4\ E (") (dx™)?* + E (dz")?, do* = E(dxg +dz'), (7.14)
i=1 i=1

which solves Einstein’s equations for an energy-momentum tensor relative to the 5-form
field strength

Fy = Mz~ (da' A da® Ada® A dz* + da® A da® A da” A da®) (7.15)

It was suggested in [BMNO2] that this background is related to the large-N limit of
U(N) N = 4 super Yang-Mills theory.

30This was pointed out by Giulio Bonelli.
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A Some historical comments

There is such a vast literature on quantum field theories over noncommutative spaces
that a comprehensive overview is outside the scope of this Habilitation thesis. I give a
personal incomplete selection and apologise to those authors which feel that their work is
not adequately highlighted.

A.1 Commutation relations for space-time coordinates

To the best of my knowledge, the possibility that geometry looses its meaning in quantum
physics was first® considered by Schrodinger [Sch34]. On the other hand®2, Heisenberg
suggested to use coordinate uncertainty relations to ameliorate the short-distance singu-
larities in the quantum theory of fields. His idea (which appeared later [Hei38]) inspired
Peierls in the treatment of electrons in a strong external magnetic field [Pei33]. Via Pauli
and Oppenheimer the idea came to Snyder who was the first to write down uncertainty
relations between coordinates [Sny47].

The philosophy that a fuzzy structure [Mad92] of space-time regularises quantum field
theories was revived in noncommutative geometry [Mad00] where the UV-regularisation
is automatic [GKPI6D, IGKP96al, [(GS99]. See also [Ydr01]. Another construction of finite
quantum field theories on noncommutative spaces is based on point-splitting via tensor
products [CHMS00, BDFP03].

The uncertainty relations for coordinates were rediscovered by Doplicher, Fredenhagen
and Roberts [DER95] as a means to avoid gravitational collapse when localising events

with extreme precision. According to [DFR95], the coordinate uncertainties Az* have
to satisfy Az?(Az! + Az? + Ax?) > (% and Azx'Az? + Ax?Az?® + Az3Ax! > (%, where

lp = 1/% is the Planck length. These uncertainty relations are induced by coordinate
operators z# = (Z*)* under the condition

(2, 2"],27] =0, (A1)

(B, 3,8, 8] = 0, (éw, )2, @U]EWW)Q — 5 (A2)

The equation (Al qualifies the resulting algebra as a special Moyal plane, see Section B

on page 23l Moreover, in [DFR95| first steps are taken towards a perturbative quantum
field theory on the resulting (Minkowskian) quantum space-time.

The Moyal product has its origin in quantum mechanics, in particular in Weyl’s
operator calculus [Wey28]. Wigner introduced the useful concept of the phase space
distribution function [Wig32]. Then, Groenewold [Gro46] and Moyal [Moy49] showed
that quantum mechanics can be formulated on classical phase space using the twisted
product concept. In particular, Moyal proposed the “sine-Poisson bracket” (nowadays
called Moyal bracket), which is the analogue of the quantum mechanical commutation
relations. The twisted product was extended from Schwartz class functions to (appropri-
ate) tempered distributions by Gracia-Bondia and Vérilly [GBVS8§|. The programme of

31 Actually, Riemann himself speculated in his famous Habilitationsvortrag [Rie92] about the possibility
that the hypotheses of geometry lose their validity in the infinitesimal small.
32These historical remarks are extracted from [Jac03].
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Groenewold and Moyal culminated in the axiomatic approach of deformation quantisation
[BEEF™78al IBEFT78b|. The problem to lift a given Poisson structure to an associative -
product was solved by Kontsevich [Kon97]. Cattaneo and Felder [CF00] found a physical
derivation of Kontsevich’s formula in terms of a path integral quantisation of a Poisson
sigma model [SS94].

The belief that space-time noncommutativity cures the ultraviolet divergences of
quantum field theory was smashed by Filk [Fil96] who showed that the planar graphs
of a field theory on the Moyal plané® are identical to the commutative theory (and thus
have the same divergences). An achievement in [Fil96] which turned out to be important
for later work was the definition of the intersection matriz of a graph which is read-off
from its reduction to a rosette. In [VGB99|] the persistence of divergences was rephrased
in the framework of noncommutative geometry, based on the general definition of a di-
mension and the noncommutative formulation of external field quantisation. See also

[CDP00].

A.2 Field theory on the noncommutative torus

The first noncommutative space where field theory has been studied was the noncom-
mutative torus [CR87]. It became popular for field theorists when Connes, Douglas and
Schwarz proposed to compactify M-theory on the noncommutative torus [CDS98]. M-
theory lives in higher dimensions so that some of them must be compactified to give a
realistic model. Compactifying on a noncommutative instead of a commutative torus
amounts to turn on a constant background 3-form C'. An alternative interpretation based
on D-branes on tori in presence of a Neveu-Schwarz B-field was given by Douglas and
Hull [DH98]. Similar effects are obtained in boundary conformal field theory [Sch99].

Later, the appearance of noncommutative field theory in the zero-slope limit of type
ITA string theory was thoroughly investigated by Seiberg and Witten [SW99]. Moreover,
using the results of [NS98] about instantons on noncommutative R*, Seiberg and Witten
argued that there is an equivalence between the Yang-Mills theories on standard R* and
noncommutative R*, which I comment on in Section [A.4]

It should be mentioned that matrix theories were studied long before M-theory was
proposed, and that these matrix theories did contain certain noncommutative features. In
the large- N limit of two-dimensional SU (V) lattice gauge theory, the number of degrees of
freedom is reduced and corresponds to a zero-dimensional model [EK82]. The restriction
to two dimensions can be relaxed [GAO83| by twisted boundary conditions [tH81] so that
the equivalence between lattice SU(N) gauge theory for large N and the twisted Eguchi-
Kawai model holds in any dimensions [GAKAS3|. Here, the action can be rewritten in
terms of noncommuting matrix derivatives [['7), . ], with [[?) [Z+)] = —27i/N.

The paper [CDS9§| inspired many activities on the interface between string/M-theory
and noncommutative geometry (I come back to that in Section [A.3). Among others the
question was raised whether Yang-Mills theory on the noncommutative torus is renormal-
isable. See also [Dou99]. We have confirmed one-loop renormalisability in [KW00]: Using
(-function techniques and cocycle identities we have extracted the pole parts related to the

33Filk’s model refers to [DFR95] but is formulated in the x-product formalism. It is certainly inspired
by the twisted Eguchi-Kawai model [GAO83| [GAKAR3] which I discuss in Section [A.2]
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Feynman graphs and proved that they can be removed by multiplicative renormalisation
of the initial action. In particular, the Ward identities are satisfied. See also [Kra98b].

Based on ideas developed in [AIIT00] on type IIB matrix models, it was shown
in [AMNS99] that, imposing a natural constraint for the (finite) matrices, the twisted
Eguchi-Kawai construction [GAOS83| can be generalised to noncommutative Yang-Mills
theory on a toroidal lattice. The appearing gauge-invariant operators are the analogues of
Wilson loops [Wil74]. This formulation enabled numerical simulations [BHN02, BHNO3]
of the various limiting procedures which confirmed conjectures [GS01] about striped and
disordered patterns in the phase diagram of spontaneously broken noncommutative ¢*-
theory. On the other hand, the limit N — oo of the matrix size is mathematically delicate
[LLSO01]. To deal with that problem, a new formulation [LLS04b| [LL.S04a] of matrix mod-
els approximating field theories on the noncommutative torus has been proposed which
is based on noncommutative solitons [GMS00)].

There are also other noncommutative spaces which arise as limiting cases of string

theory [ARS99).

A.3 Renormalisation of noncommutative quantum field theories

With the motivation of the Moyal plane in [DFR95|, the proof that UV-divergences in
quantum field theories persist [F1196], and the relationship of the noncommutative torus to
M-theory [CDS98|] and the noncommutative R to type ITA string theory [DH98, INS9S],
time was ready in 1998 to investigate the renormalisation of quantum field theories on the
noncommutative torus and the noncommutative R”. It is, therefore, not surprising that
this question was addressed by different groups at about the same time [MSR99, [SJ99,
KW00].

Martin and Sanchez-Ruiz [MSR99| investigated U(1) Yang-Mills theory on the non-
commutative R* at the one-loop level. They found that all one-loop pole terms of this
model in dimensional regularisation® can be removed by multiplicative renormalisation
(minimal subtraction) in a way preserving the BRST symmetry. This is completely ana-
logous to the situation on the noncommutative 4-torus [KWOOEZ. Shortly later there
appeared also an investigation of (2 + 1)-dimensional super-Yang-Mills theory with the
two-dimensional space being the noncommutative torus [SJ99].

The paper [SW99] of Seiberg and Witten from August 1999 made the interface between
string theory and noncommutative geometry extremely popular. Thousands of papers on
this subject appeared, making it impossible to give an adequate overview. I restrict myself
to the renormalisation question and refer to the following reviews for further information:

e by Konechny and Schwarz with focus on compactifications of M-theory on noncom-
mutative tori [KS02a] as well as on instantons and solitons on noncommutative R?
[KS02b],

34There is of course a problem extending @ to complex dimensions, this is however discussed in [MSR99).

350ur work was ready in autumn 1998 for the Ph.D. thesis [Kra98b] of T. Krajewski (defended in
December 1998) and as such known in the community of the noncommutative standard model. We
did not publish it immediately because we looked for some results at higher loop order. Fortunate for
us, a complex 1 was missing in the first version of [MSR99], leading to the opposite conclusion about
the asymptotic freedom. In an e-mail exchange we pointed out the sign error and communicated our
calculations, which thus found their way into the final version of [MSR99] the next day.
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e by Douglas and Nekrasov [DNO1] and by Szabo [Sza03|], both with focus on field
theory on noncommutative spaces in relation to string theory,

e by Aref’eva, Belov, Giryavets, Koshelev and Medvedev [ABGT01] with focus on
string field theory.

A systematic analysis of field theories on noncommutative R, to any loop order, was
first performed by Chepelev and Roiban [CR00]. The essential technique is the repres-
entation of Feynman graphs as ribbon graphs [tH74] (for noncommutative field theories
first suggested in [Haw99]), drawn on an (oriented) Riemann surface with boundary, to
which the external legs of the graph are attached. Using sophisticated mathematical
tools, Chepelev and Roiban were able to relate the power-counting behaviour to the to-
pology of the graph (I review the main ideas in Section B2)). Their first conclusion was
that a noncommutative field theory is renormalisable iff its commutative counterpart is
renormalisable. Then, the authors of [MVRS00] gave a counter-example (see below). It
turned out that this problem was simply overlooked in the first version of [CR00|, with the
power-counting analysis of being correct. A refined proof of the power-counting theorem
was given in [CRO1].

By computing the non-planar one-loop graphs explicitly, Minwalla, Van Raamsdonk
and Seiberg pointed out a serious problem in the renormalisation of ¢*-theory on non-
commutative R* and ¢3-theory on noncommutative R® [MVRS00]. Non-planar graphs
are regulated by the phase factors in the x-product (B.4)), but only if the external mo-
menta of the graph are non-exceptional. As a matter of fact, inserting non-planar graphs
(declared as regular) as subgraphs into bigger graphs, external momenta of the subgraph
are internal momenta for the total graph. As such, exceptional external momenta for
the subgraph are realised in the loop integration, resulting in an divergent integral for
the total graph. The problem is independent of the number of external legs of the total
graph so that the divergences cannot be removed by usual UV-subtractions. Instead, it
was proposed in [MVRS00] to reorder the perturbation series (more details of this idea
are given in J[CRO1]). The procedure is promising, but a renormalisation proof based on
the resummation of non-planar graphs is still missing.

Anyway, the problem discovered in [MVRS00] made the subject of noncommutative
field theories extremely popular. In the following months, an enormous number of articles
doing (mostly) one-loop computations of all kind of models appeared. I do not want to give
an overview about these activities and mention only a few papers: the two-loop calculation
of ¢*-theory [ABKOOD]; the renormalisation of complex ¢ x ¢* x ¢ x ¢* theory [ABKO0a],
later explained by a topological analysis [CRO1]; computations in noncommutative QED
[Hay99]; the calculation of noncommutative U(1) Yang-Mills theory [MSTO00], with an
outlook to super-Yang-Mills theory; the one-loop analysis of noncommutative U(/N) Yang-
Mills theory [BSO1].

All these achievements are overshadowed by the power-counting theorem of Chepelev
and Roiban [CRO1] which decides the renormalisability question of (massive, Euclidean)
quantum field theories on noncommutative R” to all orders. Roughly speaking, quantum
field theories with only logarithmic divergences are renormalisablé3® on noncommutative
RP. Still, the 1PT Green’s functions do not exist pointwise (at exceptional momenta)

36The reason is that logarithms are integrable, see [GKWQ0] for an explicit construction of the estim-
ations.
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so that multiplication with IR-smoothening test functions is necessary. Except for some
exceptional cases such as the ¢px@* x @ x ¢* interaction, models with quadratic divergences
are not perturbatively renormalisable.

The only way to circumvent the power-counting theorem of [CRO1] is a different lim-
iting procedure of the loop calculations. Namely, in intermediate steps one changes the
order of integrations of integrals which are not absolutely convergent. One possibility is
the use [BGPT02] of the Seiberg-Witten map [SW99], which I review in Section [A.4] (and
which does not help either [Wul02]). Another strategy could be the double-scaling limit
of matrix models, see e.g. [LSZ04, [Ste04) [LI.S04b] or the construction as limiting cases of
the fuzzy sphere [CMS01, VY03, [Ydr04].

A further possibility is a more careful way of performing the limits in the spirit of
Wilson [WK74] and Polchinski [Pol84]. Early attempts [GP01l [Sar02] did not notice the
new effects in higher-genus graphs of noncommutative field theories, which are not visible
in one-loop calculations. A rigorous treatment exists for the large-6 limit [BGI02, BGI03].
Eventually, the Wilson-Polchinski programme for noncommutative ¢*-theory was realised
in the series of papers [GW03a, [GW03b, (GW04c| I have written with Harald Grosse.
The main ideas are summarised in [GWO04b]. These articles are the basis of the present
Habilitation thesis. We achieved the remarkable balance of proving renormalisability of
the ¢-model to all orders and reconfirming the UV /IR-duality of [MVRS00Q)].

A.4 f#-expanded field theories

In their famous paper on type ITA string theory in presence of a Neveu-Schwarz B-field
[SW99], Seiberg and Witten noticed that passing to the zero-slope limit in two different
regularisation schemes (point-splitting and Pauli-Villars) gave rise to a Yang-Mills theory
either on noncommutative or on commutative RP. Since the regularisation scheme cannot
matter, Seiberg and Witten argued that both theories must be gauge-equivalent. More
general, under an infinitesimal transformation of €, which can be related to deformation
quantisation as in [SW99| or simply to a coordinate rotation [BGGT02], one has to require
that gauge-invariant quantities remain gauge-invariant. This requirement leads to the
Seiberg-Witten differential equation

dA, 1
do,, 8

1
{A,,0,A,+ Fou}, + g{A(,, DA+ Fp} (A.3)

where {a,b}, = axb+bx*a.

The differential equation ([A.3) is usually solved by integrating it from an initial condi-
tion A at # = 0 in the spirit of deformation quantisation [BFFT78a, [BEFT78b]. Then,
A becomes a formal power series in § and the initial condition A(). The solution depends
on the path of integration, but the difference between paths is a field redefinition [AK99].
The solution to all orders in # and lowest order in A was given in [Gar00]. A generating
functional for the complete solution of (A.3) was derived in [JSWO0I]. The Seiberg-Witten
approach was popularised in [JSSWO00] where it was argued that this is the only way to
obtain a finite number of degrees of freedom in non-Abelian noncommutative Yang-Mills
theory.

Inserting the solution of the Seiberg-Witten differential equation (A.3)) into the non-
commutative Yang-Mills action [ d”xF,, F* leads to the so-called f-expanded field the-
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ories. It must be stressed, however, that unless a complete solution to all orders in ¢
and A© is known (which is not the case), the #-expansion of the noncommutative Yang-
Mills action describes a local field theory. As such, #-expanded field theories loose the
interesting features of the original field theory on the Moyal plane.

The quantum field theoretical treatment of f-expanded field theories was initiated in
[BGPT02]. We have shown that the one-loop divergences to the f-expanded Maxwell
action in second order in # are gauge-invariant, independent of a linear or a non-linear
gauge fixing and independent of the gauge parameter. There is no UV /IR-problem in that
approach. We have shown in [BGGT01] that these one-loop divergences can be removed
by a field redefinition related to the freedom in the Seiberg-Witten map. In fact, the
superficial divergences in the photon self-energy are field redefinitions to all orders in ¢
and any loop order [BGGT01]. However, I have shown in [Wul02] that f-expanded field
theories are not renormalisable concerning more complicated graphs than the self-energy.
On the other hand, I have found in [Wul02] striking evidence for new symmetries in the
f-expanded action which eliminates several divergences expected from the counting of
allowed divergences modulo field redefinitions. Finally, we have shown in |[GW02] that
the use of the #-expanded *-product (B3) without application of the Seiberg-Witten map
leads (up to field redefinitions) to exactly the same result. Thus, the Seiberg-Witten map
is merely an unphysical (but convenient) change of variables [KOS61].

Recently, phenomenological investigations of #-expanded field theories became pop-
ular [CJST02, BDD"03|. However, quantitative statements are questionable because in
presence of a new field ¥ many new terms in the action are not only possible but in fact
required by renormalisability [GW02] or the desire to cure the UV /IR-problem [Sla03].
Moreover, deformed spaces are too rigid to be a realistic model [Haw(2].

A.5 Noncommutative space-time

I have to stress that all mentioned contributions refer to a Euclidean space and a defin-
ition of the quantum field theory via the partition function (the Euclidean analogue of
the path integral). It was pointed out in [BDFP02] that a simple Wick rotation does not
give a meaningful theory on Minkowskian space-time, first of all because unitarity is lost
[GMO00, [AGBZ01l, [CLZ02|]. The original proposal [DFR95] of a quantum field theory on
noncommutative space-time stayed withing the Minkowskian framework, but later work
started from Feynman graphs, the admissibility of a Wick rotation taken (erroneously)
for granted. To obtain a consistent Minkowskian quantum field theory, it was proposed
in [BDFPO02] to iteratively solve the field equations a la Yang-Feldman [YF50]. See also
[Bah03]. Other possibilities are a functional formalism for the S-matrix [RY03] and time-
ordered perturbation theory [LS02b| [LS02¢]. See also [BEGT03, [DS03]. Unfortunately,
the resulting Feynman rules become so complicated that apart from tadpole-like dia-
grams [BFGT03] it seems impossible to perform perturbative calculations in time-ordered
perturbation theory. Moreover, it seems impossible to preserve Ward identities [ORZ04].

