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Abstract

Pure t-motives were introduced by G. Anderson as higher dimensional generalizations of
Drinfeld modules, and as the appropriate analogs of abelian varieties in the arithmetic of
function fields. In this article we develop their theory regarding morphisms, isogenies, Tate
modules, and local shtukas. The later are the analog of p-divisible groups. We investigate
which pure ¢t-motives are semisimple, that is, isogenous to direct sums of simple ones. We give
examples for pure t-motives which are not semisimple. Over finite fields the semisimplicity is
equivalent to the semisimplicity of the endomorphism algebra, but also this fails over infinite
fields. Still over finite fields we study the endomorphism rings of pure t-motives and obtain
answers which are similar to Tate’s famous results for abelian varieties. Finally we clarify
the relation of pure ¢-motives to the abelian 7-sheaves introduced by the second author
for the purpose of constructing moduli spaces. We obtain an equivalence of the respective
quasi-isogeny categories.

Mathematics Subject Classification (2000): 11G09, (13A35, 16K20)

Introduction

In the arithmetic of number fields, elliptic curves and abelian varieties are important objects to
study and their theory has been vastly developed in the last two centuries. For the arithmetic
of function fields Drinfeld [Drll, [Dr2] has invented the concepts of elliptic modules (today called
Drinfeld modules) and elliptic sheaves in the 1970’s, both as the analogs of elliptic curves.
Since then, the arithmetic of function fields has evolved into an equally rich parallel world to
the arithmetic of number fields. As for higher dimensional generalizations of elliptic modules
or sheaves there are different notions, for instance Anderson’s abelian t-modules and t-motives
[Anl), Drinfeld-Anderson shtukas [Dr3l [HH], or abelian 7-sheaves which were introduced by
the second author in [Hal] in order to construct moduli spaces for pure ¢t-motives. In the
present article we advertise the point of view that pure t-motives and abelian 7-sheaves are the
appropriate analogs for abelian varieties. This is also supported by the results in [Hal]. It is
due to the fact that both structures have the feature of purity built in as opposed to general
t-motives or Drinfeld-Anderson shtukas. For example non-zero morphisms exist only between
pure t-motives or abelian 7-sheaves of the same weight (see [[.I8 and [[.23] in the body of the
article).

There is a strong relation between pure t-motives, which we slightly generalize to pure
Anderson motives, and abelian 7-sheaves. To give their definition let C' be a connected smooth
projective curve over Fy, let co € C(F,) be a fixed point, and let A =T'(C \ {o0}, O¢). For a
field L D I, let o* be the endomorphism of Ay := A®p, L sending a®b to a®b? for a € A and
be L. Let ¢ : A— L be an Fj-homomorphism and let J = (a® 1 —-1®c*(a) : a € A) C Ap.
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A pure Anderson motive M = (M, 1) of rank r, dimension d and characteristic ¢* consists of a
locally free Ar-module M of rank r and an Ar-homomorphism 7 : 0*M := M ®4, o+ A, = M
with dimy, coker 7 = d and J¢ - coker 7 = 0, such that M possesses an extension to a locally free
sheaf M on C xp, L on which 7! : (6*)'M — M(k - 00) is an isomorphism near co for some
positive integers k and [. The last condition is the purity condition. The ratio % equals g (see
[[2)) and is called the weight of M. Anderson’s definition of pure t-motives [Anl] is recovered
by setting C' = ]P’IIFq and A = TF,[t].

In addition to this data an abelian T-sheaf consists of a sequence of sheaves M; C M,
lying between Mg := M and M; := M(k - co) whose stalks at oo are the images of 7¢ for
i =0,...,1 (see [[L9). The quasi-isogeny categories of pure Anderson motives and abelian 7-
sheaves are equivalent (LI9 [L50). An abelian 7-sheaf of dimension d = 1 is the same as
an elliptic sheaf. In this sense abelian 7-sheaves are higher dimensional elliptic sheaves. The
concept of abelian 7-sheaves was introduced by the second author [Hal] for the following reasons.
In contrast to pure Anderson motives, abelian T-sheaves possess nice moduli spaces which are
Deligne-Mumford stacks locally of finite type and separated over C; see [Hal]. Moreover, let
¢ : Spec L — Spec A C C be the morphism induced by ¢*. The notion of abelian 7-sheaves is still
meaningful if ¢ : Spec L — C is not required to factor through Spec A. Indeed, the possibility
to have im(c) = oo was crucial for the uniformization of the moduli spaces of abelian 7-sheaves
and the derived results on analytic uniformization of pure Anderson motives in [Hal]. For these
reasons we develop the theory of abelian T-sheaves and pure Anderson motives simultaneously
in the present article.

Let @ be the function field of C'. Then the endomorphism algebra of a pure Anderson motive
or an abelian 7-sheaf is a finite dimensional Q-algebra (2I5] 2.16). In contrast the endomor-
phism algebra of an abelian variety is a finite dimensional algebra over the rational numbers.
Through this fact pure Anderson motives and abelian 7-sheaves belong to the arithmetic of
function fields. We further investigate their (quasi-)isogenies. An isogeny f : (M, 1) — (M',7')
between pure Anderson motives of the same characteristic is an injective morphism f : M — M’
with torsion cokernel such that for = 7/o0* f. We show that in fact coker f is annihilated by an
element of A (as opposed to Ar); see Therefore every isogeny possesses a dual (L.32) and
the group of quasi-isogenies equals the group of units in the endomorphism @Q-algebra (L43]).
We give various other descriptions for (quasi-)isogenies (L.29] [[47). Also we prove that the
existence of a separable isogeny defines an equivalence relation on pure Anderson motives over
a finite field (2.10]), but not over an infinite field (2.11]). For an isogeny f between pure Anderson
motives we define the degree of f as an ideal of A (I.35)) which annihilates coker f (L37)). If M
is a semisimple (see below) pure Anderson motive over a finite field, the degree of any isogeny
f: M — M is a principal ideal and has a canonical generator (819). In particular f has a
canonical dual.

Next we address the question whether every pure Anderson motive is semisimple, that is,
isogenous to a direct sum of simple pure Anderson motives. A pure Anderson motive is called
simple if it has no non-trivial quotient motives. This question is the analog of the classical
Theorem of Poincaré-Weil on the semisimplicity of abelian varieties. By giving a counterexample
B1) we demonstrate that the answer to this question is negative in general. On the positive
side we show that every pure Anderson motive over a finite base field becomes semisimple after
a field extension whose degree is a power of ¢ (3.13]), and then stays semisimple after any further
field extension (B.I6]). The endomorphism Q-algebra of a semisimple pure Anderson motive is
semisimple (L58]) and over a finite field also the converse is true (I1). This is false however
over an infinite field ([BI3]).

Like for abelian varieties the behavior of a pure Anderson motive M over a finite field is
controlled by its Frobenius endomorphism 7 (defined in 2:25)). If M is semisimple we determine
the dimension and the local Hasse invariants of its endomorphism @Q-algebra FE in terms of 7 (3.5]
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[B:26). We further give a criterion for two semisimple pure Anderson motives to be isogenous
B25). In the last section we sketch a few results for the question, which orders of E occur
as the endomorphism rings of pure Anderson motives [B.37, B.41]). There is a relation between
the breaking up of the isogeny class of a semisimple pure Anderson motive into isomorphism
classes, and the arithmetic of E. We indicate this by treating the case of pure Anderson motives
defined over the minimal field F,. In this case E is commutative (B.41]).

Many of these results parallel Tate’s celebrated article [Tat] on abelian varieties over finite
fields. To prove them a major tool are the Tate modules and local shtukas attached to pure
Anderson motives and abelian 7T-sheaves, and the analog [Tag| [Tam] of Tate’s conjecture on
endomorphisms. These local structures behave like in the classical case of abelian varieties, local
shtukas playing the role of the p-divisible groups of the abelian varieties. The only difference is
that p-divisible groups are only useful for abelian varieties in characteristic p, whereas the local
shtukas at any place of ) are important for the investigation of abelian 7-sheaves and pure
Anderson motives. One of the aims of this article is to demonstrate the utility of local shtukas.
For instance we apply them in the computation of the Hasse invariants of £ in Theorem
and to reprove the standard fact that the set of morphisms between two pure Anderson motives
is a projective A-module (2.16]). Scattered in the text are several interesting examples displaying

various phenomena (LI2] [LI3] T24] [C28 B.1 B.13] 329 B30). Note that this article has been
split into two parts [BHIl, [BH2] for the purpose of publication.
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Notation

In this article we denote by
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Fy, the finite field with ¢ elements and characteristic p,

C a smooth projective geometrically irreducible curve over F,,

oo € C(F,) a fixed g -rational point on C,

C'=C ~\ {oo}

A=T(C",0¢) the ring of regular functions on C' outside oo,

Q=F,(C) the function field of C,

thus we have C’ = Spec A and Q = Quot A. Furthermore, we denote by

Qy the completion of @) at the place v € C,

A, the ring of integers in @,. For v # oo it is the completion of A at v.
F, the residue field of A,. In particular Fo, = F,,.

For a field L containing IF, we write

CL =C X SpeclFy, SpeCL,

AL = A®y, L,

QL =Q®r, L,

Ay = AU@X\JFQL for the completion of O¢, at the closed subscheme v x Spec L,

Qv = Ay, L[%] Note that this is not a field if F, N L 2 F,. Nevertheless, it is always a
finite product of fields.

Frob, : L — L for the g-Frobenius endomorphism mapping = to x4,

o = id¢ x Spec(Frob,) for the endomorphism of C}, which acts as the identity on the points
and on O¢ and as the ¢-Frobenius on L,

o* for the endomorphisms induced by ¢ on all the above rings. For instance
o (a®@b)=a®bl forac Aand be L.

oM =M ®4, o Ar, for an Ar-module M and similarly for the other rings.

For a divisor D on C' we denote by O¢, (D) the invertible sheaf on Cf, whose sections ¢ have
divisor () > —D. For a coherent sheaf 7 on Cp we set F(D) := F ®o., Oc, (D). This
notation applies in particular to the divisor D =n - oo for n € Z.

1 Pure Anderson Motives and Abelian 7-Sheaves

1.1 Pure Anderson Motives

Let L be a field extension of F, and fix an F,-homomorphism c¢* : A — L. Let J C Ar, be the
ideal generated by a®1—1® c*(a) for all a € A, and let r and d be non-negative integers. Pure
Anderson motives were introduced by G. Anderson [Anl] and called pure t-motives in the case
where A = Fp[t]. In the slightly more general case we define:

Definition 1.1 (pure Anderson motives). A pure Anderson motive M = (M,7) of rank r,
dimension d, and characteristic ¢* over L consists of a locally free Ar-module M of rank r and
an injective Ar-module homomorphism T : c*M — M such that

1. the cokernel of T is an L-vector space of dimension d and annihilated by J¢, and

2. M extends to a locally free sheaf M of rank r on Cp, such that for some positive integers
k,l the map 7" := To0*(r)o...0 (")) : (¢6¥)'M — M induces an isomorphism
(0*) Moo — M(k - 0)so of the stalks at oc.
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We call € := ker ¢* € Spec A the characteristic point of M. We say that M has finite charac-
teristic (respectively generic characteristic) if € is a closed (respectively the generic) point. For
r >0 we call wt(M, 1) := % the weight of (M, T).

Remark. Phrased in the language of modules our definition of purity is equivalent to the
following due to Anderson [Anil, 1.9]. Let z be a uniformizing parameter of A, . The Anderson
motive is pure if and only if there exists an A, -lattice M inside M @4 ; @0, and positive
integers k,1 such that 27! induces an isomorphism (0*)1/\;100 — M. This follows from the
fact that Mo, determines a unique extension M of M as above.

Proposition 1.2. If M s a pure Anderson motive of rank r > 0 then wt M = % . In particular
dim M > 0.

Proof. Using [[.3] below we compute
kr = degM(k-o00) —degM = deg M(k - 00) — deg(c*)!M = dimy coker(r!) = Id. O
Lemma 1.3. Let G be a coherent sheaf on Cr. Then dego*G = degG.

Proof. Let pr : C, — Spec L be the projection onto the second factor. If G = O¢,®" for some
n € N, then 0*G = O, ™. If G = O¢, (D) for some divisor D on C, then 0*G = O¢, (671D) =
Oc, (D). If G is a torsion sheaf we get

dego*G = dimy, pryo*G = dimy, c*pr.G = dimy pri,G = deg@.

Let now G be a locally free sheaf of rank n. Choose an embedding f : G — O¢, (D)®™ for some
divisor D on C with coker f being a torsion sheaf. Since o = id¢ xop, is flat being the base
change of the flat morphism o, : Spec L — Spec L, we have

f

0 g Oc, (D)®™ ——— «cokerf —— 0

0 N O.*g o' f

> 0*O¢, (D)®" —— o* coker f —— 0

and therefore deg o*G = deg G due to the additivity of the degree in exact sequences. Finally,
if G is an arbitrary coherent sheaf, then

0—G¢ —G—G —0

for some torsion sheaf G’ and some locally free coherent sheaf G” because this sequence exists
locally due to the fact that all local rings are principal ideal domains. Thus dego*G = degg,
as desired. O

Proposition 1.4. If (M,7) is a pure Anderson motive over L then one can find an extension
M as above with k and [ relatively prime.

Proof. We let z be a uniformizing parameter at oo and write % = % with k, [ relatively prime

positive integers. Since (M, ) is pure it extends to a locally free sheaf M’ on C1, on which
2% 71" is an isomorphism locally at oo for some positive integers k’,1’ with l;—, =4 _ % We

modify M’ to a locally free sheaf M on Cp, by changing its stalk M/ at oo to

ll
L

My = Z zijlj((U*)lefX,) .
=0

Then M =T(Cf, ~ {oo}, M) and 2F7!: (6*)! Moy = M is an isomorphism at oo as desired.
O
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Definition 1.5. (compare [PT, 4.5])

1. A morphism f : (M,7) = (M',7') between Anderson motives of the same characteristic
c* is a homomorphism f : M — M’ of Ap-modules which satisfies foT =1"0d*(f).

