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Construction of a Noncommutative Quantum Field Theory

Harald Grosse and Raimar Wulkenhaar

ABSTRACT. We review our recent successful attempt to construct the planar sector of a
nonlocal scalar field model in four dimensional Euclidean deformed space-time, which
needs 4 (instead of 3) relevant/marginal operators in the defining Lagrangian. As we have
shown earlier, this model is renormalizable up to all orders in pertubation theory. In ad-
dition a new fixed point appears, at which the beta function for the coupling constant
vanishes. This way, we were able to tame the Landau ghost.

We next discuss Ward identities and Schwinger-Dyson equations and derive integral
equations for the renormalized N-point functions. They are the starting point of a nonper-
turbative construction of the model.

Dear Fritz! I (H.G.) almost cannot believe, that you become 60! I still remember the
time, when you came from Graz to Vienna in the early 80’s. I enjoyed our long standing
interactions, our discussions on spectral concentration, how we handled the non-relativistic
limit of the Dirac equation and especially our treatment of index problems and their con-
nection to scattering theory. The last subject became of particular interests through the
developments connected to noncommutative geometry and we enjoyed a recent Workshop
at ESI on that subject together.

Here I review another outcome of using ideas from noncommutative geometry. I
hope you will enjoy reading that a four dimensional quantum field theory model can be
constructed on such a deformed space.

I wish you many new results for your interesting work and many happy years to come
and hope for your visits to Vienna.

1. Introduction

Our present fundamental physics rests on two pillars: Quantum Field Theory and General
Relativity. One of the main question in this area of physics concerns the matching of these
two concepts.

In addition we hope to improve quantum field theory models by adding “gravity” ef-
fects. Constructive methods led years ago to many beautiful ideas and results, but the main
goal to construct a mathematical consistent model of a four dimensional local quantum
field theory has not been reached.

The requirements of local quantum field theory are easy to state and consists of quan-
tum mechanical and relativity properties. States are supposed to be represented by vectors
of a separable Hilbert space. Field operators are operator valued distribution, which should
be smeared with smooth test functions in four coordinates and leads to ®(f) acting on a
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154 HARALD GROSSE AND RAIMAR WULKENHAAR

dense domain of the Hilbert space,

0 a(f) = / 2 (z) f* (x).

The ground or vacuum state is unique (up to a phase) and cyclic. Space-time translations
should be symmetries: This implies that the common spectrum of the energy-momentum
operator o(P,,) lies in the closed forward light cone. The ground state is translation in-
variant. As for the relativistic properties one likes fields to transform covariantly under a
unitary representation of the Poincaré group. One of the most essential postulate concerns
miscroscopic Causality or locality. If the supports of the smearing functions f and g are
space-like separated, then the field operators commute (for Bosons) or anticommute (for
Fermions).

Typically one defines the expectation value of the product of smeared field operators
called Wightman functions:

2 WN(f1®... @ fn) == (Qo(f1) - o(fn)|)

It is not difficult to rephrase the requirements for the Wightman functions. For many pur-
poses it is easier to go over to Euclidean Schwinger functions obtained by using analyticity
of Wightman functions in the coordinate difference variables, implied by the support prop-
erties of the Wightman distributions. One has to go over to the so called extended permuted
tube.

The formal definition of Schwinger functions reads:

(3)  Sn(z1,...,2n) :/fI)(zl)...fI)(zN)du(fb), dv = %e*J'Lmt@)du(@),

where dy is the Gaussian measure corresponding to free fields with two point correlation:
(¢(x1)p(22)) = C(x1,22), or its Fourier transform: C(p1,p2) = 6(p1 — pg)m, o
above is a stochastic variable.

As for interacting fields we have to rely on (renormalized) pertubation expansions.
We have to put first cut-offs and to expand the interacting part:

(4) Sy(zy...xN) = ;%/du(@ ﬁ‘ib(xﬂ (/dw ¢44(!x))n

5) -3 SymFN @ LTI Cuta—m) ~ 2200

lel'n

As a result we may collect contributions to the same Feynman diagram and evaluate the
degree of divergence, which s given by wp (G) = (D—4)n+D— 222N, wy(G) = 2—2n,
w4(G) = 4 — N, where n denotes the order of the graph, or the number of vertices, N
the number of external lines, ! the number of internal lines. Note that there are (4n + N)!!
number of Feynman graphs. Use Stirling formula and the factor 1 from the exponential,
the large order behavior K™n! for the contributions result, Wthh indicates that a naive
convergence is questionable.

