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ALMOST HOMOMORPHISMS OF COMPACT GROUPS

JAN SPAKULA AND PAVOL ZLATOS

ABSTRACT. A continuous mapping between compact topological groups
which is “almost” a homomorphism need not be uniformly close to a
homomorphism. The distance of the almost homomorphism from a
strict homomorphism can be shown to depend not just on the degree of
its nonhomomorphy but also on some “continuity scale.”

Introduction

Let G, H be groups, the latter endowed with a (left) invariant metric o,
and € be a positive real number. A mapping f : G — H is called an e-
homomorphism if o(f(x)f(y), f(xy)) < e for all z,y € G. Two mappings
fig : G — H are said to be e-close if o(f(x),g(x)) < € for each x € G.
More generally, if H is a topological group and V is a neighborhood of
the unit element in H, then f : G — H is called a V-homomorphism if
f@)fy)f(xy)~t € V for all z,y € G. Two mappings f,g: G — H are said
to be V-close if f(z)g(x)~! € V for each x € G.

In this paper we examine some conditions under which a continuous J-
homomorphism f : G — H of compact metrizable groups is e-close to a
continuous homomorphism ¢ : G — H, as well as their topological gener-
alization. Let us remark that we include the separation axiom T; into the
definition of a topological group.

The origins of this problem can be traced back to Ulam: it is discussed
in the Scottish Book [12, p. 11], in terms of “epsilon stability” of functions
R — R, as well as of functions on metrizable groups.

A theorem by Pdlya and Szegd, occurring as an exercise in [13, Prob-
lem 99], can easily be restated as follows: If ¢ > 0 and f : Z — R is an
e-homomorphism, then the limit a = lim,, ., f(n)/n exists and f is e-close
to the homomorphism ¢ : Z — R given by ¢(n) = an. Using methods of
nonstandard analysis, this result was generalized by Luxemburg [11], altering
the e-homomorphy and e-closeness conditions.
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Partly as a byproduct and partly as one of the tools of their studies in
differential geometry, Grove, Karcher and Roh established that, for 0 < § <
/6, every continuous d-homomorphism of compact Lie groups is e-close to
a continuous homomorphism, where ¢ = (1 + §/2 + 0.645%)6 < 2. This is
proved for an appropriately chosen biinvariant Riemannian metric in [5] and
modified to Finsler metric in [6].

A fairly general result, covering all the above mentioned cases, was proved
by Kazhdan in [9]: If G is an amenable group and H = U(X) is the group of
all unitary operators on some Hilbert space X with the usual operator norm,
then any continuous (¢/2)-homomorphism f: G — H, where 0 < ¢ < 1/100,
is e-close to some continuous homomorphism ¢ : G — H. A more elementary
proof of this result, working for any amenable group G and finite dimensional
compact Lie group H, was given by Alekseev, Glebskii and Gordon in [1].

A different direction in examining this topic was taken by Kanovei and
Recken in [8]. Here G is assumed to be a Borel group endowed with a o-
additive probability measure y and H = [], .y Hy, is the direct product of
a family of Borel groups H,,. An invariant Hamming-like pseudometric on H
stems from a submeasure v on N:

for z,y € H. It is shown that, for any £ > 0 and v satisfying certain version of
Fubini theorem, every u-measurable (Baire measurable) mapping f : G — H
which is almost everywhere an e-homomorphism already is 6e-close (63e-close)
to a Borel homomorphism ¢ : G — H.

The above mentioned results are remarkable for the explicit assessment of
the bound ¢ on the distance of the §-homomorphism to the nearest homo-
morphism, expressed in terms of §. This was enabled by some additional
structure, entering the picture case by case. However, one cannot hope to es-
tablish any explicit relation between ¢ and ¢ in general, not even for compact
groups G, H. Nevertheless, it is still tempting to formulate the following

CONJECTURE. Let G and H be compact groups, the topology of H being
induced by a (left) invariant metric. Then to each € > 0 there is a § > 0,
such that every continuous 6-homomorphism f : G — H is e-close to some
continuous homomorphism ¢ : G — H.

Assuming additionally that G is finite, the Conjecture can easily be proved
using, e.g., methods of nonstandard analysis. Anderson in [2] developed a gen-
eral nonstandard machinery enabling him to prove, under some compactness
assumptions, that objects almost having some property are close to objects
with that property. The special case of the Conjecture can also be obtained
as one of the immediate corollaries. It directly follows from the Corollary to
our Theorem 2, as well.
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According to a remark in Kazhdan [9], “by similar methods the result of
(his) Theorem 1 for compact groups was obtained in [6].” As we understand
it, he seems to have ascribed to Grove et al. (at least) the proof of the above
Conjecture. However, they proved it just for compact Lie groups and not for
all compact groups. Moreover, the Conjecture, as it stands, is not true. This
is rather surprising, especially in view of the fact that the “material” of which
we will put together the counterexample is taken from [9], again.

