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Abstract

We apply a recently developed method to exactly solve the @3 matrix model with covariance of a two-
dimensional theory, also known as regularised Kontsevich model. Its correlation functions collectively
describe graphs on a multi-punctured 2-sphere. We show how Ward-Takahashi identities and Schwinger—
Dyson equations lead in a special large-A limit to integral equations that we solve exactly for all correlation
functions.

The solved model arises from noncommutative field theory in a special limit of strong deformation
parameter. The limit defines ordinary 2D Schwinger functions which, however, do not satisfy reflection
positivity.
© 2017 Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Matrix models [1] were intensely studied around 1990. Highlights include the non-perturba-
tive solution of the Hermitian one-matrix model [2-4] and the understanding that it gives a
rigorous meaning to quantum gravity in two dimensions. As proved by Kontsevich [5], there
is an equivalent formulation by a model for Hermitian matrices ® with action tr(E ®> + %@3 ),
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where E is a fixed external matrix. Equivalently, the external structure can be moved to the linear
term. The resulting partition function

2[J] = f Do exp(—tr(—Jchr%[ﬁqﬂJr%[aqﬁ)) (1.1)
MAr(©)

(all matrices self-adjoint) was solved by Makeenko and Semenoff [6]. The strategy consists in a
diagonalisation of @ thanks to the Itzykson—Zuber—Harish-Chandra formula, leaving an integral
over the eigenvalues x; of the random matrix ®. Since these x; are dummy integration variables,
the partition function is invariant under variations x; — x; + e,,x? +1. These give rise to Virasoro
constraints on ZJ[ i, ..., jn], which Makeenko—Semenoff were able to solve.

A renewed interest in matrix models came from field theories on noncommutative spaces of
Moyal-Weyl type. We mention the magnetic field model studied in [7], which is also exactly
solvable but trivial as a field theory. The field theory of the ®> model on Moyal space with
harmonic term (see below) has been studied by one of us (HG) and H. Steinacker in [8,9]. The
novel aspect was a renormalisation procedure for the Kontsevich model. Only partial information
on correlation functions was obtained; this is the point where the present paper goes much further.

Two of us (HG+RW) worked on the ®*-theory on four-dimensional Moyal-Weyl deformed
space and cured the ultraviolet—infrared mixing by adding a harmonic oscillator potential to the
action. This leads to a renormalisable model [10], which develops a zero of the g-function of
the coupling constant [11] at a special value of the parameter space. At this special point the
model becomes a dynamical matrix model. In [12] we (HG+RW) extended the idea of [11] to
an alternative solution strategy for matrix models, avoiding the diagonalisation (which is useless
for the &+ interaction). We used instead the Ward—Takahashi identities which result from a vari-
ation ® — U*®U, with U = exp(ie B) unitary, to derive a different type of Schwinger—Dyson
equations. We proved that one of them consists in a non-linear singular integral equation for
the 2-point function alone (first obtained in [13]), which then determines all higher correlation
functions. We subsequently reduced the problem to a fixed point equation for a single function
on R and proved that a solution exists [14]. If one could prove that the solution is the Stieltjes
transform of a positive measure, which is true for the computer [15], then one could convert the
model into a 4-dimensional Euclidean quantum field theory with reflection-positive Schwinger
2-point function [16].

In this paper we apply the strategy of [12] to the QJS matrix model.' Since a linear term would
be generated by loop corrections, we add it from the beginning. We define first the model with
cut-offs and give next Ward-Takahashi (WT) identities and Schwinger-Dyson (SD) equations.
The 1-point function requires renormalisation, after which the cut-off can be sent to co in the
usual way [6]; for noncommutative field theory this corresponds to a limit of large matrices
coupled with an infinitely strong deformation parameter — a limit which is called the “Swiss
cheese limit”. This way one projects onto the genus zero sector, but keeps all possible boundary
components. In this limit the infinite hierarchy of SD-equations decouples (as in the ®*-model
[12]). We find that a function W (X) related to the 1-point function satisfies a non-linear inte-
gral equation which, up to the renormalisation problem, is identical to an equation solved by

U In our subsequent paper [17] we extend this work to four and six dimensions. Whereas the renormalisation of <I>i

and <I>2 is much more involved, the solution of the Schwinger—Dyson equations is easily adapted from the <I>% case. To
avoid duplication of material we introduce in some formulae parameters Z, v which at the end are setto Z=1and v =0
for <I>%.
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Makeenko—Semenoff [6] in the framework of the Kontsevich model. This coincidence is by no
means surprising! We then proceed by resolving the entire hierarchy of linear equations for all
genus-zero matrix correlation functions. Here combinatorial identities on Bell polynomials play
a crucial role.

In the final section we relate the ®3-matrix model to field theory on noncommutative Moyal
space. We also perform in position space the limit of large deformation parameter. In this way
a Euclidean quantum field theory on standard (undeformed) R? is obtained for which we can
explicitly describe all connected Schwinger functions. We deduce that already the Schwinger
2-point function does not fulfil reflection positivity for whatever (real or imaginary) non-zero
coupling constant. This is in sharp contrast with the ®*-model where numerical and partial ana-
lytic evidence was given that the Schwinger 2-point function is reflection positive.

Associating a quantum field theory with a matrix model is somewhat unusual in the traditional
setup. We therefore begin in section 2 with a description of this relation, thereby giving a precise
definition of correlation functions on the multi-punctured sphere, with Ny fields attached to the
Bth boundary component (= puncture).

2. Prelude: a QFT toy model

We consider planar graphs I' on the 2-sphere with two sorts of vertices: any number of black
(internal) vertices of valence 3, and B > 1 white vertices {vg} g: | (external vertices, or punctures,
or boundary components) of any valence Ng > 1. Every face is required to have at most one white
vertex (separation of punctures). Faces with a white vertex are called external; they are labelled
by positive real numbers x/, ..., x 11V1 ceenxBx 168 (the upper index labels the unique white
vertex of the face). Faces without white vertex are called internal; they are labelled by positive
real numbers yip, ..., yr. Such graphs are dual to triangulations of the B-punctured sphere.

We associate a weight (—1) to each black vertex, weight 1 to each white vertex, and weight
ﬁ to an edge separating faces labelled by z; and z>. These can be internal or external,
also z1 = zp can occur. Multiply the weights of all edges and vertices of the graph and integrate
over all internal face variables yi, ..., yr from O to a cut-off A2, thus giving rise to a function
Gf}(xll, A x,lvl [... |xlB, e, xﬁB) of the external face variables.

Three examples are in order:

- A2
. Gh =R [_dn
2)c1+10 xi+yn+1

x) N2 A?
r,: ° é?z(xll,le) = ](—);) / ] dy ] , (22)
(x{4x,+1)? / (e +y1+D (g +y1+1)

(=1’
Qx] + D@xF 4+ D] +x7 + D2
This setting defines a toy model of quantum field theory, sharing all typical features. It has
the power-counting behaviour of the Cbg model, in particular has a single divergence: The limit

lima o0 G{ll (xll) does not exist. The problem is cured by renormalisation. We assume the reader
is familiar with the notion of one-particle irreducible (1PI) subgraphs. The renormalisation of the
toy quantum field theory consists in recursively replacing all 1PI one-point subfunctions f(z) by

I 2.1)

I's:

2.3)

;

SA 12
Gr,(xplxp) =
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its Taylor subtraction f(z) — f(0). This does more than necessary, but permits the global (i.e.
non-perturbative) normalisation rule Gr(0) = 0 for any graph I" with a single white vertex of
valence 1. Omitting the superscript A on G means recursive renormalisation plus limit A — oco.
We note

- ) 1 ~log(x! 4+ 1)
Gr ()= )=i— 2.4)
x1+y1+1 )’1+1 2x; + 1
Consider the following challenge: Fix B white vertices of valences Ny, ..., Np, take an arbi-

trary number (there is a lower bound) of black vertices, and connect them in all possible ways to
planar graphs. Assign the weights, perform the renormalisation, evaluate the face integrals (for
A — o0) and sum everything up. What does this give?

