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Abstract.

We discuss special Euclidean noncommutative ¢*-quantum field theory models in two and

four dimensions They are examples of renormalizable field theories. Using a Ward identity,
it has been shown, that the beta function for the coupling constant vanishes to all orders in
perturbation theory.
We extend this work and obtain from the Schwinger-Dyson equation a non-linear integral
equation for the renormalised two-point function alone. The non-trivial renormalised four-point
function fulfils a linear integral equation with the inhomogeneity determined by the two-point
function. We obtain such relations for the four as well for the two dimensional situation. We
expect to learn about renormalisation from this almost solvable models.

1. Introduction

Constructive methods led years ago to many beautiful ideas and results, but the main goal to
construct a mathematical consistent model of a four dimensional local quantum field theory
has not been reached. Renormalized pertubation expansions allow to get quantum corrections
order by order in a coupling constant. The convergence of this expansion, for example as a
Borel summable series, can be questioned.

In recent years, a modification of the space-time structure led to new models, which are
nonlocal in a particular sense. But these models, in general suffer under an additional disease,
which is called the Infrared Ultraviolet mixing [2]. Additional infrared singularities show up. A
possible way to cure this problem has been found by us in previous work [3]. It led to special
models, which needed 4 (instead of 3) relevant/marginal operators in the defining Lagrangian.
In addition a new fix point appeared at a special value of the additional coupling constant.
That this fixed point exists in pertubation theory to all orders has been shown in work by
Rivasseau and collaborators.
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The main open question concerns the nonpertubative construction of a nontrivial
(noncomutative) quantum field theory, with which we are dealing here. This report is based on
our recent work [1]. We realized previously that the model defined by the action

S = [da(50(-2+ 07 4 Do+ Jox o %) 2) (1)

is renormalisable to all orders of perturbation theory. Here, * refers to the Moyal product
parametrised by the antisymmetric 4 x 4-matrix ©, and Z = 20~!'z. The model is covariant
under the Langmann-Szabo duality transformation [4] and becomes self-dual at 2 = 1. Certain
variants have also been treated, see [5] for a review.

Evaluation of the S-functions for the coupling constants §2, A in first order of perturbation
theory leads to a coupled dynamical system which indicates a fixed-point at = 1, while A
remains bounded [6, 7]. The vanishing of the S-function at {2 = 1 was next proven in [8] at
three-loop order and finally in [9] to all orders of perturbation theory. It implies that there is
no infinite renormalisation of A\, and a non-perturbative construction seems possible [10]. The
Landau ghost problem is solved.

The vanishing of the S-function to all orders has been obtained using a Ward identity [9].
We extend this work and derive an integral equation for the two-point function alone by using
the Ward identity and Schwinger-Dyson equations. Usually, Schwinger-Dyson equations couple
the two-point function to the four-point function. In our model, we show that the Ward identity
allows to express the four-point function in terms of the two-point function, resulting in an
equation for the two-point function alone. This is achieved in the first step for the bare two-
point function. We are able to perform the mass and wavefunction renormalisation directly in
the integral equation, giving a self-consistent non-linear equation for the renormalised two-point
function alone.

Higher n-point functions fulfil a linear (inhomogeneous) Schwinger-Dyson equation, with the
inhomogeneity given by m-point functions with m < n. This means that solving our equation for
the two-point function leads to a full non-perturbative construction of this interacting quantum
field theory in four dimensions.

So far we treated our equation perturbatively up to third order in A. The solution shows an
interesting number-theoretic structure.

We hope that a detailed analysis of our model will help for a non-perturbative treatment
of more realistic Euclidean quantum field theories. We expect that we can learn much about
non-perturbative renormalization of Euclidean quantum field theories in four dimensions from
this almost solvable model. As a first step to understand the underlying structure, we formulate
finally in the last Chapter the model in two dimensions. Again a closed integral equation for
the renormalized two point function results.

2. Matrix Model

It is convenient to write the action (1) in the matrix base of the Moyal space, see [3, 13]. It
simplifies enormously at the self-duality point & = 1. We write down the resulting action
functionals for the bare quantities, which involves the bare mass ppre and the wave function
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renormalisation ¢ — Z %gb. For simplicity we fix the length scale to § = 4. This gives

1
m,nEN%
) Z2\
H,, = Z(Mbare + ‘m’ + ‘n‘) ) V(¢) = T Z GrmnPnkPriPim (3)
m,n,k,lEN?\

It is already used that this model has no renormalisation of the coupling constant [9]. All
summation indices m,n,... belong to N, with |m| := mj + mg. The symbol N?\ refers to a
cut-off in the matrix size. The scalar field is real, ¢,np = Grm.