To get some positive results, we introduce the notion of “continuity scale.”
Then the Conjecture can be retained, by showing that § can be chosen de-
pending not just on € but also on some continuity scale I', given in advance.

1. The counterexample

A counterexample to the Conjecture is provided by the following

THEOREM 1. There exist compact metric abelian groups G, H, the lat-
ter endowed with an invariant metric o, such that for each § > 0 there is
a continuous §-homomorphism f : G — H, satisfying

sup o(f(z), p(z)) > 1
e
for every homomorphism ¢ : G — H.

The proof is based on the following result due to Kazhdan [9]. We quote
it slightly reformulated and with complete proof here.

LEMMA 1. There is a compact metric abelian group H, endowed with an
invariant metric o, such that for each § > 0 there is a compact metric abelian
group G and a continuous d-homomorphism g : G — H, satisfying

sup o(g(z), p(x)) > 1
zeG
for every homomorphism ¢ : G — H.

Proof. Let p be any prime number and H be the (compact abelian) group
Z,, of p-adic integers with its usual norm. I.e., Z, is the completion of the
ring Z of all integers with respect to the norm

|x|p = p_op(w)7

where p°»(®) is the highest (integer) power of p dividing z € Z; for z = 0 we
put 0,(0) = oo and (0], = 0.

Given 6 > 0, choose an n such that p~™™ < § and denote by G the finite
discrete (hence compact) cyclic group Z/p"Z. Then the (continuous) mapping
g: G — H, where g(x) € Z C Z,, is the representative of z € {0,1,...,p" —1}
under the obvious identification of the integers Z with a subgroup of Z,, is
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a p~"-homomorphism. Indeed, for any z,y € G the expression g(z) + g(y) —
g(x + y) equals either 0 or p™, hence

l9(x) +9(y) — gz +y)l, < [p"], =p"" <.

However, as Z, has no torsion, the only homomorphism Z/p"Z — Z, is the
trivial one # = 0. Hence

sup |g(x) — 0(z)|, = |1 0], = 1. O

zcG

Proof of Theorem 1. Let H be guaranteed by Lemma 1 and (6,,)$2; be any
sequence of positive reals, converging to 0. By Lemma 1, one can find a se-
quence (Gy,) of compact metric abelian groups and a sequence of mappings
(gn), such that each g, : G,, — H is a continuous d,,-homomorphism; nonethe-
less, every homomorphism ¢ : G, — H satisfies sup, ., g(gn(x), <p(z)) > 1.
Then G = Hf;l G, endowed with the product topology, is a compact metriz-
able abelian group. Denote by 7, : G — G, the canonical projection onto the
nth factor and by ¢,, : G, — G its canonical embedding into the product. One
can readily see that the composition f,, = g, om, : G — H is a continuous
dp-homomorphism. Now, given any homomorphism ¢ : G — H we have
sug@(fn(U)M/)(U)) > sup  o(gn(mau), P(u)) = sup 0(9n(2),9(tn2)) > 1,

ue zeGny

uetnGnp

as 1 o, : G, — H obviously is a homomorphism. O

2. The “almost-near” theorem

Thus we have seen that the § > 0, called for in the Conjecture, cannot be
chosen depending just on given compact groups G, H, and € > 0. To get
some positive results, we introduce an additional parameter to control the
continuity of the §-homomorphisms considered.

For a topological group G we denote by O¢ the filter of all neighborhoods
of its unit element. Given two topological groups G, H, and a neighborhood
basis B C Oy, any mapping I" : B — O¢ will be called a (G, H) continuity
scale. Then a mapping f : G — H is said to be I'-continuous if zy= € I'(V)
implies f(x)f(y)~t €V forall V € B and z,y € G.

For a metrizable H, a neighborhood basis B C Op can be represented
by a sequence (g,) of positive reals converging to 0. Then a (G, H) conti-
nuity scale I" is described by a sequence (I3,) of neighborhoods in G, and
I'-continuity of a mapping f : G — H simply means that zy~' € I}, implies
o(f(z), f(y)) < e, for z,y € G and each n.

Obviously, if f : G — H is I'-continuous with respect to some (G, H)
continuity scale I' then it is (uniformly) continuous. Conversely, assuming
the axiom of choice (in case of metrizable H, countable choice would suffice)
one can readily show that any uniformly continuous mapping f : G — H is
I'-continuous with respect to some (G, H) continuity scale I". The point is
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that a set of mappings G — H, I'-continuous with respect to some (G, H)
continuity scale I', already is equicontinuous. Again, the reversed implication
can be shown using the axiom of choice.