A main difficulty in quantum field theory is that there are too many graphs. Our situation is
more favourable: The number of connected planar graphs with n black vertices can be estimated
by the number n"~2 of ordered trees with n vertices. With the typical tools of quantum field
theory, see e.g. [18], one can prove uniform bounds of the type |Gr| < C; - |)~L|”C§. Together
with the %-prefaotor from the expansion of the exponential one can expect to give a mean-

: Aol 1 B B\ _ SEn| 1 B B
ing to Go(xl,...,)cl\,l|...|)c1 ,...,xNB) = ZFGr(xl,...,)ch|...|x1 ,...,xNB) for |A| small
enough.”

In this paper we achieve more than a proof of convergence: We will provide exact formulae,
analytic in X2, for any G(x} e lev. |... |xlB, e X 53). For convenience we refer to the simplest

cases: G(x ) will be given in (4.18), é(xl,xz) implicitly in (4.21) and G(x1 |x2) implicitly
in (5.9). One has to insert X’3 (2x + 1)? and the formulae for W(X) and c(k) given in
Proposition 4.1. The order-n Taylor term reproduces the sum of all graphs with n black vertices
and B white vertices of valences Ny, ..., Ng. The reader is invited to convince herself/himself
that these formulae (restricted to the relevant order in 1) and the graphical rules agree on the
following examples:

. A . R I
G(3>(xl)=+ +o +o

-2/ (log2)? log2)?
2)‘3((01g )" ((ig ) 3)7 25)
2, +1 Qx;+1)
G(Z)(xl’x2)_ x2 + @
x! .
22 <1og(x1 +1) —log(xi+1) log(xl +1) 1og(x;+1)> 26
B (x11+x21+1)2 xl —x) 2x)+1 200+1 /7 '

2 We are grateful to the referee for her/his clarifying comments on this point.
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In fact we solve a more general case with weight functions —— L for the edges, where
. . . . o .7 @) Fe(za)+]
e: Ry — Ry is adifferentiable function of positive derivative. Equivalently, one can keep the old

face variables y; but assign a weight p(y;) = m to the faces. The asymptotic behaviour

of p(y) ~ y%_l for y — oo encodes a dimensionality D, where actually only the even integer
2[%] matters. This paper treats 2[%] = 2. For 2[%] = 0 we have a finite model where no renor-
malisation is necessary. In [17] we extend this work to 2[%] = 4 (which also has a finite number
of divergences) and to the just renormalisable case 2[%] =0.

3. The setup

Consider the following action functional for Hermitian matrix-valued ‘fields’ ® = ®* €
Mpr(C):

A
S:Vtr(E<I>2~|—K<I>+§d>3), 3.1

or explicitly (in symmetrised form)

N | N Y N
SZV( Z E(Dnmq)manm'i‘KZq)mm'i‘g Z (Dkl@lmq)mk)v

n,m=0 m=0 k,l,m=0

Hyp := Em + Ep. (3.2)

Here V is a constant discussed later, A is the coupling constant (real or complex), and « will
be needed for renormalising the 1-point function. The self-adjoint positive matrix E = (E;;8,)
plays a crucial role. We assume that the eigenvalues E,, are a discretisation of a monotonously
increasing differentiable function e with e(0) =0,

b= (e )

thus identifying 2Eq = u? with a squared mass. The resulting covariance functions HL =
1

e e 3D are nothing else than the (discretised) edge weights considered in section 2.
In particular, the discussion on the dimensionality encoded in e (i.e. in the spectrum of E) ap-
plies.

Comparison with (1.1) suggests that V is proportional to the size N of the matrices. This is
precisely what we will do. The only reason to keep them distinct is the fact that, as recalled in
section 0, the action (3.1) naturally arises in noncommutative field theory. There, V is related to
the deformation parameter, so that the limit A" ~ V' — oo defines the strong-deformation regime.

The partition function with an external field J, which is also a self-adjoint matrix, is formally
defined by

z[J] :=fDd> exp(— S+ Vu(Jd)) (3.4)

X 9
=Kexp(— =5 ) Zprel ),
P 3v2m§_031mnaJnkaka freel/]
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N % .
Zfree[-]] = exp ( Z E(Jnm - K(Snm)Hnm (Jmn — K5nm)>a (3.5)

m,n=0

where K = [D® exp(— % Z'r/l\1/:n=0 Do Hyn Prm ).

A perturbative expansion of log Z[J] gives exactly the graphical setup described in section 2
— up to discretisation and temporary admission of non-planar graphs The matrix indices cor-
respond to face variables, edges between faces m, n have weight +—, and the ®3 vertices are
the black ones with weight (—). Identifying the white Vemces isa httle tricky. It turns out that
the source matrices J partition into cycles qu...pzvﬂ = ]_[j:1 Jpipji1» With Ng +1=1. Such a
cycle of length Ng is what we call a white vertex of valence Ng. Indeed, a ‘star’ of covariances

N, . . . . .
I j ’ N ! attaches to the source matrices, which graphically means that the white vertex is
PjPj+1

the common corner of the Ng external faces labelled by pi, ..., pn,.
With this identification we can represent log Z as a sum over the number and the valences of
the white vertices, i.e. the cycles of source matrices:

N G‘p1

Z[J] Z Z Z v2-B

B=11=Ni<=Ng pl _ pB —o
B

B
Py 1P PR, Nﬁ
. (3.6
S(Ny.... N5 l:[

where the symmetry factor Siv,... np) is chosen as follows: If we regroup identical valence
numbers Ng as (Ny, ..., Ng) = (Ny,...,N{,...,N,,...,NJ), then Sy, ng) = [[}—; vi!. The

V1 Vs

s s | are called (N1+...+Np)-point function. In prin-
1Py P |

ciple they further expand into graphs I with all possible numbers of black vertices and their
connections. Being interested in exact formulae, we keep the (N{+...+Npg)-point functions
intact and never expand into graphs. We will prove in this paper (similarly to [12]) that these
functions have a well-defined large-(\/, V) limit precisely for the given a scaling factor V>~
in log Z[ J]. For later purpose we note the first terms of the resulting expansion of the partition
function itself:

Z[J]

expansion coefficients G, plpl
1Ny

V2
+ = ZG\mn\erzjnm+Z( G|m|n|+_G|m\G|n|>JmmJnn

V2
+ = Z G k| Imn Ik Jkm + Y ( Gimnik| + -~

D) G|mn\G|k|>Jmn‘]nm Jik

mnk m,n,k
1 1% V3
+ Z (WG|m|n|k| + 3G|m\n\G|k| + ?G|m\G|n|G|k|)JmmJnn~]kk +....

m,n,k

All sums run from 0 to a cut-off A/

We repeat the remark pointed out in [12] that these correlation functions have common source
factors on the diagonal, e.g. (V1 G\aa| + Glalal) Jaa Jaa- The functions G 44| and G|qq| are clearly
distinguished by their topology (number and valence of white vertices) and most conveniently
identified by continuation of G|4p| and G| to the diagonal.
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Finally, we introduce our main tool: the Ward-Takahashi identities. As proved in [11,12], the
invariance of the partition function (3.4) under inner automorphisms ® + U*®U boils down to
the WT-identities

0 0

——Z[J1=Wgubap Z[J
8Jam3Jm;, [J1=WubapZ[J]

% 9 9
J .y —)ZJ, 38
+Xm:Eu_Eb<manmb hmaJum [] ( )

where the precise form of W, (which we shall not need) is given in [12, Thm 2.3]. These iden-
tities are exactly the counterpart of the Virasoro constraints in the traditional approach to matrix
models [6].

