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ABSTRACT. We show that strategic w-Ramsey cardinals are downwards absolute to
L, are equiconsistent with virtually measurable cardinals, and are limits of w-Ramseys
in L. Further, we present Schindler’s argument showing that strategic wi-Ramsey
cardinals are measurable in the core model K below a Woodin cardinal, improving

a result of Philip Welch.

1 Setting the scene

In this section we’ll recall the relevant definitions we’ll need.

DEeriNntTION 1.1. For a cardinal «, a weak x-model is a set M of size & satisfying that
k+1<C M and (M,€) = ZFC™. If furthermore M=" € M, M isa n—model —

Recall that 4 is an M-measure if (M, €, u) |= " is a k-complete ultrafilter on x’.

DEeriniTiON 1.2. Let M be a weak x-model and p an M-measure. Then p is
¢ weakly amenable if x n € M for every z € M with M-cardinality «;
¢ countably complete if | X # & for every w-sequence X ewy
e M-normal if (M, e, ) EVX € "p: AX €y
e normal if AX is stationary in x for every x-sequence Xer 1

e good if it has a well-founded ultrapowser.

Note that a normal M-measure is M-normal, countably complete and good.

INote that our (weak) k-models do not have to be transitive, in contrast to the models considered
in |Gitman| (2011) and |Gitman and Welch| (2011). Not requiring the models to be transitive was
introduced in |Holy and Schlicht (2018).



DeriniTioN 1.3 (Holy, Schlicht, N.). Let x = =" be an uncountable cardinal, v < &
an ordinal and 6§ > k a regular cardinal. Then define the following game ég(n) with

(v+1)-many rounds:

I M, M, M,
II o H1 Py

Here M, < Hp is a weak x-model for every a@ < =, pq is a normal M-measure
for @ < 7, py is an M.,-normal good M, -measure and the M,’s and p,'s are -
increasing. For limit ordinals a@ < = we furthermore require that M, = U5 <o Me
and po = [, -, 1t¢. Player Il wins iff she could continue to play throughout all (y+1)-

many rounds. =

Holy and Schlicht| (2018) have shown that the game doesn’t depend upon 6, so that we
may simply call the game G, ().

DEerintTION 1.4 (Holy, Schlicht). Let « be a cardinal and ~ an ordinal. Then k

<
G

K
is v-Ramsey if player I does not have a winning strategy in G (), and it’s strategic

~v-Ramsey if player I does have a winning strategy in G (k). —

2 Strategic w-Ramseys

In this section we’ll show that every virtually measurable cardinal is strategic w-Ramsey
and that every strategic w-Ramsey is virtually measurable in L. This will also show that
strategic w-Ramseys are downwards absolute to L and that they're limits of w-Ramseys

in L. This section is joint work with Ralf Schindler.

DErFINITION 2.1. A cardinal is virtually measurable if there exists a transitive M and a
forcing poset P such that, in V¥, there exists an elementary embedding j : H,.+ — M

with critical point &. —
We'll need the following well-known lemmata.

LemmaA 2.2 (Ancient Kunen Lemma). Let M |= ZFC ™ and j : M — N an elementary
embedding with critical point k such that Kk +1 € M < N. Assume that X € M has
M-cardinality k. Then j [ X € N. —



Lemma 2.3 (Absoluteness of embeddings on countable structures). Let M be a count-
able first-order structure and j : M — N an elementary embedding. If W is a
transitive (set or class) model of (some sufficiently large fragment of) ZFC such that M
is countable in W and N € W, then for any finite subset of M, W has some elemen-
tary embedding j* : M — N, which agrees with j on that subset. Moreouver, if both
M and N are transitive e-structures and j has a critical point, we can additionally

assume that crit(j*) = crit(j). —

THEOREM 2.4 (Schindler, N.). Every virtually measurable cardinal is strategic w-Ramsey,

and every strategic w-Ramsey cardinal is virtually measurable in L.

