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1 IntrodutionThis letter is an extension of ideas of our previous paper [1℄ to nonommutative fermion �elds.We de�ne a nonommutative version of (in�nitesimal, rigid) onformal transformations andshow that they leave the nonommutative Dira ation invariant. The onformal opera-tors and nonommutative gauge transformations form a Lie algebra (a semidiret produt).However, sine gauge transformations involve the ?-produt (and thereby the nonommuta-tive parameter �) one immediately sees that the individual onformal operators (�eld- and�-transformations) ommuted with gauge transformations do not lose in the above Lie alge-bra. There exists a ertain splitting of the ombined onformal operators into new individualomponents so that the ommutator of gauge transformations with them is again a gaugetransformation. From this new splitting we derive the Seiberg-Witten di�erential equationsfor the fermion �elds.Finally a omment on Lorentz transformations. In general one should distinguish be-tween observer and partile Lorentz (or more general, onformal) transformations, whihare inequivalent when one onsiders bakground �elds equipped with Lorentz indies. Inthe following we solely refer to `observer' Lorentz transformations. Please refer to [1℄ andreferenes therein for further details.2 Commutative aseWe reall from our previous paper [1℄ the ommutative Ward identity operators of primitiveonformal1 transformations of the gauge �eld A�:W TA;� := Z d4x tr���A� ÆÆA��; (1)WRA;�� := Z d4x tr��g��A� � g��A� + x���A� � x���A�� ÆÆA��; (2)WDA := Z d4x tr��A� + xÆ�ÆA�� ÆÆA��: (3)The ommutative (primitive) onformal transformations of fermions  and � =  y0 aregiven by W T ;� = Z d4x�D �ÆÆ �� E+ D�� � �!ÆÆ � E� ; (4)WR ;�� = Z d4x�D �ÆÆ �x��� � x��� + 14[�; �℄ �E+ D�x��� � � x��� � � 14 � [�; �℄��!ÆÆ � E� ; (5)WD = Z d4x�D �ÆÆ �32 + xÆ�Æ �E+ D�32 � + xÆ�Æ � ��!ÆÆ � E� ; (6)1In the following the term `onformal' will always refer to the rigid transformations as introdued in [1℄.1



where the braket h ; i indiates the invariant produt in spinor spae and the trae in olourspae.The Dira ation �D = Z d4x 
 � �i�(�� � iA�)�m� � ; (7)is invariant under a gauge transformation WGA+ ;� withWGA+ ;� =WGA;� +WG ;� ;WGA;� = Z d4x tr������ i[A�; �℄� ÆÆA�� ;WG ;� = Z d4x�D(�i � �) �!ÆÆ � E+ D �ÆÆ (i� )E� : (8)Furthermore, we have invariane under translation W TA+ ;� and rotation WRA+ ;�� and addi-tionally, for m = 0, under dilatation WDA+ , whereW TA+ ;� =W TA;� +W T ;� ; WRA+ ;�� = WRA;�� +WR ;�� ; WDA+ =WDA +WD : (9)3 Nonommutative aseThe nonommutative generalization is obvious. The nonommutative onformal transfor-mations of the gauge �eld [1℄ and fermions are given byW T̂A;� := Z d4x tr��� Â� ÆÆÂ�� ; (10)W R̂A;�� := Z d4x tr��12�x�; ��Â�	? � 12�x�; ��Â�	? + g��Â� � g��Â�� ÆÆÂ�� ; (11)W D̂A := Z d4x tr��12�xÆ; �ÆÂ�	? + Â�� ÆÆÂ�� ; (12)W T̂ ;� := Z d4x�D �ÆÆ ̂ ��  ̂E+ D�� �̂ �!ÆÆ �̂ E� ; (13)W R̂ ;�� := Z d4x�D �ÆÆ ̂�x� ? �� ̂ � x� ? �� ̂ � i2� �� ���� ̂ + i2� �� ���� ̂ + 14[�; �℄ ̂�E+ D��� �̂ ? x� � �� �̂ ? x� + i2� �� ���� �̂ � i2� �� ���� �̂ � 14 �̂ [�; �℄��!ÆÆ �̂ E� ;(14)WD := Z d4x�D �ÆÆ ̂�32  ̂ + xÆ ? �Æ ̂�E+ D�32 �̂ + �Æ �̂ ? xÆ��!ÆÆ �̂ E� : (15)The nonommutative Dira ation is de�ned by�̂D = Z d4x 
 �̂ ? �i�D̂� �m� ̂� ; (16)2