4. Schwinger-Dyson equations and their solution for B =1
4.1. 1- and 2-point functions

‘We now derive a formula for the connected 1-point function G 4| by inserting (3.4), (3.5) into
the corresponding term of (3.6):

_ 0log Z[J]
A T 9T 1720
K A 83
=201 P\T3v2 2 57 5T 0T o Zfreeld )‘
Z[O] Xp( 3V2m¥k8‘]f’ma~]nkajkm>(( K) aa free[ ]

N
A d d
:H’l(— - ZJ)‘
aa o VZZ[O] Z 8Jam 8Jma [ ] J=

:H;;(—K _)‘G\a\ ZG|am| G‘a|a|) 4.1)

The last line follows from a two-fold differentiation of (3.7). Of course the sum Zﬁ,fzo Glam|

includes m = a!
The connected 2-point function G4 is computed for a # b as follows:

G _ 9%log Z[J]
= N 8 T p0 T | 7=0
K 9 )
- = JuH ' 2 )
Z10] p( 3VZZaJ aJnkaka)aJab<“” free)| 1o
et Hy! Moo s a Zm‘
ab " y2 Z[0] “= 3Jab 8 Jom 9Jma J=0
o A H;N D (v iz az)’
ab V(Ep — Eq) ZI0] %= 8Jap m g Ty o

=Hay =&, — £ 2001

0Jaa 0Jpp

s Ha‘,,l(az az)‘
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_ (Gla) — Gp))
=H! (1 A 7> . 4.2
ab + Ea _ Eb ( )
In the step from the 3rd to 4th line we have used the Ward—Takahashi identity (3.8). The equation

extends by continuity to a = b, i.e. Ggq = Ha_al + )\Ha_al limp ., w The limit is well-
defined in perturbation theory where G, is, before performing the looap sum, a rational function
of the E), so that a factor E, — E), can be taken out of G|, — Gp|. We shall later see that our
large-(N, V) limit automatically gives a meaning also to limp_, .

The naive limit V' — oo in (4.1) will diverge unless k = « () is carefully adjusted. We chose
a renormalisation condition

Go=0 s —k(N) = Z Gom + G|()|()| s “4.3)

where a well-defined limit Ggo| is assumed. Substituting (4.2) and (4.3) into (4.1), the
Schwinger—Dyson equations are obtained as

A
Gla| = H,, I 2Giy — Z( — Hy,)) ~ 32 (Glalal = Glop0)
m 0
N
A (Glal =Gm) .1 Giml
_ 2N (H) _H, )} . 4.4
% ( am- B, — Ep om E,. — Eqo (44)
m=0
This equation suggests to introduce
Wia ._ Gl 4 Haa _ = Glq + E— (4.5)
21 2A

Taking Hym(Eq — En) = E 2_ E; 2 into account, we arrive at

2k2 Wia) = W) Wi — Wg
W =4E2 = 5 Glaa=Grow) — = 3 (o - ) e
2 2 2( lala =Glopo) = = 2:;) E2—E2 E} - Ej o
L Wial = Wini

Gap == 4.7
2 E2-E}
4.2. Large-(N, V) limit and integral equations

Let us take the limit A/, V — oo subject to fixed ratio %[ = ,u2A2, in which the sum converges
to a Riemann integral

1 A2
lim — Zf(m/V) zAz/du (1> A%u) :uz/dx F(u12x). 4.8)
m=0 0 0

Expressing discrete matrix elements as a =: V ux, the eigenvalues of E take the form E, =
w2(e(x) + %), see (3.3). We introduce the dimensionless’ coupling constant A := ﬁ and define

3 From the partition function (3.4) and its expansion (3.6) one reads off the following mass dimensions:

[®]=u", 1= pu?, K] =, [ =u?, (G J=p2CmEmN,

‘111 le‘ |P1 pNB
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1AW (x) = M Wiy, G(x):= whim Gy, (4.9)
related by % = G(x) + % Now the limit of (4.6) becomes
(W(x))? = Qe(x) +1)% (4.10)
g2 7 J ( W(x; -W) - W) - WZ(O) )
2e(x)+ 1> —QRe(y»)+ 1) Re(y)+D=—-1

We assume here Gy 2,y 25| = O(V?) so that this term does not contribute to the limit; this will
be checked later. It can be seen graphically that this term generates higher genus contributions,
which are scaled away in the large- N limit. A final transformation

X:=Qe@)+ 1% W) =WxX), GX)=GxX), (4.11)
and similarly for other capital letters Y (y), T (y) and functions G(X,Y) = G(x(X), y(Y)) etc.,
simplifies (4.10) to

= =

W%X)+/d¥p(¥)%=x+/dmm

1 B 1
222

VY el(e ()

Equation (4.12) closely resembles a problem solved in the appendix of Makeenko—Semenoff [6].
We take their solution (obtained by solving a Riemann—Hilbert problem) as an ansatz’

W) — W(Y)
1-Y ’

p(Y):= E:=(1+2e(A%)>. (4.12)

=)

v X+ 1 T
W(X) = vt —de p(D) (4.13)
vz 2] WX+t VTHoVT +c
with constants Z, v, ¢ determined by normalisation and consistency conditions (thus becoming
. = . . . X Fe—JT¥e _ 1 .
functions of A, E). Straightforward computation using Y7 = T yields
r W(X) — W(Y)
dYp(Y) ————
/ pY) ——

1

B x+c/E dYp(Y)
- JZ /| (WXte+ VoV X

=)

_l/E dTp(T) dYp(Y)
21 \/T+c(~/X+c+\/T+c)1 (VX+c+ VY)Y +c+T+e)

4 Our ansatz is more general than necessary in 2 dimensions. We need Z, v in 4 and 6 dimensions [17] and treat already
here the general case in order to avoid duplication in [17].
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: : 1 1(_1 1 :
In the last line we can symmetrise Veriad: ( Wiz + m) so that the double integral factors.

Converting the second line by rational fraction expansion, we arrive at

/EdY vy XX = W) WX -WwE) _ /: 1 /: dYp(Y) VX +c

: P X-Y ! JY ¥¢ l«/Y+c(\/X+c+\/Y+c)
_1/3 dTp(T) )2
4 | VT +c(WX+c+T+e)

+c 1 :‘dY Y
= —(W(X) +v) + +—f ) (4.14)
z ] Y+c
This equation takes the form of (4.12) if we choose v =0, Z = 1 and adjust’ ¢ by
i p(T)
W =1=«~14+c+ - | dT . (4.15)
21 WT+c+ T+ VT +c¢

For p(T) ~ T™* and « > 0, realised in our case, the formula (4.13) and the resulting condition
on ¢ have a limit E — oo.

Inserting p(7') from (4.12) into (4.15) we have an explicit expression of 22 in terms of ¢,
either with ¢ > —1 real or ¢ € C \ ]—o0, —1]. Obviously, ¢ = 0 corresponds to ) = 0. The im-
plicit function theorem then provides a unique diffeomorphism A2 > ¢(1) on a neighbourhood
of 0 e R or 0 € C. Since we will be able to express all correlation functions in terms of elemen-
tary functions of ¢(%, ) and p(%, e), this proves analyticity of all correlation functions in these
neighbourhoods.

4.3. Linearly spaced eigenvalues of E

The noncommutative field theory model of section 6 translates to linearly spaced eigenvalues
with e(x) = x. This yields X = 2x + 1)2 and p(Y) = . The integral can be evaluated for
& — oo:

Proposition 4.1. Equation (4.12) is for eigenvalue functions e(x) = x and Z = 1,v = 0 solved

by:
222 WX T+ VXWX +1)
WX)=+vX —1 s 4.16
00 =VEFet+ otog (N 2 ) “.16)
- 1
_ 2
I=vet1+2i log(1+m). 4.17)

dY0) _ ) from (4.14). We are particularly interested in linearly spaced eigenvalues

Y+c
- 1 E dYp(Y) g = . . .
e(x) = x where p(Y) x i see (4.12). Then fl N diverges for 2 — oco. This makes it necessary to normalise

wa)=1.

5 In[6], ¢ is determined by c—',—flE




H. Grosse et al. / Nuclear Physics B 925 (2017) 319-347 329

We thus get for the renormalised 1-point function

- 1 2
Gx) = i(W((zx 1)) — (x4 1)) (4.18)
VQx+1)2 4+ ¢ — 2x+1) A Q2x+2) (v 2x+1)2 + ¢ +2x+1)
= + log( )
2 2x+1 Cx+D/T+c+/x+1)2 4 ¢

again with ¢ being the inverse solution of (4.17).