2. If f : M — M’ is surjective, M is called a quotient (or factor) motive of M.

3. A morphism f: M — M’ is called an isogeny if f is injective with torsion cokernel.

4. An isogeny is called separable (respectively purely inseparable) if the induced homomor-
phism T : o* coker f — coker f is an isomorphism (respectively is nilpotent, that is, if
T =0 for some n).

Remark. 1. The set Hom(M, M’) of morphisms is an A-module and End(M) is an A-algebra.
They are projective A-modules of rank < rr’. This will be proved in Theorem

2. One has Hom(M, M’) = {0} if M and M’ are pure Anderson motives of different weights,
justifying the terminology pure. This can be derived from the Dieudonné-Manin type classifi-
cation [Laul Appendix B] of the local o-isoshtuka M (M) := M ®4, Qoo of M at oo; see
Section 2.1l However, we will give a more elementary proof in Corollary [[.23] below.

3. We will prove in Corollary below that the cokernel of an isogeny is in fact annihilated by
an element a € A (as opposed to a € Ap). This was independently observed by N. Stalder [Sta]
and also holds for non-pure Anderson motives.

Proposition 1.6. Let (M,T) be a pure Anderson motive and let K be a finite torsion Ap-
module equipped with an Ar-homomorphism T : 0*K — K such that both ker T and coker Tx
are annthilated by a power of J =(a®1—-1®c*(a):a € A) C Ar. Let further p: M —» K be
a surjective morphism of Ar-modules with T o o*p=por. Then (M',7") := (ker p, T|o+ 1) is
again a pure Anderson motive of the same rank and dimension and the inclusion f: (M',7") —
(M, 1) is an isogeny with coker f = (K, k).

Proof. Consider the diagram in which the bottom row is obtained from the snake lemma

o*f o*p

0 o* M’ o*M oc*K 0
R I
0 M—t ey K 0

T

0 _— ker TRK —— Coker T/ E— Coker T ———> Coker TK —— 0 .

If follows that dim;z, coker 7/ = dimj coker 7 = d and that also coker 7/ is annihilated by J?. The
purity follows from the fact that one can extend f to an isomorphism M/ — M of the stalks
at infinity. O

Remark. Note that without the requirement that a power of .J annihilates ker 7 and coker 75
the assertion of the proposition is false as one can see from A =Fyft], M = A, 1=1t®1-1®
c*(t), K = coker 1, T = 0, when ¢*(t)? # c*(t).

Lemma 1.7. Let K be a finite torsion Ar-module and let T : c*K — K be a morphism of
Ar-modules. Then K = (K, T) is an extension

0— K Ly g 9 gril 4

of KM = (il 7oil: gx genil oy g0il) by K& = (K¢ 7 2 o* K — K) where ™ is nilpotent
and T is an isomorphism, satisfying f o7 =Tt oo*f and go T =7 0 0*g. Moreover, if the
base field L is perfect the extension splits canonically.
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Proof. This was proved by Laumon [Lau, B.3.10]. He takes K¢ := (N>1 im 7" If L is perfect,
K* has the natural complement U,>1(0™) 7" (ker 7) which is isomorphic to K nl — g/K®. 0O

fsep

Proposition 1.8. Every isogeny f: M — M’ can be factored M M finser M’ into a
separable isogeny fsep followed by a purely inseparable isogeny finsep- If the base field is perfect
there exists also a (different) factorization f = fs’ep o i’nscp as a purely inseparable isogeny
followed by a separable one.

Proof. Let K := coker f and let 7 : 0*K — K be the induced morphism. By Lemma [[.7]
there is a surjective morphism p : M’ — K — K™! and we define M” as the kernel of p. It
is a pure Anderson motive by Proposition Clearly f factors through M” and the isogeny
M — M" has K¢ as cokernel, thus is separable. If L is perfect we use the surjective morphism
p: M — K — K instead. g

1.2 Definition of abelian 7-sheaves

Since the purity condition 2 of Definition [[.T] does not behave well in families one has to rigidify
M at oo in order to get moduli spaces for pure Anderson motives. This was done in [Hall,
where the rigidified objects are called abelian sheaves. Over a field their definition is as follows.
Let L O F, be a field and fix a morphism ¢ : SpecL — C. Let J be the ideal sheaf on Cp, of
the graph Graph(c) of c. Let r and d be non-negative integers.

Definition 1.9 (Abelian 7-sheaf). An abelian 7-sheaf F = (F;, II;, 7;) of rank r, dimension d
and characteristic ¢ over L is a collection of locally free sheaves F; on Cp of rank r together
with injective morphisms II;, 7; of Oc, -modules (i € Z) of the form

1I; 1 II; IT; 11
e Fiaa —— K —— Fiy ———

s Tre E

o*Il;_o o*IT; 1 o*II;

subject to the following conditions:

1. the above diagram is commutative,

2. there exist integers k,l > 0 with Id = kr such that the morphism Il;1;_q0---oll; identifies
Fi with the subsheaf F;yi(—k-o00) of Fiyy for alli € Z,

3. coker II; considered as an L-vector space has dimension d for all i € Z,

4. coker 7; is annihilated by J and as an L-vector space has dimension d and for all i € 7.

We call € :== ¢(SpecL) € C the characteristic point (or place) and say that F has finite
(respectively generic) characteristic if € is a closed (respectively the generic) point.

Remark 1.10. 1. By the second condition coker I1; is only supported at oco. Moreover, the
periodicity condition implies F;,; = F;(nk - 00) and thus 71, = 7;® 1 for all n € Z.
2. The condition “annihilated by J” in 4 can equivalently be reduced to “supported on the
graph of ¢ 7, since the local ring of C at the graph of ¢ is a principal ideal domain and the
d-th power of a generator of J annihilates the d-dimensional L-vector space coker ;.

3. Trivially, » = 0 implies d = 0 since in this case we have all F; = 0. Due to the second
condition, the converse is also true because d = 0 implies r = é d = 0 since the existence of such
k,l # 0 is required. Without this the converse would in general not be true, because for example
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F = (Ocs,idocs , idocs) has coker idOcS = 0 and therefore d = 0, but r = 1. This justifies the
demand of the existence of such &, # 0 since we do not want to consider the ”degenerate” case
r>0,d=0.

The case r = 0, d = 0 however is desired because it allows the zero sheaf 0 := (0,0,0) to
be an abelian 7-sheaf of rank 0 and dimension 0. Trivially, the zero sheaf satisfies the second
condition for all pairs k,[ > 0.

4. For F # 0 one can ask whether the second condition is satisfied by the pair k,I > 0 with
ld = kr and k,l relatively prime. This was required in the definition of abelian 7-sheaves
in [Hal]. We will call those F abelian T-sheaves with k,l relatively prime. As a convention,
an abelian 7-sheaf F without further specifications comes with all its parameters F;, I1;, 7;
(1 € Z) and r,d,k,l with k,[ always chosen to be minimal. Similarly F " carries a prime on its
parameters, F a tilde on them, and so on. Note that the characteristic c is fixed.

5. Abelian 7-sheaves of dimension d = 1 are called elliptic sheaves and were studied by Drin-
feld [Dr2], Blum-Stuhler [BS] and others. The category of elliptic sheaves with (k,l) = 1
over L of rank r with degFy = 1 — r and whose characteristic does not meet oo, that is,
im(c) C C \ {0}, is anti-equivalent to the category of Drinfeld-A-modules of rank r over L,
see [BS, Theorem 3.2.1] and Example below.

Definition 1.11. Let F be an abelian T-sheaf of rank r, dimension d and characteristic ¢ over

S. We set ; F
if £#0
wt(E) :z{ 0 if F=0 } €Q

We call wt(F) the weight of F.

RlisH

Example 1.12. Let C' = ]P’Hl;q, A =TF,[t]. Then C, = P}. Let c¢: Spec L — SpecF,[t] = AIIFq
such that ¢* : F,[t] — L maps t to c¢*(t) =: 9. Let O denote the structure sheaf of P} and let
a € L. Now consider the following diagram

10 10 10
- —— 000 % O 0O(1-0) (—(])71—)—> O(1-00) & O(1-00) (—(])71—)—>
0 1 2

] ] (20 ] ()

10 10 10
o*Il_1 o* Iy o* Il

where the vectors in O @ O are considered as column vectors. This gives an example of an
abelian 7-sheaf F of rank 2, dimension 1 with (k,l) = 1, and characteristic ¢ over Spec L with
wi(F) = 3.

Since the dimension is 1, this abelian 7-sheaf is an elliptic sheaf and comes from a Drinfeld
module which can be recovered as follows; see [BS]. Let M := T'(A}, O ® O) = L[t] & L[t] and

let 7 := IT;* o 1. Since ((1]) =7 ((1)), we have M = L{7} - ((1)), and we calculate

(1) = (%) =a- (D) + =0 (}) and t-(}) =@ —ar+7)(})

Let ¢ : Fy[t] — L{7} be the ring morphism mapping ¢ — ¥ — a7 + 72. Then we have back the
Drinfeld Module ¢ of rank 2 over L which induces the abelian 7-sheaf F.

Example 1.13. We give another example which does not come from Drinfeld modules. Let
C= ]P’]qu and A =TF[t]. Let

S = SPeCFqKaaaﬁa%(ﬂ/((a+5+2027 Oéé—ﬁ’}/ - 42)
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and c¢: S — C \V(t) C C be given by ¢*(}) = (. Let Cg := C XgpecF, S, then

(b 1) ®2 (b 1) w2 (01)
_ D L op (Leo)® Y 0 (200)2 0
Iy 11, 113

= ] () n ] ()
(%) (:9) (:9)

2 * @2
EEEE— O'*(,)69 _ % o*0 1-c0 _— -
o*Il_1 Cs o*Ily CS( ) o*Il

RN
S

is an abelian 7-sheaf over S of rank and dimension 2 with k = | = 1 since (1—(t)?-coker 7 = (0).
In fact S is the (representable part of the) moduli space of abelian 7-sheaves of rank and
dimension 2 with (k,l) = 1 together with a level structure n at V (t) for which (Fy,n) is stable
of degree zero. See [Hall, §4] for the precise meaning of these terms, but note that in loc. cit.
the exponent 2 in (o + & + 2¢)? erroneously was missing, as was pointed out to us by M. Molz.
This illustrates the fact that abelian 7-sheaves possess nice moduli spaces.

Proposition 1.14. Let F be an abelian T-sheaf and let D be a divisor on C'. Then the collection
F(D) := (Fi(D),II;® 1,7;® 1) is an abelian T-sheaf of the same rank and dimension as F.

Proof. Since the functor ®o., Oc, (D) is exact the proof is straightforward ones one notes that
o*(Fi(D)) = (6*F;)(D) because the divisor D is o-invariant. O

Definition 1.15. Let F be an abelian T-sheaf and let n € Z. We denote by
Fln] = (Fitns Hitn, Titn)
the n-shifted abelian 7-sheaf of F whose collection of F’s, Il’s and 7’s is just shifted by n.

It is trivial to see that F[0] = F and that F[n] is an abelian 7-sheaf of the same rank and

~

dimension as F for every n € Z. Moreover, F[l] = F(k - o0).

Next we come to the definition of morphisms in the category of abelian 7-sheaves.

Definition 1.16. A morphism f between two abelian T-sheaves F = (F;, I;,7;) and F =
(FL, I, 7]) of the same characteristic ¢ : Spec L — C' is a collection of morphisms f; : Fi — F|

(i € Z) which commute with the IT’s and the T’s, that is, fiy10Il; = IIlof; and fi1i0m; = T/oo™ f;.
We denote the set of morphisms between F and F' by Hom(E, F'). It is an Fy-vector space.

For example, the collection of morphisms (II;) : F — F[1] defines a morphism between the
abelian 7-sheaves F and F[1].

Definition 1.17. Let F and F' be abelian 7-sheaves and let f € Hom(E,F') be a morphism.

1. f is called injective, if f; is injective for all i € Z.
2. f is called surjective, if f; is surjective for all i € 7Z.
3. f is called an isomorphism, if f is injective and surjective.

We call F an abelian quotient (or factor) T-sheaf of F', if there is a surjective morphism from
F' onto F.

Abelian 7-sheaves are pure in the following sense.

Proposition 1.18. Let F and F' be abelian T-sheaves. If Hom(FE,F') # {0}, then wt(E) =
wi(E').
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Proof. Let 0 # f € Hom(F,F') and let i € Z. Consider the sheaf Hom(F;, F}) = F; ®o,, F;’
and the set of all its locally free subsheaves M C F/ ®oc, F;'. Then the set of their degrees
deg M is bounded above, say with upper bound B by [Ses, Lemma 1.1.3].

Suppose d'r < dr’. Choose n € Z with ll'|nrr' such that B 4+ n(d'r — dr’) < 0. Let
IT and II’ be the identifying morphisms IT; 1 0 -0 II; : F; = Fiipp(—ndr’ - 00) and
I oIl : Fl =2 F! (—nd'r - 0), respectively. Consider the following diagram

O .
i+nrr’'—1 i+nrr!