THEOREM 2. Let G, H be compact topological groups. Then for each
V € Oy and any (G, H) continuity scale I' there is a U € Oy such that
every I'-continuous U-homomorphism f : G — H is V-close to a continuous
homomorphism ¢ : G — H.

Proof. We will give two proofs of the theorem: first based on the Ascoli
lemma, second making use of methods of nonstandard analysis—see, e.g.,
Davis [4], or Arkeryd, Cutland and Henson [3], mainly the parts [7] by Henson
and [10] by Loeb. Both proofs start in the same way.

Let V € Oy, B C Oy be a neighborhood basis of the unit in H, and
I' : B = Og be a (G,H) continuity scale. We can assume, without loss
of generality, that B consists of symmetric sets, only. Admit, to get a con-
tradiction, that for each U € B there is a I'-continuous U-homomorphism
fu : G — H, such that each continuous homomorphism ¢ : G — H satisfies
Ju(x)p(x)~t ¢ V for some z € G.

Standard continuation. Let us denote by C' the system of all I'-continuous
mappings f : G — H. They obviously form an equicontinuous family. As H
is compact, the set Cpr(x) = {f(x); f € Cr} C H is precompact for each
x € G. As G is compact, the compact-open topology on the space C(G, H)
of all continuous functions G — H coincides with the topology of uniform
convergence on C(G, H). By the Ascoli lemma, Cr is a precompact set in
C(G, H) endowed with any of the mentioned topologies.

The system (fu)vep forms a net over the (downward) directed poset (B, C)
in the precompact set Cr. Thus there is a neighborhood basis B C B and
a subnet (fy)yep uniformly converging to a function ¢ € C(G, H). This is
to say that for any W € Oy there is a Uy, € B’ such that fy(x)p(x)~t € W
holds for each x € G whenever U € B’ and U C Uy .

In order to check that ¢ is a group homomorphism, take any z,y € G and
a symmetric W € Op. There is a U € B’ such that U C Uy N W. Then the
expression p(x)p(y)p(ry)~! € H equals the product of the terms

o(@) (ey) fuly) ) e(@) " € pla) W),
(@) fu(x)™t e W,
fu (@) fu) fu(zy)~' €U,
folzy)p(ay)~t e W.

Hence, p(2)p(y)p(ry) ™t € o(x)Weo(z)'WUW. As such sets form a basis
of Oy and H is Ty, we have p(z)p(y) = ¢(zy).
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Finally, fu(z)¢(z)~* € V holds for each * € G whenever U € B’ and
U C Uy . This contradiction proves the result.

Nonstandard continuation. Let us embed the situation into a xT-saturated
nonstandard universe, where k£ = max(|B|,w). Then there is a *I'-continuous
internal mapping F' : *G — *H, which is a *U-homomorphism for each U € B,
such that for every internal *continuous homomorphism @ : *G' — *H there
isa &€ *G with F(&)®(¢)~! ¢ *V.

As F is a *U-homomorphism, we have F(§)F(n)F(én)~t € *U, for each
U € B. Hence F(&n) = F(§)F(n) for all {,n € *G. Let ¢ : G — H be defined
by p(x) = °F(x), where x € G is identified with its image *r € *G under
the canonical elementary embedding * : G — *G, and ° : *H — H is the
standard part map, existing by the compactness of H. Clearly, ¢ is a group
homomorphism —see the diagram

G —— H
7]
From the *I'-continuity of F it easily follows that it is S-continuous, hence ¢ is
continuous. Then the mapping *p : *G — *H is an internal S-continuous and
*continuous group homomorphism, extending . Moreover, as G is compact,
for each ¢ € *G we have £ =~ %, hence

F(§) = F(%) = °F (%) = »(%) = " (%) =~ "p(¢),
contradicting F(&) *p(€)~! ¢ *V for some & € *G. O

COROLLARY. Let G, H be compact topological groups such that the topol-
ogy of H is induced by a (left) invariant metric 0. Then for each ¢ > 0
and any (G, H) continuity scale I' there is a 6 > 0 such that every I'-con-
tinuous d-homomorphism f : G — H is e-close to a continuous homomor-
phism ¢ : G — H.

REMARK 1. It remains an open problem whether the compactness of the
groups GG, H can be weakened to local compactness for at least one of them
in Theorem 2.

REMARK 2. Under a slight and obvious modification of the notions of
almost homomorphism and continuity scale, Theorem 2 can readily be gener-
alized from groups to arbitrary compact uniform algebras with finitely many
operations, i.e., to universal algebras of finite signature endowed with a com-
pact T uniformity making all the operations (uniformly) continuous.
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