On the other hand, the role of time in noncommutative geometry is not completely
clear. Time should be established around the ideas presented in [CR94]. For general ap-
proaches to Minkowskian noncommutative spaces I refer to [Haw97, [Str01, [KP02]. There
is a recent proposal [PV04] to combine spectral geometry with local covariant quantum
field theory.
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B Matrix formulation of the Moyal plane

B.1 The matrix basis of Rg

This section contains supplementary material for the treatment of the Moyal plane in
Section B.Il My presentation of the harmonic oscillator base of the Moyal plane follows
closely [GBVSS], with some notational adaptations. The starting point is the observation

that the GauBian
f00<x) _ 26-%(55%‘*‘“5%) ’

with 0, = 62 = —0*! > 0, is an idempotent,

d2k L (20?12 420yt 22) 14
(foo*foo)(x) :4/d2y/ (27T> (207 +y 2y + 0-k+103k?)+iky _ foo( )

We consider creation and annihilation operators

1 . _ .
CL:E(Z‘l—FL’EQ), a:—Q(xl—wcg),
0 1 . 0 1 .
%:E(&—l@g), %:—2(81+182)
For any f € R2 we have
491 8f 01 af
()= M+ 35, () el 5 )
_ 0, 0f _ _ 0, 0f
(@x f)(z) =a@)f(2) - 55-(),  (f*a)(z) =al@)f(z) + 5 5-(2) .

This implies @*™ * foo = 2™a™ foo, foo * a*" = 2"a" foo and

o mby (a1 % form >1
axa *foo:{ (a 0 foo) form;O
o~ | nbi(foo *a*(”_l)) forn>1
Jooxa *a—{ 0 forn =0

where a*" = axax---xa (n factors) and similarly for @*™. Now, defining

1

s Zkm *70
fmn~—\/Wa *fOO*a
min(m,n)
n m-+n— —-m—k n—
\/W Z ( >(k)k!2 R Oramr A fog
nm

(the second line is proven by induction) it follows from (B.5) and (B.2)) that

(fonn * fr) (@) = Opge fru(2)

(B.1)

(B.3)

(B.4)

(B.6)

(B.7)
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The multiplication rule (B.7) identifies the x-product with the ordinary matrix product:

(I(Z’) = Z a'mnfmn(x) 5 b(.ﬁlﬁ) = Z bmnfmn(x)
m,n=0 m,n=0
= (CL* b)(l‘) = Z (ab)mnfmn(qj) ) (a'b)mn = Zamk’bk‘n . (B8)
m,n=0 k=0
In order to describe elements of R2, the sequences {a,,, } must be of rapid decay [GBVSS]:
> tmnfmn €RGiff Z (@m+1)2(2n+1)*|a,n]?)® < 00 forall k. (B.)
m,n=0 m,n=0

Finally, using (B.2)), the trace property of the integral and (B.5]) we compute

/de frn(x) = \/#W/d% (EL*m * foo * foo * a*")(x) = 5mn/d2mf00(x)

= 27016, - (B.10)

Using (B3)-(B1) as well as (B.I0) we can now compute the kinetic matrix Gy
given in (3.43]) on page B2 in the two-dimensional case:

dPx
Gnnkt := / 270, ((alfmn * O frr + O frun * O2. fra

40?2 9
+ ?«xlfmn) * (21 fra) + (T2 fimn) * ($2sz)) + g S * fkl>

d2 1 QQ 1 QQ
:/ x_< - Jon * (@%@ 4+ axa)* fu+ + Fax (ax@—+axa)* frm

271'91 0%
2(1—-Q? 2(1—-Q?
_%fmn*a*fl@l*a_%fkl*a*fmn*a‘i‘ﬂgfmn*fkl)
2(1+02
1

2(1—02 1 02
- %\/ (n+1)(m~+1)6n+1 k0mt10 — 2 )v mOy—1k0m-1, - (B.11)

The functions f,,, with m,n < N provide a cut-off both in position space and mo-
mentum space. Passing to radial coordinates z; = pcosy, xo9 = psiny we can compare
(B.6) with the expansion of Laguerre polynomials [GR00, §8.970.1]:

Frn(p ) = 2(=1)yfmbetermm (( [2p) ez e (B2)

The derivation of (B.12)) assumed m < n, but this restriction can actually be relaxed due
to the identity

m!

Lalz) = (m+a)!

m-ta

(—1)°29LC (2) . (B.13)
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The function L% (2)z%/2¢%/? is rapidly decreasing beyond the last maximum (22 )max.
One finds numerically (22)max < 20 + 4m and thus the radial cut-off

Pmax 2 /200N for m,n < N . (B.14)
On the other hand, for p; = —psin, ps = pcosy we compute with (B.12), [GROO0,
§8.411.1] and [GRO0, §7.421.5]

Fon(p, 2 / pdp / dp ePPse=0 £ (p, )

2
= dm(—1)"y/ melv i / pdp (\/ p) Ly ™(p) Jnem(pp) e 7
= 27014/ ’:L—L!!el (4m)(n—m) (\/ 31]9) B L:jm(%p )e_%p2 . (B.15)

We thus have

Pmax =~ %/' for m,n < N . (B16)
1

Finally, I solve the eigenvalue problem (B.7). We compute in radial coordinates

9(8 8) 6> 0?

(%(m%—i—x%)) *xf= {aa—l— a%— % —Zaaaa}f@b@)

2 2 2
p° 0 0 0 10 10
(= 297 A . B.17
( * 2 0y (8/) - pOop  p? 8¢2>>f(p’ ?) ( )
The ansatz f(p,p) = ei‘wpae_ég(p) leads to
e 2 (2a+1) ,, . 4 4

(%(x% + x%)) = —gepte (9”(/)) + 9'(p) = 5rg'(p) - gg(p)) . (B.18)

p

Now, we put g(p) = h(z), with z = %, and obtain

1 , 2 1

(5(:5% + :cg)) * f = —0epre T (zh”(z) + (a+1—2)h'(2) — 5]1(2)) : (B.19)
In order to get an eigenvalue problem we have to require zh”(z) + (a+1—2)h(z) =
—mh(z), the solution of which is according to [GRO0, §8.979] given by Laguerre poly-
nomials:

(505 +02) % gl = (m+ ) £
2

| o (20°\5 2 . (2p?
@ (pr) = 2y [T _ame (Vo e (20

The prefactors ensure 545 [ pdp fOZW do | £5)2 = 1. The eigenvalue problem for right *-
multiplication by £(z1+23) is obtained by complex conjugation of (B:20) and replacement
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19+ (3t +a8)) =0(n+ 5) 10
2 B

1 (p,0) = 2(=1)" F(n_”—@ew@(%)‘ (). By

Using (B.13) we identify 3 = n — m and conclude that left and right x-multiplication by
(2% + 23) have common eigentransitions (B.I2) with eigenvalues given by (B.7).

B.2 Diagonalisation of the kinetic matrix via Meixner polyno-
mials

Our goal is to diagonalise the (four-dimensional) kinetic matrix G ,,1 ,1 41 1 given in (B.45])
2 2 Y E2 12

on page B3] making use of the index conservation a” =n" —m" = = k" —I". For o > 0 we
thus look for a representation

Oél O[Q
Gml Z;iz ;;izz 5; - 2; U mli 1 m2 2 Uzl "— UzQ + MO)Ui(lll)Ul-(QlQ) , (B22)
Ot =D U U . (B.23)

The sum over i', 3% would be an integration for continuous eigenvalues v;. Comparin
) 7

this ansatz with (3.45) we obtain, eliminating ¢ in favour of v, the recurrence relation

(1=92)/m(a+m)UL () + (v — (14+9%) (a+142m) ) UL (v)
+ (1=2)/(m+1) (a+m+1)U) ,(v) = 0 (B.24)

to determine U (v) and v. We consider the case {2 > 0 and repeat the analysis for 2 = 0
in Appendix [B.6l In order to make contact with standard formulae we put

1 !
U@ () = F@ ) O @y ey, (B.25)
T™m m!
We obtain after division by f(®(v) (a::?)'
v o I (A+02)(at14+2m) —p_
_mwi(Z Nvz+p) = mV, ™, (va+p) — -2 V.9 (va+p)
1
+ = = (a+m+1)V( ) (va+p) . (B.26)
Now, we put
1 2(14+02) (14935 —p v
1 = — = — =1 —_— = ———=1—c (B.2
ta=F, 2O 7(1-02) T, 7(1-02) fe, (1-92)r ¢ (B.27)
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and
Vi (va+p) = My (w; 8, ¢) , (B.28)
which yields the recursion relation for the Meixner polynomials [KS96]:

(=DM (2; 8, ¢) = c(m+5) My (z; 5, ¢)

— (m + (m+08)c) My, (z; B, ¢) + mM,,—1(x; B, ¢) . (B.29)
The solution of (B.27]) is
(1£Q)? 140 (1FQ)?
= = = = +40Q = +20(1 . B.
Tz T T a=xaez 7 P (I+a). (B30)

We have to chose the upper sign, because the eigenvalues v are positive. We thus obtain

R (e AT =5

vy = 2Q(2x+a+1) . (B.31)

The function f(®(z) is identified by comparison of (B.23)) with the orthogonality relation
of Meixner polynomials [KS96],

— [(F+x)c” cnIT(B)
Z I'(B)z! My (25 B, ) My (25 8, ¢) = (ﬁ—i-n)(l—c)ﬁémn. (B.32)

=0

The result is

@) (0,) = \/(a;m) (oz—mkx) (i_ig>a+1<;__g>m+sz (33; I+a, 813;2) . (B.33)

The Meixner polynomials can be represented by hypergeometric functions [KS96],

My (w3140, E;g;) - 2F1<_ﬁ;x‘—(1f—%)2> . (B.34)

This shows that the matrices Ur(,ffl) in (B.22) and (B.23]) are symmetric in the lower indices.

B.3 Evaluation of the propagator

Now, we return to the computation of the propagator, which is obtained by sandwiching
the inverse eigenvalues (%'Uil + %'Uiz + 112) between the unitary matrices U, With (B.31))
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and the use of Schwinger’s trick % = fooo dt et we have for 6, = 60y = 6

A ml ml4al 114411
m2 m24+a2 ’l2+a2 12

t

dt Z o TZU1+U$2+0M%/2)UT(:11)(le)U,(nof)(Uﬂ)Ulg (v, )U (362)

zl,22=0

0 - al+a? a'+mh\ (a4l 40 i+l s 1)\ M+
8Q dtet1+89+ T+ »H{\/( ms )( [i ><(1+Q)2> <1+—Q>

S (o ()

(B.35)
We use the following identity for hypergeometric functions,
o . —l .
S (1 s ()
= xla 14« 14«
(1 —(1—b)a)m+l —m, —I ab?
- F ( ‘—) : 1. B.36
(1—a)otm 20 dta [(1=(1-b)a)? al < (B.36)

I give in Section the proof of (B.36]), which is crucial for the solution of the free theory.
The identity (B.36) is probably known, but I did not find any reference. We insert the
rhs of (B.36)), expanded as a finite sum, into (B.33]), where we also put z = e~

Am1 mlyal 1l4al gl
m2 m24+a27124a2 12

. 2
nmn(m1 M) min(m?2,12) 4 L()*9+%(a1+a2)+u1+u2(1 B Z)m1+m2+ll+l272u172u2

Z 8Q
8Q Z Z dz 1 a=92 alt+a2+mi4m24+11 41242
ul=0 u2=0 0 ( - (1_+Q)2Z)

y ﬁ{(( 49) )ai+2ui+l(ﬂ>mi+li—2ui \/‘mi!A(aiﬂ_mi‘)!li!(qi+‘li)!‘ } . (B.37)

142)? 14+Q (mi—ud)!(IF—ud)! (o +ul) !

This formula tells us the important property

0< A mlial galn <A mlmltal il4al it

m2+a2 ’l2+a2 12 m2 2+a2712+a2 12

, (B.38)

pE=0

i.e. all matrix elements of the propagator are positive and majorised by the massless matrix
elements. The representation (B.37) seems to be the most convenient one for analytical
estimations of the propagator. The strategy®? would be to divide the integration domain
into slices and to maximise the individual z-dependent terms of the integrand over the
slice, followed by resummation. However, this procedure is not so easy, and so far I cannot
offer the result.

37T am grateful to Vincent Rivasseau for this idea, which is inspired by techniques used in constructive
renormalisation [Riv91].
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The z-integration in (B.37) leads according to [GRO0, §9.111] again to a hypergeomet-
ric function:

Am1 mlial 1l4al gl

m2 a2 12102 12

mln(m1 1) min(m?2,1?) ;1,89 1/ .1 2 1 2 1 2 7172 1 2\
B 3 3 I (1+55 43 (o 4+a?) +ul +u?) (m!+m? + 1 +12—2u' —2u?)!

2

89 ul=0 u2=0 F(Z—f—%—k%(al—l—a2)+m1+m2+l1+l2—u1—u2)
F (1+’§—§f+%(a1+a2)+ul+u2, 2+m!+m?+ 1ol +ao (1_9)2>
. 2+%+%(a1+a2)+m1+m2+ll+12—u1—u2 (1+92)?

Xﬁ ( >ai+2ui+1<1—9>mi+l"—2ui Vmil (i +m) (i +17)
(1+Q)? 14+ (mi—u? ) (I —ud)! (o +u?) !

=1

min(m?!,I!) min(m?2,i2) 2 . . . . . P )
at+mb\ (ot fmh\ [T 1—0\ mi+ =2u
1+Q Z Z H (ozi+ui> (oﬂ'+ui) (uz) (uz) (1—1—&2)

u2=0 =1

X B(1+%+§(a +a?)+ut+u?, 1+m 4+ m? P —2u —2u7)
2
y (1+m1+m2+l1+l2—2u1—2u2, %—%(Ozl—i—a J—ul—u? (1— Q)Q) (B.30)
241 2 . .
2+’%9+%(a1+a2)+m1+m2+ll+l2—u1—u2 (1+0Q)?
I have used [GRO0, §9.131.1] to obtain the last line. The form (B.39) will be useful for
the evaluation of special cases and of the asymptotic behaviour In the main part, for
presentatlonal purposes, o' is eliminated in favour of k%, n’ and the summation variable
vt = mb 4+ [P — 2ut is used. The final result is given in (BZQI) on page B3l

For to = 0 the sum over u’ can be evaluated exactly in a few cases. First, for I = 0
we also have u’ = 0. If additionally o = 0 we get

AL 0 1—Q\ m'+m?
w2300 lue=o  2(1+Q)2(1+mi+m?) <1+Q>

One should notice here the exponential decay for 2 > 0. It can be seen numerically
that this is a general feature of the propagator: Given m® and o', the maximum of the
propagator is attained at [ = m’. Moreover, the decay with |[I* — m’| is exponentially so
that the sum

(B.40)

ZA bnlial o (B.41)

m2 2 2 2
l1l2 +a Teda=l

converges. I confirm this argumentation numerically in (F.3)).
It turns out numerically that the maximum of the propagator for indices restricted
by C < max(m!',m? n' n? k' k% 1'1*) < 2C is found in the subclass A1 ,1 1,1 of

0 ) 0 0
propagators. Coincidently, the computation in case of m? = 2 = o? 0 simplifies

considerably. If additionally m! = n! we obtain a closed result:
0 (m!)?(2u)! 7 1+2u, u—m|(1-Q)?\ [ 1-Q
m—u)(u)2(1+m+u)!® '\ 24m+u | (149Q)2 )\ 1+Q

Ay 2(149Q)?
IR ol VI (m!)*(2u+s)! (1-)”
C2(140)2 Z (=1) (m—u—s)!(u!)?(1+m+u+ts)!s! ((1+Q)2)

mm —
0 0

Ns
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N W (m!)?(r+u)! 1=\’
1+Q arap 2 2! —)!(uh)2(14+m+r)! (r—u)! ((1+Q)2)

u=0 r=u

I Ve (m!) r+1, —r 0 ((1=92)2\"
- 2(14+Q)2 TZ;( 1 (m—r)!(1+m+r)! QFI( 1 1) <(1+Q)2)
B 0 m (m!)2 (1-0Q)?
2(1+0)? ; (m—r)!(14+m+r)! ((1+Q)2)
B 0 1L, —=m| (1-0Q)?
2(149)2(m+1) 2F1< m-+2 (1+Q)2>
0
m for @ >0, m>1,
4 m+§1

We see a crucial difference in the asymptotic behaviour for 2 > 0 versus €2 = 0. The slow
decay with m~2 of the propagator is responsible for the non-renormalisability of the ¢*-
model in case of 2 = 0. The numerical result (E.2) on page shows that the maximum
of the propagator for indices restricted by C < max(m', m?,nt, n? kb k2,1 1?) < 2C is
very close to the result (B.42)), for m = C. For = 0 the maximum is exactly given by

the 6 line of (B.42)).

B.4 Asymptotic behaviour of the propagator for large o'

I consider various limiting cases of the propagator, making use of the asymptotic expansion
(Stirling’s formula) of the I'-function,

D(n+1) ~ (Z)n 2m(n+ 1)+ O(n?). (B.43)

This implies

I'(ntlta) ., (a—b)(a+b+1) .
Tonrisy ™" (1+ o +0(n )). (B.44)

I rewrite the propagator (B.39) in a manner where the large-a’ behaviour is easier to
discuss:

Aml mlial 114l 1
m2 m24+a27124a2 12

min(m®,I') min(m?2,i2)

-y ¥ G

a0 e 20040)2(1+E 5 (al+a?)Fml +mA 42— ul —u?)
(m+m?+ 1 +12 =20 —2u?) |V m I Im212) 11—y m! +m? + 2 =20 —2u?
X
(mP—uM) (P —u) ut (m?—u?)! (12—u?)u?! (1+Q>
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20
SR TPUCSHL TV
2
r (l—l—g%f—l—% (a+a?)+m!+m2+ 1 +12—ul —u?)

y (O[ +m1) ( 1+l1) (a2+m2 2+l2
( 1+'LL1> (Oé +U1) ( 2+U2 2+U2
<1+m1+m2+11+12 2ul—2u2, 40 _1 (a1 4a?)—ul—u?
X
o 2+Z§]+ (al+a?)+mi+m2 -+t 412 —ul —u?