where D̂� ̂ = �� ̂ � iÂ� ?  ̂ ; �̂D� �̂ = �� �̂ + i �̂ ? Â� (17)are the nonommutative ovariant derivatives in the (anti)fundamental representation. Theation (16) is invariant under nonommutative gauge transformationsW ĜA+ ̂;�̂ =W ĜA;�̂ +W Ĝ ;�̂ ;W ĜA;�̂ = Z d4x tr�D̂��̂ ÆÆÂ�� ;W Ĝ ;�̂ = Z d4x�D(�i �̂ ? �̂) �!ÆÆ �̂ E+ D �ÆÆ ̂ (i�̂ ?  ̂)E� ; (18)where D̂�� = �� � �i[Â�; �℄? is the nonommutative ovariant derivative in the adjointrepresentation.Let us �rst ompute the rotational transformation of the ation (16). We �nd:(W R̂A;�� +W R̂ ;��)�̂D = Z d4x�� �� �� i2
 �̂ ? ���Â� ? �� ̂�+ i2
 �̂ ? ���Â� ? �� ̂��+ � �� � i2
 �̂ ? ���Â� ? �� ̂�� i2
 �̂ ? ���Â� ? �� ̂��� :We must also take the rotational transformation of ��� into aount,W T�;���� := 0 ; WR�;����� := Æ��� �� � Æ��� �� + Æ����� � Æ����� ; WD� ��� := �2��� ; (19)whih ats aording toW ?� (U ? V ) = �W ?�U� ? V + U ? �W ?� V �+ i2 �W ?� ���� (��U) ? (��V ) (20)W ?� 2�W T�;� ;WR�;��;WD� 	on the ?-produt in the gluon-fermion vertex R d4x h �̂ ?�Â� ?  ̂i. This yields the invarianeof the nonommutative Dira ation under omplete rotational transformations,(W R̂A;�� +W R̂ ;�� +WR�;��)�̂D = 0 ; (21)under the assumption W ?� nÂ�;  ̂; �̂ o = 0 : (22)The omplete dilatational transformation of the ation (16) is given by(W D̂A +W D̂ +WD� )�̂D = Z d4xmD �̂ ?  ̂E : (23)3



In summary we haveW T̂A+ ̂+�;� �̂D = 0 ; W R̂A+ ̂+�;���̂D = 0 ; W D̂A+ ̂+��̂D = �m��̂D�m ; (24)where W T̂A+ ̂+�;� =W T̂A;� +W T̂ ;� +W T�;� ; W R̂A+ ̂+�;�� = W R̂A;�� +W R̂ ;�� +WR�;�� ;W D̂A+ ̂+� =W D̂A +W D̂ +WD� : (25)The Casimir operators (mass and spin) related to the representation (13), (14) arem2 ̂ = �g��W T̂ ;�W T̂ ;� ̂ ; s(s+ 1)m2 ̂ = �g��W PL;� ̂ W PL;� ̂  ̂ ; (26)where W PL;� ̂  ̂ = �12�����W T̂ ;�W R̂ ;�� = �18�����[�; �℄�� (27)is the Pauli-Ljubanski vetor. This yieldsm2 ̂ = �����  ̂ ; (28)s(s+ 1)m2 ̂ = 132(g��g�g�Æ + 2g�g�Æg��)[�; �℄[; Æ℄����  ̂ = �34����  ̂ ; (29)showing that (13), (14) is a spin-12 representation.3.1 Seiberg-Witten di�erential equationsAs in the bosoni ase we derive the Seiberg-Witten di�erential equations via a ovariantsplitting of W ?̂A+ ̂+�W ?̂A+ ̂+� � W ?̂A+ ̂ +W ?� = ~W ?̂A+ ̂ + ~W ?� ; (30)[ ~W ?̂A+ ̂;W ĜA+ ̂;�̂℄ =W ĜA+ ̂;�̂?̂A+ ̂ ; [ ~W ?� ;W ĜA;�̂℄ =W ĜA;�̂?� ; (31)whereby we require (31) to be valid on both Â� and  ̂. To �nd the sought for splitting we�rst apply the ansatz of [1℄:~W T̂A;� = W ĜA+ ̂;�̂T� + Z d4x tr�F̂�� ÆÆÂ�� ; (32)~W R̂A;�� = W ĜA+ ̂;�̂R�� + Z d4x tr��12fX̂�; F̂��g? � 12fX̂�; F̂��g? �WR�;��(���)
̂���� ÆÆÂ�� ;(33)~W D̂A = W ĜA+ ̂;�̂D + Z d4x tr��12fX̂Æ; F̂Æ�g? �WD� (���)
̂���� ÆÆÂ�� ; (34)4