Renormalization If one imposes a finite number of renormalization conditions (here we
need 3 conditions to fix a, m and \), for example:

1 d a?

6) Ga(p®=0)= o d_p?GQ(Z)Q =0) = ——5—,Ga(p” = 0) = Apnys
phys
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CONSTRUCTION OF A NONCOMMUTATIVE QUANTUM FIELD THEORY 155

and no new interactions are generated order by order in pertubation theory, we call the
model to be renormalizable (this is implied by the BPHZ Theorem for the scalar ®* model).

The program of constructing a nontrivial interacting models was successfully done
only in D = 2,3 space-time dimensions. As for D = 4 dimensions we have to rely on
renormalized pertubation theory and follow the renormalization group flow. But in addition
we may add ’Gravity” effects, or quantize Space-Time: This led to our program of merging
general relativity ideas with quantum physics through noncommutative geometry.
Space-Time structure That one should limit localisation in space-time follows from a
very simple old argument due to Wheeler and others:

In order to localize two events, which are a distance D apart, one has to do a scattering
experiment with particles whose energy hc/A exceed he/D. Multiplying these quantities
times G /c* yields the Schwarzschild radius of the appropriate energy lump. It is natural to
require that this radius should be smaller than the distance between the events one started
with, since otherwise the scattered particles will be captured by the black hole, which is
formed. Putting both inequalities together gives a lower bound to the distance of localiz-
ability of events of the order of the Planck length.

(7) D > Ry, = G/c*he/\ > G/c*he/D

which implies that D > [, = Planck length. Early ideas of modifying space-time were
phrased already by Schrodinger and Heisenberg, but Snyder in 1947 was the first to formu-
late a deformed space-time geometry. Such ideas became popular after 1986, when Alain
Connes published his work on Noncommutative Geometry. On of us (H. G.) started in
1992 (in work together with J. Madore) to use noncommutative manifolds (algebras) as
a natural cut off for quantized field theory models. Doplicher, Fredenhagen and Roberts
used the Wheeler argument in 1994 to formulate uncertainty relations for deformed fields
and formulated deformed free fields. Filk in 1995 was the first to elaborate on Feynman
rules for models defined over deformed space-time, and finally they became popular due
to the work of Schomerus (1999), who observed, that such models may result from string
theory after taking the zero slope limit.

Ideas: Algebra, fields, diff. calculus,...

Typically one first refers to the Gelfand - Naimark theorem, which states that the
algebra of continuous functions over a manifold is isomorphic to a commutative C* alge-
bra. Next one studies deformations of such algebras, through associative nonlocal star
products. Especially simple is the Moyal space. One may start from the algebra of
smooth functions over D-dimensional Euclidean space, and define the x-product as (a *

b)(z) = / dPydP ka(z+30-k)b(z+y) e where ©=—0T €M p(R)

Fields are sections of bundles, according to the Serre Swan theorem, they can be iden-
tified as projective modules over the algebra A. A very essential requirement concerns the
differential calculus, which we would like to keep. Next question results:

Can we make sense of renormalisation in Noncommutative Geometric Models?
As a first step we intend to construct simple quantum field theory models on simple non-
commutative geometries, e.g. the Moyal space. Of course, this way we obtain models with
non-local interactions.

The naive application of this procedure to the ¢*-action (¢-real, Euclidean space) leads
on Moyal plane to the action:

2
®) S:/d4x(%au¢*a“¢+m7¢*¢+%¢*¢*¢*¢)(:ﬂ)
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The Feynman rules can be obtained easily. Since we obtain only cyclic invariance at the
Vertex, Graphs are best drawn as Ribbon Graphs on Riemann surfaces with a certain genus
and a certain number of boundary components. We obtain planar regular contribution and
non-planar graphs. The planar graphs still reveal UV divergences, the nonplanar ones
are finite for generic momenta. On the other hand for exceptional momenta (if sums of
incoming or outgoing momenta vanish) the contributions develop an IR singularity, which
spoils Renormalizability! In our previous work [1] we realized that the UV/IR-mixing
problem can be solved by adding a fourth relevant/marginal operator to the Lagrangian
Theorem: The quantum field theory defined by the action

©) S:/d4x(%¢*(A+QQi2+u2)¢+%(b*qﬁ*qﬁ*qﬁ)(x)

is perturbatively renormalisable to all orders in .

The additional oscillator potential 2272 implements mixing between large and small
distance scales and results from the renormalisation proof. Maja Buric and Michael
Wohlgenannt [2]] found an interesting interpretation of this additional term: It results as
the coupling of the scalar field to the scalar curvature within the truncation procedure.