Fi _ Fitnrrr = Fi(ndr' - 00)

lfz lfi+'m“r"

F MEL S = Fl(nd'r-oo) .

i+nrr’

With m := n(d'r — dr') <0, we conclude that Hom(Firnrrs Fi i pypr) = (Ff ®0c, F')(m - 00).
Now, considering the injective map ¢ : O¢, — (F; ®0c, F)m-00), 1 = fiynm We get a non-
zero locally free subsheaf im ¢ = M (m-o0) which is isomorphic to O¢, with M C F/ ®oc, F.
Therefore

0 = degM(m-00) = degM +m-rankM < B+m < 0.

This is a contradiction and shows d'r > dr’. The converse d'r < dr’ follows analogously. O

Remark. This result can also be proved by considering the local isoshtukas at oo of F, F’ (see
Section 271)) and using the Dieudonné-Manin theory [Lau, Appendix B] for local isoshtukas.

1.3 Relation between pure Anderson motives and abelian 7-sheaves

If F = (F;, I1;,7;) is an abelian 7-sheaf of rank r, dimension d, and characteristic ¢ : Spec L — C
with characteristic place € = im ¢ # oo then

M(F) = (M,7) 1= (T(Cp ~ {00}, Fo), gt o) (1.1)

is a pure Anderson motive of the same rank and dimension and of characteristic ¢* : A — L.
We can take M := Fy as the extension of M to all of C';,. Conversely we have the following
result.

Theorem 1.19. 1. Let (M,T) be a pure Anderson motive of rank r, dimension d, and char-
acteristic ¢* : A — L over L. Then (M,7) = M(F) for an abelian T-sheaf F over L of
same rank and dimension with characteristic ¢ := Specc® : Spec L — Spec A C C'. One
can even find the abelian T-sheaf F with k,l relatively prime.

2. Let F and F' be abelian T-sheaves of the same weight and let fo : M(F) — M(F')
be a morphism. Then there exists an integer m such that fo comes from a morphism
frE— F(m-o0) as fo = M(f).

Proof. 1. Let M be a locally free sheaf on Cf, with M =T'(CL \ {o0}, M) as in Definition [[LT1
Let &, be positive integers with isomorphism

i (0") Moo 2 M(k - 00) oo -

By Proposition [[L4l we may assume (k,[) = 1.
For ¢ =0,...,l let F; be the locally free sheaf of rank r» on C'r, which coincides with M on
Cp~ {oc} and whose stalk at oo is the sum (im 7% +. .. +im 7+ =1)  inside M(2k-00)o. Then

7 defines homomorphisms 7; : ¢*F; — F;11 for 0 < i <[ because ¢*im 7* = im ¢*7* due to the
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flatness of o* = (id¢ xop)*. Since My, C M(k - 00)se = (im 7!)s there are natural inclusions
II; : F; — Fiyq satisfying II; 07, = 141 00*I1; and im(II;_y0...01ly) = Fi(—k-o0) C F;. We
now set Fiin = Fi(kn - 00), Hiyn := II; ®id, Ti1 5 = 7, @1id for 0 <i < [ and n € Z. Clearly
coker 7; is supported on Graph(c) for all # and isomorphic to coker 7 which is an L-vector space
of dimension d. We compute

dimy, coker IT; = deg F; 11 —deg F; = deg F;11 —dego™F; = dimp coker 7;

for all 4. Hence F = (F;, II;, ;) is an abelian 7-sheaf over L with M(F) = (M, 7).
2. Let [ be an integer satisfying condition 2 of Definition [LI9 For 0 < i set

fi::HZ(_lo...oﬂéofooﬂo_lo...oﬂi__ll

and similarly for ¢+ < 0. Since the I1;, IT ]’ are isomorphisms outside oo there exists an integer m
such that f; is a morphism f; : F; — F/(m-o0) for all 0 < i < [. Now the periodicity condition
2 of Definition [[L9] shows that the latter is a morphism for all i € Z. Finally (I1§) 179 0*(fo) =
foH(]_lTo implies that f = (f;); : £ — F(m - o) is a morphism with M (f) = fo as desired. O

The aforementioned relation can more generally be described by the following terminology.
Let Spec A C C be an affine open subscheme.

Definition 1.20. A4 7-module on A over L of rank r is a pair M = (M, 1), where

1. M is a locally free A ®r, L-module of rank r,
2. T:0*M — M 1is injective.

A morphism between (M, 1) and (M',;7") is a homomorphism f: M — M’ offl@]yq L-modules
which respects 7' o o*f = foT. We denote the set of morphisms between M and M’ by
Hom(M, M").

Let F be an abelian 7-sheaf. Consider a finite closed subset D C C such that either co € D
or there exists a uniformizing parameter z at infinity inside A := I'(C' ~ D, O¢). Note that by
enlarging D it will always be possible to find such a z € A in the case co & D.

If oo € D we have by the II’s a chain of isomorphisms

~

- = I(Cp~D,F ) =—— I'(Cy~D,Fy) = I(CL~D,F) = ---

since coker I1; is only supported at oo for all i € Z. So we set M = I'(Cp ~ D,Fy) and
7 = (Ily|c,p)~" © 7olc,p, and we define MP)(F) := (M,7). Obviously, MP)(F) is a
r-module on A and M(*)(F) is the pure Anderson motive M (F) studied above.

If co ¢ D fix z as above. Set M; :=T'(Cr ~\ D, F;) and define

0 o 0 H_l ° Zle—l
(D) - ™0
MONE) == Mo@® - &My with 7= | jo (1.2)

and IT := IIj_yo---oll. Clearly 7 depends on the choice of k, I, and z. Again M®P)(F)is a
7-module on A :=T'(C' \ D, O¢). Notice that coker 7 is supported on Graph(c) N (Cr \ D).

Definition 1.21. We call ]\_J(D)(£) the T-module on A associated to F. We abbreviate
MUD(E) to M(F).
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If oo ¢ D the 7-module MP)(F) is equipped with the endomorphisms

0 :..... .............. 0 ﬁ—l o Zkﬂl—l - ldMO
II = 00 , AN = L . (1.3)
0 0 II;_5 0 M4

for all A € F i N L. Actually A(A) is even an automorphism and the same holds for /7 if z has
no zeroes on C' . (D U {oo}). They satisfy the relations IT' = 2* and IT o A(A\?) = A(\) o IT.

Lemma 1.22. Assume that € ¢ D or that € # oo € D. If F and F' are abelian T-sheaves of
different weights, then Hom(M P)(F), MP)(F'")) = {0} (for any choice of k, I, ¥, I and z if
o0 ¢ D).

Before proving the lemma we note a direct consequence of its interaction with Theorem [I.19

Corollary 1.23. If M and M’ are pure Anderson motives of different weights, then
Hom(M, M') = {0}. O

Remark. Again this follows alternatively from the Dieudonné-Manin classification of the local
isoshtuka at oo associated with M, M’; see Section 2.11

Proof of lemmaL22. Let f € Hom(MP)(F), MP)(F)). If oo € D set M := Fy and M’ :=
Fb If oo ¢ D set M = @é;(l]]-} and M’ := @2:01 F!. Then I'(Cy, ~ D,M) = MP)(F) and
likewise for F'. Thus f extends to a homomorphism f : M — M'(m - D) for a suitable m € N.
We abbreviate 7 := 70 0*(7) o...0 (¢*)""}(7). Let z € Q be a uniformizing parameter at oo.
If oo € D and € # oo then

2Rt (U*)l./\/loo 5 Moo and zkl(T’)l/ : (J*)IIMQO =~ ML
are isomorphisms on the stalks at co. So for any n € N we have for the stalk of f at oo
foo = (Zk’(T/)l’)nl ° (0*)nll’(zn(kl’—k’l)foo) ° (szl)—nl’ C My — M/(m . D)oo )
In particular if % > ];_; (and similarly for % < ’;—,/), foo = 0mod 2"+ =KD for all n, whence
foo = 0. Thus f = 0 since M is locally free.
If oo ¢ D and € ¢ D then with the 7 from (L.2)) the homomorphisms on the stalks at every
point v € D
2R (oMM, = M, and z_k/(T')ll : (0*)ll./\/l; =~ ML
are isomorphisms since ¢ ¢ D. So again for any n € N the stalk f, satisfies

fo = (Z—k'(T/)l’)"l o (U*)nll’(z—n(kl’—k’l)fv) ° (z—le)—nl’ S M, — ./\/l'(m . D)v-

There exists a pole v € D of z. Then for % > Ilf—,l (and similarly for % < ]f—//)’ fo = 0, whence
f =0 as desired. O

Example 1.24. We give an example showing that the assertion of the lemma is false in case
e=o00€D. Let C = IP’Ilpq, Fi =0Oc¢, (i-0), F, = O¢, (2i - 00) and let II; and 7; be the natural
inclusions F; C Fit1 and o*F; C Fiq1 and likewise for . Then F = (F;, II;, 7;) is an abelian
7-sheaf of weight 1 and F' = (F/,II/,7]) is an abelian 7-sheaf of weight 2 both of characteristic

1) 1

0o. Clearly M) (F) = (Ar,id) = M(*®)(F') contradicting the assertion of the lemma.
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1.4 Kernel sheaf and image sheaf

In this section we show that the kernel and the image of a morphism of pure Anderson motives
are themselves pure Anderson motives and likewise for abelian 7-sheaves provided that the
characteristic point ¢ = ¢(Spec L) is different from oo.

Proposition 1.25. Let M and M’ be pure Anderson motives and let f € Hom(M, M'). Then

ker f := (ker f,7|o* ker f) and imf := (im f,7 )

are again pure Anderson motives with wt(ker f) = wt(im f) = wt(M).

Proof. Let M, M’k 1,k I, 2 be as in definition LT and the subsequent remark. After replacing
M. by 27" M/ for an integer n we may assume that f extends to a morphism M — M’
Since all local rings of C'f, are discrete valuation rings the subsheaves M := ker f and M = im f
are themselves locally free by the elementary divisor theorem. Set M := ['(Cp ~\ {00}, M ) and
M = I ~ {oo},./T/l\) Moreover the restrictions 7 := 7| .7 o717 are clearly
injective. If f # 0 then wt(M) = wt(M') by corollary [L23l Let [ = [ be the least common

A~

multiple of [ and I’ and let k = k = wt(M) - I. Then

and 7 := 7/

Fr (0 Moo = Moo and () (07 MY 2 MY

are isomorphisms. Thus also

F (0 Moo =5 Moo and 24 (0) Mo = Moo

are isomorphisms. Since 7 and 7/ are isomorphism outside Graph(c) the same is true for 7|, ker ¥
and 7'|5+im f. So the cokernels of the latter two are supported on Graph(c). This proves the
proposition by Remark [[.TOl O

Proposition 1.26. Let F and F' be abelian T-sheaves of characteristic different from oo and
let f € Hom(E,F'). Then the kernel T-sheaf and the image 7-sheaf

)
)

ker f := (ker fi, ITi|xer f;, Ti
1mf = (1mfz,ﬂz’]1mfl,7'l’ *

are abelian T-sheaves of the same characteristic as F and F'.

Proof. We will conduct the proof for ker f and im f simultaneously. If f = 0, then ker f = F
and im f = 0, and we are done. Otherwise, we have a non-zero morphism between F and F’,
and by proposition [LI8 both abelian 7-sheaves F and F' have the same weight. We choose an
integer [ that satisfies condition 2 of [ for both F and F' and we set k = [ - wt(F).

Let i € Z. Since all local rings of Cf, are principal ideal domains the elementary divisor
theorem yields that ]:Z := ker f; C F; and ]:Z = im f; C F] are locally free coherent sheaves.
The induced morphisms II; == I1;| = 7 and 7; := 7] . 7 map injectively into ]:2+1 since o* ker f; =

ker o* f; due to the flatness of o. Similarly, we get this for I, = ITj|z and 7; := 7{|_.z. To

examine coker I1; and coker I1; consider the diagram with exact rows and columns in which the
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last column is exact by the 9-lemma

0 0 0
Vog ~

0 Fi Fit1 coker IT; —=0

11;
0 F; Fit1 coker II; —— 0
fi fit1

0 Fi Fit1 coker IT; —=0

0 0 0

Thus coker ]NL and coker ﬁl are torsion sheaves like coker I1;, and we conclude that the ranks
Ti= rank]?i and 7 := rank]?i are independent of 1.

To show that F and f are abelian 7-sheaves let IT and II' be the identifying morphisms
iy yo---oll;: Fy == Fip(—k-oc)and II} ; jo---ollj: F| == F/ (—k-00), respectively.
Since IT and II' are isomorphisms we obtain the same for ﬁi—i—l—l o...oll; and ﬁi—i—l—l 0...0 ]AL-,
whence the periodicity condition 2.

To establish conditions 3 and 4 we need that the characteristic is different from oco. Let

c:SpecL — C':=C ~\ {00} and let

Set 7 := ﬁo_lo Fo: 0*M — M and set d := dimy, coker 7. Similar to the diagram chase for the
coker I1;, we get an injective morphism coker 7; — coker 7;. Hence the support of coker 7; lies
outside oo, and we have coker 7; = coker 7~'Z-|C/L & coker 7 for all i € Z. Now the exact sequences

0 —— ]-N'Z L j:—i_;_l - cokerﬁi — 0
0 —— o*F N Fiy1 — cokeriy — 0
yield
dimj, coker ]~L = deg]?,url —deg]?,- = deg]?,url —dega*]?,- = dimy, coker 7; = dimy, coker 7 = d

for all 7 € Z. Clearly, coker 7; is supported on the graph of ¢ due to its injection into coker 7;.
Again, this argument adapts to coker II; and coker 7;, as well. [l

Corollary 1.27. Let F and F' be abelian T-sheaves of characteristic different from oo and let
f € Hom(E, F') be a morphism.