ProoF. Let x be virtually measurable, witnessed by a transitive M, a poset P and, in

VP, an elementary embedding 7 : H,.+ — M. Fix a name i and a P-condition p such

that?]
pI-"/1 is a weakly amenable 0-good H,+-normal H,+-measure’

We now define a strategy o for plager Il in G, (k) as follows. Whenever plager I
plays a weak xk-model M,,, player II fixes p,, € P, an M,,-measure pu,, and a function

my + My, — V such that pg < p, p,, < pi for every & < n and that

pn”_rﬂmMn:/ln/\ﬁ'n:#rMnj- (1)
Note that by the Ancient Kunen Lemma [2.2) we get that 7 | M,, € M < V, so such 7,
always exist in V. The pu,,’s also always exist in V/, by weak amenability of ;. Player
IT responds to M, with p,,. It's clear that the p,,’s are legal moves for player II, so it
remains to show that i, := J,, -, ftn is 0-good. Assume it’s not, so that we have a

sequence {g,, | n < w) of functions g,, : K — M, := |J,,.,, Mn such that g, € M,

and

X1 :=A{a <k | gni1(a) < gn(a)} € po. (2)

Without loss of generality we can assume that g,,, X,, € M,,. Then (2) implies that
P+t 7 (Gnr1) (k) < 7(gn) (%), but by (1) this also means that

Pni1 ||_r7frn+1(gn+1)("v{) < ﬁ—n(gn)(fir’ (3)

2Recall that an M-measure y is 0-good if Ult(M, 1) is well-founded.



so defining, in V/, the ordinals o, := m,(g,)(x), (3) implies that a1 < ay, for all
n < w, 4. So p,, is 0-good, making o a winning strategy and thus therefore also making
K strategic w-Ramsey.

Next, let « be strategic w-Ramsey and fix a winning strategy o for player Il in G, (k).
Let g € Col(w, 1) be V-generic and in V[g] fix an elementary chain (L, | n < w)
of weak x-models such that H' , < J,,_., Ly, . Plager II follows o, resulting ina H %, -

normal H’, -measure y on .
Claim 2.4.1. Ult(H%, , 1) is well-founded.

PROOF OF cLAIM.  Assume for a contradiction that Ult(H%, , u) is illfounded, wit-
nessed by a sequence {g,, | n < w) of functions g,, : & — & such that g, € H-,
and {a < Kk | gn+1(@) < gn(a)} € u. Now, in V, define a tree T of triples
(f, My, ps) such that f : kK — &, My is a weak k-model, 5 is an M g-measure on
x and letting fo <7 -+ <7 fn = f be the T-predecessors of f,
o (Myy, tisys--., My, , py,»is apartial play of G, (k) in which plager II follows
o; and

o {a <k| fir1(a) < fr(a)} € pgy1 for every k < n.

Nouw, the g,,’s induce a cofinal branch through 7 in V[g], so by absoluteness of
well-foundedness there’s a cofinal branch b through 7 in V' as well. But b now
gives us a play of G, () where player Il is following o but player I wins, a contra-
diction. Thus Ult(HE, , i1) is well-founded. —

K

Letj: H Kﬂ — Ult(H ;f+ , i) = M be the ultrapower embedding followed by the transi-
tive collapse, so that M = L,, for some « by elementarity. Let now h € Col(w, k%)%
be L-generic, so that HZ, is countable in L[A] and (trivially) M € L[h]. By Lemma
we then get that there’s an elementary embedding j* : H KL+ — M in L[h] with critical

point x. Since we also have that M € L this makes & virtually measurable in L. W
We get the following immediate corollary.
CoROLLARY 2.5 (Schindler, N.). Strategic w-Ramseys are downwards absolute to L, and

the existence of a strategic w-Ramsey cardinal is equiconsistent with the existence of

a virtually measurable cardinal. Further, in L the two notions are equivalent. —



THEOREM 2.6 (Schindler, N.). Every virtually measurable cardinal is a limit of w-

Ramseys.

Proor. Let k be virtually measurable, and fix a transitive M, a forcing poset P and let
g € P be V-generic such that, in V[g], there’s an elementary embedding 7 : H+ — M
with crit 7 = k. We aim to show that M = "k is w-Ramsey’.

Let o € M be a strategy for player I in G, (x)™. Now, whenever player I plays
M,, let plager II play f¢r 1 as,,, the derived measure of « | M,,, which is an element of
M by the Ancient Kunen Lemma[2.2] After w moves we then get a play (M, jix } ar,, |
n < wy € V[g] according to o.