A numerical investigation shows that (4.17) has a solution® for —de <A< and Ao =
0.490686. .. attained at ¢, = —0.873759.... By choosing ¢ > 0 it is possible to simulate purely
imaginary . A perturbative solution of (4.17) gives as first terms

c=—43%log2 — 43*(log2 — (log2)?) — 22°(21og2 — (log2)?) + O18). (4.19)
This leads to the following series expansion of the renormalised 1-point function:
A (log(2))* (10g(2))2)
2x + 1 2x+1 Q2x+1)3

is((IOg(2))2 2(log(2))’ — (log(2))*  2(log(2))’
2x +1 (2x +1)3 2x +1)°
It matches perfectly the Feynman graph computation (2.5) of section 2.

G(x) = log(x + 1) +}\3(

) + 007, (4.20)

The scaling limit G(x, y) = lim ,uszuzx vu2y Of (4.7) for the 2-point function is
N,V—oo ’
~ W(X)—-W(
GO 1) = G, y(ry =2 =T 421)

We refrain from spelling out the insertion of (4.18). There is no problem going to the diagonal:
G(x,x) =2W'(X).

4.4. N-point functions

According to (3.6) the connected (N >2)-point functions are

10 9 d z[J]
— log . (4.22)
V 3Jayay 0Jayas  0Jay_yay - 210] 17=0

Glalazmam =

For pairwise different indices we compute, similarly to (4.2),

03
K Nt { €xp (_B)ﬁzm,n,k Wm)(‘lazm Ha_I‘IIZZfree)} ‘

G =
lay...an| Z[O] 3Jaza3 . ajaNal J=0
-1 N

A Hyy 9 R I

- ajay Z Z[J]‘
V2 Z(0] = 9Jaras 0Jayar 0Jarm 0 Jmas J=0

_ 0zl azl)]

M Hgy, Ny o (Una Vmay  Ja2m aJalm) ‘

V Z0] ~ 8Juras Oy (Ea; — Eay) =0
6 In general, the critical value corresponds to pg :=1 — % 100 dZZp—(ZS) = 0. This function pg plays a key role in higher
VZ+c

correlation functions.
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1 Glajaz..ay] — Glas..ay| Glajas..ay| = Olay...ay|

\H- 3. Nl _ . (4.23)
ajas (Eq; — Eay) (Eg — Eg )

The 2nd line is the result of the 75— J differentiation, and in the step from the 3rd to 4th line

we have used the Ward-Takahashi 1dent1ty (3.8) for pairwise different indices. Formula (4.23)

together with (4.7) expresses N-point functions recursively by factors (Egl—Eg) and W, . We
i J

can solve this recursion:
Proposition 4.2. The connected (N >2)-point function is given for pairwise different indices by

N
N 2 1

7 2 Wiad [ Powe Rum P (424)
k=1 I=1,1%k a—Ep

Glajay,..ay| =

Proof. The formula is proved by induction, starting with N = 2 which is formula (4.7) when
inserting Py 4, = — Payq,- Assume it holds for N. Then using (4.23) and Py 4, = —Paya, WE
have

G\al--.azvﬂl = )‘Palaz(Glala3---aN+1| - Glaz---aN+1|)

AN 1 N+1 N+1 N+1 N+1

= alaz( Z Wi 1_[ Paay ZWWI 1_[ Paktu)
k=1,k#2 I=1,1¢{2,k} 1=2,15k

)\N_l N+1 N+1

= ) (Wlal Hpalal + Wiay| H Paya

1=2 I=1,i#2
N+1 N+1 N+1
+ Z Wlak\ Pulaz( arai 1_[ Pakal - Pakaz 1_[ Paka/))
1=3,1#k 1=3,1#k

Now the definition on P, 4, implies

Pa1a2(Paka1 akaz) = Pakal Pakaz ,

so that (4.24) followsfor N— N +1. O

We can easily perform the scaling limit A,V — oo to functions G(xl,...,xN) =
Hmpry oo 82V UGy 0y vy and G(X1L ..o, Xy) o= G(x1(X1), ..., xn(Xy)). With
lim(2Ey 2, ) = w?/X and thus lim(u* Py) = ﬁ we have

N N ~
W(X 43
G(X1.... X)) =Y (Xi) [T +— (4.25)

e X — X

5. N-point function with B > 2 boundaries

5.1. (N1+...4+Np)-point function with one N; > 1

8N

. . . N
To simplify notation let 55 0 . We prove:

apay | ayay-0day_jay daya;
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Proposition 5.1. For N| > 1 one has
-G al

G 12 2 B B
|a a3 aN]\al aN2| |a1 aNB 113...111\”|al...aN2|...|a1 ...aNB\

B|:

G
|a11 ...a,lv1 \...\af...aNB

5.1

Proof. For pairwise different a;, b; we have from (3.6)

a1 oNB z[J
Glal..al loaf oy =V g 2151
Ayl lelag - “NB aJ 1 1 aJ 5 2 Z[0] ly=0
B

al...aN] arp...a

— VB—]

-1 a2 aNe K
3Ja%a3|...8Ja[1Val| aJ » ol s o {Z[J]

2
al...aNz ap ...aNB

A 9°
—— — | J 1 H | |2 J) ‘ *
X CXP< 3V2m;ka~]mn8-]nk8-]km>< alal 1 1 freelJ] } I=0 (*)

VB3 M- oM oM { 1 % 922

Ha}az' 8Ja%a3'"'8‘lallva} aJ » 3) s Z[J]

2
al...aNz ar..

m0d }‘J:O

VB_Z(—)\.) aNl—l aNz aNB { 1
Ejl —Ejzl 8Ja%a3' ...3Ja1|val| aqﬂa%. s s | ZJ]

2
..a ay ...da
| Ny 1ONg

N
3z 3z
3 (ot s = —)}\ (+%)
n;) ’"“lajma% “zmaJa}m J=0

VB_Z(—)\) 8N1—l 8N1—1 3N2 aNB
S ( - ) . ogzlJ]| . (e
E- — 8Ja21 4l 0T i o /0], o 8Ja3 J=0

a; a, <Ay 193---dn, 14N, : “NB

Precisely for Ny =2 there is a surviving term of the J, 1a] differentiation, but the result cancels
with J] so that further differentiations due to B > 2 give zero. Therefore, all surviving dif-
ferentiations of J ala! in (¥) come from exp(—m > 3 ]3) In (**) the Ward- Takahashl identity
(3.8) and H,,(E, — Ep) = Eg — E}% are used. Then Jmall must be hit by

311 1 and Ja%m by

uNla]
%, thus giving (***). The final line gives with (3.6) the assertion (5.1). O

Q%3

By symmetry in the boundary components we can recursively use (5.1) to express any
(N1+...+Np)-point function with one N; > 1 in terms of G 41,2 |,8|- Since further bound-
aries play a spectator role in (5.1), we can easily adapt the arguments of Proposition 4.2 to resolve
this recursion:

Proposition 5.2. Let B > 2. The connected (N1~ ...+ Ng)-point function with one N; > 1 is

. . . 1
given in terms of Pyp := E-E by



332 H. Grosse et al. / Nuclear Physics B 925 (2017) 319-347

G\af“.a}v ‘“"HB'"HE’BI (5.2)
Ny
Ni++Np—B
SRR DR ZGlakll laf,| ( am)' ( 1_[ Pafﬂz‘i)
k=1 kp=1 h=1,01#k lg=1,lp#kg
its large-(N', V) limit by
G(X},...,X}Vll...|XB,...,X11\3,B) (5.3)
N1 B Ng 4
_ yNi+-+Np—B B
= " Z Z G(Xkl |Xk3) 1_[ l_[ B _ Xﬂ :
ki=1 kp= ﬂzllﬂ:l,lﬁyﬁk}g kg lg

5.2. SD-equation for (14 ...+1)-point function

Proposition 5.3. Let B > 2. Then the (1+...+1)-point function satisfies

A ZGm la2...1aB] =~ Glmla?|...|aB|

Wiot Grater1or + 5 2 (E2, — E2) (5.4)
3 A
:—AﬁZZGIa aﬂaﬂlaz\_,é_“‘aB‘ VQG|a |a |a2\ \aB\
B-2
_A172_:12<i1<2£i <BG‘al|ailI'“Iai”|G\al|ajl|_,,|aj3—p—1|7
—12<ij < <ip<
4

where 2 < j1 < --- < jp—p-1 < B and {i,...,ip, j1,..., jp—p-1} =1{2,...,B}, and ... ...
denotes the omission of aP.