1. f is injective if and only if ker f =0.
2. f is surjective if and only if im f = F'. O

Example 1.28. As was pointed out to us by T. Richter the assumption £ # oo cannot be

dropped. For instance consider the abelian 7-sheaf on C; = ]P’lL with F; = OPIL ([%]) $5)

i i . i 10 01
OP}I("§—|)7 where [ﬂ denotes the smallest integer > 5. Let II; = < 0 1 > and 7, = < 1 0o >
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Then F = (F;, II;, ;) is an abelian 7-sheaf with r = [ = 2)d = k = 1, and characteristic

i

-1 0
oo. We rewrite everything in terms of the bases <Z 02 ), <Z_[ 1 of fz”plL\{o}, where

P} {0} = Spec L[z]. With respect to these bases II; and 7; are described by the matrices

1 0 . z 0 ) 01 )
Hi—<0 Z>f0r2]z, Hi—<0 1>for2h, and Ti—<z 0>forallz.

There is an endomorphism f of F given by f; = ( z z > for 2|i and f; = < ;2 i > for 21 1.

We compute '
ker f; = (_11) - Opa (5 - 00) if 2|7 and

L

kerfi = (1) Op (F-00)  if 214

Therefore Il;|ier f, is an isomorphism if 2|i and has cokernel of L-dimension 1 for 2 { 4. Thus
ker f is not an abelian 7-sheaf.

1.5 Isogenies between Abelian 7-Sheaves and Pure Anderson Motives

In the theory of abelian varieties the concept of isogenies is central, defining an equivalence
relation which allows a classification of abelian varieties into isogeny classes that are larger than
isomorphism classes. In the following, we adapt the idea of isogenies to abelian 7-sheaves. They
are defined by the following conditions.

Proposition 1.29. Let f : F — F' be a morphism between two abelian T-sheaves F =
(Fi, II;,7i) and F' = (F., I, 7!). Then the following assertions are equivalent:

e

1. f is injective and the support of all coker f; is contained in D x Spec L for a finite closed
subscheme D C C,

2. f is injective and F and F' have the same rank and dimension,

3. F and F' have the same weight and the fiber f;, at the generic point n of Cr is an
isomorphism for some (any) i € Z.

Proof. 1 = 3 follows from [[.LI§ and the fact that II;, and Hz{m are isomorphisms for all 4. Since
3 = 2 is evident it remains to establish 2 = 1.

We will first reduce to the case A = [Fy[t]. By the theorem of Riemann-Roch there exists
a rational function ¢ € @ on C with poles only at oo and whose zeroes do not meet the
characteristic point, nor the support of the coker f;. This function defines an inclusion of
function fields Fy(¢) C @ and thus a finite flat morphism between the respective curves ¢ :
C — ]P’IIFQ with ¢~ !(cop1) = {oco}. The direct images G := @, F and G’ := @, F' under ¢
are abelian 7-sheaves on ]P’IIFq of rank r - deg ¢, dimension d, and characteristic ¢ o ¢ by [HH,
Proposition 1.6]. We define A := F(IP’Ilpq ~ {0}, Op1) such that A = F,[z] for some z € A with
a simple pole at 0 and a simple zero at co. We choose an integer [ that satisfies condition 2 of
L9 for both G and G’. Consider M©)(G) = (M, 7) and M©O(G") = (M’,7'); see Definition [LZ11
Set s :=lrdegy =1tk M and e :=1ld = s - wt(G).

Now choose Ar-bases of M and M’. This is possible since Ay, is a principal ideal domain and
that was the reason why we constructed ¢. With respect to these bases, the endomorphisms 7
and 7/ and the A-morphism g = M© (o, f) : M — M’ which is induced by f can be described
by quadratic matrices 7', T" and H, and we have the formula T'c*H = HT.
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Let ¢ := c¢"(z) € L. By the elementary divisor theorem we find matrices U,V €
GLs(A ®F, L) with
(z—Qm™
urv =
(z=Q)™
for some integers ny < --- < ng. Thus coker 7 = @7, A ®Qr, L/(z— ()™ and e = >0 n;.
Since

detT-detUV =det UTV = (z — ()¢

we calculate det T =b - (2 — )¢ for some b € (A ®p, L)* = L[2]* = L*. Analogously, we have
detT' =V - (2 — )¢ for some b’ € L* as G and G’ have the same dimension d. Since det H # 0

due to the injectivity of f we conclude

det o*H b
= -, el”.
det H b <

In an algebraic closure L& of L there exists a A with A\~ = %/. So we have

detT’ -detc*H = det H - detT

a:=\-det H=0c"(\-det H) € L¥8[z]

and, due to the o-invariance, even a € F,[2] = A (and hence A € L). Again using the
elementary divisor theorem one sees that a annihilates coker g. Now our proof is complete as
the support of coker f; is contained in the divisor of zeroes (¢*(a))o x Spec L on Cr, for 0 < i < {
by construction (for this purpose we used g = M (g, f) which captures all these f;) and for
the remaining ¢ € Z by periodicity. O

Definition 1.30 (Isogeny). 1. A morphism f: F — F' satisfying the equivalent conditions
of proposition is called an isogeny. We denote the set of isogenies between F and F'
by Isog(F, F').
2. An isogeny f : F — F' is called separable (respectively purely inseparable) if for all
i the induced morphism T; : o* coker f; — coker f; 11 is an isomorphism (respectively is
nilpotent, that is, 7,0 0*1;_10...0(6*)"1;_;, = 0 for some n).

Proposition [[.29] has important consequences for pure Anderson motives.

Corollary 1.31. Let f : F — F' be a morphism between abelian T-sheaves of characteristic
different from oo. Then f is an isogeny if and only if M(f) : M(F) — M(F') is an isogeny

between the associated pure Anderson motives. O

Corollary 1.32. Let f : M — M’ be an isogeny between pure Anderson motives (Defini-
tion [L0). Then

1. there exists an element a € A which annihilates coker f,
2. there exists a dual isogeny f¥ : M' — M such that fo f¥ =a-idpy and Yo f =idpy .

Proof. 1 follows from Corollary [[L.23] Theorem [[.T9, and Proposition [L.29] by noting that D is
contained in the zero locus of a suitable a € A by the Riemann-Roch theorem.
For 2 consider the diagram

0 M ! M’ coker f —— 0
AN
al P d at al (=0)
L
0 M M’ coker f ——= ().

By diagram chase, we get a morphism fY : M’ — M which is dual to f in the sense that
fYof=aand fofY=a. O
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Remark 1.33. The dual isogeny fV clearly depends on a and there rarely is a canonical choice
for a. If C = P! and A = F,[t] we obtain from the elementary divisor theorem a unique minimal
monic element a € A (which still depends on the choice of the isomorphism A = F[t], though)
that annihilates coker f. Also if f € End(M) is an isogeny of a semisimple pure Anderson
motive over a finite field we will exhibit in Theorem below a canonical a. But in general
there is no canonical choice.

Nevertheless, since A is a Dedekind domain, a power of the ideal annihilating coker f will
be principal and one may take a as a generator. This has the advantage that the support of
coker f equals V' (a) C Spec A. In particular if the characteristic point ¢ is not contained in the
support of coker f and in V(a), also f¥ will be separable. On the other hand, if f € End(M)
then f is integral over A, since End(M) is a finite A-module by Proposition 2.I8 below. Then
f generates a finite commutative A-algebra A[f]. Our discussion of the choice of a shows that
the set V(f) C Spec A[f] of zeroes of f lies above supp(coker f) C Spec A.

Lemma 1.34. Let f € Hom(F,F') and f' € Hom(F', F") be morphisms between abelian -
sheaves and let D be a divisor on C.

1. If two of f, f', and f' o f are isogenies then so is the third.

2. If f is an isogeny then also f®@ 1 € Isog(E(D),F'(D)) is an isogeny.

3. If D 1is effective then the natural inclusion F C F (D) is an isogeny.
Proof. 1 is obvious.

2. Clearly the tensored morphisms f; ® 1 : F;(D) — F/(D) remain injective and the support of
coker f; ® 1 equals the support of coker f;.

3. The inclusion £ C F(D) is a morphism because the divisor D is o-invariant. 0

In the following we want to define the degree of an isogeny which should be an ideal of A since
in the function field case we have substituted A for Z. Let f : M — M’ be an isogeny between
pure Anderson motives. Then the Ar-module coker f is a finite L-vector space equipped with a
morphism of Az-modules 7' : o* coker f — coker f. Since coker f is annihilated by an element
of A it decomposes by the Chinese remainder theorem

(coker f,7') = EB (coker f,7') @4 Ay =: EB K, .
vEsupp(coker f) vesupp(coker f)
If v # & the morphism 7" on K, is an isomorphism and so Lang’s theorem implies that
(K, ®r L*?)" ®@p, L*? >~ K, ®@f, L*P
is an isomorphism; see for instance [Anll Lemma 1.8.2]. In particular

[F, : Fy] - dimg, (K, ©7, L*?)" = dimg, (K, © L*?)7 = dimgse (K, @ L) = dimg K, .

On the other hand if the characteristic is finite and v = &, the characteristic morphism
c*: A — Lyields F. C L and determines the distinguished prime ideal

a = (a®l-—a®c*(a):aeF.)C A L.

If we set n := [F. : Fy] and a; := (6*)%ap = (a® 1 — a®c*(a)? : a € F.), then we can decompose
Acr = @iEZ/nZ A; 1/a; and 7 is an isomorphism

o* (Ka/ai—lga) - Ka/ai

for 7 # 0 since 7 is an isomorphism on M and M’ outside the graph of ¢*. (This argument will
be used again in Proposition [2Z.8) In particular

[FE . Fq] . dimL(Ke/aoﬁe) = diIIlLK€ .
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Definition 1.35. We assign to the isogeny f the ideal

deg(f) = H rv(dimL K’L})/[]FU]F(I} frd EdimL(Ks/uoﬁs) . H 'UdimJFu (KU®LLSCP)T

veEsupp(coker f) v#e

of A and call it the degree of f. We call efmL(E-/00K.) the inseparability degree of f and
Hv# pdime, (K, @LL*P)T the separability degree of f.

Remark. The separability degree of f is the Euler-Poincaré characteristic EP (@v# K, ®r
L*P)7; see Gekeler [Gekl, 3.9] or Pink-Traulsen [PT, 4.6]. Recall that the Euler-Poincaré
characteristic of a finite torsion A-module is the ideal of A defined by requiring that EP is
multiplicative in short exact sequences, and that FP(A/v) := v for any maximal ideal v of A.

Lemma 1.36. 1. If f: M — M’ and g : M’ — M" are isogenies then deg(gf) = deg(f) -

deg(g)-
2. dimg, A/ deg(f) = dimg coker f.

Proof. 1 is immediate from the short exact sequence
(0 — coker f — 9 coker(gf) —— coker g ——0

and 2 is obvious. O
Proposition 1.37. The ideal deg(f) annihilates coker f.

Proof. If v = € and «a is a uniformizer at e, then multiplication with a is nilpotent on the
L-vector space K,./apK .. In particular ad™cE:/0K:) annihilates K_/agK., and hence also

K..
—_—£ B Se T . .

If v # ¢ and a is a uniformizer at v, we obtain analogously that a4 (Kw®LL*")™ annihilates
the F,-vector space (K, ®r L*P)7 and therefore also the L-vector space K. 0

Proposition 1.38. Let f : M — M’ be an isogeny such that deg(f) = aA is principal (for
ezample this is the case if C = P! and A = F[t]). Then there is a uniquely determined dual
isogeny f¥ : M' — M satisfying fo f¥ =a-idyy and f¥o f=a-idpy .

Proof. Since deg(f) annihilates coker f the proposition is immediate. O

In Theorem we will see that any isogeny f € End(M) of a semisimple pure Anderson
motive over a finite field satisfies the assumption that deg(f) is principal.

1.6 Quasi-morphisms and quasi-isogenies

We want to establish the existence of dual isogenies also for abelian 7-sheaves. But if we follow
the proof of Corollary [L32] the problem is that multiplication with a is not an endomorphism
of an abelian 7-sheaf, since it produces poles. We remedy this by defining quasi-morphisms and
quasi-isogenies between F and F' which allow the maps to have finite sets of poles.

Definition 1.39 (Quasi-morphism and quasi-isogeny). Let F and F' be abelian T-sheaves.

1. A quasi-morphism f between F and F' is a morphism f € Hom(E,F'(D)) for some
effective divisor D on C.

2. A quasi-isogeny f between F and F' is an isogeny f € Isog(F,F' (D)) for some effective
divisor D on C.
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We call two quasi-morphisms fi € Hom(F,F'(D1)) and fo € Hom(F,F'(Ds)) equivalent
(denoted f1 ~ f2), if the diagram

£/7 >£,(D1+D2)

commutes where the two arrows on the right are the natural inclusions.

Clearly, the relation ~ defines an equivalence relation on the set of quasi-morphisms between
F and F' where the transitivity is seen from

D1+D2

/ \
f/f(Dz F/(Dy+Ds) - > F'(D1+ Do+ D3)
\

o pmenn

'(Dy+ Ds)

by canceling the dotted arrow due to injectivity. Since the divisors of quasi-morphisms are not
particularly interesting, we fade them out by forming equivalence classes of quasi-morphisms
according to this equivalence relation.

Definition 1.40. Let F and F' be abelian T-sheaves.

1. We set QHom(FE, F') to be the set of quasi-morphisms between F and F' modulo ~.

2. The equivalence class of a quasi-morphism f between F and F' modulo ~ is denoted by
[f], and we call it a quasi-morphism between F and F' as well.

3. We set Qlsog(F, F') to be the subset of QHom(FE,F') whose elements [ f] are represented
by isogenies f.

We write QEnd(F) := QHom(FE, F) and Qlsog(.F) := Qlsog(F, F).