Here, * refers to the Moyal product parametrised by the antisymmetric 4 x 4-matrix
O, and & = 20~ 'z. The model is covariant under the Langmann-Szabo duality transfor-
mation [3] and becomes self-dual at {2 = 1. Certain variants have also been treated, see [4]
for a review. Evaluation of the S-functions for the coupling constants €2, A in first order of
perturbation theory leads to a coupled dynamical system which indicates a fixed-point at
Q = 1, while X remains bounded [5l/6]. The vanishing of the 3-function at {2 = 1 was next
proven in [7] at three-loop order and finally in [8] to all orders of perturbation theory. It
implies that there is no infinite renormalisation of )\, which makes the nonperturbative con-
struction simpler. The Landau ghost problem is solved. The vanishing of the S-function to
all orders has been obtained using a Ward identity [8]. We extend this work and derive an
integral equation for the planar sector of the two-point function alone by using the Ward
identity and Schwinger-Dyson equations. Usually, Schwinger-Dyson equations couple the
two-point function to the four-point function. In our model, we show that the Ward iden-
tity allows to express the four-point function in terms of the two-point function, resulting
in an equation for the two-point function alone. This is achieved in the first step for the
bare two-point function. We are able to perform the mass and wavefunction renormalisa-
tion directly in the integral equation, giving a self-consistent non-linear equation for the
renormalised two-point function alone. Higher n-point functions fulfil a /inear (inhomo-
geneous) Schwinger-Dyson equation, with the inhomogeneity given by m-point functions
with m < n. This means that solving our equation for the two-point function leads to a
non-perturbative construction of the planar sector of this interacting quantum field theory
in four dimensions. Recently we reduced the question of solving this model to solving one
nonlinear integral equation in one variable [11]. Of course, the next question concerns the
nonplanar sector of this model. We know the appropriate Ward identities, an extension of
the reviewed ideas to this sector is under discussion.

In the case of the ®* model with negavite coupling constant, it was possible to sum up
the planar graphs, but the nonplanar graphs cannot be summed up, due to lack of stability,
see [12] and [13]. In the present model, we have a positive coupling constant and stability
is not a problem. Nevertheless the construction of the full model is still a hard task. A
new summation technique has been invented recently for such a situation [14]]. It has been
applied to the two-dimensional model already [15].

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CONSTRUCTION OF A NONCOMMUTATIVE QUANTUM FIELD THEORY 157

We hope that a detailed analysis of our model will help for a non-perturbative treatment
of more realistic quantum field theories. We expect that we can learn much about non-
perturbative renormalization of Euclidean quantum field theories in four dimensions from
this almost solvable model.

2. Matrix Model

It is convenient to write the action (@) in the matrix base of the Moyal space, see [11[9].
It simplifies enormously at the self-duality point 2 = 1. We write down the resulting
action functionals for the bare quantities, which involves the bare mass iy, and the wave

function renormalisation ¢ — Z 3 ¢. For simplicity we fix the length scale to # = 4. This
gives

1
(10) S = Z §¢m7LHmn¢nm + V(¢),
m,nEN%
5 Z2)
() Hon = Z(igare +Iml +1nl) VO == 3 dmnbnk®ridim ,

m,n,k,lENi
It is already used that this model has no renormalisation of the coupling constant [8]]. All
summation indices m, n, . .. belong to N2, with |m| := m; + ma. The symbol N3 refers
to a cut-off in the matrix size. The scalar field is real, ¢, = G-

3. Ward Identity

The key step in the proof [8]] that the S-function vanishes is the discovery of a Ward
identity induced by inner automorphisms ¢ ++ U@UT. Inserting into the connected graphs
the special insertion vertex

(12) =Y (Han — Hubp)$on bna

n
is the same as the difference of graphs with external indices b and a, respectively, Z(|a| —
B)GI = G — Ga..