Proof. We write down for pairwise different indices a” the formula for the (1+...+1)-point
function in (3.6) with B > 2 boundary components and perform the J,1,1 -differentiation:
a8 Z{J]

G =yB=2 lo
latla?]...|af] 0J 4. I By 8 Z[0] ly=0

VB laB 1 K A 33
0J 2,2 ... J BB {Z[J] p< 3V2m2n:k3-]mna-]nka]km)

% ((arar = OH Zpreel 1) |

J=0

e 0% { 1o X g |

B 0Ji2q2 - g VBN V2 Hg g1 5= 841 8Jpq1 1170

s (R % ah-! { 3 log(2) 210g(2) dlog(2)

B Hyg = T LT, 00,0 0 8, 8,p Jli=0

1
+ 7200t alla?) . a?|

N B
Hl 1{ ZGlalmlaZL.wam +) G
aa m=0

p=2 lalaPab |a2| ......
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B-2
260Gl s + ) D Glallail|~-\ai”\G|a1|aj'|-..\aj3‘1’_]\}’ (5-5)

p=12<ij<--<ip<B

with notations introduced in the proposition. We multiply by % and bring —2G ,1,G 41142, jaB|
to the lhs, thus reconstructing the function W defined in (4.5):

N

1 1
7 Wi Glatia?y. et + 77 Y Glalmia?|..la?)
m=0
Y6 Lo
= o ‘alaﬁaﬁ‘azluént‘ V2 lallal|a?|...|aB|

B-2
=2 2 GG e s (5.6)

p=12<ij<--<ip<B

Reducing the (2+1+4...+41)-point function by (5.1) leads to the assertion (5.4). O

In the scaling limit G(x'|...|x®) := u2@-

B limpr vy 0o Gy 25|, v2xB)» the term
%G‘a1|al|az|_._|as| in (5.4) goes away, and we obtain a recursive system of affine equations for
the function with B boundary components. To write these equations in more condensed form, let
us abbreviate for a set I = {i, ..., i} of indices G(X|Y<!) :== G(X|Y'!|...|Yr). With these
notations, and including v (here = 0) from (4.13) for later use in [17], we can express the limit
of (5.4) in terms of X! := (2e(x?) + 1)? as follows:

(WXH4+v)G (X x<ZBh +%/dTp(T)
1

B ¢ s
=—XZG(XI,X/5,X/3|X<{2 ------ Bhy _ X ZG(X1|X<1J)G(X1|X<1{2"“*B}\J). (5.7)

=2 Jci2,....B)
B 1<|J|<B-2

G(X'|X<2Bh—G(T|X<2B))
X—=T)

The measure p(7") was defined in (4.12). In presence of v # 0 we need a finite cut-off E; the limit
E — oo is only possible for the solutions. The inhomogeneity only involves known functions
with < B boundary components.

5.3. Solution for the (14-1)-point function

We specify the problem (5.7) to the 1 4 1-point function

GX|Y) - G(TY)
X-T '

(W(X)+v)G(X|Y)=—-AG(X,Y,Y) — %dep(T)
1

(5.8)

A perturbative solution of (5.8) to (’)(14) suggests:

Proposition 5.4. The (141)-point function is given by
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432
GX|Y)=

; 5.9
NXFc VY +o - (WX F+c+ VY +¢)? (59)
where c(e, )N\) was defined in (4.15).

Proof. We insert the ansatz (5.9) into the following integral:

1 G(X|Y) — G(T|Y
__dep(T) (X|Y) = G(TY)
2 X_T
1
~ 2 1 1
S VXA (XA T 102 JTre-(NTHetdY 102
_ dTp(T)
JY ¢ X_T
1
~ 252 f dTo(T)
VX+c- Y+ - WX +c+VY +0)?

: VT +c- (VX +c+VT +o)
232

n EdT;O(T) (WXA+c+ T+c+2/Y+0)
¢Y+c.(¢x+c+¢y+c)21 VT+c (WX+c+VT+e)(NT+c+/Y +c)?

432
=(W(X G(X|Y) —
W +MEE VZJY +c- (VX +c+ /Y +¢)?

2 [dTe) 1

. (5.10
3Y1 VT+c (WX+c+VTHo)(WX+c+VY+o) (VY +c+VT+o) 10

We have inserted the formula for W from (4.13). On the other hand, from (4.25),

WX)-W) _ WFp-wE)

G(X,Y,Y)=8% lim —&=1 M-n g5 0 W) =~ W)
Y| —>Y X—-Y Y X-Y
_gii[ 1
WY\ JZ(JX Fc+V/Y +0)
1 [dTpT) ! ] (5.11)
2] VTHe WXAe+VTHWXre+ VYW T e + VT +o) ' '

Adding (=M)G(X,Y,Y) to (5.10) yields (W (X) + v)G(X|Y), as required by (5.8). O
Note that (5.9) is essentially the same as [8, eq. (93)].

5.4. Solution for the (14141)-point function

We specify the problem (5.7) to the (1414-1)-point function

=

1 X Y2 Y3 — T Y2 Y3
(W(X)+V)G(X|Y2|Y3)+_/dTp(T) G(X|Y2Y3) — G(T|Y?|Y3)
2 X—T
1
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=-AG(X, Y2 YY) —AG(X, Y3, Y3 YD) — 220G (X|YD)G(X|Y?). (5.12)
We have with (5.3)

- X|Y3 - G?|y3
G(X. YZ,Y2|Y3)=16A2—G( 1Y?) - G7|Y”)
aY?2 X —Y2

1 _ 1
{ VXWX tetVY340) VY24V 4e+VY340) }
9Y2Y3 X_12
_ 92 [ 128):4(\/X+c+\/Y2+c+«/Y3+c) }
V207> /XY (VX eV +0) (VX Fe+VY 24 (VY e+ Y +0)

= —1283%

and consequently

GX, Y2, YY) +G(X, Y2, YY) + 26 (X|YHG(X|Y?)

02 [ 12804 (VX +c + VY2 +4c + VY3+¢)
0Y29Y3 L/ X4e VY T+ Y3 +e (VX + VY340 (VX Fc + VT )
N 12834 }
VX (VX Fe + VT30 (VX F¢ + Vo)
a2 12814 3224
- { . } = . . 7. (5.13)
2V L /X4 VY2 HeVY34e) XA VY24 VY ¢
Because of the factorisation the only reasonable ansatz is
—32)y i
G(X|Y2|Y3) = 3( ) - - (5.14)
X+ VY 4 VY 4
This gives as prefactor of —321> in (5.12) (with exchanged lhs and rhs and use of (4.13
g p N ) ( g )):
1 y Y / dTp(T)
= + = 3
Xt+c VZX+o 2) JT+oJE+0 WX+c+VT+o)
g 1
Z / dT (T) v (X+C v (T+C)3
2 X-T
1
4 dTp(T)
T VZ(X+o 2(X+C) JT+o
1 1 [ dTp(T)
Po NI 2T F0)

For linearly spaced eigenvalues e(x) =x and Z =1, i.e. p(T) = f’ this amounts to pg =

o ar
1 VIFe(/THe+1) "
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5.5. Solution for the (1+...41)-point function for B > 4

This is the most elaborate section of the paper. Over the next 6 pages we prepare the proof of
Theorem 5.11. Eq. (5.14) suggests that all (14...+1)-point functions with B > 3 factorise. We
make the ansatz

(=20 2A)3B — -3
G(X'l...|1x8) = Z «/ X420 m| (5.16)
— -
- 1
where X+c—2tl3:=1—[

—.
gel VX +c—2t

Our aim is to compute the coefficients y g” starting with y3M =48Mm.0-

Lemma 5.5. Assume (5.16). Then

G(X'|X<2Bh—G(T|X<2B))

(W(X1)+v)G(X1|X<1{2""B})+%dep(T)

! (X-T)
B-3 M Jj . M—i
_ (=20 Qj+D)pjy dM=i
A A VX +c—21,, . (5.17
L v X_: g X1 2 dtM= o 8|,y O17