Remark. 1. By Lemma [[L34] it holds for f; ~ f5, that f; is a quasi-isogeny if and only if f5
is a quasi-isogeny. This justifies our definition of QIsog(F,F’).

2. Proposition and Lemma [[.34] hold analogously for quasi-morphisms and quasi-
isogenies, since every quasi-morphism f € QHom(F, F') is a morphism f € Hom(F, F'(D)) for
some effective divisor D on C.

3. Every pair of quasi-morphisms [ f1],[f2] € QHom(F, F’') can be represented by mor-
phisms fi, fo € Hom(F, F'(D)) with the same divisor D on C. In particular we can form the
sum

[fil+[f2] =[f1+ f2] € QHom(F, F').

Since poles are negligible, we can extend this structure to a )-vector space by now being
able to admit multiplication by elements of Q. Let [f] € QHom(E,F') be represented by
f € Hom(FE,F' (D)) and let a € Q. Then a- f € Hom(F, F'(D+(a)s)) where (a)s denotes the
divisor of poles of a, and we define

a-[f]:=[a-f] € QHom(E ).

Moreover, Quasi-morphisms can be composed. Let F, 7' and F” be abelian 7-sheaves and let
[f] € QHom(E,F') and [f'] € QHom(E', F”) be quasi-morphisms between F, F' and F”,
which are represented by f € Hom(F, F' (D)) and f’ € Hom(F', F"(D'")), respectively. In order
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to compose f’ and f, we have to raise f’ to be a morphism from F'(D). We achieve this by
simply tensoring with ®o,,, Oc, (D). Now (f'®1)o f € Hom(E, F"(D+D’)), and we can define
the composition

[f'le[fl=[(f'®1)of] € QHom(E, F").

All these operations are well-defined which can easily be seen by diagram arguments similar to
the one we presented for the transitivity of ~. Altogether we obtain

Corollary 1.41. Let F and F' be abelian T-sheaves. With the above given structure, we have

1. the composition of quasi-isogenies is again a quasi-isogeny,
2. QHom(E, F') is a Q-vector space,
3. QEnd(F) is a Q-algebra. O

Remark. The Q-vector spaces QHom(F, F') and QEnd(F) are finite dimensional. We will prove
this in Proposition below.

As an abuse of notation, we will write f € QHom(F,F’) instead of [f] to denote the
quasi-morphism represented by f € Hom(F,F'(D)).

Remark 1.42. For every a € @Q*, the multiplication by a is a quasi-isogeny on JF. Since a
injects F; into F;((a)s) and commutes with the I7; and the 7;, it is a morphism of abelian
7-sheaves. Additionally, its cokernels are supported on (a)g, the divisor of zeroes of a.

Now we come back to the idea of defining a dual isogeny. As already mentioned, a global
definition fails because the annihilating multiplication by a is not a morphism between F; and
F!. This problem will now be solved by using quasi-morphisms and quasi-isogenies.

Let F and F' be abelian 7-sheaves and let f € QIsog(F, F’') be a quasi-isogeny represented
by an isogeny f : F — F'(D) for an effective divisor D on C. By the annihilating property of
the support, we can find a € Q* with a - coker f; = 0 for all i € Z. Now consider the following
diagram.

coker f; ——= ()

al/ /fi -7 al at (=0)

0 — ]:Z-((Aa)oo) _Ji FI(D + (a)oo) — coker f; —= 0.

As in [32] we get a morphism f;Y : F/(D) — ]:Z-((a)oo) satisfying f;¥ o fi = a and f; o
fi¥ = a. Collecting these f;" together, we obtain a dual morphism of abelian 7-sheaves fV €
Hom(F'(D), F((a)s)) which is a quasi-morphism between F’ and F.

P

Proposition 1.43. Let F and F' be abelian T-sheaves.

1. If f € Qlsog(E, F') is a quasi-isogeny then the dual f¥ € QHom(E', F) of f is a quasi-
isogeny and =1 := a1 - fV is the inverse of f in QHom(F', F).
2. Qlsog(F) is the group of units in the Q-algebra QEnd(F).

Proof. Since the f; and the multiplication by a # 0 are isomorphisms at the generic fiber the
lemma follows from proposition [[.29] O

Remark. The dual morphism fV clearly depends on the choice of a and again there is in general
no canonical choice of a.
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Definition 1.44. Let F and F' be abelian T-sheaves. We call F and F' quasi-isogenous (F =~
F'), if there exists a quasi-isogeny between F and F'.

Corollary 1.45. The relation =~ is an equivalence relation. O
Proposition 1.46. Let F and F' be abelian T-sheaves. If F ~ F', then

1. the Q-algebras QEnd(F) and QEnd(F') are isomorphic,
2. QHom(F, F') is free of rank 1 both as a left module over QEnd(F’) and as a right module
over QEnd(F). O

Next we want to give an alternative description of QHom(F, F') similar to the description
[Papl Proposition 3.4.5] in the case of “dual t-motives”.

Proposition 1.47. Let F and F' be abelian 7-sheaves of the same weight and characteristic.
Then the Q-vector space QHom(E, F') is canonically isomorphic to the space of morphisms
between the fibers at the generic point n of Cp,

{ fo777 s Fogy — ]:6777 with fO,n o HO_,717 0Ty = (H(/)m)_l o 7'6777 o 0*(f0,,7) } .
This isomorphism is compatible with composition of quasi-morphisms.

Proof. Clearly if f € QHom(F, F’) the map f — fo, is a monomorphism of Q-vector spaces.
To show that it is surjective let fo, as above be given. As in the proof of choose a
finite flat morphism ¢ : C' — IP’Ilgq with =t (oop1) = {00}, set F [t] = F(]P’Ilﬁ-q ~ {oop1 }, Op1),
and replace F and F' by ¢, F and ¢, F'. Choose L[t]-bases of M = T'(P} \ {oop: }, Fp) and
M' = T(P} ~ {oop },F}), and write IT; ' o 9 and (IT))~" o 7§ with respect to these bases as
matrices T' and 7" with coefficients in L[t]. If € # oo let 6 := ¢*(t) and set e := d and ¢’ := d'.
If e =00 set e =¢ =0 and 6 := 0 (the choice of § will not play a role in this case).

Then in both cases det T = b- (t— )¢ and det T" = ¥ - (t — 0)¢ for b,b' € L*. By considering
the adjoint matrices we find in particular that (t — )*T~! and (¢t — 6)¢ (T")~" have all their
coefficients in L[t]. Write fy, with respect to these bases as a matrix F' € My (L(t)). It
satisfies FT = T'c*F.

Consider the ideals of L¥[t] where L¥# is an algebraic closure of L

I:={heLY[t]: hF € My (L"8]])}
and I? := {o*(h) : h € I}. Note that I # (0). We claim that

hel = ({t—60)°hel’ and
hel° = (t—0)°hel.

Indeed, let h € I and set g := (*)~1((t — 6)¢'h). Then
o*(gF) = (t—0)"ho*F = (t—0)(T")"" - hFT € M, (L 2[t]).
Hence g € I and (t — 0)*h € I°. Conversely let h € I, that is, h = o*(g) for g € I. Then
(t=0)°hF = T'o"(gF) - (t—0)T™" € My, (L™[t])

proving the claim.

Since L#[t] is a principal ideal domain we find I = (k) and I? = (¢*(h)) for some h € I. In
particular (t —8)¢'h = g-o*(h) and (t — 0)°c*(h) = f - h for suitable f,g € L*8[t]. We conclude
(t —0)*T'h = fgh and since the polynomials h and ¢*(h) are non-zero and have the same
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degree, g = - (t — 0)¢ for some 3 € (L¥%)*. Choose an element v € (L?8)* with 47! = .
Then
a:=~vh =c*(vh) € F[t]

and aF € M,/,(L[t]). Thus fo, defines a morphism fy : Fo — F(Do) for Dy := (¢*a)o+mgp-00
with appropriate mg € Ng. Here (¢*a)p is the zero divisor of the element p*a € A.
Now we define inductively on C} := Cp, \ {o0}

fi=Hi_yo fiy oIl : Filey = Fi((¢*a))le; (i >0)

and analogously for ¢ < 0. To pass to the projective closure, we allow divisors D; = (¢*a)o+m;-
oo for sufficiently large m; > 0 such that f; : F; — F/(D;) for all i € Z. Since F and F' have
the same weight, we have the periodical identification if [ satisfies condition 2 of Definition
for both F and F’

Fitnl = Fi(nk - 00)
J{fﬁm lfi@l (i,n € Z).
i1 (Di) = F/(Di + nk - o)

Take m := max{mo,...,m_1} and set D := (¢*a)g +m-oco. Then f; : F; — F/(D) for all
1 € Z. Since the commutation with the I1’s and the 7’s holds by construction, the collection of
the f; is the desired quasi-morphism f € QHom(FE, F'). O

The following proposition connects the theory of quasi-morphisms of abelian 7-sheaves to
the theory of morphisms of their associated pure Anderson motives and 7-modules.

Proposition 1.48. Let F and F' be two abelian T-sheaves of the same weight and let D C C
be a finite closed subscheme as in Section [L.3

1. If o € D we have a canonical isomorphism of Q-vector spaces

QHom(F, F') = Hom(MD(F),MPN(F)) ®;Q.

P

2. If co ¢ D choose an integer | which satisfies condition 2 of (1.4 for both F and F' and
assume Fi C L. Then we have a canonical isomorphism of Q-vector spaces

QHom(F, F') = Hompa(MP)(F),MP/(F)) 2;Q

where the later is the space of all morphisms commuting with IT and A(X\) from (I3) for
all X\ € F .

By lemma [1.22 the condition on the weights can be dropped if € ¢ D or if € # oo and co € D.

Proof. Let M := M(P)(F) and M’ := MP)(F'). We exhibit a monomorphism of Q-vector
spaces from QHom(F, F') to Hom(M, M') ® ; Q in case 1 (respectively from QHom(F,F’) to
HompA(M,M')® ; Q in case 2) and another monomorphism from the target of the first to the
Q-vector space

H = { fon: Fon — Fo, with fon o U&; oToy = (H(’m)‘l 0 7. © 0" (fo) }

introduced in proposition [[.47 such that the composition of the two monomorphisms is the
isomorphism from [[.471
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Let f € QHom(F, F'). By the Riemann-Roch Theorem we can find some a € @ such that
a- f maps from F into F'(n- D) for some n > 0. Since a and f commute with the IT’s and 7’s,
we get for the first monomorphism

f - a- fole,p®at € Hom(M,M')®4Q in case 1, and
f = a(fo®...® fic1)lo,p® a”l € HomU,A(M,M,) R4 Q in case 2.

To construct the second monomorphism we treat each case separately.

1. The localization Hom(M,M') ® ; Q@ — H, g ® a — ag, at the generic point n of Cp, gives
the desired monomorphism.

2. Let (9: @M; - P M;)®a € Hompga(M,M')® ; Q. Then g corresponds to a block matrix
(9ij + Mj — M;)o<i j<i with gij - N =\ - gij for all A € F ;. Therefore, we have g;; = 0 for
i # j. We map g ® a to the localization a - (goo)y at 1. Since ITg = gII this map is injective
and our proof is complete. [l

Remark. Again note the importance of the assumption that F and F must have the same
weight, since otherwise QHom(F, F') = (0) by [LI8 whereas Hom (M P)(F), MP)(F)) could
be non-zero. Consider for example the abelian 7-sheaves on C' = ]P’]qu with C'\ {oo} = SpecF,[t]
given by Fi = Op (i - 00), 7; = t and Fl = Op1 (2i - 00), 7/ = t2, where II and II' are the
natural inclusions. They have wt(F) = 1 and wt(F') = 2. If we choose D = V(t) and z =t~ ! €
I'C\ D, OP;F(I) as uniformizing parameter at co then MP)(F) = (L[z],1) = MP)(F)).

Definition 1.49. Let M and M’ be pure Anderson motives. Then the elements of
Hom(M, M') ® 4 Q which admit an inverse in Hom(M', M) ®4 Q are called quasi-isogenies.

Corollary 1.50. Let the characteristic be different from oo. Then the functor F +— M(F)
defines an equivalence of categories between

1. the category with abelian T-sheaves as objects and with QHom(FE, F') as the set of mor-
phisms,

2. and the category with pure Anderson motives as objects and with Hom(M,M') @4 Q as
the set of morphisms.

We call these the quasi-isogeny categories of abelian T-sheaves of characteristic different from
oo and of pure Anderson motives respectively.

Proof. This is just a reformulation of Theorem and Proposition [[.48] O

1.7 Simple and semisimple abelian 7-sheaves and pure Anderson motives

In the last section of this chapter we want to draw some first conclusions in our study of the
structure of QEnd(F).

Definition 1.51. Let F be an abelian T-sheaf.

1. F is called simple, if F # 0 and F has no abelian quotient T-sheaves other than 0 and
F.

2. F is called semisimple, if F admits, up to quasi-isogeny, a decomposition into a direct
sum F~ F, @ @ F, of simple abelian T-sheaves F; (1 < j <mn).

3. F is called primitive, if its rank and its dimension are relatively prime.
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We make the same definition for a pure Anderson motive.

Remark 1.52. It is not sensible to try defining simple abelian 7-sheaves via abelian sub-7-
sheaves, since for example the shifted abelian 7-sheaf (F;_,,, II;—y, Ti—n) by n € N is always a
proper abelian sub-7-sheaf of (F;, IT;, 7;). Furthermore we have for every positive divisor D on
C' a strict inclusion F(—D) C F. This shows that abelian 7-sheaves behave dually to abelian
varieties. Namely an abelian variety is called simple if it has no non-trivial abelian subvarieties.

Proposition 1.53. Let F be an abelian T-sheaf with characteristic different from oo. Then F
is (semi-)simple if and only if the pure Anderson motive M (F) is (semi-)simple.