But now both (M,, | n < w),m| M, € M, where M, := |, ., My, so the
sequence {firrar, | m < w) is an element of M as well. This means that M sees
the play, and it remains to show that the play is winning for plager II — ie. that
Ult(M,,, p1e) is well-founded, where ju,, :=J,, -, ftr t M, -

Assume Ult(M,,, ) is ill-founded, giving us a sequence {g,, | n < w) € V[g] of
functions g, : Kk = On NnM,, such that g,, € M,, and

Xnt1 = {a <k | gns1(e) < gn(a)} € po

for every n < w. Without loss of generality we may assume that X, € i  as,,, meaning

that, for all n < w,

(7T an+1)(9n+1)(/<3) < (7T an+1)(9n)(’€)7

which yields a decreasing w-sequence of ordinals in M, 4. So Ult(M,,, u.,) is well-
founded, making the play winning for player II and hence making x w-Ramsey in M.

But consider now the factor map k : Ult(HY,,ur) — M in V[g], given by
E([flu,) := 7(f)(x). By H,+-normality of s, we get that k(k) = 7 ([id],., )(k) = &,
so that

Ult(HY:, pr) = "k is w-Ramsey’.

Lo’ theorem now implies that « is a limit of w-Ramseys in HY, . But since & is inac-
cessible and the question whether A is w-Ramsey is absolute beween H(;x)+ and V' by
results in |Holy and Schlicht| (2018), we get that « is a limit of w-Ramsey cardinals. W

Now the above Theorems [2.4] and [2.6| immediately imply the following.

CoRroOLLARY 2.7. Every strategic w-Ramsey cardinal is a limit of w-Ramseys in L. -



3 Strategic w;-Ramseys

In this section we present Schindler’s argument that strategic w;-Ramseys are measur-
able in the core model K below a Woodin cardinal. This improves upon a result of
Philip Welch, who showed it below 0Y, the sharp of a strong cardinal, using a slightly dif-

ferent argument. We will need the following special case of Corollary 3.1 from |Schindler

(2006)F]

THeEOREM 3.1 (Schindler). Assume that there exists no inner model with a Woodin
cardinal, let ;1 be an measure on a cardinal k, and let 7 : V. — Ult(V,pu) = N
be the ultrapower embedding. Assume that N is closed under countable sequences.
Write K for the core model constructed inside N. Then K is a normal iterate
of K, ie. there is a normal iteration tree T on K of successor length such that
M7 = KN. Moreover, we have that nl,, = n | K. —

THEOREM 3.2 (Schindler). Assume there exists no inner model with a Woodin cardinal.

Then every strategic wi-Ramsey cardinal is measurable in K.

Proor. Fix a large regular 6 » 2*. Let k be strategic w;-Ramsey and fix a winning
strategy o for player Il in G, (k). Let g < Col(w1, 2%) be V-generic and in V[g] fix
an elementary chain (M,, | o < w1 of weak x-models M,, < H}) such that M, € V,
“M, € Mgy and H,‘{/Jr c M, =U M,,.

Note that V' and V[g] have the same countable sequences since Col(wy,2") is

a<<wi

<w-closed, so we can apply o to the M,,’s, resulting in an M, -measure 4 on k. Since
we required that “ M, € M, 1 we get that M,,, is closed under w-sequences in V[g],
making 4 countably complete in V[g]. As we also ensured that HY, € M., we can
lift j to an ultrapower embedding 7 : V' — Ult(V, u) = N with N transitive.

Since V' is closed under w-sequences in V[g] we get by standard arguments that
N is as well, which means that Theorem [3.1| applies, meaning that K% is an iterate of

K with the iteration map having critical point «, making x measurable in K. |

References

Gitman, V. (2011). Ramsey-like cardinals. The Journal of Symbolic Logic, 76(2):519-
540.

3That paper assumes the existence of a measurable as well, but by Jensen and Steel| (2013) we
can omit that here.




Gitman, V. and Welch, P. (2011). Ramsey-like cardinals II. The Journal of Symbolic
Logic, 76(2):541-560.

Holy, P. and Schlicht, P. (2018). A hierarchy of Ramsey-like cardinals. Fundamenta
Mathematicae, 242:49-74.

Jensen, R. and Steel, J. (2013). K without the measurable. The Journal of Symbolic
Logic, 78(3):708-734.

Schindler, R. (2006). Iterates of the core model. The Journal of Symbolic Logic,
71(1):241-251.



	Setting the scene
	Strategic -Ramseys
	Strategic 1-Ramseys