=

S0 | / dTp(T)

LK) e (5.18)
vz 2l et

where o=

-

Proof. We distribute the ¢-derivatives by Leibniz rule. The prefactor of %yﬁ” 25 +
M-j -3 R

1)!!(1;/.1) LN X F e =21 p)|,_o under the sum over j, M is

& 3+2] - \/;34»2]
(WX +v) — /dT (1)
1 +c J | X' —-T
1 42—
1 1 YHR X T T

B i

VX e T (X Fe 4+ VT+0)
1 1< 1 dTp(T)
52 - |
1

T t~—n

&)

N rl_|_C21+2 —~ —Xl_i_cz(j l)+2l ;—T+c3+2l
j
. Pl
= W (5.19)

X'+c
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with p; defined in (5.18). The step from the first to second line relies on

1 1 .
- — , i I 2j+2—1
m:ﬂ—l/ \/XT—‘,-C:H—ZJ B 2j+2 Xl +c X2 +c It
1_ y2 - Z 342 342j
X' -X VX T e XTI T (X T e+ VX o)

(5.20)

with compensation of / = 0 with the integral in W (X") according to (4.13). After a reflection
I+ j—Ilwearriveat (5.17). O

Lemma 5.6. Assume (5.16). Then the first term on the rhs of (5.7) and the |J| = 1 and |J| = B—2
contributions to the last term combine to

B p )
_XZ(G(XI,X/’,Xﬁ|X<{2 ........ BYy 4 2G(X'|XP)G (X | X a2 B})>
p=2

_ (203 2)\)33 4 Bi‘f:f v, (M) Q) + DI+ 1)
N Q21+ 1!

M=0j=01=0
B
Z(dtl

dM-J

- 8
VXPBfc—21 >(dlM_’ ,,,,, B}

(5.21)

=0

Proof. It suffices to take § = 2 and then to permute. From (5.3) we have
2 0 G | X<Bo By — G (X2 X<l B})_
X2 X! —x2
We insert (5.16) for B +— B — 1. With Leibniz rule and (5.20) one has
— G (X', X2, X2 | x <3 B
B—4 M 2j42

. ] 2j+3—(+1
ZZ( )Z 0 { yg’l_l(2]+l)!!vX1+ch2+cJ+ ¢+D }
- 2 342j 342j
M=0j=0 o X T o X T (WX T F e+ VX2 ¥ o)

G(x', X%, X x<1*Bh =16

(5.22)

» _2;‘ 3B-7 dM—] _
<1633 2 VXA 2 |- (5.23)
1=

00 dtM—j = e
The other term reads with (5.9) as well as (5.16) for B~ B — 1

—2AG( XN X2HG (X | x<B B (5.24)

_§%< )(2J+1)”)/B LD [ (=20) (=832 (— 21)33—7}
po/ X+ X2 LN (VX T e + VX 1o)

M=0 j=0

dM-i -3
v X+4c— 2'[{3,...,3}

X ——
dtM—J

Bringing (5.23)4-(5.24) to common X 1_X2 denominator

t=0
(before X 2-differ-

1
m4+2'/ \/XT—‘,-C3+21

entiation) produces a total numerator

2j+3

3+2j—1 hs 2j+2-21
Z VX VXige T Z(\/X1+c+\/X2+C)\/X1+C X
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After cancellation and differentiation with respect to X2 we have

— (G, X% X2 X <P Bl 126X XD G (X X <13 BYy) (5.25)

B4 M it Qj+DIQI+1)

=S S (M)
YB—1 4+2j-21 2143
M=0 j=0 oo NX e T xET

daM=i -3
X —— X+C_2t{3’m,3} ‘[—()

dtM—j

d 1

1
N g4
RN

thus establishing the formula. O

We write 2] S = +, repeat these steps for all X#=2 and sum over S,
X+c

The remaining terms with 2 < |J| < B — 3 in the last term of (5.7) are straightforward:

—x Z Gx'1x<H)G (x| x<Z BN (5.26)

| (—2j)3B-4 PLL3B 2 MM M7\ QJ DU DY M A
- T X 2 ey (00 )

6+2/7+2j"
100 =0 M"=0 j’=0;"=0 \/X +c ! !

T () T )

Jcf2,....B} | J|=p

Symbolically we are left with the problem [(5.17) =520+ Zﬁ;; (5.26)] to be solved for

M provided the ansatz is consistent. By shifting indices we select the common coefficient of
( 2A)3B 4 amt 1 s -
pov/ Xt Hﬁ =2 (m,g T e ————)|,_, in this equation:

Lemma 5.7. Assume (5.16). Then (5.7) amounts to the following system of equations for integers
[ > =2 and (B—1)-tuples M = (m3,...,mpg) with M :==my+---+mp:

B—5—M—I
M+2+l+] (2j+214+5)!p;

M+24+1 ! - - 5.27

,-Z=o M+ 2+1+ Dl A2+ ) (5:27)

2l +2mg +3)N2mg + 1)mg!
(I +mg+1D!2mg + D!

(M+l+1)' M+l+l
B=2

1 QU+ + 1) Y A VAN
T 200 2 1] D M Dl M I -
U'+1"=l MUM" =M

The sum in the last line (which contributes only for | > 0) is over all partitions of M into two
subtuples M', M" of #(M") and #(M ") elements which sum up to M’ and M", respectively.
The initial condition is y3M =08M.0-
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For the solution we have to introduce:

Definition 1. The Bell polynomials’ By,  are defined by By x({ }) = k.0 and B, k({x]}” k“) =
> m( D)2 - (o )Jn=k+1, for n>1, where the sum is over non-negative in-
tegers ji, ..., jn—k+1 Wlth]1+12+ “+jn—k+1=kand 1j1+2jo+---+(n—k—1) jn—k+1 =n.

Lemma 5.8. The Bell polynomials satisfy the identity
n—k

Z(aj+ﬁ)< ) Bu_jk(X1. oo Xnjoir1) = (an+Bk+1) By sr (1. - Xni)-
j=1
(5.28)
Proof. This follows from [19, Lemma 8],
n n! X1\ V1 X2\ 2
BusD Buomii (D = Y ——Wai(3) " (5)
m vilvp!--- 1! 2!
vemr(n,k)
where the 7 (n, k) is the set of vy, vy, -+ >0 with vy +2vy 4+ ---=n and vi + vy + --- = k.

We only need / = 1 where the general definition of W,, ;(v) given in [19, eq. (2)] reduces to
Wn.1(v) = vy. Moreover, By, 1({x}) = x,,. Therefore,

n—k+1 n—k+1
> (am+p) (Zl)xmBnm,kl EN=Y (@m+p) (Zl) Byt () B -1 (1)

m=1 m=1

n—k+1

= 2 W( Z<amvm+ﬁvm>)(u> 1(%>U2"'=<an+/3k)Bn,k({x}>.

vemr(n,k)

A shift in k yields the result. O

Proposition 5.9. The solution of (5.27) for | = =2 and | = —1,
B-3-M

M+j . j
> ( . ’)(21 +Dlpjvy =yl (5.29)
=0 7
B—4—-M
M+1+
> ( g )(2 +3)pjyy T =@M + B - Dy, (5.30)
=0
where M € {0, ..., B — 3} and under initial condition y3M =0pm.0, IS
B-3—-M

). (5.31)

r=1

M (B34 K)! 5 Q@r + Dllp, \B-2-M—K
X:: (B—3— M)IM! 3‘3‘MK<{_  + Dpo }

Proof. We start with (5.29). The formula correctly captures the case M = B — 3 where only

Jj = 0 contributes in (5.29), giving the solution ylf 3= p B . We proceed by twofold induction
0

7 For an overview about Bell polynomials, see https://en.wikipedia.org/wiki/Bell_polynomials or https://www.
encyclopediaofmath.org/index.php/Bell_polynomial. Many identities are proved in [19] and references therein.