Proof. First let F be simple and let f : M (F) — M’ be a surjective morphism of pure Anderson
motives. By Theorem [[.T9] there is an abelian 7-sheaf F' with M’ = M (F'). By [L.4]] there is
an integer n such that f € Hom (£ S F (n- oo)) and im f is an abelian quotient 7-sheaf of F by
Hence f is injective or f = 0 proving that f : M(F) — M’ is an isomorphism or M' = 0.

Conversely let M (F) be simple and let f : £ — F' be an abelian quotient 7-sheaf of F.
Then M(f) : M(F) — M(F') is surjective. So f =0 or f is injective proving that ' =0 or f
is an isomorphism.

Clearly if F is semisimple then so is M (F). Conversely if M (F) is isogenous to a direct sum
M ®...® M, with M; simple, then we obtain from [[.T9] and [[.23] simple abelian 7-sheaves F;
of the same weight with M (F,) = M; and F ~ F, ¢ ... D F, by L0 O

Proposition 1.54. Let F be an abelian T-sheaf. If F is primitive, then F is simple.

Proof. Let z be an abelian quotient T-sheaf of . Clearly, we have 7 < r. If 7 = 0, then z =0.
Otherwise, the surjection f € Hom(F,F) is non-zero, and by [LI8 we get dr = dF. Since r
and d are relatively prime, it follows 7 = r and d=d. Therefore, considering the ranks in
0 — ker f; = F; = F; — 0, we conclude ker f; = 0 and hence f; is an isomorphism. O

Corollary 1.55. If M is a pure Anderson motive of rank r and dimension d with (r,d) =1
then M is simple. O

Proposition 1.56. Let F and F' be abelian T-sheaves of the same rank and dimension. If the
characteristic is different from oo and if F is simple, then every non-zero morphism between
F and F' is an isogeny.

Proof. Let f € Hom(F,.F') be a non-zero morphism. Since the characteristic is different from
oo, we know by [[.26] that im f is an abelian quotient 7-sheaf. As F is simple, we have F = im f
and therefore f is injective. Thus, by [L.29 f is an isogeny. O

Remark 1.57. Note that the assumption on the characteristic in the proposition and the
theorem below is essential. Namely, the abelian 7-sheaf F of Example is primitive, hence
simple, but the endomorphism f of F constructed there violates the assertions of the proposition
and the theorem below.

Theorem 1.58. Let F be an abelian T-sheaf of characteristic different from oo.

1. If F is simple, then QEnd(F) is a division algebra over Q.

2. If F is semisimple with decomposition F ~ F,®---®F, up to quasi-isogeny into simple
abelian T-sheaves F;, then QEnd(F) decomposes into a finite direct sum of full matriz
algebras over the division algebras QEnd(E;) over Q.

Remark. We will show in theorem [B.11] below that over a finite field also the converses to these
statements are true.
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Proof. 1. We saw in [[.41] that QEnd(F) is a Q-algebra. By [[L43] we can invert every quasi-
isogeny in QIsog(F). Thus, by proposition [[L56] QEnd(F) is a division algebra.

2. Let F =~ F, @ - & F, beadecomposition into simple abelian 7-sheaves F ;e By [46], we
know that QEnd(F) = QEnd(F,; & --- @ F,,), so we just have to consider the decomposition.
By proposition[[.56, we only get non-zero morphisms between J; and F,, if F; ~ F,. Hence we
can group the quasi-isogenous £ ; and decompose QEnd(F) = E1®---® E,, into their collective
endomorphism rings F, = C)End(ijy1 Q- ®£ju,uu)’ 1<v<m, > " p, =n. By[L40] every
QHom (F v L i 6), 1 <, B < py, is isomorphic to QEnd(F ju,1)' Hence we conclude that each
E, is isomorphic to a matrix algebra over QEnd(F ju,1) which completes the proof. O

For example if F is an abelian 7-sheaf associated to a Drinfeld module, then d = 1 and F
is primitive, hence simple. Also € # oo and so QEnd(F) is a division algebra. Together with
Corollary this gives another proof that the endomorphism @-algebra of a Drinfeld module
is a division algebra over Q).

2 The Associated Tate Modules and Local Shtukas
2.1 Local Shtukas

Before treating Tate modules in Section [2.21 we want to attach another local structure to abelian
T-sheaves or pure Anderson motives which is in a sense intermediate on the way to the v-adic
Tate module, namely the local (iso-)shtuka at v. It is the analog of the Dieudonné module of
the p-divisible group attached to an abelian variety. Note however one fundamental difference.
While the Dieudonné module exists only if p equals the characteristic of the base field, there
is no such restriction in our theory here. And in fact this would even allow to dispense with
Tate modules at all and only work with local (iso-)shtukas. Being not so radical here we shall
nevertheless prove the standard facts about Tate modules through the use of local (iso-)shtukas.

To give the definition we introduce the following notation. Let v € C be a place of @ and
let L O, be a field. Recall that A, ;, denotes the completion of O¢, at the closed subscheme
v X Spec L and that @, 1 = AmL[%]. Note that v x Spec L may consist of more than one point
if the intersection of L with the residue field of v is larger than F,. Then A, ;, is not an integral
domain and @, is not a field. Local (iso-)shtukas were introduced in [Hal] under the name
Dieudonné F,[z]-modules (respectively Dieudonné IF,((z))-modules). They are studied in detail
in [An2, [Kim|; see also [Ha2]. Over a field their definition takes the following form.

Definition 2.1. An (effective) local o-shtuka at v of rank r over L is a pair M = (M, )
consisting of a free A, -module M of rank r and an injective A, -module homomorphism
o*M — M.

A local o-isoshtuka at v of rank r over L is a pair N = (N ,®) consisting of a free Q. 1-
module N of rank r and an isomorphism ¢ : o*N = N of Qu,r-modules.

A morphism between two local o-shtukas (M , @) and (M ', ¢') at v is an A, 1,-homomorphism
f o M — M with f¢ = ¢'c*(f). We denote the set of morphisms from M — M’ by
Hom Av.L[4] (M , M ). The similar definition and notation applies to local isoshtukas.

Remark 2.2. Note that so far in the literature [An2, [Hall [Ha2l Kiml| Lau| it is always assumed
that A, has residue field F,, the fixed field of o on L. So in particular A, 1, is an integral domain
and @, is a field. For applications to pure Anderson motives this is not a problem since we
may reduce to this case by Propositions and [Z.8] below.
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Definition 2.3. A local shtuka ]\_ZA: (M,(;S) 1s called étale if ¢ is an isomorphism. The Tate
module of an étale local o-shtuka M at v is the G := Gal(L*P /L)-module of ¢-invariants

TU_M = (_M ®AU,L AU7LSCP)¢
The rational Tate module of M s the G-module
VU_M = TUM X4, Qv -

) It follows from [T'WI, Proposition 6.1] that T, ' M is a free A,-module of the same rank than
M and that the natural morphism

T M @4, Ay psev <5 M @4, Ay pooo

is a G- and ¢-equivariant isomorphism of A, rseo-modules, where on the left module G-acts on
both factors and ¢ is id ®c*. Since (L*P)¢ = L we obtain

Proposition 2.4. Let M and ]\_T be étale local o-shtukas at v over L. Then

1. M = (TUM ®a, AU,LSCP)G, the Galois invariants,
2. Homy, 4] (M, M) = Hom 4, (¢ (T,M,T,M"), f~ T,f is an isomorphism.

In particular the Tate module functor yields a fully faithful embedding of the category of étale
local shtukas at v over L into the category of Ay[G]-modules, which are finite free over A,. O

If the residue field F, of v is larger than F, one has to be a bit careful with local (iso-
)shtukas since the ring @, 1, is then in general not a field. Namely let #F, = ¢" and let F s :=

{a € L : 4" = a} be the “intersection” of F, with L. Choose and fix an F,-homomorphism
F,r — F, C A,. Then

Foor, L= ] Foor, L= [] Foor,L/0o1-10 beky)
Gal(F, 1 /Fq) i€Z) 7

and o” transports the i-th factor to the (i 4+ 1)-th factor. Denote by a; the ideal of A, 1 (or
Qu.1) generated by {b®@1—-1®@b% 1 b€ F,r}. Then

A= [T A®r, L= [] Avr/a
Gal(F s /Fq) i€Z)fZ

and similarly for @, r. Note that the factors in this decomposition and the ideals a; correspond
precisely to the places v; of C’]Fq ; lying above v.

Proposition 2.5. Fiz an i. The reduction modulo a; induces equivalences of categories
1. (N,¢) — (N/a;N, ¢/ moda;: (¢c*)/N/a;N — N/a;N)

between local o-isoshtukas at v over L and local o -isoshtukas at v; over L of the same
rank.

2. (M, ) —> (M/aiM, ' moda; : (6*) M /a; M — M/aZM)
between étale local o-shtukas at v over L and étale local of -shtukas at v; over L preserving

Tate modules ) ) )
T,(M,$) = T,,(M/a; M, ¢").
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Proof. Since o*a;_1 = a; the isomorphism ¢ yields for every ¢ an isomorphism ¢moda; :
0*(N/a;_1N) — N/a;N and similarly for M. These allow to reconstruct the other factors
from (N / a; N, ¢/ mod a;). More precisely we describe the quasi-inverse functor. Let N =
(N', % : (0*)f N" == N’) be a local of-isoshtuka at v; over L. Define the Q, 1 /a;s;-module
NH_j := (%)Y N' for 0 < j < f and the Qv,1./ai4;-homomorphism

(252'4_]' idNi+j: O'*Ni+j_1 = Ni+j for 0 <j < f and

o; = P U*Ni+f_1:(a*)f]\7’ ~5 N;.

The quasi-inverse functor sends N’ to the local o-isoshtuka (Do< i<t NZ-H ; Do< i<t Gitj) at v
over L. Reducing the latter modulo a; clearly gives back N’. Also note that this quasi-inverse
functor sends a morphism £’ of local o/-isoshtukas at v; to the morphism h := @y, f(a*)j (h')
of the corresponding o-isoshtukas at v.

It remains to show that this functor is indeed quasi-inverse to the reduction modulo a;
functor. For this we need that ¢ moda;;; is an isomorphism for all 0 < j7 < f. Namely the
required isomorphism

(@ (0" (N /a;N), (¢/ mod o)) €D id) o~y (@ N/ai;N, B ¢moda,-+j> = (N, 9)

0<y<f 0<y<f 0<y<f 0<y<f

is given by @OS < fqu mod a;y; and one easily checks that this is a natural transformation.
Note that the entry for j = 0 is id g il So we do not need that ¢ mod a; is an isomorphism.
Also if ¢ mod a; is not an isomorphism then ¢/ mod a;,; is still an isomorphism for I = j, but
not for 0 < [ < j which is harmless. This will be crucial in the variant which we prove in
Proposition 2.8 below.

For étale local shtukas we can use the same argument because there again all Frobenius
maps are isomorphism. Finally, the isomorphism between the Tate modules follows from the
observation that an element (z;);ecz/ sz is ¢-invariant if and only if z;11 = ¢(0*x;) for all j and

Remark. The advantage of the (étale) local o7-(iso-)shtuka at v; is that it is a free module
over Ay, r/a; = AU@)Fq ;L, and the later ring is an integral domain. So the results from [An2|
Hall, [Ha2| [Kim| [Lau| apply.

Now let F be an abelian 7-sheaf and v € C' an arbitrary place of ). We define the local
o-isoshtuka of F at v as

Nu(E) = (Fo oo, Qur, Mgt om) .
If v # 0o we define the local o-shtuka of F at v as
My (F) = (]:0 ®0¢, Avr, Iyt o To) .

Likewise if M is a pure Anderson motive over L and v € Spec A we define the local - (iso-)shtuka
of M at v as

My(M) == M ®a, Ay respectively  No(M) = M ®a, Qu,rL-

These local (iso-)shtukas all have rank r. The local shtukas are étale if v # ¢. For v = oo we
also define N (M) in the same way. Note that N (F) and No(M) do not contain a local
o-shtuka since they are isoclinic of slope — wt(F) < 0.
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However, if v = oco the periodicity condition allows to define a different local (iso-)shtuka
at oo which is of slope > 0. Namely, choose a finite closed subscheme D C C as in Section L3l
with oo ¢ D and set A =T(C ~\ D,O¢). We define the big local o-shtuka of F at co as

-1
Moo(E) = MPNE) @ g, 1 Ao = D Fi @00, Aut
=0

with 7 from (L2)), and the big local o-isoshtuka of F at oo as

_Noo(£) = M~oo(£) ®Aoo,L Qoo,L-

Both have rank rl and depend on the choice of k,l and z. If the characteristic is different from
oo then M oo (F) is étale. Note that M s (F) and N oo(F) were used in [Hal] to construct the
uniformization at oo of the moduli spaces of abelian 7-sheaves.

The big local (iso-)shtukas at co, Moo (F) and Noo(F) are always equipped with the auto-
morphisms /T and A()) for A € Fy N L from (L3)). We let A, be “the” central division algebra

over (0o of rank [ with Hasse invariant —%, or explicitly
Aoo 1= Fu((z)[ 1]/ (IT" — 2%, Xz — 2X, ITXY — \IT for all A\ € F ) . (2.4)

If Ekl( C) L we identify A with a subalgebra of Endg__ , (4] (_N oo(E )) by mapping A € F; C A
to A(N).

Theorem 2.6. Let F and F' be abelian 7-sheaves of the same weight over a finite field L and
let v be an arbitrary place of Q.