(1-92)?
o ) . (B.45)

We assume = (ay + ag) > max(iﬁ m, ). The term in braces { } in (B.43]) behaves like

2 80
{ } -~ (l a + )2u 42u2—ml—m2_12_J2 (al)%(m1+1172u1)(&2)%(m2+1272u1)
e 5
(2ul+2u2—m! —m2—2—12) (m 42+ + 124490 1 1) B

X <1+ D) 49 +(/)<(al+a2) 2))
(m'+ul+1)  ('—uh)('+ut+1) N

x (1 + 4a1 * 4ot +0((e) 2)>
(m2+u?+1)  (P—u?)(P+u®+1) _

- <1 " 4a2 + 1ol +0((e?) 2)) : (B.46)

We look for the maximum of the propagator under the condition C < max(at, a?) < 2C.
Defining s* = m’ + ' — 2u’, the dominating term in (B.4€) is

1 9 2

—1 o5 2
max (sli232)82 (32_7_251 )SQ >
(Oél)%(oﬂ)é (511;2822)8452’ ( 821+2521)51+52
= — S . (B4
(%(O&l+a2))51+52 C<max(al,a2)<2C C#

The max1mum is attained at (o', a?) = (Sl‘igSQ ,C) for s' < s? and at (o', a?) = (C, Sii%)
for s' > s?. Thus, the leading contribution to the propagator will come from the summa-
tion index u' = min(m?, [*).

Next, I evaluate the leading contribution of the hypergeometric function:

<1+m1+m2+l1—|—l2 2u!—2u?, 17 1 (a1+a2)—u1—u2‘(1—§2)2>
24180 4 L(a1a2) fmd 2+ 12—t —u? (1+Q)?

0 2)2\k
N Z (m4+m2+ 1 412 —2ut —2u?+-k)! (- (hgiz) (1 N k(2u1—|—2u2—%+1—k)

(mr4+m2+1t 12 —2ut —2u?)! k! al4a?

2F1

k=0
K(3+2m +2m2+ 20+ 202 — 2 20>+ B3 4 k)

+0((a'+a%)?))

al+a?
00 2 (1-Q)2\k
_ Z s+k ( 2k(1+3+%9+k)> (— W)
al+a? k! s=(ml+m2+11+12—2ul —2u?)

=0

(1-0)2
(1 ) 1+s W(1+S) I-L(2]0 s o
<2(1—|—§22)> L+ (al+a?) <1+E+§+(3+2)m>

+O0((a'+a*)7?) . (B.48)

s=(ml4+m2+11+12—2u! —2u?)
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Assuming s!' < s%, we obtain from (B43), (B:47) and (BA48) the following leading
contribution to the propagator (B.45)

Aml mltal 114al gl

2 2102712442 12
me mEtas 2+t I {max(ml,m2,11,12) < C<max(al,a2)<2C

81 52
_ O(max(m',1')) * (max(m?,1%)) * <1—Q>51+s2( (14+Q)2 >1+51+s2
B (140)20+5 1+Q 2(14+02)

s

1
(427 (5 sY) (i)

e Gy (L OC)

s14252

(B.49)

sti=|mi -1t

The denominator comes from /™ < m™ for m > I. The estimation (B4J) is the
explanation of (5.22) on page 517
Let us now look at propagators with m’ =" and m' < C < max(a!, a?) < 2C:

Am1 mltal mltal ml
m?2 m2+a2'm2+a2 m2

—02\2
_ 0 ( (1+9)?  (Fo) (HﬁJr . ))
2(1+42)? (1+%+%(a1+a2)+m1+m2) 2(1+%) - 2(ar+az) 400 (1+0%)
0 <1—QQ>2 (1+9Q)% mlal + m?a?
2(14+92)? (1440 4 L(al4a?)+ml4m241) \1+Q2/ 1402 (al+a?)?

+ O((a'+a?)7?) . (B.50)
This means

Aml mi+ta].myptayp myp T

A0 m1+a1 .m1+o¢1 0
mg mo+tag’mgtag my

0 m2+a2 ’ m2+0¢2 0

0
8(14+92) (144 +-L (ol +a2+mi+m?))

= —(m1+m2)

0 1—-0%\2 m!(at+m!) + m?(a?+m?)
+ 120 | 1 (1 QQ) 1 20mlm?2)2
2(14+02) (14549 1 L (ol 4-a24ml+m?)) M+ (a'+a?+m!+m?)

N (9( 1 (m'+m?)? )

(al4+a?+mlt+m?) (al+a?+mi+m?)?
= ml <A1 mi+ay . mita; 1 — AO mi+aq . mytag 0) +TTL2 (AO mi+ay . myt+a; 0 — AO mi+aq . mytaq 0)

0 mo+ag’mo+ag 0 0 mo+ag’mo+ag 0 1 mo+ag’mo+tag 1 0 mo+ag’mo+ag 0
1 m1+ 2\2

+o( (m_+m’) ) . (B.51)

(al4+a?+mt+m?) (at+a?+mi+m?)?

The second and third line of (B.51]) explains the estimation (5.20]) on page[B8 Clearly, the

next term in the expansion is of the order T lg::;f};z)g, which explains the estimation
B.27).
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For my =11 +1 and my = I3 we have

Al1+1 li+14ay  li+aq 1y
lpg lgtag ’latagly

_ 0 1-02 /(1) (T +al+1) (1 N O(<&1+a2)71> .

2(1+Q)2 (4041 (ad +02)+11 +12+2) 1+ al+a?

(B.52)

This yields

At 141401 1o i — VLA 4140 11101 0

lo lotag 'lgtag lg 0 lg+ag ’lg+ag 0

1 I'+1 (I'+1)
= \/ B.53
O((a1+a2+ll+l2) al+a? 4+ 1+ (@l +a?+ 1 +12) ) (B:53)

which explains the estimation (5.28)). Similarly, we have

fval+1
A11+a1,a1 O—A11+a1,a1 OIO(( a+ ),

11+asiltag 1 0 14+ag ' 1+ag 0 a1+a2—|—1)3

(B.54)

which shows that the norm of (E.7) on page [40lis of the same order as (5.28)).

B.5 An identity for hypergeometric functions

For terminating hypergeometric series (m,l € N) I compute the sum in the last line of

= (atx)! —m, —m’ > (—l,—x‘ )
Z xlal a2F1< 1+a b) 2t 1+« b

71)
(atx)! mlzla! . Nzla! .

Zlal (m—r)(z—r)(a+r)lrl (m—s)!(z—s)!(a+s)!s!

br+s

(m—r)(x—r)(a+r)rl(l—s)(x—s)!(a+s)!s!

Z (a+z)lxlalmllla®

L almll!
= Z Z amax(r,s) errs
bt L la+r)!rl(m—s)!(a+s)!s!
Z (a+y+ max(r, s))!(y+ max(r,s))!ay
— (y+Ir—s))ly!
m Im
Z Z a:m amax(r,s) prts
i W(atr)ri(l—s)!(a+s)!s!
(a—l— max(r,s))'(max(r s))! JF (OH— max(r, s)+1, max(r, s)+1 )
a
(Jr—s)! ' r—s|+1
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max(r,s) prts

PN : alml!l! a
B ; ; (m—r)!(a+r)!r!(l—s)!(a+s)!s! (1 — a)otrrstl
. ot max(r, s))!(max(r, s))! (— min(a+4r, a+s), —min(r, s) ‘a>

(|r—s])! |r—s|4+1

max(r,s) prts

B i i almll! a
B (m—r)(a+r)rl(l—s)!(a+s)!s! (1 — a)atrtstl

o (a4 max(r, s))!(max(r, s))!(a+ min(r, s))!(min(r, s))!au,
8 Z (|r—s|+u")(min(r, s)—u)! (a4 min(r, s) —u’)u'!
alm!l! qrTsTu prts
Z (m—r)l(r—u)!(l—s)!(s—u)!(atu)lu! (1 — a)otr+stl

arJrsfu br+s

— alm!l!
g Z (m—r)l(r—u)!(l—s)!(s—u)!(a+u)lu! (1 — a)xtrts+l

B Z almll! ( ab )QU<1+ ab )m+l—2u 1
B < (m—uw)!(l—uw)!(a+u)lul \1—a l1—a a*(1—a)ot!

u=

(1—a+ab)™+! <—m, —l’ ab? )
S S S A— —_— ). B.
(1—a)mtita+i 2200 041 [(1—a+tab)? (B:55)

In the step denoted by =* I have used |[GRO0, §9.131.1]. All other transformations should
be self-explaining.

B.6 The propagator for €2 =0

I repeat the calculation of Appendix for Q = 0. The starting point is (B.22)) and
(B.23), where the continuous spectrum of the Laplace operator indicates that the sum
over i" is in fact an integration. Instead of (B.25) we make the ansatz

m!

(a) —_ fla) Le B.
U 0) = £ e L) (B.50
so that (B.24)) reads after division by f(®)(v) (QT—Jn),
(a+m)L_ (v) + (v — (a+142m)) LS (v) + (m+1)L% , (v) =0 . (B.57)

This is indeed the recursion relation |[GRO0, §9.971.6] of Laguerre polynomials L (v).
The orthogonality relation for Laguerre polynomials [GR00, §8.904] implies

f(a)(v) — p2e 2 (B.58)
and an integration over the spectrum from 0 to co. We thus obtain for the propagator

AO=0) _ \/ m! m212!
(

bt ml+al)l(l'+al)! (m?+a?)l(12+a?)!

w2 L () L8 (y1) L2 (y2) L (1)

X dyrdys e 02y y (B.59)
/o e %y1 + %yl + pd
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We introduce a Schwinger parameter and perform the y;-integrations using [GRO0,
§7.414.4]:

A(Q:O)
ml mlial i1pal gl
m2 m24a27 12402 12

4 it mil! . i i
= — dt ——t d ; —y; (1+t¢) a Lai : Loaf ;
2 /; © H/ Yi \/ mz+az ll—i-OéZ) € Yi m (y) l (y)

9 29 lz tml-‘rl’ ) _lz 1
/dt ‘mH (m+l'+a) ey Y N P
\/mzllzl mz+az) (l’—l—oﬁ) (1+t)m +l+at+1 —mi—li—qt 2

(B.60)

The argument of the hypergeometric function in (B.60) is inconvenient. Expanding it as
a finite sum and the argument as a polynomial in ¢~2 it is straightforward to derive for
non-negative integers m, [ the identity

1

12

2F1< —m, —I -
—-m—l—«
_ D(m+a+D)D(l+a+1) minz“:”’” mlll =2
I'(m+l+a+1) — ul(m—u)!(l—u)T(a+u+1)
(B.61)

1Y\ _ I'(mt+a+D)I'(I+a+1) —m, —I
©2) " T(a+DD(m+l+a+1) 7'\ a+1

We insert (B.61) into (B.60) and express the result in terms of the confluent hypergeo-
metric function ¥(a, v, z) = ( f dt e # 2 1(1+¢)77>71 | see [GROO, §9.211.4]:

A(QZO)
ml m +a ll+a
m2 m2+a2 12402 12

min(m?®,/1) min(m?2,i2)

2 —— . S i
Z > m1+m2+ll+12—2u1—2u2)'(H Vmillil(mi+al)(I'+a)!
=1

— (=) lu?!
ot = mP—u ) (I —u))! (o +u?) lu?!

20
X \P<m1+m2+ll+12—2u1—2u2+1,—041—042—2u1—2u2,%) . (B.62)

Now, we reinsert n = mi+a’, k' = l'+a’, put v’ = (m' + I') — v and restore the
symmetry in m < n, [ < k:

=0 _ Y
Aml al Bl — _5m1+k1,n1+l16m2+k2,n2+l2
; 2
m2 n27 k2 12

min(m1+l1,nl+k1) min(m2+l2,n2+k2)

: 2 ki m? K
X iy mie kb>( i kz_nz>( i mi_li)( i li_mi>
;_ﬂl z;_lg (H (U T U )\ T\
2 2

vle p2=Im

20
X (2v1+2v2)!111(21) +202 41, 20 4202 —mP —m? k' — k‘2,/%) . (B.63)
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Putting first pp = 0 and then Q = 0 in (349) and using [GRO0L §9.122.1] we obtain after
comparison with (B.63]) the remarkable commutativity of the limits

lim A(ﬁ:fl).kl 4 = lim ( lim A, 11>

no—0 2 25,2 2 Q—0 \ po—0  m2 p2ik2 2

6

= §5m1+k1,n1+l1 5m2+k2,n2+l2
trlirl(m1+ll,n1+kl) min(m2+l2,n2+k2)
2 2

Xy > Bo'+20* 1, m 4Pk R 20" 207 +1)

11
1_|mi-17]
V=T

2 ) ) ) )
nt % mt [
il;! (U +T v +T v+ 2 (s 2

22
2_ [m2—14]
vt=T
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C Towards the derivation of the Polchinski equation

I provide here an auxiliary calculation used in Section 1] In order to derive the Polchinski
equation we first differentiate the action S[¢, J, A] given in (L.8]) on page 36 with respect
to ¢, abbreviating K,,,(A) := K[m, A]K[n, A]:

dexp(—=S|o, J,A])
OPmn

— —VD<ZK;”11(A) mnrs ¢rs+sznrs Jrs+

OL[¢, Al
OPmn

) exp(—S[op, J,A]) .
(C.1)

We have used the symmetry Grn.ur = Grizmn Which is obvious from the definition of G.
For the same reason the propagator (4.4]) is symmetric as Well Ak = Agipm. In the
first step we change the relative sign between G, and 3 ¢mn in (CI) and contract the
result with Ay.pm Komn(A). Recalling the definition of the propagator (£4]) we obtain

(QVDK];1<A)¢I€Z + 2)}D Z Alk;anmn(A)an;rs [A] Jrs

m,n,r,s

+ Z Alk;anmn(A) a(f ) eXp(_S[¢7 Ja A])

Vo (K0 + T Ao = 3 St )

x exp(—S[e, J, A]) . (C.2)

m,n,r,s

A second identity is obtained by contracting the rewritten equation (C.II) instead with
Alk,nm%Kmn(A)

1 —
<2VD m;s (Alkmmen(A) 8A Gmn rs ( )(brs + Alk mm 8/\ an;rs [A] Jrs)
OKpn(A) 0O
+ ; Alk;nm aA a¢mn> eXp(—S[gb, J) A])
OK pn(N)
— VD<m;sAlk anmn(A)a—AGmn rs ( >¢rs
OKmn(A) 1, Ky (A) OL[§, A]
+ m; . Alk;nma—A mn; 7’5 7"5 Z Alk nm 8/\ 8¢mn )
x exp(—S|p, J,A]) . (C.3)
Next, we differentiate (C.2)) with respect to ¢y, multiply it by aK’“l 9Ku(2) , and sum over k, [:
0K (
Z aA a¢kl (<2VDKI§Z ( )¢kl + 2VD m;s Alk;anmn<A>an;rs [A] Jrs

Z Alk nm mn aq?mn) eXp(_S[¢7 ’]7 A]))
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0K (A) 0K, (A 0L o, A
= VD( EZX( )Kk;zl(A) - Z akjf )Alk;anmn(A)W
k,l m,n,k,l mn

_ T
VD E ( Eu ¢tu tu Gt“ lekl ) + ;yu: JtuFtu;kl [A] + aqbkl > EIN

x (K,;ll(A)gbm S A Ko (A) P[] 1, Z - aquS’A]))

m,n,r,s

x exp(—S[o, J, A])

OK ' (N) 1 OKp(A) .,
¢tu tu Gtu —(b + — K (A)
(k;u HoA RV il oA i
3Kkl OL[p,A|OL[p, A] 1 0°L[p,A]

O (M)

- Z Jtuth;;kl A= oA Agim Ko () Fyrirs [A] s

k,,mmn,rstu

OL[¢, A]\ 0Kk (A
- Z (Z¢tu tu GtUlek:l (A) a[z;l ]) aij( )Alk;anmn(A)meTs[A]Jrs

a k;u (¢lekl Z aﬁbmn )Anm;lk> a—AFkl;tu [A] Jtu
0K (A OL[o, A
Z ¢tuKtZ‘1Gtu§lel;l1(A) akj\( )Alk,anmn<A>M

k,lmn,tu a¢mn

= X out () 2 2 Y s 510, ) ()
k,l

k,l,m,n

klmm,rs tu

ON Oy

On the other hand, differentiating (C.3)) with respect to ¢y, multiplying by Kj(A) and
summing over k,[ we obtain

OK i (N)
Z Kkl a(bkl (<2VD Z Alk anm711<A)a—AGmn TS ( )¢7‘S

8Kmn(A)

+ 2l}D Z Alk;nm 8A

OKpn(N) 0O )

an;rs[A] Jrs + Z Alk;nm aA a¢

m,n,r,s

x exp(—S[op, J, A]))

OK n(N) 02 L[, A]
- VD<Z = 2 Kl A S

k,l,mm

- VD Z (Z ¢tu tu Gtu lekl ) + Z Jtuthzl;kl[A] + 8L[¢7 A])Kkl(A)

O

8Kmn(A) OK pn(N)
( Z Alk nm mn oA Gmn rs Qbrs + Z Alk: nm O\ an;rs [A] Jrs

m,n,r,s m,n,r,s

=3 A aKgX(M Pl ) exp(-51s. 4]
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=0 X o a6+ 5 5 W

OKun(A) (OL[¢, A]OL[¢,A] 1 0°L[g, A]

OK n ()

- Z JtuFtZ;;kl [A] Kkl (A)Alk;nm BN

k,l,m,n,r s tu

- (Z Grs Ko (A) Glrgimn K o (A) — oL, M) i) Ao Kt (A) B [A] T

an;rs [A] Jrs

kLmntu 1s OPrmn OA
k,l,mz,n,r,s O GTS;mnKn_wll(A) —aKgX(A) At K a%[z;lA]
- ; G Kt (M) aKgX(A) agg[i; nA] )) exp(— 5S¢, J, A]) . (C.5)

Recalling the definitions #9) of GJ .;(A) on page B and @ITQ) of A ., (A) we can
write down the sum of (C4) and (C.3), divided by 2VD, in the form

2Vp aqbk;z 8/\

X ((ZVD Z (Gfm;m¢rs + FrnirsJrs) + %) exp(—S[o, J, A]))

T8

G 1 OAN (A
=Vp ( Z ¢mn kl( >¢kl Z éthth';;kl [A]lk—()an;rs [A] Jow

O\
k,,mm k,,mmn,rstu

* Z 2 8/\ ( a¢kl aQsmn VD 8¢kl aeran)

k,l,m,n

OAK () 1 )
- Z Qbrng,kllka—Aan;tu [A] Jtu V Z 6’A ( In Kmn<A))>

k,lmmn,rstu

x exp(—S[p, J,A]) . (C.6)

Now, we apply to (C.G) the path integral operator [D[¢] = [ T],,dda. This yields
zero for the lhs of (C.G]), because for every k, [ we have a suitable integral over ¢, which

annihilates the derivative with respect to ¢x;. The result is the identity (£13) in the main
part, which was to show.
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D Proof of the power-counting theorem

I provide here the proof of Theorem [10]on page 48], which is quite long and technical. The
proof amounts to study all possible connections of two external legs of either different
graphs or the same graph. It will be essential how the legs to connect are situated with
respect to the remaining part of the graph. There are the following arrangements of the
external legs at the distinguished vertex one or two of which we are going to connect:

(D.1)

A big oval stands for other parts of the graph the specification of which is not necessary
for the proof. Dotted lines entering and leaving the oval stand for the set of all external
legs different from the external legs of the distinguished vertex to contract. If two or three
internal lines are connected to the oval this does not necessarily mean that these two lines
are part of an inner loop.