We write Feynman graphs in the self-dual ¢}-model as ribbon graphs on a genus-g
Riemann surface with B external faces. Adding for each external face an external vertex
to get a closed surface, the matrix index is constant at every face. Inserting the special
vertex V/'* leads, however, to an index jump from a to b in an external face which meets
an external vertex. The corresponding external sources at the jumped face are thus J,,, and
Jum for some other indices m,n. According to the Ward identity, this is the same as the
difference between the graphs with face index b and a, respectively:

NN

(14) Z(lal - )Gz = Gy~ G-

(13)  Z(Ja| —|bl)

The dots in (I4)) stand for the remaining face indices. We have used H,,, — H,;, =
Z(|a| — |b]).
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4. Schwinger-Dyson equation

The Schwinger-Dyson equation for the one-particle irreducible two-point function I"*
reads

The sum of the last two graphs can be reexpressed in terms of the two-point function with
insertion vertex. Adding the left tadpole and using the Ward identity yields

—1 Gbp - Gba )
* Z(lpl — lal)

1 1 1 (DT,
=z ( + - Ly ")).
> 4, ~ T, "y~ Ty, iy~ Top Z(pl-lal)

(16) T =222 (Ga,, + G;;Gfg;]b) =222y (Ga,, e
p P

This is a closed equation for the two-point function alone. It involves the divergent quan-
tities I'yy, and Z, ppare.

5. Renormalization

Introducing the renormalised planar two-point function I'7$" by Taylor expansion
Cap = Zui,,. — u? + (Z—=1)(|a|+b]) + I'"¢" and imposing the renormalization con-
dition I'g§" = 0 and (OI'"°")oo = 0, we obtain a coupled system of equations for I'7¢", Z
and fipqre. It leads to a closed equation for the renormalised function I',¢™ alone, which is
further analysed in the integral representation.

We replace the indices in a,b,...N by continuous variables in R . Equation (16)

depends only on the length |a| = a1 + a2 of indices. The Taylor expansion respects this
feature, so that we replace Zp e by foA |p| dp. After a convenient change of variables

la| =: p? p|l =: p?12; and

_a
11—’

ren __. 2 1—0&B _ 1
a7 N S ) (1 Gaﬂ)’

and using an identity resulting from the symmetry Gy, = G0, We arrive at [10]:

THEOREM 1. The renormalised planar connected two-point function G g of the self-
dual noncommutative ¢3-theory satisfies the integral equation
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1-5
1—ap

(18) (%ﬂ—1+A< % ( My — L5 - BY) + (Mo = Lo — )

of

1 fﬁ ((g};ﬁ 1) (M — Lo + aNoo)
1— 1—a)(1—

where a, 5 € [0, 1),

1 B 1
Lo, ::/dpM’ M, :/dp OéGaP 7 Naﬁ Z:/dpw,
0 L—p o Ll—oap p—

and Y = lim,_,q Mao—La

Recently we related the construction of this noncommutative quantum field theory to
the problem of solving a nonlinear integral equation in one variable [11], which we review
next.

6. Nonperturbative Construction of this model

We rewrite equation (I8) in terms of Dy := gg:g; (11 fﬁ) Gop — GaO) and obtain

after simple manipulations the integral equation

B(l—a) 14+ AV + AraH, [G.o]
a(l—p) aGap
which is of the Carleman type. ) is defined as

(19) Do — At [D.g] = —Gao,

AY
L+ Y
Here we assume that D,, 5 is Holder continuous. The finite Hilbert transform is given by

Heolf(o)] :=— hm /

T 6~>0 ate — a
Equation (I9) is a smgular linear 1ntegral equation of the Carleman type. We quote its
solution [Carleman 1922, Tricomi 1957]
Theorem: The singular linear integral equation a(z)y(z) — ArHz[y] = f(z) ,x € [-1,1]
is for a(z) continuous and Holder continuous near +1 and f € LP is solved by

2n

(20) —XnHo[Dao) =

sin(f(x 6]
v(a) = S (o) eos) + P [ o) snGo o) + G
= arctan AT in(6(z)) = |Ar|
- o) = e () O = ey

where C'is an arbitrary constant. We assume first: C' = 0
We apply the solution of the Carleman equation to (19) and obtain for its solution:

(23) (1-8) Gag _ Sin(eﬁ(a))eﬂa[eﬁ(.)]—m[eo(.)]wl[90(.)—9ﬁ(.)]
1—af14+NY | AT
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Y L sin?(6o(p)
24 = 2.2
24 VAN A vy
AT
(25) 0p(ar) = afoc,tﬁn ( i=a) | 1+Ay+maya[a.o]>
1-8 Gao

For the proof one uses the Carleman equation A7 cot 0y()Gao — AMmHo[Geo] = %

and Tricomi’s identity e~ "=l%] cos(05(a)) + Ha [e‘H'[eﬂ] sin(eg(o)} =1

The Carleman equation computes G, as a consequence it implies that G,z > 0! There-
fore Ggg can be evaluated and this implies also a self-consistency equation for Ggg, since
symmetry forces Ggo = Gog.