1. Then there is a canonical isomorphism of Q,-vector spaces
QHom(E, F') ®q Qv == Homg, , (4] (No(E), No(E)) -

2. If v = 0o choose an | which satisfies[1.9/2 for both F and F' and assume Fp C L. Then
there is a canonical isomorphism of Qs -vector spaces

QHom(E, Z') ©q Qoo == Homp_ g, 14 (Noo (L), Noo(E)) -
Proof. 1. Since in the notation of proposition [[.Z7] the condition
fon© HO_,717 o To — (Hé’n)_l o Tém oo (fo,) = 0 (2.5)
is Q-linear in fo, we see that the left hand side of the asserted isomorphy is

{ fon s Fon ®q Qv — .7-"6777 ®q Qv fo, satisfies ([2.0]) } .
Since L/F, is finite, Q, ®F, L = Qo1 and Fo, ®¢g Qy equals N,(F), and 1 is proved.
2. Consider the isomorphism

Hom (MPN(F), MPHF)) ©4 Qo = Homg__ 15 (Noo(F), Noo(F))

whose existence is proved as in 1. Now 2 follows by applying [[48] and noting that the commu-
tation with IT and A(\) cuts out linear subspaces on both sides which become isomorphic. [

Theorem 2.7. Let M and M’ be pure Anderson motives over a finite field L and let v € Spec A
be an arbitrary mazximal ideal. Then

Hom (M, M") @4 Ay == Hom g, 1)(M (M), My (M")).
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Proof. The argument of the previous theorem also works here since A, is flat over A. O

Remark. If one restricts to places v # e, where the local o-shtuka is étale, Theorems 2.0
and [Z7 even hold for finitely generated fields. This was shown by Tamagawa [Taml|; see also
Corollary 2.21] below.

Let now the characteristic be finite and v = ¢ be the characteristic point. Consider an abelian
7-sheaf F of characteristic ¢, its local o-shtuka M. (F) = (M, ¢) at € and the decomposition of
the later described before proposition

M(F)= [] M(F)/aiM.(E).
i€Z/fZ

From the morphism ¢ : Spec L — SpecF. C C' we obtain a canonical F,-homomorphism c* :
F. — L, f = [F. : F,] and a distinguished place vy of Cr. above v = ¢, namely the image of
¢ x c:SpecL — C x F.. Then coker ¢ on M_(F) is annihilated by a power of ay and therefore
¢ has no cokernel on M (F)/a; M (F) for i # 0 and the proof of proposition yields

Proposition 2.8. The reduction modulo ag
M.(F) — (M(F)/a0M(F), ¢')

induces an equivalence of categories between the category of local o-shtukas at € associated with
abelian T-sheaves of characteristic ¢ and the category of local o7 -shtukas at vy associated with
abelian T-sheaves of characteristic c. The same is true for pure Anderson motives. O

Remark.  Now the fixed field of o/ on L equals F., the residue field of A.. Also
M. (F)/apM:(F) is a module over the integral domain AE@X\)FEL. So again [An2, Hall, [Ha2l
Kiml, Lau| apply to (M.(F)/aoM<(F),$7).

Proposition 2.9. Let M be a pure Anderson motive over L and let M’E be a local of -subshtuka
of Mc(M)/agM (M) of the same rank. Then there is a pure Anderson motive M’ and an
isogeny f : M' — M with Ma(f)(Mg(M’)/aoMa(M’)) = M!. The same is true for abelian
T-sheaves.

Proof. Extend M’ to the local o-subshtuka Dicz/sz (JSZ((O'*)ZMIE) of M.(M) and consider

K :=M(M)/ @ ¢((c*)M).

i€Z)f7.

The induced morphism ¢g : 0*K — K has its kernel and cokernel supported on the graph of
c. Set M' = (M',7') := (ker(M — K),7|pr). Then M’ is a pure Anderson motive with the
required properties by Proposition O

There is a corresponding result at the places v # € which is stated in Proposition 2.22

Theorem 2.10. For pure Anderson motives over a finite field, being isogenous via a separable
1sogeny is an equivalence relation.

Proof. (cf. [Watl, Theorem 5.2]) Since the composition of separable isogenies is again separable
we only need to prove symmetry. So let f: M’ — M be a separable isogeny. If the support of
coker f does not meet € we can find a dual isogeny which is separable by Remark [[L33 In general
we write coker f = K°@® K_ with Spec(Ar/eAr) Nsupp K° = () and supp K, C Spec(Ar/eAL).
We factor f as M’ — M" — M with M" := ker(M —» coker f —» K_) according to Propo-
sition By the above we may replace M’ by M"” and are reduced to the case where
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supp(coker f) C Spec(Ar/eAr). There is a power of € which is principal €™ = aA for a € A such
that a annihilates coker f. Since our base field is perfect, Lemma [L 7 yields a decomposition

M/aM = (M/aM)®" & (M /aM)™ .

We let M" := ker (M —» (M JaM )ét) and consider the factorization of a - id;

M— M ML p
obtained from the natural surjection (M /aM)® — coker f. Clearly coker h equals the kernel
ker (M /aM)®" —» coker f) and h is separable.

Consider the local o-shtuka M (M) at e and the associated local o/-shtuka M., (M) :=
M.(M)/apM (M) from Proposition 28 By [Lau, Proposition 2.4.6] the later decomposes
My, (M) = My, (M) & M, (M) into an étale part M, (M) on which ¢f is an iso-
morphism and a nilpotent part M, (M )nil on which o/ is topologically nilpotent. Via 2.8
we obtain the induced decomposition M.(M) = M. (M)* @& M.(M)™ in which again ¢
is an isomorphism on M (M )ét and topologically nilpotent on M. (M )nﬂ. By construction
(M /aM) = M.(M)/M.(M") and M.(M") = a - M.(M)® & M_(M)".. The later is isomor-
phic to M.(M) as A.,1[¢]-module, so Homy_, (¢ (]\_45(]\_4) , ]\_48(]\_4”)) contains an isomorphism.
Since the set of isomorphisms is open we find by Theorem [2.7] an isogeny g : M — M" with
M_.(g) an isomorphism (here we use the assumption that the base field is finite). In particular
g is separable and ho g : M — M’ is the desired separable isogeny. O

Example 2.11. We give an example showing that the preceding theorem is false over infinite
fields. This parallels the situation for abelian varieties. Let C' = ]P’lq, A=T,[t], and L = Fy(v)
where v is transcendental over F,. Set

t4+1 —~4 — ~l=a q_
T = + 7 and T = trl=ny e
v 7 t—1 yat t
and consider the pure Anderson motives M = (L[t]>,7 = T) and M’ = (L[t}*,7" = T') of
characteristic ¢* : A — L,t+ 0. There is a separable isogeny f : M’ — M given by

o)

M (L,7=(1—~'9)) = coker f

(;) —=  (z—7yy)modt

We claim that End(M') = A = F,[t]. From this it will follow that there is no separable isogeny
g: M — M'. Indeed, assume there exists a separable g. Then gf € End(M’) = A is also
separable. But gf is not an isomorphism on M’/tM’ since already f is not injective modulo t.
Therefore gf is divisible by ¢, which is not separable. This contradicts the separability of g f.
It remains to prove the claim End(M’) = Fy[t]. Let Y .vq (CC”Z Zi_) t € End(M’). The

commutation with 7/ yields the equations

aic1+ (1 =y Da; +y7 i1 = al [+ (1 —y"Da? + (47 —5)ed,
(" = ai+bicy = b+ (1= TN + (47 = )
cic1+ (1 =7"De;+v7%dim1 = y %l +cl
(Y =v)ci+dicy = 7_q53_1 + d?_l .

ag O
0 ao

assume that ag = 0 and hence by = —ydyp. When ¢ = 1 we multiply the first equation by ¢ and
subtract the second to obtain

b = (y7 - 7)(a1 +ve1 —y by — dl)q.

For 7 = 0 one obtains ¢y = 0 and ag € F,;. By subtracting the endomorphism ( ) we may
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Since v9 — vy is not a g-th power in L we must have by = dg = 0 and iterating this argument
proves the claim. [l

2.2 The Tate Conjecture for pure Anderson motives and Abelian 7-Sheaves

In this section we define Tate modules for pure Anderson motives and abelian 7-sheaves and we
prove the standard facts on the finiteness of the A-module Hom(M, M') and its relation with
Tate modules by using local (iso-)shtukas. We also state the analog of the Tate conjecture for
abelian varieties, which was proved by Taguchi [Tag] and Tamagawa [Taml].

Definition 2.12. Let M be a T-module on A over L (DefinitionI.20) and let v € Spec A such
that the support of coker T does not meet v. We set

T,M = lm ((M/o"M) @ L»7T  and VoM = T,M ®a, Qu,
neN

where the superscript (...)T denotes the T-invariants. We call T,M (respectively V,M) the
(rational) v-adic Tate module of M. This definition applies in particular if M is a pure Anderson
motive.

Remark. Our functor T, is covariant. In the literature usually the A,-dual of our T;,,M is called
the v-adic Tate module of M. With that convention the Tate module functor is contravariant on
7-modules but covariant on Drinfeld modules and Anderson’s abelian t-modules [Anl] (which
both give rise to 7-modules). Similarly the classical Tate module functor on abelian varieties is
covariant. We chose our non standard convention here solely to avoid perpetual dualizations.
This agrees also with the remark that abelian 7-sheaves behave dually to abelian varieties;
see

Next we make similar definitions for abelian 7-sheaves.
Definition 2.13. Let F be an abelian T-sheaf and let v € C be a place different from the

characteristic point €. We choose a finite closed subset D C C' as in section[I.3 with v ¢ D and
o0 € D if v# 00 and set

T,F = T,MPNF)  and  V,F = V,MP)(F).

We call T, F (respectively V, F) the (rational) v-adic Tate module associated to F. It is inde-
pendent of the particular choice of D, but if v = oo it depends on k,l and z; see page [I2

By [TW, Proposition 6.1], T, F (and V,F) are free A,-modules (respectively Q,-vector
spaces) of rank r for v # oo and rl for v = oo, which carry a continuous G = Gal(L*P/L)-
action.

Also the Tate modules T F and V. F are always equipped with the automorphisms /I and
A(A) for A € Fu N L from ([L3). And if Fy C L we identify the algebra Ay, from (2.4) with a
subalgebra of Endg,, (Voo F) by mapping A € Fi C Ay to A(N).

The following is evident from the definitions.

Proposition 2.14. If F is an abelian T-sheaf over L, respectively M a pure Anderson motive
over L and v € C (respectively v € Spec A) is a place of Q different from the characteristic
point €, then

va = TU(M’U(£)) and sz = V’U(M’U(£)) fOT’ v 7& o,

TooF = Too(Moo(F))  and  VaeF = Vo(Moo(F)),
respectively T,M = T,(M,(M)) and VoM =V,(M,(M)). O
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In order to prove the finiteness of Hom(M, M’) we first need the following facts.

Proposition 2.15. Let F and F' be abelian T-sheaves over an arbitrary field L and let v be a
place of @ different from €.

1. If v # oo then the natural map is injective
QHom(F, F') ®q Qv — Homg,(¢)(Vo.F, Vo F') .
2. If v = oo then the natural map is injective
QHom(E, F') ®q Qoo — Homg_11,a,¢1(VaoE, Veo E') -
In particular QHom(FE, F') is a Q-vector space of dimension < rr’.
Proof. 1. Consider the morphisms
QHom(F, F') ®q Qv — Homg, (Fo,, Fo,) @@, (Qu ®r, L) — Homg, ; (Ny(F), No(E)) -

obtained from [[.47] and the definition of N,(F). Clearly the composition factors through
Homyg,, , (4] (Nu(F),No(F')). Since in both cases M,(F) and M,(F’) are étale local shtukas,
the isomorphy of the later Q,-vector space with the one stated in the proposition follows by
tensoring 2.4] with ®4, Q..

2. We adapt the argument from 1 by replacing N, and @, 1, by _]v oo and Qoo 1,[11,A] and the
assertion follows as above. O

The following fact is well known and proved for instance in [Tael, Proposition 1.2.4] even
without the purity assumption. Nevertheless, we include a proof for the sake of completeness
and to illustrate the use of the oo-adic Tate module Vi F arising from the big local shtuka
M oo (F).

Theorem 2.16. Let M and M’ be pure Anderson motives over an arbitrary field L. Then
Hom (M, M) is a projective A-module of rank < rr’.

Proof. Since M’ is a locally free Ap-module, H := Hom(M,M’) is a torsion free, hence flat
A-module, because all local rings of A are principal ideal domains. We prove that H is finitely
generated by showing that H is a discrete submodule of a finite dimensional )-vector space.
Let F and F' be abelian 7-sheaves with M = M (F) and M’ = M(F’). Then Corollary
and Proposition yield inclusions

H“— H®sQ = QHom(E,F) “— Homg_ (VeoF, Voo E)

The later (Qo-vector space is finite dimensional and we claim that H is a discrete A-
lattice. Indeed choose @ ®p, L-bases m = (my,...,my) of @é;é Fin with m; € M and
m' = (m},...,m,,) of @2/:_01 Fi, such that @2:01 M C @;l:lll Apm’;. With respect to these
bases every element of H corresponds to a matrix in M,/yy,.(Ar). Now choose Qoo-bases n of
VooF and n/ of Voo F' and denote the base change matrix from m to n by B € GL.j(Qoo Lsep),
and the base change matrix from m’ to n’ by B’ € GL,//(Qoo,rser). Then H is contained in

Mr’l’xrl(Qoo) N B/ . Mr’l’xrl(AL) . B_l

which is discrete in My ,1(Qoo). This proves that H is a projective A-module. The estimate
on the rank of H follows from [I.50] and 2.15] O
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Corollary 2.17. The minimal polynomial of every endomorphism of a pure Anderson motive
M lies in Alz]. O

Proposition 2.18. Let M and M’ be pure Anderson motives over an arbitrary field L and let
v € Spec A be a maximal ideal different from €. Then the natural map

Hom(M, M') ®4 Ay — Hom g, (¢)(ToM, T,M’)
is injective with torsion free cokernel.