[ am going to integrate the matrix Polchinski equation (£52), page A7, by induction
upward in V' and for constant V' downward in N. Due to the grading (V, N), the differ-
ential equation (A.52) is actually constructive. I consider in Section [D.I] the connection of
two smaller graphs of (V7, N7) and (Va, Ny) vertices and external legs and in Sections [D.2]
and [D.3] the self-contraction of a graph with (V; =V, N; = N + 2) vertices and external
legs. These graphs are further characterised by V¢, B;, g;, t; external vertices, boundary
components, genera and segmentation indices, respectively. Since the sums in (£58]) and
the number of arrangements of legs in (D.I]) are finite, it is sufficient to regard the con-
traction of subgraphs individually. That is, we consider individual subgraphs 7,2 the
contraction of which produces an individual graph +. We also ignore the problem of mak-
ing the graphs symmetric in the indices m;n; of the external legs. At the very end we
project the sum of graphs v to homogeneous degree (V, V¢ B, g, ). To these homogeneous
parts there contributes according to (A58)) a finite number of contractions of ;. We thus
get the bound (£E9) on page A8 if we can prove it for any individual contraction.

The Theorem is certainly correct for the initial ¢-interaction (E386) which due to

(m gives |A£%’11ﬁ}§?7-?%14n4 [A” S L.

D.1 Tree-contractions of two subgraphs

I start with the first term on the rhs of (£52]), page 47, which describes the connection of
two smaller subgraphs vy, v, of Vi, V5 vertices and Ny, N, external legs via a propagator.
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The total graph ~ for a tree-contraction has

V = Vi+ V5, vertices, N = N;+N,—2 external legs ,
I = I1+1,+1 propagators , L = Ly+Ly—1 loops , (D.2)

because two loops of the subgraphs are merged to a new loop in the total graph. It follows
from (4.43]) that for tree-contractions we always have additivity of the genus,

g=g1+92. (D.3)

As an example for a contraction between graphs in the first line of (D.1]) let us consider

(D.4)

where om and on stand for the set of all other outgoing and incoming indices via external
legs at the remaining part of the left subgraph ~; and similarly for ok and ol for the right
subgraph 7. The two boundary components to which the contracted vertices belong are
joint in the total graph, i.e. B = By + By — 1. Moreover, we obviously have V¢ = V¢ + Vi
and ¢ = t1 + 1. The graph (D.4) determines the A-scaling

A0 AWV Ba0y A

aA mini;mong;omon;ok ol;kala;kly
§ Vi,V B1,g1,t1)m (V2,V5',B2,g2,t2)72
Amlnll,mgnz,amcrn ymma [ ] lem;lll (A) Ahl;o’kﬂ'l;kzlz;klll [A] . (D5)

Due to the conservation of the total amount of indices in v, and 5 by induction hypothesis

(A59), both
m=on—om+ny and =0k —ol+k (D.6)

are completely fixed by the other external indices so that from the sum over m and [
there survives a single term only. Then, because of the relation my +1 = m + [; from

th((:,/ ‘Erc;pa%ator Qmymi, (A), see (A5T), it follows that the total amount of indices for
A ’ e’ 9sL)Y

miny;mang;omon;ok olikala;
Let V¢ and i; be the numbers of external vertices and segmentation indices on the
segments of the subgraphs ~; on which the contracted vertices are situated. The induction
hypothesis ([£59) gives us the bound if these segments carry 5, < V¢ + 7; — 1 index
summations. The new segment of the total graph ~ created by connecting the boundary
components of 7; carries V¢ + V¥ external vertices and 7; + 7, segmentation indices and
therefore admits up to §; + S + 1 index summations. In (D.4)) that additional index
summation will be the m{-summation.
Due to (447) (for segments) on page M@ there has to be an external leg on each
segment the outgoing index of which is not allowed to be summed. If on the v,-part

kily is conserved as well.



118 D PROOF OF THE POWER-COUNTING THEOREM

of the contracted segment there is an unsummed external leg, we can choose m as that
particular index in 7;. In this case we take in the propagator the maximum over m, [ and
sum the part 7, for given [ over those indices which belong to £°. The result is bounded
independently of [ and all other incoming indices. Next, we sum over the indices in £°
which belong to ~;, regarding m as an unsummed index. There is the possibility of an
mi-summation applied to the propagator in the last step, with [; kept fixed, for which
the bound is given by (Z50]) on page @7l In this case we therefore get

mini;mang;omon;ok ol;kala;kily

Z ‘Aa AWV Bg0y [A]‘

£, 52<Vg+ia—1, m1€ES

(Z A ), ()] ) (e Y i | Qs (1))
mi

E : (V2,Vs ,B2,g2,t2)72
< |Al1l sok olikalaskily [A] |>

1 A 62(V7¥+472g7(3+1)) 81 (14+V —Ve—14-2g+(B+1)—2+(s—1))
<36(3) (%)
2 14 A
S a1y, A
X | = P 2 | In—1/| . D.7
<A " Ax (D7)

We have used the induction hypothesis (£359]) for the subgraphs as well as (4.56) for the
propagator and have inserted Ny + No =N +2 Vi + Vo =V VE+VE =V 11 + 15 =1,
B+ By = B+1, g1+¢9> = g and s;+s2 = s—1, because there is an additional summation
over my which belongs to £° but not to &. If my ¢ £° we take instead the unsummed
propagator and replace in (D.7) one factor ([£56) by (£55) as well as (s — 1) by s. The

total exponents of 4 remain unchanged.

Next, let there be no unsummed external leg on the contracted segment of v, viewed
from 7. Now, we cannot directly use the induction hypothesis. On the other hand, for a
given index configuration of 7, and the propagator, the index ks is not an independent
summation index:

ko =1l4+0l—ck=m—m;+1,+0l—o0ck. (D.8)

See also ([D.G). If my € &% there must be an unsummed outgoing index on the contracted
segment of ;. We can thus realise the kg-summation as a summation over m in v,
for fixed index configuration of v, and mgy,[;. This m-summation is applied together
summation over the 7;-indices of £° to v, as the first step, taking again the maximum of
the propagator over m,[. In the second step we sum over the restriction of £° to v, and
the propagator. It is obvious that the estimation ([D.7]) remains unchanged, in particular,
s1+82 = (s1+1) + (s2—1) = s—1. If my is the only unsummed index we realise the ko-
summation as a summation of the propagator over [. Here, one has to take into account
that the subgraph 7, is bounded independently of the incoming index [. Again we get the
same exponents as in (D.7).



D.1 'Tree-contractions of two subgraphs 119

We can summarise (D.7)) and its discussed modification to

9 (V,Ve,B,g,L)y
Z ‘Aa_AAmlm;mzm;am on;ok ol;kala;kily [A] ‘
gs
S P 2 ln .
H A A A
(D.9)

For the choice of the boundary conditions according to Definition/Lemma [0 the A-
integration increases (again according to Definition/Lemma [7)) the degree of the polyno-
mial in In AA by 1. Hence, we have extended (£.59) to a bigger degree V for contractions
of type (Iﬂ]) In particular, the bound is independent of the incoming indices n;, l; (by
induction starting with (£50), which represents the third graph in (£39)).

The verification of (£59) for any contraction between graphs of the first line in (D.1)
is performed in a similar manner. Taking the same subgraphs as in (D.4]), but with a
contraction of other legs, the discussion is in fact a little easier because there are no
trajectories going through both subgraphs:

(D.10)

b
s ' (D.11)

are treated in the same way. The point is that the summation indices of the propagator
(m, k on the left and n, k on the right in (D.11])) are fixed by index conservation for the
subgraphs. In the same way one also discusses any contraction between the second and

third graph in (D).

Let us now contract the left graph in the second line of (D.Il) with any graph of the
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first line of (D.1)), e.g.

i (D.12)

The number of boundary components is reduced by 1, giving B; + By = B+ 1. We clearly
have ¢ = ¢1 4 19, but there is now one external vertex less on which we can apply an index
summation, V¢ = V¢ + V¥ — 1. At the same time we need the index summation from the
subgraph, because in the A-scaling

a € L 1 e L
A—A(V’V B,g,L)y [A] —— Z AMVLVE Bugin)m [A] Qnm;k1k(A> Al(c‘l:i"k?lf;kg;l 2)72 [A]

A Hkilisok oliomon 2 & mniomon
h (D.13)

there is now one undetermined summation index:
k=L +ol—ok, m(n) =n+on—om. (D.14)

First, let there be an additional unsummed external leg on the segment of m,n in ~;.
Then, the induction hypothesis (£59) gives the bound for a summation over m. We thus
fix n, k and all indices of 5 in the first step and realise a possible ki-summation due to
k1 = m+k—n as an m-summation, which is applied together with the summation over the
~v1-indices of £°, after maximising the propagator over m, k;. The result is independent
of n. We thus restrict the n-summation to the propagator, see (4.56), and apply the
remaining £°-summations to 7., where k remains unsummed. We have s; + so = s and
get the estimation
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If k1 & €% we do not need the m-summation on ;. Again we have s = s; + s and (D.15)
remains unchanged. Here, we may allow for index summations at all other external legs
on the segment of m,n in ~;.

If there is no unsummed external leg on the segment of m,n in v, we must realise
the kj-summation as follows: We proceed as before up to the step where we sum the
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propagator for given k over n. For each term in this sum we have k; = k + on —om. We
thus achieve a different k; if for given om, on we start from a different k. Since the result
of the summations over ; and the propagator is independent of k, see (L50), we realise
the kj-summation as a sum over k restricted to 7. We now get the same exponents as
in (D.15) also for this case. According to Definition/Lemma[7] the A-integration extends
for contractions of type (D.12)) the bound ([£59) to a bigger order V.

The contraction of the other leg of the right vertex

ok (D.16)

is easier to discuss because the k;-summation is directly applied to 7,. Taking the second
vertex of the first line of (D.I)) instead, we have two contractions which are identical to
(D.12) and (D.I6) and a third one with contractions as in the first and last graphs of
(D.I0) where ; and 7y, form different segments in . This case is much easier because
there is no trajectory involving both subgraphs.

Contracting instead the last vertex of the second line of (D.I)) we obtain the same
estimates if the two propagators between the vertex and the oval belong to the same
segment:

ok (D.17)

The only modification to (D.I5]) and its variants is to replace (V¢ + 1) by V and ¢ by
(¢t + 1), because the total number of external vertices is unchanged whereas the total
segmentation index is reduced by 1.

If we contract the second vertex of the last line in (D.]) in such a way that the
contracted indices m, n belong to different segments of v, e.g.

(D.18)

they are actually determined by index conservation for the segments. The entire discus-
sion of these examples is therefore similar to the graph (D.4)) with bound (D.7) and its
modifications. Note that we have V¢ =V + Vi and ¢ = ¢ + ¢5 in (D.I8)).
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Accordingly, we can replace in all previous examples a vertex of the first line of ([D.1))
by the composed vertex under the condition that the two contracted trajectories at the
composed vertex belong to different segments.

It remains to study the contraction

am. >Nn kf< _______ al _ -
v/~ .

where two contraction indices (m or n and k or [) are undetermined. We have V¢ =
VE+Vy—2and © = 11+1o. We first assume that at least one of the boundary components of
~; to contract carries more than one external vertex. In this case we have B = B+ By — 1.
There has to be at least one unsummed external vertex on the segment, say on v,. We fix
the indices of 75 as well as n in the first step, take in the propagator the maximum over
m, [ and sum over the vi-indices of £°. Here, m can be regarded as an unsummed index.
We take the maximum of v, over n so that the n-summation restricts to the propagator
only. We take in the summed propagator the maximum over k£ so that the remaining
k-summation is applied together with the summation over the 7,-indices of £°. We thus
need s; + s = s + 1 summations and the bound (4.50) for the propagator:

okol;omon

Z‘Aa AWVe.B ‘””[A]’

<= (max Z | ALV Bronom [A] \) <m]?X D max | Qs (A) y)
< (3 JAmE P )

k,.E52

IN

10 <A>62( —N;2+4—2g—(3+1))(M)51(1+v—(ve+2)—L+2g+(B+1)—2+(s+1))
—oy (=

1 A

" <%>50((Ve+2)+b2(8+1))P2V Ntz [hl A]

" (D.20)

Finally, we have to consider the case where the only external vertices of both boundary
components of ; to contract are just the contracted vertices. In this case the contraction
removes these two boundary components at expense of a completely inner loop, giving
B = By + By — 2. The differences n —m and k — [ are fixed by the remaining indices of ~;.
For given m we may thus take the maximum of 7, over [ and realise the [-summation as
a summation (L50) over the propagator. We thus exhaust all differences m — [. In order
to exhaust all values of m we take the maximum of v; over m,n and multiply the result
by a volume factor (L.54]). We thus replace in (D.20) (s +1) — s and (B+1) — (B +2),
and combine one factor (A55) and a volume factor (£54) to (£5T). We thus get the same
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total exponents as in (£59) so that the A-integration extends (4.59) to a bigger order V'
for all contractions represented by ([D.19)).

The contractions

(D.21)

are treated in the same way as (D.19), now with the two unknown summation indices
taken into account by a reduction of V¢ + ¢ = (Vi + ¢1) + (V5 + t2) — 2. In particular,
there is also the situation where m,n and k, [ are the only external legs of their boundary
components before the contraction. In this case the number of boundary components
drops by 2, which requires a volume factor in order to realise the sum over the starting
point of the inner loop.

Thus, ([£359) is proven for any contractions produced by the first (bilinear) term on

the rhs of (4.52]).

D.2 Loop-contractions at the same vertex

It remains to verify the scaling formula (£59) for the second term (the last line) on the
rhs of the matrix Polchinski equation (£52), which describes self-contractions of graphs.
The graphical data for the subgraph will obtain a subscript 1, such as the number of
external vertices V%, the segmentation index ¢; and the set &' of summation indices. We
always have V; =V and N; = N + 2. We first consider contractions of external lines at
the same vertex, for which we have the possibilities shown in (D.I]).

The very first vertex leads to two different self-contractions:
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For the planar contraction (D.22]) we estimate the [-summation by a volume factor so

that we obtain (£59) from (E57). For the non-planar graph (D.23) we obtain ([E59) for
s = 0 directly from (€53]). According to (4.47) we can apply one index summation which

yields ({.59) via (4.56]).
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For the second graph in the first line of (D.II) we first investigate the contraction

gm !
D.24
= (D.24)

The number of loops of the amputated graph is increased by 1, L = Ly + 1, so that due
to (E43) on page Eland [ = I} + 1 we get g = g;. The graph (D.24]) determines the
A-variation

e 1 € 1)1
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with one of the indices k,[ being undetermined. First, let there be at least one further
external leg on the same boundary component as [, k. In this case the number of boundary
components is increased by 1, B = By + 1. If there is an unsummed index on the segment
of k,l we can realise the k-summation in v as a summation in v; after taking in the
propagator the maximum over k,l. We thus have s; = s + 1 and consequently
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We can sum the contracting propagator over m; for fixed n;, which amounts to replace
one factor (L.55]) by (L.56) compensated by s = s; replacing s = s; — 1.

If £ cannot be a summation index in y; then m; must be unsummed in . We first
apply the summation over o[l] for given [ in ;. The result is independent of [ so that, for
given k, the [-summation can be restricted to the contracting propagator maximised over
my,ni. Finally, the remaining £5-summations are applied. We have to replace in ([D.26])
(s 4+ 1) by s and one factor (E55]) by (4.50]).

Finally, let there be no further external leg on the same boundary component as [, k.
Now, the number of boundary components remains constant, B = B;. Since k — [ =
ny — my is a constant, the required summation over e.g. k has to be estimated by a
volume factor (£54). We thus replace in (D.26) (B — 1) — B and (s + 1) — s and
combine one factor ({55]) and the volume factor to (A57T).

In summary, we extend after A-integration the scaling law (£359]) for the same degree
V to a reduced number N of external lines.

Next, we study the following contraction of the second graph in the first line of ([D.1))
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which gives rise to an inner loop:

(D.27)
It describes the A-variation
0 . 1 . ,
A ASTEED ) = =5 (D2 Quuan (V) AR A). (D.28)
l

The number of loops of the amputated graph is increased by 1 and the number of boundary
components remains constant, giving ¢ = ¢g; and B = By. Note that Agl’ lefl 11’5;’15;);1” is
independent of [ so that the [-summation acts on the propagator only. We estimate the

[-summed propagator by (.57 for the product of (A.53]) with a volume factor (£.54]). The
factor (4.51) compensates the decrease N = N; —2, all other exponents remain unchanged
when passing from v; to 7. Now, the A-integration extends the scaling law (L59) to a
reduced N.

The third graph in the first line of (D.I)) leads to the contracted graph

(D.29)

There is one additional loop of the amputated graph, giving g = ¢g;. We have B = B;
if there are further external legs on the boundary component of n and B = B; — 1 if
no further external leg exists on the contracted boundary component. Very similar to
(D.27)), the I-summation is restricted to the propagator maximised over n, giving a factor
(#ET) which compensates N = N; — 2 in the first exponent of ([L59). For B = B; the
n-summation in (D.29) is provided by the subgraph ~;, where the additional summation
s1 = s + 1 compared with 7 compensates the change V| = V¢ + 1 of external vertices in
the second and third exponent of (£.59)).

On the other hand, if B; = B + 1 we have s = s; and the summation over n has to
come from a volume factor (£54)) combined with one factor (A55]) to ([A5T). This verifies

(#329) for the contraction (D.29).