This leads to the Master equation, whose solution determines the theory completely:

14 / / dp

26 G ——ex dt

@0 Goo = Ty P (Amp)? + (t(1— p) + —“W“J”OH”[G“’])Q)
P

) provided it exists. Of course, together with A}, which has to be determined from equa-

tion (24). Up to now, we deduced various non-perturbative results from this system of
equations and used computer calculations for the visualization of the solution of (26).
As expected, there is a big difference between the case A > 0 and A < 0. For posi-
tive A > 0 we deduce, that WG o € CY(]0,1]), is monotonously decreasing
and positive. Therefore the limiting value G exists and Ggy € C[0,1]. For A < 0
%Gm € C'([0,1[) is monotonously increasing and positive, therefore G is
unbounded at 8 = 1.

Let A > 0, G = TG be the master equation and F' be within the Holder class of index
1
G
A Recall Z7Y(G) = 1+ A\Ve — )\/ dp —£2 (1) # 0, then
0

(TF)(1) = 0, if Z"Y(F) > § > 0, then (TF)(1) > € > 0. If Z~1(F) < 0, then
(TF)(1) = 0. As a consequence we deduce, that G;p = 0 and Z~(G) < 0. But this
means, that if

Goo=0 = 14+ANY+ A waH, I:G.O} =0

For o = 1 this means Z~!(G) = 0.

7. Four-point Schwinger-Dyson equation

The knowledge of the two-point function allows a successive construction of the whole
theory. As an example we mention the planar connected four-point function Ggpeq.
Following the a-face in direction of an arrow, there is a distinguished vertex at which the
first ab-line starts. For this vertex there are two possibilities for the matrix index of the
diagonally opposite corner to the a-face: either ¢ or a summation vertex p:
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27

b c

We write the first contribution as a product of the vertex Z 2)\, the left connected two-
point function, the downward two-point function and an insertion, which is reexpressed
by means of the Ward-identity. After amputation of the external two-point functions
we obtain the Schwinger-Dyson equation for the renormalised 1PI four-point function
Gaved = GapGocGeaGaallin, as follows:

(28)

1 G
it = 23— (e~ o) + 2 Z G (G Thiia —Tifla)
[ | — el \Gaa la |

We introduce the 1PI function and pass to the 1ntegral representation and to the variables o
and /3 and find for I'y g5 := I'/.7", an integral equation, which manipulated appropriately

allows again to take the limit £ — 1 after insertion of the expression for the wave function
renormalisation constant.

THEOREM 2. The renormalised planar 1PI four-point function I g5 of self-dual
noncommutative ¢3-theory (with continuous indices «, 3,7,8 € [0,1)) satisfies the inte-
gral equation

(1-= ZT;; (0~ G
[ et e

Gos +>\((/\/l51—£5 — V)Gls +/01 @%

[l e O,

(29) Tapys = A-

In lowest order we find
1—{Ua—a)—(1—a)(ly—7)
Pass = A~ (! .

BvS ( a—n
(1-0)Up—pB)—(1=p)Us —9)
B—96
Note that I' 35 is cyclic in the four indices, and that 'poop = A + O(A3).

In our recent work, we have been able to solve equation (29) in terms of the two point
function and a remarkable simple expression results:

(30) + ) OO,

3D Paﬁfyé =

A ((1—045)(1—76)_(1—aﬂ)(1—75))
(a — 7)(5 — (5) Gals GVﬁ Gaﬂ G,ﬂs '
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It was now possible to evaluate the effective coupling in terms of the bare coupling con-
stant. Although the scale is changes ba an infinite amount, a finite coupling constant renor-
malization results.

8. Conclusions

A remarkable result concerns the appearance of the nontrivial fixed point at 2 = 1,
proven to all orders in pertubation theory. We used Ward identities and Schwinger-Dyson
equations to deduce integral equations for the renormalized N-point functions. We reduced
the construction of this nontrivial noncommutative quantum field theory to solving one
nonlinear integral equation for a function of one variable. A survey of this construction is
given in [11].

We believe, that the first nontrivial four dimensional quantum field theory model,
where one is able to sum up the Feynman pertubation expansion, will allow to learn a
lot about renormalization.

The zero of the beta function occurs in the one-loop calculation for the degenerate
model too. There are attempts to deduce implications for cosmology from space-time
noncommutativity. But, of course, there is, up to now, no effect known, which allows a
check by experiments in the near future.
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