where we replaed W ĜA;�̂? by W ĜA+ ̂;�̂?. 
̂��� is a polynomial in the ovariant quantities�; F̂ ; D̂ : : : D̂F̂ , antisymmetri in �; �, of power-ounting dimension 3, and expresses thefreedom in the splitting. In the following we set 
̂��� = 0. The parameters �̂? are unhangedand given by [1℄�̂T� = Â� ; �̂R�� = 14f2x� + � �� Â�; Â�g? � 14f2x� + � �� Â�; Â�g? ; �̂D = 12fxÆ; ÂÆg? : (35)We write down a ovariantization of (13){(15),~W T̂ ;� = Z d4x�D �ÆÆ ̂ D̂�  ̂E+ D �̂D� �̂ �!ÆÆ �̂ E� ; (36)~W R̂ ;�� = Z d4x�D �ÆÆ ̂�14[�; �℄ ̂ + X̂� ? D̂� ̂ � i2� �� D̂�D̂� ̂ � X̂� ? D̂� ̂ + i2� �� D̂�D̂� ̂�E+ D�� 14 �̂ [�; �℄ + �̂D� �̂ ? X̂� + i2� �� �̂D� �̂D� �̂ � �̂D� �̂ ? X̂� � i2� �� �̂D� �̂D� �̂ ��!ÆÆ �̂ E� ;(37)~W D̂ = Z d4x�D �ÆÆ ̂�32 ̂ + X̂Æ ? D̂Æ ̂ + 14���F̂�� ?  ̂�E+ D�32 �̂ + �̂DÆ �̂ ? xÆ � 14��� �̂ ? F̂����!ÆÆ �̂ E� : (38)where the ovariant oordinates [2℄ are de�ned by X̂� = x� + ���Â� . We de�ne W ?̂A+ ̂ asthe sum of (32){(34) with (36){(38). Now it is easy to evaluate ~W ?� = W ?̂A+ ̂+� � ~W ?̂A+ ̂ =W ?� (���) dd��� , withdd��� = ����� + Z d4x�tr� dÂ�d��� ÆÆÂ�� + D �ÆÆ ̂ d ̂d���E+ D d �̂ d��� �!ÆÆ �̂ E� ; (39)whih yields the Seiberg-Witten di�erential equationsdÂ�d��� = �18�Â�; ��Â� + F̂��	? + 18�Â�; ��Â� + F̂��	? ; (40)d ̂d��� = �14Â� ? �� ̂ + 14Â� ? �� ̂ + i8[Â�; Â�℄? ?  ̂� �18Â� ? ��� ̂ + D̂� ̂�+ 18Â� ? ��� ̂ + D̂� ̂� ; (41)d �̂ d��� = �14�� �̂ ? Â� + 14�� �̂ ? Â� + i8 �̂ ? [Â�; Â�℄?� �18��� �̂ + �̂D� ̂� ? Â� + 18��� �̂ + �̂D� ̂� ? Â� : (42)5



The di�erential equation (40) was �rst found in [3℄. The equation (41) was for nonom-mutative QED to lowest order in � �rst obtained in [4℄. It follows from the algebra givenin [1℄ (extended to inlude fermions) that ~W ?� satis�es automatially the seond identity in(31), [ ~W ?� ;W ĜA+ ̂;�̂℄ = W ĜA+ ̂;�̂?� so that the �-expansion of the ation (16) is invariant underommutative gauge transformations. One heks the identityhW ?̂A+ ̂+�; ��� dd��� i = 0 (43)for the theory enlarged by fermions, whih means that the �-expansion based on (40) and(41) leads to a ommutative ation invariant under ommutative rotations and translationsand with ommutative dilational symmetry broken by the mass term.4 ConlusionFollowing the ideas of [1℄ we have onstruted a representation of the in�nitesimal rigidonformal transformations for nonommutative fermion �elds. We have shown that therequirement that the individual operators of �- and (Â;  ̂)-transformations ommute withgauge transformations up to another gauge transformation leads diretly to the �-dependenyof the fermion �elds �rst found in [4℄.Referenes[1℄ A. A. Bihl, J. M. Grimstrup, H. Grosse, E. Kraus, L. Popp, M. Shweda and R. Wulken-haar, \Nonommutative Lorentz symmetry and the origin of the Seiberg-Witten map," hep-th/0108045.[2℄ J. Madore, S. Shraml, P. Shupp and J. Wess, \Gauge theory on nonommutative spaes,"Eur. Phys. J. C 16 (2000) 161 [hep-th/0001203℄.[3℄ N. Seiberg and E. Witten, \String theory and nonommutative geometry," JHEP 9909 (1999)032 [hep-th/9908142℄.[4℄ A. A. Bihl, J. M. Grimstrup, L. Popp, M. Shweda and R. Wulkenhaar, \Deformed QED viaSeiberg-Witten map," hep-th/0102103.
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