The last case for which contractions of two external lines at the same vertex are to
investigate is the last vertex in the second line of (D.I)). As before in the proof for tree-
contractions, we have to distinguish whether the composed vertex under consideration
appears inside a tree, in a loop but together with further composed vertices, or in a loop
but as the single composed vertex. In the first case we have to analyse the graph

(D.30)
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Before the contraction, the indices m,n, k,l were all located on the same loop of the
amputated graph and the same boundary component. After the contraction they are split
into two loops, ¢ = g1. The number of boundary components is increased by 1 if both
resulting boundary components of [, m and k,n carry further external legs, B = By + 1.
We have B = By if only one of the resulting boundary components of [, m or k,n carries
further external legs and B = By —1 if there are no further external legs on these boundary
components. We clearly have ¢ = ¢; and V¢ = V — 1. Due to index conservation for
segments, either k£ or n is an unknown summation index, and either [ or m.

We first consider the case B = By + 1. In both segments of 7; to contract there must
be at least one unsummed outgoing index, which we can choose to be different from the
vertex to contract. We thus take in the propagator the maximum (A.53]) over all indices
and restrict the required index summations over k, m to the segments of the subgraphs.
This means that we have s; = s + 2 summations, which compensates the change of the
numbers of boundary components B; = B — 1, external legs Ny = N + 2 and external
vertices Vi = V¢ + 1:
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We immediately confirm (£59). Alternatively, instead of consuming a 7;-summation to
get the k-summation we can also sum the propagator for maximised [, m and given k over
n. Compared with (D.31)) we have to replace (s + 2) by (s+ 1) and one factor (L.55]) by
(£56]), ending up in the same exponents.

Next, we investigate the case B = B; where, for example, the restriction of the
boundary component to the left segment does not carry another external leg than m, (.
The summation over m in ~; is now provided by a volume factor, which means that in
(D.31)) we have to replace (s+2) by (s+1), (B—1) by B and one factor (£55]) by (£.57]).
All exponents match again (£59).

Finally, let us look at the possibility B = By — 1 where the indices m, n, k, [ to contract
were the only external indices of the boundary component. We thus combine two volume
factors (A.54]) and two factors (L5H]) to two factors ({L5T), compensating (B—1) — (B+1)
and (s +2) — s. After A-integration we extend (£59) to a reduced N.

The case that the two sides of the composed vertex to contract are connected but
belong to different segments, e.g.

(D.32)
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is similar to treat concerning index summations, but for the interpretation of the genus
there is a different situation possible. In the amputated subgraph ~; the indices m,n
and k, [ may be situated on different loops and thus different boundary components. The
contraction joins in this case the two loops, L = L; — 1, which results due to ([@43) in
g=g¢g1+1and B = B; — 1. There is at least one addltlonal external leg on each of the
boundary components of m,n and k,[ before the contraction, because in order to close
the loop we have to pass through the vertex mi,ni, ms,ns. Now, we have to replace in
(D31) (B—1) by (B+1) and g by (g — 1), confirming ([A59) also in this case. If all
indices m,n, k,l are on the same loop in 7y, the contraction splits it into two and the
entire discussion of (D.30) can be used without modification to the present example.

v\
B (D.33)
where the two halves of the composed vertex to contract belong to the same segment.
Three of the indices m,n, k,l are now summation indices. We have + = 1; — 1 and
Ve =V —1. Let first the indices m,n on one hand and k, [ on the other hand be situated
on different loops of the amputated graph ;. These are joint by the contraction, yielding
g = g1+1. If there remain further external legs on the contracted loop we have B = B;—1,
otherwise B = By —2. We start with B = B; — 1. Due to the segmentation index present
in ~;, the induction hypothesis for v; gives us the bound for two additional summations
over m, k not present in . The third summation is provided by the propagator via (£.50).
Assuming i[k] # [,n in v, we first take in the contracting propagator the maximum over
m, [, then sum the m, n-boundary component over m and those indices of £° which belong

to the m, n-boundary component, followed by the summation of the propagator over n
for given k. Finally, we sum 7, over the remaining indices of £° and over k:
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It is essential that the summation over k — i[k] is independent.

If there are no external legs on the contracted loop, B = By — 2, then we have in v,
either i[m] = n, i[k] = [ or i[m] = [, i[k] = n. In the first case we would first fix n, k and
maximise the propagator over m,l. Now, the m-summation restricts to v; with bound
independent of n. Thus, the n-summation for given k restricts to the propagator and
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delivers a factor (A50]), independent of k. However, since k —i[k] = k —1 =n —m is
already exhausted in 7, the remaining k-summation has to come from a volume factor.
We thus make in (D.34)) the replacements (B+1) — (B+2), (s+2) — (s+1) and combine
one factor ({.55]) with a volume factor (4.54]) to (£57). The exponents match again (4.59)).

Next, we investigate the situation where all indices m, n, k, [ are located on the same
loop of the amputated subgraph ~;. In this case the contraction to v splits that loop into
two so that we have g = g;. As before we have B = By + 1 if both split loops contain
further external legs, B = B if only one of the split loops contains further external legs,
and B = By — 1 if the split loops do not contain further external legs. The discussion is
similar as for (D.30), the difference is that three of m,n, k,[ are now summations indices,
which is taken into account by the replacement of ¢ in (D.31]) by (¢ + 1). We thus finish
the verification of ([A59) for self-contractions of a vertex.

D.3 Loop-contractions at different vertices

It remains to check (£59) for contractions of different vertices of the same graph. The
external lines of the two vertices are arranged according to (D). We start with two
vertices of the type shown as the second graph in (D.I]). One possible contraction of their
external lines is

\
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assuming that the vertices to contract are located on the same segment in ;. One of
the indices m, [ is a summation index. We first consider the case that the two vertices to
contract are located on the same loop of the amputated graph ~;. The contraction to
splits that loop into two, giving g = g;. We have B = By + 1 if the trajectory starting at
[ does not leave v, (and ) in m, whereas B = By if m,[ are on the same trajectory in
v1- In case of B = By + 1 we keep i[m/| in v fixed, take in the propagator the maximum
over m,[ and restrict the m-summation to ;. Due to Vi =V ¢y =cvand B = B -1
we have in the case that m; remains unsummed
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Summing additionally over m; we replace in (D.3@]) one factor (£55) by (&50]). It is clear
that this reproduces the exponents of (4.59) correctly.
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If | = i[m] in 71, we have to realise the m-summation by a volume factor. We thus
replace in (D.36) (B—1) — B, (s+ 1) — s and combine (£54]) with one factor ([E55) to
ET).

Finally, the two vertices to contract in (D.38) may be located on different loops of
the amputated graph ;. They are joint by the contraction to v, giving g = ¢1 + 1,
and because the newly created loop obviously has external legs, we have B = By — 1.
As separated loops in vy, [ cannot be the incoming index of the trajectory through m.
Therefore, the m-summation gives the same bound as the rhs of (D.36), now with (B—1)
replaced by (B + 1) and g by (¢ — 1). We have thus extended (£59) to a reduced N for
all types of contractions ([D.339]).

If the vertices to contract are located on different segments in v, e.g.

(D.37)

both indices m, ! are determined by index conservation for segments. We can thus save
an index summation compared with (D.36) and replace there and in its discussed modi-
fications (s + 1) by s and ¢; = ¢ by ¢t; = (¢ — 1). Since the m-summation is not required,
there is effectively an additional summation possible in agreement with (£.47). It is not
possible that m and [ are located on the same trajectory in ~; so that either g = ¢y,
B=Bi+lorg=g1+1, B=DB; — 1.

I would like to add a few comments on the segmentation index. It is essential that the
contraction joins separated segments. For instance, the contraction

does not increase the segmentation index, because in agreement with Definition [§ on page
the number of segments remains constant. The graph on the left has « = 1, and the
internal indices m,[ are determined by the external ones. The graph on the right has
t = 1 as well, and now one of the indices n, k becomes a summation index. Having several
composed vertices in the middle link does not change the segmentation index:

(D.39)
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It makes, however, a difference if the two composed vertices are situated on different links:

Here, the segmentation index increases from ¢ = 1 on the left to «+ = 2 on the right, in
agreement with Definition [§

The case

(D.41)

(D.42)

the summation index n or [ is provided by the propagator, replacing in and its
modifications (s + 1) by s and one factor (455 by ({50). It is not possible that n and [
are located on the same trajectory in ~; so that either g =¢;, B=B;+1or g=g¢; + 1,
B=DB—1.

In order to treat the contraction

(D.43)

one has to use that the summation over m; can due to m; = k+m — k; be transferred as
a k-summation of v;. The summation over the undetermined index m is applied in the
last step.
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Finally,

(D.45)

is an example for a realisation of (40 where V. is increased by 2 and S by 1, giving
again a segmentation index increased by 1.

It is obvious that the discussion of contractions involving the second and third or two
of the third vertices of the first line in (D.I) is analogous.

Let us now study loop contractions which involve the first graph in the second line of
(D)), assuming first that the vertices are situated on the same segment:

S l m ﬂ ﬁ (D.46)

We thus have ¢ = ¢; and V¢ = V — 1. Two of the summation indices m, k,[ are un-
determined. Let first the two vertices to contract be located on the same loop of the
amputated subgraph ;. The contraction splits that loop into two, giving ¢ = ¢g;. Next
question concerns the number of boundary components. We have B = B; 4 1 if there are
further external legs on the loop through I,m and B = By if | = i[m] in 7;. We start with
B = By +1. In general, the induction hypothesis provides us with bounds for summations
over m and k, because [ # i[m]. If m; is an unsummed index we thus have
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Now, an additional summation over m; can immediately be taken into account by repla-
cing the maximised propagator (A53]) by the summed propagator (L50), in agreement
with (s + 2) replaced by (s + 1). The m;-summation is applied before the k-summation
is carried out.

These considerations require an unsummed outgoing index on the contracted segment
of ;. If this is not the case, then m; has to be the unsummed outgoing index. Now,
the [-summation for given m has to be restricted to the propagator and delivers a factor

(£50). The exponents match again (4.59).

Next, for [ = i[m] in 7; we cannot use a summation over m in ; in order to account
for the undetermined contraction index, because the incoming index [ would change sim-
ultaneously. Instead, we have to use a volume factor (A54]) combined with one factor

(#355) to (EET). Additionally, we have to replace in (D.47) (s + 1) by s and (B — 1) by
B.

Second, the two vertices to contract may be located on different loops of the amputated
graph ;. They are joint by the contraction, giving g = g+ 1. Because the loop carries at
least the external leg mqn;, we necessarily have B = By — 1. Now, [ # i[m] in 7; so that
we use summations over m, k in 7, giving the same balance (D.47) for the exponents,
with (B—1)+— (B+1)and g — (g —1).

The discussion is identical for the contraction

i k
ma
A

which in the case that k., belong to the same segment in v has two undetermined sum-
mation indices as well. We thus proceed as in (D.47) and its discussed modification and
only have to replace (V¢ + 1) by V¢ and ¢ by (¢ + 1). If k,[ are situated on different
segments in v, e.g.

(D.48)

™

J

(D.49)

there is only one undetermined summation index, which is reflected in the analogue of
(D.47) by the fact that the segmentation index remains unchanged, ¢ = ;. Note that in
the right graph of (D.49) we either have B=B; —1,g=g+1or B=B;+1, g =g.
Of course we get the same estimations if the segment of ~; with external lines ok, ol are
connected by several composed vertices to the part of ; with external lines om, on.
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The contractions

are a little easier because the contracting propagator does not have outgoing indices which
for certain summations have to be transferred to the subgraph ;. If n = i[k] in 7, the
k-summation for given n,n; can be restricted to 7, after maximising the propagator over
all indices. Since the result for v; is independent of the starting point n, the k-summation
can be regarded as a summation over all differences k& — n. The final summation over
all pairs k,n with fixed difference k — n is provided by a volume factor (f54]) combined
with (453]) to ([A57). The balance of exponents is identical to (D.47) and its discussed
variants.

It is clear that the analogue of (D.49) with the left vertex connected as in ([D.50) is
similar to treat.

Next, we discuss the variant of (D.40) where the two vertices to contract belong to
different segments in the subgraph ~;:

(D.51)

Now, only one of the indices m, k,[ is an undetermined summation index, with k£ being
the most natural choice. We therefore get a bound for the A-scaling analogous to ([D.47)
but with ¢ replaced by ¢ — 1, reflecting the increase of the segmentation index ¢ = ¢; + 1.
There is now an additional index summation possible, here via ([d.56]) over the index m;.
Note that we have either B=B; —1,g=¢9g+1or B=DB1+1,9g=g.

The discussion of the variants of (D.51l) with the right vertex taken as the second one
in the last line of (D.I) and/or the left vertex arranged as in (D.50)) is very similar.

It remains to investigate contractions between two of the vertices in the second line of

(D.I)). We discuss in detail the contraction

ﬂf\“ ﬂm (D.52)
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All variants are similar as described between (D.46) and (D.51]).

Three of the four summation indices m,n, k, 1 in (D.52)) are undetermined. We clearly
have V* = V42 and ¢ = ¢;. We first consider the case where the four indices m, n, k, [ are
located on the same loop of the amputated subgraph ;. The contraction will split that
loop into two, giving g = ¢;. There are three possibilities for the change of the number
of boundary components after the contraction. First, if on both paths of trajectories in
~v1 from n to k and from [ to m there are further external legs, we have B = B; + 1.
Second, if on one of these paths there is no further external leg, we have B = B;. Third,
if both paths contain no further external legs, i.e. m and k are the outgoing indices of the
trajectories starting at [ and n, respectively, we have B = B; — 1.

We start with B = By + 1. Then, i[k] and i[m] are fixed as external indices so that the
induction hypothesis for v; provides the bounds for two summations over k, m. We first
apply a possible summation to the outgoing index of the trajectory starting at [. The
result is maximised independently from [ so that we can restrict the [-summation to the
propagator, maximised over k,n with m being fixed. Finally, we apply the summations
over k,m and all remaining £*-summations to ;. We thus obtain

> Agr Al A

Es,B=B;+1
1 V1,VE,B1,91,L
< 5 (max Y max|Quua (V)] ) ( D2 Ao 4]
l ' m,k,E8

_ 10 AN S2(V—EE2 4229 (B-1)) i\ 01 (1+V = (VEt2) it 142g+(B—1)—1+(s+2))
<36(3) (%)

oo ((Ve42)+1—1—(s+2)) A

x (%) ' PW—%[ln —] . (D.53)
R

The A-integration verifies (4.59) in the topological situation under consideration.

Next, we discuss the case B = By, assuming e.g. [ = i[m] in 7. We maximise the
propagator over k,n for given [ so that the m-summation can be restricted to v;. Next,
we apply the £°-summations and the k-summation to 7, still for given [. The final [-
summation counts the number of graphs with different [, giving the bound (A55]) of the
propagator times a volume factor. In any case the required modifications of (D.53)), in
particular (B — 1) — B, lead to the correct exponents of (£.59).

If B= B, —1,ie [ =im]and n = i[k|, we take in the propagator the maximum
over n, k so that for given [ the m-summation can be restricted to v;. The result of that
summation is bounded independently of [. Thus, each summand only fixes m —1 =n — k,
and the remaining freedom for the summation indices is exhausted by two volume factors
and the bound (A5 for the propagator. We thus replace in (D.53) (s +2) — (s + 1),
(B—1)~ (B+1) and one factor (£.560) by ([A.55). Then, two factors ({53 are merged
with two volume factors (d.54]) to give two factors (AL.5T).

Finally, we have to consider the case where m,n are located on a different loop of the
amputated subgraph v, than k,[. The contraction joins these loops, giving g = g; + 1. If
the resulting loop carries at least one external leg we have B = B; — 1, whereas we get
B = B;—2 if the resulting loop does not carry any external legs. We first consider the case
that there is a further external leg on the n, m-loop in v;. We take in the propagator the
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maximum over k,n and sum the subgraph for given [,n over k and possibly the outgoing
index of the n-trajectory. The result is independent of [,n. Next, we sum the propagator
for given m over [ and finally apply the remaining £°-summations and the summation
over m to 7;. We get the same estimates as in (D.53) with (B — 1) replaced by (B + 1)
and g by (¢ — 1).

If there are no further external legs on the contracted loop we would maximise the
propagator over k,n, then sum v, over k for given [, next sum the propagator over [ for
given m. For each resulting pair £, [ the remaining m-summation leaves m — n constant.
We thus have to use a volume factor in order to exhaust the freedom of m —n, combining
one factor ([A5H) and the volume factor (£.54) to ([A.517). We thus confirm ({.59) for any
contraction of the form (D.52]).

It is obvious that all examples not discussed in detail are treated in the same manner.
We conclude that ([@359) provides the correct bounds for the interaction coefficients of
¢*-matrix model with cut-off propagator described by the three exponents &g, 61, 5,. [

The proof also shows that the genus is never decreasing in the contraction, which
explains why subgraphs of planar graphs necessarily have genus g = 0.



136 E  ON COMPOSITE PROPAGATORS

E On composite propagators

E.1 Identities for differences of ribbon graphs

I continue here the discussion of Section on composite propagators generated by dif-
ferences of interaction coefficients.