3. Ward Identity

The key step in the proof [9] that the S-function vanishes is the discovery of a Ward identity
induced by inner automorphisms ¢ — U¢U'. Inserting into the connected graphs the special
insertion vertex

ail?S = Z(Han - Hnb)¢bn¢na (4)

n

is the same as the difference of graphs with external indices b and a, respectively, Z(|a| —
B)Gis =G — Ga..:

We write Feynman graphs in the self-dual ¢j-model as ribbon graphs on a genus-g Riemann
surface with B external faces. Adding for each external face an external vertex to get a closed
surface, the matrix index is constant at every face. Inserting the special vertex V;{]S leads,
however, to an index jump from a to b in an external face which meets an external vertex. The
corresponding external sources at the jumped face are thus J,, and Jy,, for some other indices
m,n. According to the Ward identity, this is the same as the difference between the graphs with
face index b and a, respectively:

Z(lal —[b])

Z(la] ~ )G = Gh... — Ca... (6)

The dots in (6) stand for the remaining face indices. We have used Hyp, — Hyp = Z(|al — |b]).
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4. Schwinger-Dyson equation

The Schwinger-Dyson equation for the one-particle irreducible two-point function I'® reads

Cop = >f::::::::@:::::::;< (7)
b b

The sum of the last two graphs can be reexpressed in terms of the two-point function with
insertion vertex,

G Gpa
Loy = ZQ}\Z ( ap t GablGZZ;]b> ZQ}‘Z ( — Gy 7 T;’ ’ZD) (8)
p
_ 9 1 1 _ 1 (Fbp_rab)
=7 A;(Hap “T., | Hypy-Ty  Hy—Ty Z<|p|—|a|>) '

This is a closed equation for the two-point function alone. It involves the divergent quantities
11bp and Z, Hbare-

5. Renormalization

Introducing the renormalised planar two-point function I{"™ by Taylor expansion I'y, =
2y . — 12+ (Z=1)(|a|+b]) + T7¢", with Tj" = 0 and (OI™")gy = 0, we obtain a coupled
system of equations for I'l$", Z and pipare- It leads to a closed equation for the renormalised
function I'§" alone, which is further analysed in the integral representation.

We replace the indices in a, b, ... N by continuous variables in R;. Equation (8) depends only
on the length |a| = a1 + ag of indices. The Taylor expansion respects this feature so that we

replace ZpeN2 by fo p| dp. After a convenient change of variables |a| =: p*1%, |p| = 1Tpp
and
ren 2 1 —ap

) (- Giﬁ)’ Y

and using an identity resulting from the symmetry Go, = Gao, we arrive at [1]:

Theorem 1 The renormalised planar connected two-point function Gog of the self-dual
noncommutative ¢3-theory satisfies the integral equation

1
/B(Mﬁ_ﬁﬁ_ﬁy) —OléBﬂ

> — L, +O¢Nao)

Gp = 1+)\< (Mo = Lo —a) (10)

- ﬁ([ﬁ +Na6 _NaO) + W(Gaﬂ — 1)3)) ,
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where a, § € [0, 1),
L G — 1 N L G — G,
ﬁa::/dpm’ Ma::/dp&, NaB::/dpM,
0 IL—p 0 0

Ma—=Lq

and Y = limg 0 =2

6. Perturbation expansion

These integral equations are the starting point for a perturbative solution. In this way, the
renormalised correlation functions are directly obtained, without Feynman graph computation
and further renormalisation steps. We obtain

Gop =1+ )\{A(Ig —8)+ B(l. - a)} (11)
+ X {AB((Is — ) + (1o = B) + (In = a)(Is = B) + aB(((2) +1))
+ A(BLs — Bls) — aAB((Is)* — 2815 + Ip)

+ B(aly —aly) = BBA((I)? = 201, + o) | + OOV),

where A := 11:a023, B = 11—_a[3/3 and the following iterated integrals appear:

! a
I, = /0 dx =—In(l-a), (12)

1—ax

— QT

! I 1
Ia ::/ do = :Lig(a)—|—§(ln(1—a))2.
* 0

We conjecture that G is at any order a polynomial with rational coefficients in a, 3, A, B and
iterated integrals labelled by rooted trees.

7. Four-point Schwinger-Dyson equation

The knowledge of the two-point function allows a successive construction of the whole theory.
As an example we treat the planar connected four-point function Ggpeq.