https://en.wikipedia.org/wiki/Bell_polynomials
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in increasing B and increasing s := B — 3 — M. We rearrange (5.29) as an equation for )/g’[ .
All other terms either have less B (namely yé” 711) or less s (namely ygl I Jj > 1) so that the
induction hypothesis applies. We have with x, := — CraD%r apds:= B —3— M in (5.29):

r+TDo
1 < (B—4+K)! .
B—3Z sI(M — 1)! sK({ r} K+1) (*)
K=0
1 (M) L (B-3+K) P
a2 (7)o Zm‘*(” e

1We ?Xchange the summation order _° i1 Yklo= Z‘}{zlo ;;If and use (5.28) to express the
ast line as

-1
(k) = Bl Z 8 3+, “(s + K + DBy g1 (10127 )-
Po k=0
We shift the index K + 1 + K and redistribute the resulting (s + K) = (B —3+ K) — M: Its
part (—M) cancels the rhs of the first line (*), and (B — 3 4+ K) increases the factorial to the
claimed formula (5.31).
We check consistency with (5.30). For M = B — 4 the lhs restricts to j = 0, and both sides

evaluate to 3(M H . For M > B — 5 we express the lhs in terms of x, := (2(;13” Z(: and insert

(5.31). Then the J = 1 part of the lhs becomes after exchanging the K—; summation

(53001 = — BiMB N~ _(BHK) (B-d-M
TUUETES  & A-mm\
X (2j+43)xjBp—a—m- ]K({xr})
1 B (B-3+K)!
= pé} KX:O m(z(B_M_4)+3(K+1)) Bp_s—m k+1({x+}),

=3(B—2+K)—(B+2M—1)

where (5.28) has been used for « =2, g = 3. Its part 3(B — 2 + K), after a shift K + 1 — K,
evaluates to —3(M + 1)y M+1 The remainder gives (2/”::7031))/3 1> so that (5.30) is true. O

Remains (5.27) for / > 0. Because of permutation symmetry we can assume M =
©,...,0,...,p,...,p)withno+---+n, =B—1=: N and Ong+ 1ny +---+ pn, = M. Then
—— —

no np
the sum over subtuples M’ = (0,...,0,..., p,..., p) amounts to the sum over 0 < n: < n; with

—— ————
g n,

multiplicity (29) ‘.- (Z," ) Therefore (5.31) solves (5.27) for [ > 0 iff the following is true:
0 P

Conjecture 5.10. For any I, no, ...,np, €N, the Bell polynomials satisfy the identity (with no +
~+np=NandOng+1n1+---+pnp=M)
BN_m—i1-4k ({x,})

QU451 s
(+2) KZ%(N_HK)’ N M%) (532)
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By - m—i—a.x({x:}) Xf’: (21 +2i 43)11Q2i + D!

— Y (N=3+K)! (N—M—I1—2)] Qi+ DI +i+ D)

K>0

CQjHDNGHA)! I (N—M—l—j—4)!

=>" > (-2 g ZIF2AINGEDY x) By—pi—j-a k(2D

j=1K>0
QU4+DNQRI"+D! (ng np
+3 ZZ Z eV n n
=0np=0 n)= o 0 p

P

BN’—M/—I’—2,K/ ({xr}) (N//—2—|—K”)! BN//_M//_I//_zyK//({xr})

/_ Y]
X Y (N'=24+K")! (N'—M'—1'—2)! (N'—M"—1"=2)!

K',K">0

where N :=n(,+- - --l—n’[7 and M' :=Ongy+ 1n/ +- -~+pn}, aswellasl” :=1—1', N":=N—-N’
and M" := M — M’'. The sums over j, K, K', K" are restricted to the range of non-trivial Bell
polynomials and inverse Gamma functions.

We have checked (5.32) with a computer algebra program for many different I, p, n;. Of
course a direct proof will be necessary.®
The generating function of Bell polynomials is

exp (uzxj—t‘j) =3 u ;Bnk({xr}” bkt (5.33)

j=1 7 n,k>0

Multiplying by e “u 873, integrating over u € R, and differentiating with respect to ¢ gives an

alternative realisation of (5.31), where we also insert the definition (5.18) of p,. With the series

oo @jEbNj 1 N ok _ 1, 1+ v o2
2= (j+1)~ v 2k (2)(=2y) =G 1 =9 =G | below

with y = T + -, we arrive at

pE3MIB -3 - M)y

o0
dB-3—M u tr (2r+ »
— d —u, B3 _ _ ‘
/ ue “u 7511‘3 M p(p (r+1)' Pr)) —
0

r=1

8 Other identities found during this work include for any m, p,ny, ..., npeN:

’ i / p P i p s P

QK +DUK DN + 30y j )K"+ 38, jn')! i (nj>

Z Z p : p : /
" Kk Q+K + ijz(j—l)n;)!(2+k’/ + ijz(j—l)n/j’)! o 1

n;+n;/=n,- kK 4k =

2+ it em3) N Cmad) J1@j+2m+3)
’ 2 Grrrnia o0}

= 3 2
et Sy G=hapt U m! e D G e

i=2
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o0
=/du e MyB3
0

dB—3-M u (dTp(T) 2(T+c)
< g (5,0 i -1))
dt 200 : JT+¢ \WT+c+T+c=20)T+c-2t =0
L, dBM (B —3)!
= p(? 2d B—-3—M = B—2 . (534)
t (L _ f“ dTp(T) 1 ) t=0
N2 L TH+c (VTHc+T+c=26)/T+c=2t

Combined with the ansatz (5.16) and with Z = 1 in 2 dimensions we have proved (provided
that Conjecture 5.10 is true):

Theorem 5.11. The (1 + - -- + 1)-point function with B > 3 boundary components of the CID%
matricial QF T-model has the solution

GXx'...1x%)
1 1
= (—27)3B—4 dB-3 X re 2 JXB e (5.35)
= d1B—3 (1- > dTp(T) 1 )3*2 ’
L /T+c (VTHc+/T+c=20)T+c=2t 1=0

Together with (5.3) we have thus completely solved the combined large-(N, V) limit of the
Kontsevich model.

6. From <I>g model on Moyal space to Schwinger functions on R?

This section parallels the treatment of the ¢4 case in [12]. We refer to that paper for more
details. The qbz -model on Moyal-deformed 2D Euclidean space with harmonic propagation is
defined by the action

d& 1 _ A
S[] = / (ko +50x A+ 1407 41 Dp + SEx620) (E). 6.)
R2
The tadpole contribution proportional to k¥ € R is required for renormalisation. By » we denote
the 2D-Moyal product parametrised by 6 € R,

dndk
(@ = [ T rE 1o 0gE -+ e @:=(_°9 g) (62)

R2xRR2

The Moyal space possesses a convenient matrix basis

2
fmn($)=2(—1)’"\/7 \fs L;,;m @)e—%, m.neN, (6.3)

where the L¢ () are associated Laguerre polynomials of degree m in ¢ and (&, &) =

(&1 +i&2)". The matrix basis satisfies (fii % finn) (§) = St fin(§) and [io d€ frun(§) = 276)3n.
A convenient regularisation consists in restricting the fields ¢ to those with finite expansion

PE) = Z”ny =0 Pmn finn(§). Using formulae for Laguerre polynomials, the action (6.1) takes
precisely the form (3.1) of a matrix model for ¢ = ¢* € M/ (C), with the following identifica-
tion:
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0 m o’ 51 m
V=" Em—v+7—( ) (6.4)

This explains our interest in linearly spaced eigenvalues e(x) = x.
Following [16] we define connected Schwinger functions in position space as

N qull Ay llaf ay,|
Sc(“‘él» 7“’51\/) - hm Ah~>moo Z Z 8;1 2(2 B_ N)S
Vit—oo Nit-+Ns=N gl . qE 0 K (N1,....NB)

B fopabGotsptn)Sop 18 Eolsptnp)

B
x> 11 VRN : (6.5)

GESNﬁ 1

where sg := Ni+...+Ng_; and N = A?Vu?. The G are the expansion coefficients of
log Z[J] in (3.6), where we already absorbed their mass dimension given in footnote 3. These
Schwinger functions are fully symmetric in pé&q, ..., uéy.