After having derived (B.I7) on page (56, we now have a look at (B.9). Since v is one-
particle irreducible, we get for a certain permutation 7 ensuring the history of integrations
the following linear combination:

— —

9 9 4w
AN——A")7 N — L)+ 1D)A— AV o [N
aA/ mm-QHnngl némé[ ] \/<m+ )(n+ ) aA (1)(1)738[ ]
p—1 a
e {H inJrlk k) 1+1( Wl)Qn +1(k +1+)k2 n (A7rp> H Qnékﬂ_‘;kﬂ_‘né (A7T1>
n2 z*p—f—l n [3 i mn
. HQ’”QZ e ﬂj)Qmﬂqu(lqurlJr)m g1 (Am,) H le“lﬂ e " 51 (M)
mj Tt
p—1
— /(1) (n'+1) Hngm;m;<Am>Q3<k@+1+>;kﬂpg(A”p) Hl%m;kmgmﬂi)
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X HQOlﬂ] 7l7r]0 Tl'])Q lTl'qy lﬂq+1+ Tl'q H Qllﬁj 7l7rJ0 71—])}
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p—1 a
=... { (H ingl o, ihoms nn+1 (A )Q":L-QH (krp+1+)ikr, Zé (Aﬂ‘p) H Qzé Fom ko, Z; (Am)

i=1 i=p+1

—vn l_IQlk,r ke o 0 )Qé(kﬂp+1+);k,rp8(‘/\7rp> H ngﬁi;kﬂig(Am))

i=p+1

XHQle my Ar)@mt 1 grmy i (Amy) H Qg g, migi (Aey) - (Bi12)

m

=¢+1
+ Vo't HQlkm,kﬁzo )@y 415k, 0 (A, H Qog, i, 0 (Ar,)
1=p+1
(HQ’”M by Be) @ty aymi g (A, H @iy g, mip ()
Jjm q q i= q+1 5 J m

V (m'+1) l_IQol,r b o ﬂJ)Q Orgi(lmg +17) 7rq H Qllﬂ e o ))} )

0"7g>
Jj=q+1

with 1T := (1).
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We further analyse the difference represented by the first two lines of (E.Ial):

p—1 a
( H Qn1+1 o, i ni+1 (Am)inJrl (K +1%) ik, Zé (Aﬂ'p) H Qzé Ko, sk, Z; (Am)
i=1

i=p+1

—vn HQlkm,kw )@ (kﬂp+1+)kﬁp0 Ax,) H onm,k o (A m))

iZpt1 i 0
p—1 _
- (( 1_[1 Qniglkmﬁkm niy (Ar) = H Qékﬂ'?k’w o (Am)>
i= _

X Qn +1 (kmp+17); Z 7rp H QanW“ Ky ( )) (EQ&)
1=p+1
- (+1)
+H@5kﬂ;kmé<z\m>(g et (350)) 1 Qo wde)  (E2D)
=1 i=p+1

+ V nl (HQlkm’k )Qé(kWp+1+)?k"p8(Aﬂp)

'”10

(T @t )= TT Qi) ) (E.2¢)
i=p+1 i=p+1
According to (B.I7), the two lines (E.2al) and (E.2d) yield graphs having one composite
propagator (5.I5al), whereas the line (E.2D]) yields a graph having one composite propag-
atol® (5.I5d). In total, we get from (E.I) a+b graphs with composite propagators (5.15a))
or (B.I5d). The discussion of (5.10) is similar.

Second, we treat that contribution to (5.8]) which consists of graphs with constant
index along the trajectories:

A aiA Al [N = a%"‘gvg)é o []
! 8/(‘/\)7 ! 8/\ / ! a/(v\)’y ! 8/(V\ !
—m! (A AN ] = A AR [N]) o (A AR V] — A AN [])
0 0 0 0
(AR - N ) o (Vag RN - g i)

a
{HQ7L2kﬁZ7kﬂ'ln i Hnglﬂ— lﬂ— m ﬂ—j) o HQ(O)kﬂ'l:kﬂ'zg(ATh)Hleﬂjvlﬂj(O)(Aﬂ'])
i=1 j=1

a b b
—Hngﬂi;kﬂﬂAm)( (HQH%,Z#JO( )= HQozﬂ],zﬁJO( >>
i=1 j=1 Jj=1
b b
+ m2<HQ§’lﬁj;zﬁj‘f(Am> - Hleﬂj;zﬁjg(AmD)
j=1 j=1

38For the power-counting estimation one has to take into account that the estimation (5.22)) yields
1
\/”1+1|Qé(k 1)k, O (Ar,)| < g5z (%) ? . This means that the prefactor vn'+1 in (E2d) combines
’7\'p El 7\'p
1
actually to the ratio (721;21) > which is required for the (&30)-term in Proposition [31E]
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- (" (T 94un 3000 = TT @ 00)
+"(HQ°wm =) H@okmkw m))H@lw iy }
- {((H@wk% ~TT050,5000)
x (H Q. mi(hey) = 1_1 Qo0 (Am)) (E.32)

b

+f[623,6,%_;;%3(1\“)((H%lw H@o,,r 1 0(As)
=1

j=1 ] m2

(HQOZW] lﬁ HQOZW] l7T 7rj)>
_ Trﬂ(lj[@gz,rj;zﬁ] HQolw] 1, 7rj)>) (E.3b)
((HQ b kn ik n HQ% kmg ))

i n2

_”1<ﬁQ5’Wkwé<A“)_HQSkwi;kmg(Am»
-n (HQ%M o, O 1 Ax,) HQO’% ki, O 0 A, )) HQ Ol il } . (E.3¢)

It is clear from (5.I7) that the part corresponding to the two lines (E.3a) can be writ-
ten as a sum of graphs containing (at different trajectories) two composite propagators

Q(nol) 1 (Ay,) and ng)l o of type (B.I5a). We further analyse the expression

n2knikn, Do m2 b 2

(E.3D):

Tim

<f[ Qz% Lnjsln; Z; (Aﬂj> - ﬁ le"ﬁl”j o (Aﬂj)>
e : iy
—m (HQ% o L 0 Ar;) Hng,r] TR >
—m (1_162017r 0 1 Ar)) Hng,r] e >

= Q(:L ml 7r1 HQOlﬂ‘ lﬂ- (E4a)

7r 7r1m
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S CERPNI| CRAMSTSEY | CHS)
—miel) (ﬁ (ij)—Hon, 10(As)
;
Q) L (ﬁ@o,ﬂj,lm A H@o,ﬁm A))) (B
Q

(] Ty, 15000
(ﬁQll (A”J') - Hleﬂj?lﬂjg(AﬁjD

b b
-—m < H Q(l)z,rj il (Aﬂ'j) - H leﬂj il o (Aﬂ'j)>) : (E.4c)
J=2 7=2
The part (E.4al) gives rise to graphs with one propagator (5.150). Due to (5.I7) the part
(E.4D) yields graphs with two propagatorss (515a) appearing on the same trajectory.
Finally, the part (E.4d) has the same structure as the lhs of the equation, now starting
with j = 2. After iteration we obtain further graphs of the type (E.4al) and (E.4DL).
Finally, we look at that contribution to (5.8]) which consists of graphs where one index
component jumps forward and backward in the n'-component. We can directly use the
decomposition derived in ([E.3)) regarding, if the n'-index jumps up,

HQ"2 k,wk Ar,)

7"1 n2

q—1
~ H Q"2 k"rz’kﬂ'z 2 ( WZ)QnQ k“ﬂ'p7(k +1) 1+1 (Aﬂ-p> H Qniglkﬂﬁkwi niél (A7T7.>
i=p+1
X 1)k, 7 (Ar,) H Quig gyt (Am) - (E.5)

i=q+1
This requires to process (E.3)) slightly differently. The two parts (E.3al) and (E.3D) need

no further discussion, as they lead to graphs having a composite propagator (5.15al) on
the m-trajectory. We write (E.3d) as follows:

<(HQ"2kﬂl,k Ar) — (n'+1) HQ%W/@W )) (E.6a)

T n2

—n (H@lkm,kw 2H@okm ) (E6b)
b

_n(Honm’kﬂ“ n) HQ%MO m)))]‘[@%lﬂjg(/\m). (E.6¢)

j=1

39For the power-counting estimation one has to take into account that the product mlg(o) . L (Ary)
0"m10'T] 0

is according to (5.26) bounded by &5 ( g’;\z) This means that the prefactors m!, m? in (E4D) combine
actually to the ratio % which is required for the (&.30)-term in Proposition [[312]
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The part (E.6d) leads according to (B.I7) and (E.B) to graphs either with composite
propagators (5.I5al) or with propagators

Q111+1,110 _Q1ll+1.llo . (E?)

112 221 0 12 20

Inserting (E.1) into (E.6al) we have
<HQn2kﬂ'z’ 7“1 i n +1 HQOk”z7k7’zg )>
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Thus, we obtain (recall also (5.17))) a linear combination of graphs either with composite
propagator (B5.I5al) or with composite propagator (B.15d). In power-counting estimations,
the prefactors v/n'+1 combine according to footnote to the required ratio with the
scale A2, The part (E.GD) is nothing but (E.Gal) with n' = 1 and n* = 0.

If the index jumps down from n! to n' — 1, then the graph with n! = 0 does not exist.
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There is no change of the discussion of (E.3a) and (E.3DL), but now (E3d) becomes

a a b
€39 = (TT@u,, e =0 TT @i s (An)) TT Qoo o (As) - (29)
i=1 i=1 j=1

Using the same steps as in (E.8) we obtain the desired representation through graphs
either with composite propagator (5.I5al) or with composite propagator (B.15d).
I show in Appendix how the decomposition works in a concrete example.

E.2 Example of a difference operation for ribbon graphs

To make the considerations in Section and Appendix [E.1l about differences of graphs
and composite propagators understandable, I discuss in some detail the following example
of a planar two-leg graph:

k

According to Proposition [I3lit depends on the indices my, ny, mso, ny, k whether this graph
is irrelevant, marginal, or relevant. It depends on the history of contraction of subgraphs
whether there are marginal subgraphs or not.
1 1 1 1

Let us consider my = k= ™1 ny = ™,, ny = "I and my = ", and the history
N m . m n . n
a-c-d-e-b of contraction. Then, all resulting subgraphs are irrelevant and the total graph
is marginal, which leads us to consider the following difference of graphs:
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It is important to understand that according to (B.9) the indices at the external lines of
the reference graph (with zero-indices) are adjusted to the external indices of the original

(leftmost) graph:

Q m1<2&»1 m; @ Q
= <imets <> . (E.12)

m +1 n2 n2

\\\\OH
o

1
1\\\\
7n +1 0 I

n?2

Thus, all graphs with composite propagators have the same index structure at the ex-
ternal legs. When further contracting these graphs, the contracting propagator matches
the external indices of the original graph. The argumentation of B in the proof of Pro-
position [I3] should be transparent now. In particular, it becomes understandable why the
difference (E.IIl) is irrelevant and can be integrated from Ay down to A. On the other
hand, the reference graph to be integrated from Ag up to A becomes

V (mi+1)(nt+1) ;";1:%< @& . (E.13)

We cannot use the same procedure for the history a-b-c-d-e of contractions in (E.10),
because we end up with a marginal subgraph after the a-b contractions. According to
Definition [[2 we have to decompose the a-b subgraph into an irrelevant (according to
Proposition [[3]) difference and a marginal reference graph:

m +1 ~ 0 ,P
.' 4 o A
. S
By 0
> /k2 Ay /o R
m + o
//"n1+1 RGN RN
2
" (E.14)

The two graphs in braces { } are irrelevant and integrated from Ay down to A.. The
remaining piece can be written as the original ¢*-vertex times a graph with Vanishing
external indices, which is integrated from Ag up to A. and can be bounded by C' ln =
Inserting the decomposition (E.I4) into (E.I0) we obtain the following decomposmon
valid for the history a-b-c-d-e:

m +1 1
m2 0
O Q 1 1 0 O Q 0
m +1)(n +1) 0 0
m +1 ml4l V
- m2 1 0 1
I*sz : 0 0 n'\ ¥m2
'n 141 n? nl41 n?



E.2 Example of a difference operation for ribbon graphs 143

m 0
= — (m1)(nt+1) 0 (E.15a)
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The line (EI5a) corresponds to the first graph in the braces { } of (EI4) for both
graphs on the lhs of (E.I5). These graphs are already irrelevant®™ so that no further
decomposition is necessary. The second graph in the braces { } of (E.14), inserted into
the lhs of (E.IT), yields the line (E.I5D). Finally, the last part of (E.14) leads to the line
EI0. 1

Let us also look at the relevant contribution m; =k =ny = ";, ny = my = ", of the
graph (E.IQ). The history a-c-d-e-b contains irrelevant subgraphs only, and we get
L 0
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0In the right graph (EI5a) the composite propagator is according to (5.26) bounded by gg5z 72z S0

that the combination with the prefactor /(m!+41)(nt41) leads to the ratio (”;Xgl)(”g;tl) by which
(E-15a)) is suppressed over the first graph on the lhs of (EI5]).
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The line (E.IGal) corresponds to

(E.4L)

7 n 0
(E.4al), the 1

ine (E.I6D) to (E.3al) and the line (EI6d) to

If the history of contractions contains relevant or marginal subgraphs, we first have to

decompose the subgraphs into the reference function with vanishing external indices and
an irrelevant remainder. For instance, the decomposition relative to the history a-b-c-d-e
would be
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F Asymptotic behaviour of the propagator

For the power-counting theorem we need asymptotic formulae about the scaling beha-
viour of the cut-off propagator A% ., and certain index summations. We shall restrict
ourselves to the case #; = 0y = 6 and deduce these formulae from the numerical evalu-
ation of the propagator for a representative class of parameters and special choices of the
parameters where we can compute the propagator exactly. These formulae involve the
cut-off propagator

A° =
ml nl . kLl -
m2 n27k2 2

m2 n21k2 12 (Fl)

A1 g for C < max(m!',m? n',n? k' k* 11 1?) <2C,
0 otherwise ,

which according to (2.I0) is the restriction of A,,1,1 411 to the support of the cut-off

m2 n27k2 2

propagator A%Aﬁ 11 4 (A) appearing in the Polchinski equation, with C = OA2.

m2 n27k2 2
Formula 1:

~ 0 6m+k,n+l (F 2)

=0 J116C+12) + 1 C

A°
ml nl . k1l
m2 n21k2 12

max
m”,n" k"I

I demonstrate in Figure B for selected values of the parameters that 6/(max Agm;kl) is
asymptotically reproduced by %(16 C+12) + % C.
Formula 2:
0 (1420°)
max max [AS, o ST ) F3
™ L ren k™.n" m; névllzé éé 10=0 7Q2(C + 1) ( )

c

I demonstrate in Figure H that 0/(max,, >, max, , |AS . |) is asymptotically given by

TOX(C + 1) /(14+203).

Formula 3:

E max
kT n"

IL2eN, |lm=11>5

2 00015 + Flmlo + 55 lmli%)

AC
mlnl k1l 116 =0 >~ 92(C—|—1)3

m2 n21k2 2

(F.4)

I verify (EL4)) for several choices of the variables in Figures [l [@ and [7l
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Figure 3: Comparison of max Al /6 (dots) with (w /L(16 C+12)+%C> (solid

line). The left plot shows the inverses of both the propagator and its approximation over
C for various values of 2. The right plot shows the propagator and its approximation over
Q) for various values of C.
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Figure 4: Comparison of 6/( maxy, Y, max,; |AS, . |) (dots) with 7Q*(C +1)/(1+20Q?)

(solid line). The left plot shows the inverse propagator and its approximation over C for
three values of €2, whereas the right plot shows the inverse propagator and its approxim-
ation over 2 for three values of C.
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Figure 5: The index summation —( Z max ’Agm;le of the cut-off propagator
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Figure 6: The inverse 9( Z max |AC n;kl|) of the summed propagator (dots)
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Figure 7: The inverse 9( Z max |AC n;kll) of the summed propagator (dots)
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For €2 = 0 the mass i is required as a regulator. One finds

Formula 17:

ﬁ@ 5m+k n+l
max |A° ~ d . F.5
mr itk dr | e T b lazo (14 \/u20)v/16C+12 (-5)

The corresponding asymptotics is demonstrated in Figure 8

Figure 8: Comparison of 6/ ( max AS, ) for © = 0 (dots) with (14-+/430)v16C+12//7

(solid line), for selected values of pZ6.

Formula 2’:

L1 1+ pgeC

AC1 1 511 N — T -
w2z zlo=0  p2 34 u26C

m2 n27k2 12

max max (F.6)

m” k™ n"

11,12eN

The corresponding asymptotics is demonstrated in Figure @

P, N Wb OO

Figure 9:  Comparison of max AS, /6 for Q@ = 0 (dots) with ;?10 ;5 gzg (solid line), for

selected values of p36.
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G The (-function

Knowing that the duality-covariant noncommutative ¢*-model associated with the clas-
sical action (L3 is renormalisable, it is interesting to compute the (\- and SBq-functions
which describe the renormalisation of the coupling constant A and of the oscillator fre-
quency €2. Whereas I have previously proven the renormalisability of the model in the
Wilson-Polchinski approach [WKT4l [Pol84] adapted to non-local matrix models, I com-
pute now the one-loop ()- and [o-functions by standard Feynman graph calculations. Of
course, these are Feynman graphs parametrised by matrix indices instead of momenta.
The computation relies heavily on the power-counting behaviour given by Proposition [13]
which allows us to ignore in the S-functions all non-planar graphs and the detailed index
dependence of the planar two- and four-point graphs. Thus, only the lowest-order (dis-
crete) Taylor expansion of the planar two- and four-point graphs can contribute to the
(B-functions. This means that I cannot refer to the usual symmetry factors of commutative
¢*-theory so that I have to carefully recompute the graphs.
There are interesting consequences for the limiting cases {2 = 1 and €2 = 0.