Following the a-face in direction of an arrow, there is a distinguished vertex at which the first
ab-line starts. For this vertex there are two possibilities for the matrix index of the diagonally
opposite corner to the a-face: either ¢ or a summation vertex p:
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We write the first contribution as a product of the vertex Z2)\, the left connected two-point
function, the downward two-point function and an insertion, which is reexpressed by means of the
Ward-identity. After amputation of the external two-point functions we obtain the Schwinger-

Dyson equation for the renormalised 1PI four-point function Guped = GapGocGedGaal'Ling as
follows:

1 1 Gy
e =i )+ZAZH Con(GoThia = Tiita) - (14
a

In terms of the 1PI function we have
7, - a1 T
abed |CL| - |C| Tren _ Tren
pbed abed
3 la| + |d| + p* = T3 lp| — lal
pl + [b] + p? = T8 |pl + |d| + p? — 7"

ren ren
Fad - de

1—

al — |p|
+ ALSn | : (15)
et e (Ipl + 1Bl + 12 = Tpg™)(pl + |d] + 2 = T7")

Passing to the integral representation and the variables o and 3, we find for I'ng,s := I'L{7; an
integral equation, which manipulated appropriately allows again to take the limit & — 1 after
insertion of the expression for the wave function renormalisation constant.

Theorem 2 The renormalised planar 1PI four-point function I'ngs of self-dual noncommuta-
tive ¢y-theory (with continuous indices a, 3,7,6 € [0,1)) satisfies the integral equation

(1 _ (1 B a)(l - 75)(Go¢6 - G'yé)
ol 5)((1(1 _%)(1 5)G, G T s — T
- —@0)Gpgpsp L ppys T Lapys
+/0 pap (1—Bp)(1 —dp) p—a )

Tops = A- Gas + )\((MB 1— Ls—Y)Gas + /0 1 dp (?of?ﬁ;((ll_— ﬁﬁ;) (16)
e e )
In lowest order we find
Pogs = A — /\2((1 —)Ua — ao)é - ’(Yl — )y =)
A0 = ) = A= =0y | o). an

Note that I'ygys is cyclic in the four indices, and that I'goop = A + O(\3).
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8. The Two Dimensional Model

As before, we replace the indices in N by continuous variables in R4 and the sum ZpENA by the
integral fOA dp. From equation (8) we thus obtain
A
1 2
ren _ _y d ( .
ab /O p b+p+ﬂ2_rggn+a+p+ﬂ2_rgle?n p+M2_F6;n
1 FTCTL _ FT@TL 1 FT’G’I’L
- 2 ren v ¢ + 2 ren o ) (18)
btp+p?=T0" (p—a)  p+p?—TE" p
We introduce a change of variables
2 @ 9 B 2 P 2 dp
=: b= p*—— = pu — dp =
a=p—, Wi—p PRI, g
I £
ren 2 af 2
= pu— A=y — 19
A e iy (19)
and obtain
Ty N (ow) ,_(op) 2
(1_04)(1_6) /1'2 0 (1_p) 1_ap_rap 1_/3p_rﬁp 1_FOp
1-— Tp,—T T 1 T
1=pBp=Tp, p—a 1=pBp—=Tg, 1=Top p
We now express (20) in terms of the connected function G,g defined by
1_
| —af—Tuy= 1298 (21)
Gap

The result is

Gy = 1— )\Gaﬁ(l—a)(l—ﬁ) /Of( dpp)<(1—a)Gap_QGOP_5(1_Q)+GOp_1>

2 1—ap 1- L—ap 1—Bp p
A d i [ (1=a)Gp—Gag Gy
/ﬂ(l ) ﬁ)/o (1 —p)( 1=8p (p—a) T —6p)) ' (22)

Rational fraction expansion yields

A (1—a)1 - 1 Gop — G G, Go, — 1
Gagzl——( )( 6)/dp{Ga5( p—Gop _ aGap  Gop >

p? o 1-ap L—p L—ap p
__PGps  Gps — Gap
it =) ) @

We have thus proven:
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Theorem 3 The renormalised planar connected two-point function G.g of self-dual noncom-
mutative ¢3-theory (with continuous indices) satisfies the integral equation

_5){Gaﬁ(ca—MQ+Noo) — Mg = Nas} (24)
where o, B € [0,1] and

1 . 1 1 _
L., ::/dpM’ M, ::/dp @ Gap . Nag ::/dpM. (25)
0 0 0

1—p 1—ap p—a
The first terms of the perturbative expansion are in terms of C,g := (1_10‘_)# given by

A
Gag =1— ?Cag(log(l ~ ) +log(1 - a))

log(l —a) + «
o'

(Cap = 1)C(2)

+ @t v

log(1—5) +
—

+ Cas (5 (to(1 — ))? + Lia(B) + 3 [log(1 — )]” + Lis(a) +log(1 ~ §)log(1 o)) } (26)

+ 8%+ (1-p%)

These integral equations might be the starting point of a nonperturbative construction of a
Euclidean quantum field theory on a noncommutative space.
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