The various factors of V need explanation. We recall that the prefactor of G in (3.6) was
V2=8B_ The factor V2 is distributed over the B cycles. In a first step we have thus defined the
free energy dens1ty as (u?V)~2log é[[o] in agreement with the usual procedure in matrix models
(see e.g. the N2 prefactor in [6, eq. (4.2)]). Then formally we set

1 8V ((u?V)~?log 2
8 SJ(&)...80(¢n) li=0

with a special definition of 3 J'("En) Since by properties of the matrix basis (6.3) one has J,,, =

I 8ﬂ‘,fn,,,(n)J(n) the usual convention gﬁg; = §(¢ — n) gives M = ﬁfnm (€). As part

of the renormalisation process, we change these conventions into
8 Jmn
8J(&)

SL(H’&] LI ] MSN)

€

)

= 12 fum (), (6.6)

. BrV NN (n2v) 2 log 24l
or equivalently S.(ué&p, ..., uéy) = 1 STEDSTED El

vention. It is important to note that these field redefinitions are neutral with respect to the number
B of boundary components.

The evaluation of (6.5) follows the same lines as in [16]. To keep this paper self-contained,
we outline the steps until the technical lemma proved in [ 16, Lemma 4+Corollary 5] can be used.
We collect the indices qﬁ = (qlﬂ, ey qf,ﬁ) and define |¢#| := qlﬂ + -+ qf,ﬁ and (of, ¢P) :=

with the standard con-

Z, 1 ﬁ(q, —q; +1) for wf = (a)l ooy a)fi,ﬂ_l). We assume that the matrix functions G have
a representation as Laplace—Fourier transform,
Glg..lq”| 1 B 1 B 11 B , B
m= d@t,...,t7) dlw,...,0" )Gy, ol...[t7 ") (6.7)

B N-B
RZ R

B
x exp(— V# Z (14”1 —i@ﬂ,gﬂ»).

The inverse Laplace—Fourier transforms G /\/,V(t1 , gll .. |tB , QB ) depend on N, V but have a
limit G(t1, w'[... 118, @) = limpy v oo Ga v (1, @' |17, @) satisfying
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G@L..@BD=/d(r1,...,t3) /d@l,...,Q%Q(H,QH...|rB,QB> (6.8)
R3 RN-B

Xexp( tﬁ|xﬁ|—1 ’3 ﬂ)))

”M“

Inserting (6.7) into (6.5) gives, besides QN,V(tl, o'l .. |tB, ?), the following type of factors
(for each B =1,..., Ng omitted below) under the Laplace-Fourier integral and the sum over

permutations and partitions of N:

N
Z fq1q2(§o(s+1) quql(Eo(s+N)) q|
Vu2N

tw- (1t ), (6.9)
q1s--qn=0

o Wi —0i—1 ot 9N

e . 1
: i fori=2,....,N—1, zy=e Vu? vi2

z1=e Vi Vuz zi=e V}J,

T

For V' — oo but fixed V, the index sum was evaluated in [16]:

Lemma 6.1 (/ 16, Lemma 4+ Corollary 5]). Let (€, n), |||l and & xn = det(&, n) be scalar prod-
uct, norm and (third component of) vector product of €, 1 € R?. Then for & € R? and z; € C with
|zi| < 1 one has (with cyclic identification N + i = i where necessary)

00 1 N
Z V2 l_[fqmﬂ &)z’ (6.10)
Gl gN=0 i=1 N ) N
N 2o lEN° T+ [T (=zi)
2 ( i=1 i=1 )
= exp| —
N 4V N
V(1= ] (=z) 1= [1(=2)
i=1 IL[ i=1 Nlj‘[k
, (=z;) ) (=zj)
((&k, &) —iEk X&) j=k+1 ((&x, &) +i&kx &) j=i+1
x exp |— Z ( + .
2V N 2V N
Isk<I=N 1= [T(=z) - [T (=z)
i=1 i=1
That the result can be applied to the combined limit A/, V — oo with N = A2V u2, where
|zi| = 1 becomes critical, needs some explanation. It is uncritical to move the convergent
Gt w'|...|t8, »®B) in front of the limit. The result (6.10) relies on the generating function

Yoo o LT = e ¥ (1 + z)® which precisely for « € N is absolutely convergent for any

zeC. The only place where |z| < 1 matters is a final sum Zq 20 (qukkv)'((—Zl) co (=) =

W Restricting this sum to 1 < A/ gives (for N being even) instead

%(q+k)!(z e )q:1—(Zl"'ZN)N+1Pk(Zl"'ZN)
gkt PN (1—z1--zy)Hk ’

q=0

where Py (z) is a polynomial of degree k with P (1) = 1. Since (z; - 'ZN)N = e’AzN’ there is
a V-uniform multiplicative error of 1 + O(l)e‘AzN ! if we restrict in (6.10) the sum to J\?
Therefore, the limit limy _, o, of (6.10) agrees with the scaling limit N/, V — oo with

fixed of (6.9) followed by sending A — co. We thus have
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N
lim ( lim Z Jaa2Eos+1) - fava Gos+3)) ql(t w)- “Z?VN(I’Q)>

A—o0 \ N, Voo VMzN

LzzAz q15-gN=

Vi

0 for N odd,
13 ’ 6.11
% exp (_% 60 (s+D—80(s+2F--- —Eo(s+N) ||2) for N even. 6.11)
Now write

2N N 2.,
e B = 2 / Taalprns 612

and recall that the z; factors of (6.11) were introduced via the Laplace—Fourier transform (6.7)
to be inserted into (6.5). Combining all these steps and limits, we can immediately perform the

Laplace—Fourier transform (6.8) to a function with arguments xﬁ ”p L ” foralli=1,..., Ng.
The final result reads

i(ph - ——
st oni= 55 15 fargee o)

Ni+-+Np=NoeSy B=1
Npg even

1 -
G(Hp 22,,,,, u;;ﬁ }np ”2,... ||p u ) (6.13)

N1 Np
For N = 2 the formula specifies with (4.21) and (4.13) to

dp

pan: PRI 5 (p), (6.14)

Sc(ué1, u&) = /
R2

Lt

J TVT+e (UIpIP+r2+en® + w2/ T+c)’

VAPIPHud)? +ept

It was also pointed out in [16] and [15] that the Schwinger 2-point function is reflection
positive iff the function ||p||*> — Sa( p) is a Stieltjes function. This is not the case, neither for
real nor purely imaginary non-vanishing A! For ¢ > 0 and thus A € 1R the integrand has a pole
(or end point of a branch cut) in the complex plane at ||p||> = u?>(—1 % i /c), contradicting
holomorphicity in C\ R_. For —1 <c¢ <0 and thus A € R one finds that the imaginary part
of 8»( p) at |pll®>= (-3 — IC')M is negative.” This contradicts the anti-Herglotz property of

S(py=2w'((12F +1)%) =

Stieltjes functions. A rigorous proof that the 2-point function of <I>3 is not reflection positive will
be given in [17].

9 Here one should write \/(le\2 +u)? +cput \/||p||2 + 1 - «/—c)p,z\/llpll2 +(1+/=c)u? for a well-
defined holomorphic extension of (6.14).
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7. Summary

We have given an alternative solution strategy for the large-A/ limit of the <I>% matrix model
(= renormalised Kontsevich model). This limit suppresses non-planar graphs. In principle, punc-
tures (or boundary components) are also suppressed, but special limits of noncommutative field
theory amplify them to the same level as the disk topology. We have established exact formu-
lae, analytic in the (squared) coupling constant, for all these correlation functions. Correlation
functions of disk topology (single puncture) can certainly be derived from previous results on
the Kontsevich model. The complete treatment of the multi-punctured cases is new (to the best
of our knowledge).

In our subsequent paper [17] we extend this work to the @i and <I>g models. There the renor-
malisation is much more involved, whereas the solution of Schwinger—Dyson equations is easily
adapted from @%. We will discuss the issue of overlapping divergences and renormalons in CIDg.
The main result will be the proof that dﬁ and @2, but not @3, have reflection positive 2-point
functions.

Reflection positivity of higher correlation functions is work in progress. Another interesting
question concerns the identification of the KdV hierarchy in the solution we found.

We also hope that these investigations provide new ideas for attacking the more difficult equa-
tions of the @i model.
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