G.1 The renormalisation group equation
The computation of the expansion coefficients

i 1 oY
MANL;.SMNRN T ﬁ(‘)qﬁd 0Pt

ming MNNN

(G.1)

of the effective action ([3.52) on page B4 involves possibly divergent sums over undeter-
mined loop indices. Therefore, we have to introduce a (sharp) cut-off A/ for all loop
indices. According to Definition [[2] the expansion coefficients (G.IJ) can be decomposed
into a relevant/marginal and an irrelevant piece. As a result of the renormalisation proof,
the relevant /marginal parts have—after a rescaling of the field amplitude—the same form
as in the initial action (LH), (8:42)) and (3.45]), now parametrised by the “physical” mass,
coupling constant and oscillator frequency:

Frel/marg [Z¢CZ] =S [¢C€7 Hphys )‘phys; Qphys] . (GQ)

In the renormalisation process, the physical quantities ,uf)hys, Aphys and €, are kept con-
stant with respect to the cut-off N'. This is achieved by starting from a carefully adjusted
initial action S[Z[N o, to[N], AIN], QIN]], which gives rise to the bare effective action
L6 uo[N ], AN ], QN |, N]. Expressing the bare parameters g, A, as a function
of the physical quantities and the cut-off, the expansion coefficients of the renormalised
effective action

FR[¢c€; ,uphysa >‘physa Qphys] = F[Z[N]¢CZ> /LD[NL )‘[NL Q[N]7N:|

Hphys 7)‘phyS7QphyS =const

(G.3)
are finite and convergent in the limit N' — oo. In other words,
) d
Jim N (2N Iy [0V LAV QVLNT) =00 (G4)
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This implies the renormalisation group equation

. 0 .., O 0 9 -
/\}l_rpoo (NW + Nﬁ)/ + Moﬁuoa_ﬂg + ﬂ)\a + ﬁQa_Q>Fm1n1§mimNnN [:u07 )‘7 Q7N] =0 ) <G5)

where
10,

6/10 = M_gNW (NO[/’I’phy& )‘phy57 Qphy57N]) 3 <G6)

0
6)\ = NW (/\[NphyS7 /\phySa QphyS7N]> ’ (G7)

0
ﬁQ = NW (Q[thy& /\phy57 QphysaN]> ) (GS)

0
Y= NW<IHZ[NphyS7 Aphys: QphymN]) : (G.9)

G.2 One-loop computations

Defining (AJ)mn := D, jene DmnipgJpg We write (parts of) the generating functional (3.51)),
page [34] of connected Green’s functions up to second order in A:

1
W[J] =In Z[O] + 47T2‘92 Z éjmnAmn;likl

m,n,k,l€N2

_(47292)% Z {(AJ)ml(AJ)lk(AJ)kn(AJ)nm

" m,n,k,lEN2
1

+ 47202

(Anm,kn(AJ)ml<AJ)lk + Akn,lk(AJ)nm(AJ)ml
+ Anm,ml(AJ)lk<AJ)km + Alk,ml(AJ)kn(AJ)nm>

1
+ —471'202 (Anm,lk(AJ)kn<AJ)ml + Akn,ml(AJ)nm(AJ)lk>
1

+ m ((Anm;kmAlk;ml + Akn;lkAnm;ml) + Anm;lkAkn;ml> }

+ 2(2\5)2 k lz:t . |:<Aml;srAlk;ts(A<])kn(Aj)nm + Atisr Dpnsts (AT ) 1 (AT )
TSR L A Anmets (AT ik (AT kn + Atpssr Aiets (AT ) jn (AT ) i
+ Asr Dbenits (AT )it (AT ) rum + Diteesr D vt s (AT )it (AT ) e,
+ Apnsr Arntits (AT ) 16 (AT ) rm + Dbonssr Athsts (AT )yt (AT ) yam,
+ Apnsr Dnmits (AT )it (AT )ike + Dimssr Antits (AT )16 (AT ) e,
+ Apsor Atrsts (AT )it (AT )ier, + Anm;srAkn;ts(AJ>ml(AJ)lk>
X (AT)ru(AT)ut

+ 5 permutations of i, s, ru, ut

+ 1PI-contributions with < 2 J’s + 1PR-contributions } + 0\ . (G.10)
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In second order in A we get a huge number of terms so that we display only the 1PI
contribution with four J’s.

For the classical field (B.53) we have ¢, = 37 v DumpgSpg + O(N) s0 that

Ipg = Z qu;m@(fi +O(N) . (G.11)

r,s€N2

The remaining part not displayed in (G.I1]) removes the 1PR-contributions when passing
to T'[¢]. We thus obtain

(6] = T[0]
1 A
2n2
+4n 0 Z §{Gmn;kl + W (5ml Z Apn;k:p + 5kn Z Amp;pl> (G'12a)
m,n,k,lEN2 peN?2 peEN?2
A
Ay, 2) bt ok 12
+ 6(47’(’2(92) mikn + O()‘ )} mn(bkl (G b)
A
2n2
+are Y I{ankahast(sm (G.12¢)
m,n,k,l,r,st,ucN?2
A
- W (p%z <4Amp;qupl;tq6kn5ur + 4Akp;qupn;tq6ml5ur
+ 4Apl;rqup;qu5nk55t + 4Apn;rqup;qu5ml68t) (G12d)
+ Z (4Aml;psAkn;tp5ur + 4Akn;psAml;tp5ur + 4Amp;tsApl;ru5nk
€N2
g + 4Apl;tsAmp;ru5nk + 4Akp;tsApn;ru5ml + 4Apn;tsAkp;ru5ml
+ 4Aml;rpAkn;pu65t + 4Akn;rpAml;pu68t) (G12e)
+ Z (4Apl;qump;tq5nk5ur + 4Apn;qukp;tq5ml5ur
p,qEN?
+ 4Akp;rqun;qu5ml65t + 4Amp;rqul;qu5nk63t) <G12f)

+ 4Aml;tSAkn;ru + 4Akn;t5Aml;ru) + O()\Q)} Tcrl;n % ?i fﬁ (G12g)
+ O((gbcﬁ)ﬁ) ]

Here, (G.12al) contains the contribution to the planar two-point function and (G.12h)) the
contribution to the non-planar two-point function. Next, (G.12d) and (G.I12d) contribute

to the planar four-point function, whereas (G.12d), (G.12f) and constitute three

different types of non-planar four-point functions.

Introducing the cut-off p’, ¢ < A in the internal sums over p,q € N2, we split the
effective action according to Definition (and its consistency proof, Proposition [I3]) as
follows into a relevant/marginal and an irrelevant piece (I'[0] can be ignored):

F[¢d] = Frel/marg[¢d] + Firrel [¢Cz] ) (Gl?))
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1 A
Frel/marg[¢C£] = 477262 Z §{Gmn;kl + m ml&m( Z Aop plo

m,TL,k,lENQ 7p2 0 0p27p20
N
+ (m1+n1—|—m2+n Z 1101 pl1 — Aopl pl 0)) + O(/\2>}¢$£n %
0p2;p20 ()p2;p2()
plp?=
A A N )
202 2
+4m0 Z E{l 3(47262) Z (Aggégég) +0(A )} W Bre P i -
m,n,k,lEN2 pl,p?=0

(G.14)

To the marginal four-point function and the relevant two-point function there contribute
only the projections to planar graphs with vanishing external indices. The marginal two-
point function is given by the next-to-leading term in the discrete Taylor expansion about
vanishing external indices. At one-loop order there is no correction to the non-diagonal
terms of Gopipi-

In a regime where A[N ] is so small that the perturbative expansion is valid in
(G.14)), the irrelevant part Ty can be completely ignored. Comparing (G.I4]) with
the initial action according to ([342) and ([B45), page B3, we have Tieljmarg|20%] =

[Qﬁd [phys; Aphys QphyS} with

= — 2
7= 1927r29 ”’2,”2}) Aggg;gig) +0(\%), (G.15)
p P =
A\ N
h - 0 - 1 1
:U’phys_:u[)<1+ 127_(_292/1/% 122:0(2A0p27p28 A(1)527§2(1))
_ 11 2 .
967r29 5;;;;3 Ag;;;g) +O0( )) : (G.16)
7p 2=0
pR—— ,
/\phys /\( 19202 122; (Agz;gég)
p-,p =0
A N
N Aot — A OV), G.17
48720 4 ( T gg§;§§g>+ (A7) (G.17)
p,p =0
N
A(1-Q2) )
Uotys = Q(l T 19272002 122:0 (Aggé;gig - Agg;;ggg) +0(A )) : (G.18)
p,pT=

Solving (G.16]), (G.17) and (G.18)) for the bare quantities, we obtain to one-loop order

U(QJ [14phys> Aphyss phys N ]

2 phys 2 :
:Nphs<1 19-202,2 Ropt sl
4 127260 uphys

Op2’p20
pt,p2=0
A 8 N
bhys —_— 1 1 .
+96w29<1+eﬂghys> 2 (Bimrts A8§2;528)+O<Aphys)>’ (G-19)

pl,p?=
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>\[,Uphysa )‘physa Qphysa N]

A Y 2 A
phys phys
)‘phyS< + 127202 22: (Aggé;ié 8) + 48720 OpQ‘p; 0

pl,p2=0 pl,p2=0
+ O( phys)) )

Q[,Uphysa )\physa Qphysa N]

Aopes(1—0 N
Qphy5< - phy ( phys) Z (Al pl pl1 — AO pl pl 0) + O(AQ )) . (G21)

1927?29Q§hys pl pQ:O 0 p2 7p2 0 0 p2 7p2 0

Inserting (B.49), page B3, into (G.20) we can now compute the Sy-function (G.1) up
to one-loop order, omitting the index pnys on p? and Q for simplicity:

2

)\2 (1 ”06 (p +p°) (1_9)2>
= G+Q)Uf%%7+l@Hm%)

3, 801 (p1ypP ) 2

1(1_0)\2 ) ssz 2 (1 Q))

p (1 Q) 2F1( 80 %(p p241) (1+0)2

+ -
(14Q) (3+45+ 3 (0" +52)) (GHET+ 1 (0 +p7)) (GHAT+1 (0 +2))

3
2
L, ”L—*(p +9%) | (1-0)2
1+Q ) 2F1< (1+9Q)? )

2+ 8Q+ L(p'+p?)
2(14+0)2(2 + 4% 4 L(piqp )) 2(140)%(1 + 42 4 1 (plyp2))

1 ”L—*(pl-ﬁ-]? +1)
21" )
2+500 ° 41 5 (p'+p +1y | (

. wphﬁ)} |
(G.22)

Symmetrising the numerator in the second line p! %(pl—f—pQ) and using the expansions

2F1<1 a— p\) 1 Z(a+b)+z2(a+b—2)+0(p_2)’

1+z p(1+2)?
25(3“ ) = o (G.23)

which are valid for large p, we obtain up to irrelevant contributions vanishing in the limit

N — o0

N
ﬂ)\ o physN_ Z 1 { + (1 Q}%hys) (1+Qphys)}
4872 g 1+Qphys) (1 +pl_|_p2)2 (1+Qphys) 2
( phys) (N )
Af’hys (1= ys) +OMN, ) +OWN. (G.24)
4872 (1+Qphys) phys
Similarly, one obtains
A SQ s 1-02 s
8o = phys phys ( phys) + O phys) + OWNY, (G.25)

9672 (1402, )7
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Aphys (8+04151ys) Ly
Buo = = Py AN In(2) + phys)* “phy
a 487r2(9u§hys(1—|—§212)hys)< (2) (1+Q§hys)2 )
+ Oy +ONTY), (G.26)
_ Aphys Qghys 2 -1
7= 9672 (1+Qf)hys)3 + O(Aphys) +OWNT). (G.27)

G.3 Discussion

I have computed the one-loop - and y-functions in real four-dimensional duality-covariant
noncommutative ¢*-theory. Remarkably, this model has a one-loop contribution to the
wavefunction renormalisation which compensates partly the contribution from the planar
one-loop four-point function to the By-function. The one-loop (y-function is non-negative
and vanishes in the distinguished case 2 = 1 of the duality-invariant model, see (3.37]).
At ©Q = 1 also the Sq-function vanishes. This is of course expected (to all orders), because

— 3 3 — JnLlllék1n15m2l26k2n2
for 2 = 1 the propagator (3.49) is diagonal, Aﬁé nd kit {9:1 = RGO T )

that the Feynman graphs never generate terms with |m? — I'| = |n’ — k'] = 1 in (3.45).

The similarity of the duality-invariant theory with the exactly solvable models dis-
cussed in [LSZ04] suggests that also the [y-function vanishes to all orders for Q = 1.
Whereas the model discussed here deals with real fields, the construction in [LSZ04] re-
quires complex fields. Therefore, one has to be careful with a direct comparison of both
models. However, the planar graphs of a real and a complex ¢*-model are very similar so
that one can expect identical y-functions (possibly up to a global factor) for the com-
plex and the real model. Since a main feature of [LSZ04] was the independence on the
dimension of the space, the model with Q = 1 and matrix cut-off A" should be (more or
less) equivalent to a two-dimensional model, which according to Appendix [Hl has a mass
renormalisation only. Therefore, I conjecture a vanishing gy-function in four-dimensional
duality-invariant noncommutative ¢*-theory to all orders.

The most surprising result is that the one-loop Bo-function also vanishes for 2 — 0. We
cannot directly set Q = 0, because the hypergeometric functions in (G.22) become singular
and the expansions (G.23]) are not valid. Moreover, the proof of Proposition [[3] used to
project to the relevant/marginal part of the effective action (G.I14) requires Q > 0, too.
However, in the same way as in the renormalisation of two-dimensional noncommutative
¢*-theory performed in Appendix [l it should be possible to switch off  very weakly
with the cut-off N, e.g. with

SO

0= e—(ln(1+1n(1+/\/)))2 ) (G28)

The decay (G.28)) for large N over-compensates the growth of any polynomial in In NV,
which according to Proposition [[3 is the bound for the graphs contributing to a renorm-
alisation of 2. On the other hand, (G.28]) does not modify the expansions (G.23)). Thus,
in the limit A" — oo, we have constructed the usual noncommutative ¢*-theory given by
2 =0 in (LH) at the one-loop level. This is not so much surprising, because the UV/IR-
mixing becomes a problem only at higher loop order [MVRS00]. Nevertheless, it would
be very interesting to know whether this construction of the noncommutative ¢*-theory
as the limit of a sequence (G.28) of duality-covariant ¢*-models can be extended to higher
loop order.
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We also notice that the one-loop B\- and fBo-functions are independent of the noncom-
mutativity scale #. There is, however a contribution to the one-loop mass renormalisation
via the dimensionless quantity 2, 0, see (G.26).
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H Renormalisation of noncommutative ¢*-theory in
two dimensions

The traditional UV /IR-mixing problem [MVRSO00] is less severe in models with only log-
arithmic divergences, such as the noncommutative ¢*-model in two dimensions. Applying
the power-counting analysis of [CR00, [CR01] to the real ¢*-model on noncommutative R?,
one finds “that the divergences from all connected Green’s functions at non-exceptional
external momenta can be removed in the counter-term approach” (literally quoted from
[CRO1], §4.3]). However, non-exceptional momenta can become arbitrarily close to excep-
tional momenta so that the renormalised Green’s functions are unbounded. Although one
can probably live with that, it is not a desired feature of a quantum field theory.

[ will apply here the techniques developed in the main part of the Habilitation thesis to
the two-dimensional case. Again, the introduction of the harmonic oscillator potential is
necessary in order to prove renormalisability. However, in contrast to the four-dimensional
case, the oscillator potential can now be removed in a consistent manner with the limit
Ay — oo. I prove that there exists a Ag-dependence of the oscillator frequency §2 with
limp, o €2 = 0 such that the effective action at Ag is convergent (and thus bounded) order
by order in the coupling constant in the limit Ag — oo. This means that the partition
function of the original (translation-invariant) ¢?-model is solved by Feynman graphs with
propagators cut-off at Ag and vertices given by the bounded expansion coefficients of the
effective action at Ar. Hence, this model is renormalisable (in fact super-renormalisable),
and there is no problem with exceptional configurations.

H.1 The power-counting behaviour

Our starting point is the two-dimensional version of the action (L5]) on page [l which in
the matrix base developed in Section takes the form (3.42)), page B2, now with D = 2
and vdet# = 6, = 0. The two-dimensional kinetic matrix is given in (8.44)). Its inverse,
the propagator, takes in two dimensions the form

min(m+l,n+k)
2

0 1-Q\ 20 29
kl kot SREEOE Z 10 (2—1—8 +35(m+k)—v, 14 v)

(R () ) CE) e

The limit 2 — 0 is given by

mln(m+l n+k)

_ 0 n k m [
A(Q—O) _ 2
mn:kl 26m+k,n+l Z U+n74€ U—i—k n U+— U+FTm

_Im=l

><(2v)!\11<21)—|—1 20—-m—k—1, 29). (H.2)
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We proceed with the renormalisation scheme of flow equations for non-local matrix
models developed in Section 4 In partlcular the effective action is expanded according to
(#X1), for D = 2, the coefficients Amml, smyny Of which are interpreted by ribbon graphs
~. To renormalise the model we first have to integrate the matrix Polchinski equation
(#52)) starting from mixed boundary conditions—the magic of renormalisation. The right
choice, related to the initial interaction at A = A,

L[qb, Ao, Ao, pO] = Z 219 ( 0 ¢mn¢nm> Z % ¢mn¢nk¢kl¢lm ) (HS)

m,neN m,n,k,lEN
is the following:

Definition 17 We consider ribbon graphs v which result from a history of contractions
of subgraphs which at each contraction step have already been integrated according to the
rules given below.

1. The one-vertex (V=1) planar (B=1, g=0, 1=0) (N=2)-point function is integrated as
follows:

AO ;X
A%i;go)[A,AO,Q,pO] = _/ dA <_> <_> A/
A e

A’ >
+ / \\:/ ] o+ {m s n}
Agr
jo 0'--.{'--.\\
+ A0107%)’0170 0 [AR7 AOa Qa PO] . (H4)

The propagator in the graphs of (H.4]) is Qumiim(A) and Quuio(A'), respectively.
2. Any other function (with V 4+ B + N > 4) is integrated according to

mini;...;mMNNN A/

N , ——
AWVVEBgY) A1 . _ / N A B TN H.5
A A (A AR V1) 19

As before, the wide hat over the N'-derivative on the rhs of (H.J) indicates that the rhs
of the matriz Polchinski equation ({{.53) has to be inserted.

We identify p° = p[Ag, Ao, 2, p°], see (H.3), and put
p[A7 A07 Q7 po] = AO%)’%]’(}7O 0 [A7 A07 QJ po] ) pR = p[AR7 AOJ Q? po] . (H6)

We are free to choose the initial condition p® = 0, which identifies the parameter 1 in
the propagator (H.I]) as the renormalised mass at the renormalisation scale Ag.
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Since the propagator in ([H.4)) is the differentiated cut-off propagator (A53)), page A7l

with p? = 355, we can immediately perform the integration in (H4):

A&)’i}ﬁ’&O)[A Ao, 2, "] =53 Z (Aglo Ag;lo(ARD + pf . (H.7)

Using (£.10) and the cut-off function of (2.10]) as well as the first equation (G.23]) we thus
obtain

20A2
1
| Afeioo VA, Ao, 2, 0°)] < [p"] + p > Aowo(A)
1=0A2,
- (1, S <1—Q>2>
2 2471
ol %ZA Spud gL | (14+0)2
= lp
G m(HQR (1 1+4Y)
2072
="+ 3 +0(1°2))

20
e 2m(14+02) (141455

< p! [m AAR] (HL8)

This estimation requires A%Q2 > p2. On the other hand, it is also valid for Q = 0 as the
insertion of (H.2) into the first line of (H.8) shows.
Next, we compute the difference

(Af100 Aé%’%’&’w)[A,Ao,Q,po]

mn;nm

MZ( R () = Aff0(A)) = (Al (A0) = Afio(A0) ) + {m = m} . (H.9)

(Amtam(8) = Ao ()]

m — 2v 2
f Z(l Q) B(3+50 4 L (m41)—v, 1420)

2(14Q)? <= \14Q
1+2v, +——— m4l)+v|(1—-Q)2 [
(e o) () .06
§—|—8%2+§(m—|—l)+v (1+€2) v/ v
<1, s+ <1—Q>2) - (1, RT3 <1—ﬂ>2>
2 PEESY) 2471 2
p Syt yma |(14Q)2) S+sll |(1+9)? (H.10Db)
(1+€2)? (m1-+14-429) (1414422

We insert (G.23)) into the part (FLI0D) and obtain

0 m a2
= et 14 )< ro(#)). Y
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Using (G.23), the leading contribution to the part (H.I0a) comes from v = 1. The other

terms v > 1 are suppressed with (%)v'

0(1—Q? l
(14+92)3(mA1+1+505) \ (mA1+3+55) (m+1—1+50)

Taking the cut-off function into account, we thus conclude from (H.9)

‘(A(LLLO 0) Aé}),l,l,oo )[A AO7Q P ]‘ < Cw i (H13)

s mn<gAZ OA2

We have used 2126[;\;1 5 = V(0A%) = ¢'(20AF) = g3z + O((0A%)7?), where ¥/(z) = rl((j))
As in the four-dimensional case, we compute numerically the asymptotic behaviour of
the propagator (H.I)). Up to a numerical factor, the result agrees with the four-dimensional

one:

|an skl
max Z max |an Kl
m 7 n,k

‘ > QHAZ m+k,n+l (H14)

A)| < 929A2 , (H.15)

for Q > 0. T refer to [GW03D] for plots of the asymptotic behaviour. These plots involve
the variable w = (;—82)2 and were obtained without the knowledge of the explicit solution
(H.I)) of the propagator, but the conclusion is unchanged.

We thus insert the scaling exponents

N I T O

obtained by comparing (L55)-({57) on page A7 with (H.I3) into the general power-
counting estimation of Theorem [I0] on page A8 and conclude:

Proposition 18 The homogeneous parts AW‘Q‘,;,B,’%N”N of the coefficients of the effective

action of the duality-covariant noncommutative ¢*-model in two dimensions are for 2 <
N < 2V+2 and SN (mi—n;) = 0 bounded by

Q

~B— 2g+2[m1n1;.9.A;mNnN] PQV_[IDAA]
R

(H.17)

. . 1 \ (V=1)+(B+29-1) , 1\ 3V-F —1+B+2g-Ve—i+s
Z’ Tf‘L/1‘7§1, :gn]\)mN[A AO?Q P ” <9A2) < )

><P

5N 25V+B 2

We have Aot =0 for N > 2V+2 or SV (mi—ng) #0.

Proof. Only the appearance of the factor (5.30)), page 59, is questionable. The only source
of this factor is the planar one-loop two-point function (H.I3]). According to (5.35), this
factor survives the iteration process to more complicated graphs which contain (H.4) as

a subgraph. There can be as many factors 35, for large m;, as there are subgraphs of
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this kind, generated by a history of contractions where these subgraphs are independent
one-loop graphs. This number is bounded by the total number of inner loops, which is

V-%-B-29+2. O

As the estimation (HLI7) is independent of Ag and only one initial condition in ([H.4))
for the mass renormalisation is necessary, we see immediately that the duality-covariant
noncommutative ¢j-model is renormalisable, in fact super-renormalisable. I could easily
prove a convergence theorem as in Section [l However, I can even prove more, namely,
that the limit 2 — 0 of the model exists. This is the subject of the next Section.

H.2 The limit 2 — 0

The idea is to couple the oscillator frequency €2 to the initial scale Ay in such a way that
e for finite Ay we have Q[Aq] > 0,
o limpy, .o Q[Ag] = 0.

Instead of (G.1]) on page 68, we now consider the identity

L[Ar, Ay, Q[Ag], p°[Ag]] — LIAR, Ag, QIAG], p°[Ag]

R dAg d o
- /A T (AOd—ML[AR,AO,Q[AO],p [Ao]]>

Ao dA LiAp. Ay, Q. p° Q OL[Ag. Ag. €. p° O OLIAR. Ag. 2, 0°
:/Od 0 <A08 [ R5 {30, ’p]—{—Aod a [ R5 {30, 7P]+A0dp a [ R5 {30, 7p]>
A AO 6/\0 dAO o) dAO 8p0

"
0

(H.18)

We have omitted for simplicity the dependence of L on ¢. The model is defined by fixing
the initial condition for p® in (HL6]) independently of Ay,

0=dp [AR, Ao, Q[Ao], PO[AOH
0 0 0
_ 8p[AR7A07Q7p ]dA()‘I' 8P[AR,A0,Q,p ]dQ+ ap[ARaA()aQap]

9, 90 90

dp® . (H.19)

Assuming that the inverse function p°[Ag, Ag, 2, pf] exists, which is the case in perturb-
ation theory, we get

dp® 0p° Op[Ar, Mo, 2, 0" 9p° 9p[Ap, Ao, 2, p°] d
dNo  Op[Ap Ao, Q, Y] dM, 9p[Ar, Mo, 2, P o0 Ay -
(H.20)

Inserting (H20) into (H.IS) we obtain
L(g, Ar, Ay, QIAGL, p°[AG]] — LI, Ar, Ag, Q[AG], 0°[A7]

Ay
- / dA_AO R[¢, Ar, Mo, Q[Ao], 0°[Ao]] , (H.21)
A 0

"
0
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where
OL[6. A, Ao, 0% OL[6, A, Ag, 2, 0% . dO
01 . g Ldy ) S by 9 43y ) 9 &y
R[¢7A7A0597p ] T AO 5’/\0 + aQ AOdAO
. aL[¢aA7AO7Q7pO] 8p0 A ap[AaA(hQapO]
Op° Op[A Ao, 2, 09" DA
0 0 0
. 8L[¢7 Aa A07 Q? P ] ap ap[A? A07 Qa 4 ]AO df) ) (H22)
5" Dp[A, Ao, 2, pY] o9 A,

In the same way as in ([6.45]) on page80, R projects to the complement of the distinguished
function (H.G). It is remarkable that the additional Q-discussion does not modify the
differential equations (6.11)) and (6.13) for the A-derivatives. We write the first one directly
in component form analogous to (6I7) on page [T

AaR(V

A~ AN SMNTN [

N V-1
— % (V-w1)
- { Z Z Z Qnm;lk (A)Af’nllle;.‘.,le 1TLN1 1 mTL[A]RlenlNl;...;mNnN;kl [A]

N1=2 Vi=1mn,k,leN

Aa A07 pO]

N . 1
+ <<N1—1) — 1> permutations } — Z §Qnm lk(A)Rle)m ..... S——TIY

m,n,k,lEN

1
D A -3 X Qua R, (123

smmn;kl [A] } ’
m,n,k,leN 00 [Def. M

According to Definition 7 only the restriction to one—vertex two- pomt functions can
contribute. Now, in complete analogy to (6.49) on page 82, we have Rm1n1 -many = 0 for
the scaling of the initial interaction. Therefore, (H.23)) reduces in fact to
9 L 0
A—R [A7 A07 P ]

OA MIN;...;MNNN

,,,,,

N V-1

(V-W1)
{ Z Z Z Qnm mlnl;...,le 1NN — 1mn[A]RlenlNl;...;mNnN;kl[A]

=2Vi=1m,n,k,leN

N . 1 v
+ ((N1—1> N 1) permutatlons } o Z §Qnm;lk(A)R£n1)nl;“.,mNnN mn; kl[A] )

m,n,k,lEN

(H.24)

so that there is no need to discuss the H-functions. In analogy to (6.48]) on page K1l we
derive the initial condition

RO [ h0, 80, 2, 0°] = 0, (H.25)
0
RO Ko, Ao, 9,0 = = (A g5 (A0, — Al ) A A0 .07 - (H.26)
e . a € L
RV B0 (7o g, Q, p]‘V+B>2 (AaAA,%Zl 52%2)[A,Ao,ﬂ,p0]>A:Ao. (H.27)

We thus obtain from Proposition [[8 and the considerations in the proof of Proposition
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Lemma 19 The expansion coefficients R%le,mw of the Ag-varied effective action

describing the duality-covariant noncommutative ¢*-model in two dimensions are for
2< N <2V4+2 and Zfil(mi—ni) =0 bounded by

RSO0 LA A0, 2,07 =0, (H.28)
A%\ /1 ming; man
Rgrlulni Sngnz [A AO: Q ) P ] (A_(Q)> (5) Pl1 [%] 5m1,n25m27n1 ) (H29)

Z|RVVeBgL) AAo,

MINT;...;MNIN

0
Q,p HV+B>2

(A2> ( 1 )(V—1)+(B+2g—1) ( 1 >3V—]§—1+B+2g—ve—L+s

A2/ \OA2 Q
VN _B-2g+2[MN1;...;MNNN oy — N AO
p e [ ] P [1 —} . (H.
x P, 9/\2 nAR (H.30)
We have R%‘,;ﬁ%gw =0 for N >2V+2 or Z ((m;—n;) # 0. 0

The estimations in Lemma [I9 hold for any function Q[A¢], because the integration
only involved the A-dependence. We can now choose Q2[Ag] in such a way that the limit
Ay — oo in ([H.2I) exists. Such a choice is

Q[Ag] = (1 +In j\x—;) . (H.31)

This yields

Theorem 20 The usual ¢*-model on the two-dimensional Moyal plane is (order by or-
der in the coupling constant) renormalisable in the matriz base by adjusting the coef-
ficient p°[Ao] of the initial interaction to give AO}) %)0100 [AR, Ao, QAo], p°[Ag]] = 0 and
by performing the limit Ag — oo along the path of duality-covariant models charac-
terised by the frequency Q[Ag] = (1 + In A;) L The limit ASn 200 [Ag,o0] =

limy, o0 A%Xfoni\mN [AR,AO,Q[AO],pO[AOH of the expansion coefficients of the effective
action L[o, Ar, Ao, QAo], p°[Ao]], see ({.51), exists and satisfies

V-1
)\(27T0)\) MINL;...;MNIN mini;...;MNNN
4 Ao N\ B+29-1 .
AR( A >V<1+ln AR) vfngfng[mlm, .

< A_% QA% ON,20v+B,2 (9[\2

(VVeBgn) 7L oo] — AV B [ARaAO>(1+1n/[\\_;)_1’pO[AOH‘

In —

AR
(H.32)

AR

mNTLN] pV-N- Ve—L|: AO]

Proof. The existence of the limit and its property (H.32) follow from inserting (H.28)—
(H30) and (H31) into ([H2I) and Cauchy’s criterion. I also recall that [ % P4[lnz] =
- P'In z]. O
1'2
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Note that Proposition [I§ and Theorem 20 combine to

(2m00)"~

MINL;...;MNTIN

< AV 1+ In //\\_; Br2g=t V*%7372g+2 miny, ..

- <A_2R> QA% ON,20V+B,2 [ 9/\2
A _

+ A_%(i)\/—l 1+lnﬁ b2 IPV_%_B_29+2 [mlnl; ..

A3 \A% OA% On20v+5.2 OA%

A (V,ve B,g,L) [AR7 OO]’

mNnN} p3v- —VE—L[IHE}
AR

mN”N} POV-N-Ve- [l [/x\ﬂ
(H.33)

Regarded as a function of Ag, the rhs of ((L.33]) has a minimum at intermediate values of
Ay, whereas for very large Ay the estimation gets worse. Similarly, one has to avoid in
Proposition [I8 huge values of Ag in connection with Q[Aq] from (H.31l). Of course, this is
an artifact of the estimation procedure because we know form Theorem 20| that at very
large Ay the function (27?9)\) A&Xl,B;,%;NnN [Ag, Ao, (1+In AO) L p°[Ao]] converges to

(2 0)\) LAV Ban [AR, oo], which is bounded by the optimum in (H.33]) with respect
to Ao.

To summarise, I have proven that the standard noncommutative ¢*-model in two
dimensions is renormalisable to all orders. The model is actually super-renormalisable
because mixed boundary conditions are necessary for only a finite number of graphs. It
was crucial to work in the matrix base and to define the model at the initial scale Ag
by the ¢*-action (H.3]) supplemented by a harmonic oscillator potential entering in ([ELT)).
The renormalisation is achieved by a suitable Ag-dependence of the bare mass and the
oscillator frequency. The model constructed in this way differs from the naive Feynman
graph approach in momentum space. In contrast to the latter, our renormalised Green’s
functions are bounded and convergent for any configuration of the external parameters
(matrix indices versus momenta).
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Index

Ap-variation of the effective action
flow equation, [71]
in 2D
flow equation, [I61]
power-counting behaviour, [[61]
initial data, ROHS2
integral identity,
power-counting behaviour, R2HI3]
proof, R3HR4]
[-function, 21],
*-product, see Moyal plane, [4]
non-locality,
f-expanded field theories, @7H0F
1PI, see one-particle irreducible,

amputation of external lines, 4]
arrangement of external legs,
asymptotic behaviour
discontinuity at = 0, [[3
asymptotic freedom,
auxiliary functions
flow equation,
graphical interpretation, [[2H73]
initial data, [[IH74]
power-counting behaviour, [[4H75]
proof, [75HR{

bare effective action,
bare parameters, [[49
boundary component
of a Riemann surface,
boundary conformal field theory,

composite propagator, BAHH0,
bounds,
confluent hypergeometric function, [IT1]
constructive renormalisation,
cosmic microwave background, 7
counterterm,
covariant coordinates,
creation and annihilation operators,
cut-off,
sharp, 21],
smooth, [14]

cut-off function, [51]

D-branes,
de Broglie wave length, [I]
deformation quantisation,
dimensional regularisation,
Dirac operator,
fluctuations, [3]
spectral action,
with germ of oscillator potential,
duality
between positions and momenta,
formulae,
invariant action,

effective action, [[4]
entanglement
between local and global aspects, BT
Euler characteristic, 15, @4
external field quantisation,

Feynman graphs
of a matrix model,
fibre bundle, [
field redefinition,
flow equations, [6]
see also Polchinski equation, [I4]
forest formula, [34]
Fourier transformation,
fuzzy momentum conservation,
fuzzy spaces,

gauge equivalence,
generating functional

of 1PI Green’s functions, [34]

of connected Green’s functions, [34]
genus of a Riemann surface, 15, @4
grand unified theories,
gravity, [
Gross-Neveu model,

harmonic oscillator potential, [ 87
Hepp sector,

history of contractions, 62

hole
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in a Riemann surface,

in graphs for auxiliary functions, [73]
hypergeometric function, [[03]

important identity,

index

conservation of total amount, 36l 117

outgoing, incoming,
index summation,
initial conditions

number of, [16],
initial interaction,

in 2D, [I57]
initial scale,
instantons,
integration procedure, [52H54]
interaction

electromagnetic, weak, strong, [II
interaction coefficients

convergence,

relevant /marginal base couplings,
irrelevant, [40]

Jacobian, B3]
jump,
total jump,

kinetic matrix,

Landau Hamiltonian,
lattice gauge theory, @1],
localisability, [I

locality
of a matrix model,
loops

inner loops,
single line loops, {4l

M-theory,

marginal, 40

mass dimension,

matrix model, [36]
double scaling limit,
regular, anomalous, B8

matrix representation,

measurement uncertainty,

relation to noncommutativity,
Mehler kernel,

Moyal algebra,
Moyal plane
*-product,
asymptotic expansion, 23]
in momentum space,
harmonic oscillator base,
derivation, [[0T]
matrix base, see
harmonic oscillator base
derivation,
Weyl basis,
multiplier algebra,

Neveu-Schwarz B-field,
noncommutative R”, see Moyal plane, 23]
noncommutative geometry,
Moyal plane, (4]
noncommutative ¢*-theory
action functional,
Feynman rules,
noncommutative torus,
one-loop renormalisation,
noncommutative Yang-Mills theory
f-expansion,
action functional,
BRST transformations, 26
ghost sector,
one-loop renormalisation,
two-sheeted universe,
noncommutative space-time, [91]
norm of an index, [57
normalisation conditions,
freedom,
independence on Ay,
normalisation experiment, 4]
numerical simulations,

one-particle irreducible,

orthogonal polynomials, [7]
Laguerre polynomials, 100,
Meixner polynomials, [7],
truncated Legendre polynomials,

parametric integral representation,
order of integrations, [O7

partition function,
free theory,
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INDEX

in matrix base,

of a matrix model,
perturbative solution, [34]
with cut-off, 4]

phase factors,

phase space,

physical parameters,

Planck length, 2], [R8]

plane waves,

point, [II

point-splitting,

Poisson structure,

Polchinski equation for matrix models,
derivation, 38|,
dimensionless form, 47, G1]
formula, [I4],
graphical interpretation, [I5], [43]
regular solution,

power-counting analysis
in momentum space, 29|

incidence matrix,
intersection matrix,
power-counting degree of divergence,
power-counting dimension, [I7]
power-counting theorem
for duality-covariant ¢*-model, IGO0
idea of the proof, 1T
proof, 60HGE]
for matrix models
formulation, 48
proof,

pp-wave,

propagator
anisotropy, 7]
bounds, BT
definition, 33
dimensionless with cut-off, [47]
graphical representation, 43, [51]
result in 2D,
result in 4D,

derivation,
for Q = 0, 11

quantum field theory, [l
quantum gravity,
quasi-locality, [Tl

relevant,
renormalisation
as change of boundary condition,
of commutative ¢*-theory,
of duality-covariant ¢*-model
convergence theorem, [R4HIH
of noncomm. field theories, @5HI7]
renormalisation group equation,
renormalisation scale,
renormalised effective action,
reordering of perturbation series, 32,
rescaling of the field amplitude,
ribbon graphs, [, E2H46]
closure of external lines,
in momentum space,
exceptional momenta, 3T],
non-planar graphs,
planar graphs,
notation,
Riemann surface, [13] [44]
cycles,
genus, holes,

scale,
scale independence, 37
scaling dimensions, 47
Schwarzschild radius,
Schwinger trick, [104]
segment,
segmentation index, [43]
Seiberg-Witten differential equation,
solitons,
spectral action principle, 3]
spectral triple, 3l

axioms, [3

interpretation as metric space, [3]
spectrum, [R7]
standard model,

electroweak model,

Higgs sector,

quantum chromodynamics,
string theory, 21 [92] [04]

zero-slope limit,
subgraph of a planar graph,

Taylor expansion
discrete version, [I§
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Taylor expansion coefficient, 9], 47
trajectory,

twisted boundary conditions,
twisted Eguchi-Kawai model,
twisted product,

uncertainty relations,
unitarity,
universe, [87]
UV/IR-mixing, [
physical message,
relation to disconnected graphs, BT

vacuum energy, [37]
vertex, [44]
external vertex,
graphical representation, [51]
simple, composed vertex,
vertex graph,
for complex ¢*-model, @4l
volume
of an elementary cell,
of support of cut-off propagator, [47]

Ward identity,

wavefunction renormalisation, 21]
Wick rotation,

Wilson loop,

WMAP, R7]

wrong sign ¢*-model,
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