Proof. Consider the morphisms
Hom(M,M') @4 A, & Homa, (M, M") ®a4, (A, ®r, L) < Hompy, (M, M) @4, AvL

which are injective because A, is flat over A, respectively because Homy, (M, M') is flat over
Ar. Again the composite morphism factors through

Homy, g1 (Mo(M),M,(M")) = Homy, (T, M, T,M")

(use 24]). To prove that the cokernel is torsion free let f, be an element of the cokernel which
is torsion. Since a power of v is principal we may assume that g, = af, € Hom(M, M') ®4 A,
for an a € A with (a) = v™ for some m € N. Fix a positive integer n. There exists a
g € Hom(M, M'") with g = g, modv™ ™. In particular a divides g in Hom g, () (To M, T, M").
Since G

(@M Ja- T.M) @4y Apen /(@) = M fald’

(compare [24]) we see that g maps M into aM’. Thus g factors, g = af with f € Hom(M, M’)
and f = f, modv™. As n was arbitrary and Hom (M, M’) is a finitely generated A-module the
proposition follows. O

If L is finitely generated, Proposition 2.I8] was strengthened by Taguchi [Tag] and Tama-
gawa [Tam| §2] to the following analog of the Tate conjecture for abelian varieties.

Theorem 2.19 (Tate conjecture for 7-modules). Let M and M’ be two T-modules on A over
a finitely generated field L and let G := Gal(L*P/L). Let v € Spec A such that the support of
coker 7/ does not meet v. For instance M and M’ could be pure Anderson motives, A = A, and
v # . Then the Tate conjecture holds:

Hom(M,M') ® ; Ay, = Homy,¢(ToM,T,M"). O

Remark. Note one interesting consequence of this result. If M and M’ are pure Anderson
motives of different weights over a finitely generated field then Hom 4, (To M, T, M') = (0).

Theorem 2.20 (Tate conjecture for abelian 7-sheaves). Let F and F' be abelian T-sheaves over
a finitely generated field L and let G := Gal(L*P/L). Let v € C be a place different from the
characteristic point €.

1. If v # oo assume the characteristic € is different from oo or wt(F) = wt(E'). Then
QHom(F, f) ®Q Qv = HomQU[G](szy Vv£/) .

2. If v = oo choose an integer | which satisfies condition 2 of [1.4 for both F and F' and
assume Fo C L. Then

QHom(E, F) ®g Qo = HomAw[G}(Voo£, Voo lE') .
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Proof. 1. Set M := M(F) and M’ := M(F'). By [.48 and 219 we have
QHom(F, F') ®q Qv = Hom(M,M") ®4 Q, = Homg,[q)(VoM,V,M').

2. Let D C C be a finite closed subscheme as in Section [[3] with €,00 ¢ D and set M :=
MP)(F) and M' := MP)(F'). By [L28 and ZI9, we have

QHom(F, F') ®q Qoo = Homp A (M, M') @ Qoo = Homp g)(Vee M, Vo M) .

Here the last isomorphism comes from the fact that the commutation with I7 and A(X) are
linear conditions on Hom(M, M') and Hom(M, M') ® ; Qo = Homg_g)(VeeM, Voo M') thus
cutting out isomorphic subspaces. O

As a direct consequence of the theorem together with Proposition 2.4] we obtain:

Corollary 2.21. 1. Let M and M’ be pure Anderson motives over a finitely generated field
and let v € Spec A be a mazimal ideal different from the characteristic point €, then

Hom(M,M') ®4 A, = Homy, 16 (My(M), M, (M")) .

2. Let F and F' be abelian 7-sheaves over a finitely generated field L and let v be a place of
Q different from € and co. If € = oo assume wt(F) = wt(E'). Then

QHom(Z, F') @ Qu = Homg, ,15(No(F), No(F)). O

Finally we establish the relation between Tate modules and isogenies.

Proposition 2.22. 1. Let f: M' — M be an isogeny between pure Anderson motives then
T, f(TyM') is a G-stable lattice in V,M contained in T, M.
2. Conversely if M is a pure Anderson motive and A, is a G-stable lattice in V, M contained
in T,M, then there exists a pure Anderson motive M' and a separable isogeny f : M' — M
with Ty f (T,M') = A,.

Proof. 1 follows from the G-invariance of f.
2. Consider the A, s [G, ¢]-module A, @4, Ay rser. The action of ¢ through o* on the right
factor and of G through both factors commute. This module is a submodule of

TvM ®AU Av,LSCP = M’U(M) ®AU,L Av,LSCP

(see Proposition 2.4]), and contains a - M, (M) ® Ayp Av pser for a suitable a € A. Therefore
the G-invariants (A, ®4, Ay zse0 )¢ form an étale local o-subshtuka M’ of M, (M) of the same
rank. Now by Proposition [[.6] the kernel of the surjection M —» M, (M)/ M’ is a pure Anderson
motive M’ together with a separable isogeny f : M’ — M. Clearly M, f(M,M') = M’ and
va(TvM,) =A,. O

Proposition 2.23. Let F' be an abelian quotient T-sheaf of F. Then V,F is a G-quotient
space of V,JF. The same holds if M’ is a quotient motive of a pure Anderson motive M.

Proof. Let f € Hom(F, F') be surjective and let M and M’ be the (big, if v = 00) local o-shtuka
of F, respectively F', at v. Then the induced morphism M ,(f) € Hom(M M’ ) is surjective
and M" := ker M »(f) is also a local o-shtuka at v. We get an exact sequence of local o-shtukas
which we tensor with A, rser yielding

~ ~ M, ~
0 —— M"®a,, Ayper —— M@, Appser 5 N @4, Ay psw —— 0,
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The Tate module functor is left exact, because considering the morphism of A, rser-modules
1—7: M®a,, Aprer — M ®a,, Ay oo

we have by definition T,M = ker(1 — 7), and the desired left exactness follows from the snake
lemma. After tensoring with ®4, Q, we get

0 —— VoM" —— Vo 255 v

Counting the dimensions of these Q,-vector spaces, we finally also get right exactness, as desired.
O

2.3 The Frobenius Endomorphism

Suppose that the characteristic is finite, that is, the characteristic point € is a closed point of
C with finite residue field F., and the map ¢ : SpecL — C factors through the finite field
€ = SpecF..

Definition 2.24 (s-Frobenius on abelian 7-sheaves). Let F be an abelian T-sheaf with finite
characteristic point € = SpecF. and let s = ¢° be a power of the cardinality of F.. We define
the s-Frobenius on F by

T = (m): (6")°F — Fle], 7 = Tite_10---0 (") i1 (6%)°F; = Fite -

Clearly  is an isogeny. Observe that F. C Fy implies that (0*)°F has the same characteristic
as F.

Similarly if € € Spec A is a closed point we define

Definition 2.25 (s-Frobenius on pure Anderson motives). Let M be a pure Anderson motive
with finite characteristic point € = SpecF. and let s = ¢° be a power of the cardinality of F..
We define the s-Frobenius isogeny on M by

T = rT1o0...0(a") r: (%)M — M.

Remark 2.26. Classically for (abelian) varieties X over a field K of characteristic p one
defines the Frobenius morphism X — ¢*X where ¢ is the p-Frobenius on K. There p equals
the cardinality of the “characteristic field” im(Z — K) = F,. In view of the dual behavior of
abelian 7-sheaves and pure Anderson motives our definition is a perfect analog since here we
consider the s-Frobenius for s being the cardinality of (a power of) the “characteristic field”
im(c*: A— L) =F..

Now we suppose L = F to be a finite field with s = ¢° (e € N). Let Fy denote a fixed
algebraic closure of Fs and set G = Gal(Fs/F,). It is topologically generated by Frob, : x + x°.
The following results for the Frobenius endomorphism of 7-modules can be found in Taguchi
and Wan [TW], §6].

Definition 2.27. Let Spec A C C be an affine open subscheme and let M be a 7-module on A
over Fs. Since 0¢ = idc;_, we define the s-Frobenius on M by

T o= 7° = 7-00*7-0---0(0’*)6_17': (6")°M =M — M.
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Proposition 2.28. Let M be a 7-module on A over Fy of rank r and let v € Spec A such that
the support of coker T does not meet v. For example M can be a pure Anderson motive, A = A,
and v # €.

1. The generator Froby of G acts on T,M like (T,7)*.
2. Let ¥ : A,[G| — Endy, (T, M) denote the continuous morphism of A,-modules which is
induced by the action of G on T,M. Then im ¥ = A, [T, ].

Proof. 1 was proved in [TW], Ch. 6] and 2 follows from the continuity of V. O

Remark. The inversion of T, in the first statement results from the dual definition of our Tate
module.

Proposition 2.29. Let F be an abelian T-sheaf over L = Fg with s = ¢¢ and let © be its s-
Frobenius. Then (0*)¢F = F. Let v € C be a place different from oo and from the characteristic
point €.

1. The s-Frobenius w can be considered as a quasi-isogeny of F.

2. The generator Frobs of G acts on T,.F like (T,m)~ 1.

3. The image of the continuous morphism of Qy-vector spaces Q,[G] — Endg, (V,F) is
Qv[‘/vﬂ']-

4. MDP)(1) coincides with the s-Frobenius on MP)(F) from definition [2.27,

Proof. 1. Due to the periodicity condition, we have F[e] C F(nk - 00) for a sufficiently large
n € N, since Fire C Fiyn = Fi(nk-o0) for e < nl. Thus 7 € Hom(F, F(nk-0)), and therefore
m € QEnd(F). By [[29] we have 7 € QIsog(F).

4. This follows from the definition of 7 and the commutation of the II’s and the 7’s and then
2 and 3 follow from O

3 Applications to Pure Anderson Motives over Finite Fields

3.1 The Poincaré-Weil Theorem

In this section we study the analog for pure Anderson motives and abelian 7-sheaves of the
Poincaré-Weil theorem. Originally, this theorem states that every abelian variety is semisimple,
that is, isogenous to a product of simple abelian varieties, see |[Lanl, Corollary of Theorem I1.1/6].
Unfortunately, we cannot expect a full analog of this statement for abelian 7-sheaves or pure
Anderson motives as our next example illustrates. On the positive side we show that every
abelian 7-sheaf or pure Anderson motive over a finite field becomes semisimple after a finite
base field extension.

Example 3.1. Let C' = ]P’lq, C ~ {00} = SpecF,[t] and ¢ := ¢*(1/t) € F,*. We construct an
abelian 7-sheaf F over L = F, with » = d = 2 which is not semisimple. Let

s=(19)+(:)

with o, 8,7, € Fy. To obtain characteristic ¢ we need det A = (1 — (t)?, and thus we require
the conditions @ +§ = —2¢ and ad — By = (2. We set F; := O¢, (i - 00)®2, we let II; be
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the natural inclusion, and we let 7; := A. Then F is an abelian 7-sheaf with » = d = 2 and
k =1=1. The associated pure Anderson motive is M = (L[t]®?, A).

We see that F is not simple. If A = (1 o lfa) then F is semisimple as a direct sum of two
simple abelian 7-sheaves. Otherwise, if A # (1 P ) which is the case for example if 8 # 0,

1-Ct
consider .

A . B 0\ «( B 0\ _ [1-Ct ¢t

A= <5+c 1) Ao (6+C 1> - ( 0 1—Ct)
and the abelian 7-sheaf with F; = Oc, (i - 00)®? and 7; = A which is isomorphic to F. There
is an exact sequence

F' 0
T'=1-(t T T =1-(t

with o : 1+ ((1)) and v : (Z) — y where ' = F" is the abelian 7-sheaf with F] = O¢, (i - o)
and 7/ =1 —(t. If z were semisimple, then there would be a quasi-morphism w : F’ — z

with ¢ ow = idzr, hence w : y — (T) -y for some e € Fy(t). Thus, a necessary condition for
the semisimplicity of F is

(1=¢t-o @) (5) = ("5 L) (7)ot )
which is equivalent to the condition

ooyt
e—o"(e) = Tt

But this cannot be true since e—o*(e) = 0, thus F is not semisimple. However, this last formula

is satisfied if e = A - 1—L§t for A € Fye with A9 — X\ = —1. That means that after field extension

Fy(A) /F, we get F = F 92 and we have QEnd(F) = M2(QEnd(E')) = M2(Q). Note that this

phenomenon generally appears, and we will state and prove it in Theorem

From now on we fix a place v € Spec A which is different from the characteristic point € of
c. For a morphism f € QHom(F, F’) between two abelian T-sheaves F and F’ we denote its
image V, f € Hova[G](sz , Vo) just by f,. If F is defined over Fy this applies in particular
to the s-Frobenius endomorphism 7 of F (Definition 2.24]).

Let F be an abelian 7-sheaf over the finite field L = F,. We set

E:=QEnd(F)>n E, = Endg,[q)(Vo.E) 3 m

F:=Q[r|CE Fy :=im(Qy[G] — Endg, (Vo)) C By &8

with Q,[G] — Endg, (V,.F) induced by the action of G on V, F. Clearly, we have F' C E and
F, C E, by Proposition 2:29/3. By 215 we know that dimg E < co. Thus 7 is algebraic over
Q. We denote its minimal polynomial by . € Q[z], and the characteristic polynomial of the
endomorphism 7, of V, F by x, € Q,[x]. If € # co Corollary 217 shows that 7 is integral over
A, ur € Alx]. The zeroes of 7 in Spec A[r] all lie above & because 7 is an isomorphism locally
at all v # ¢; compare with Remark [[.33]

Due to the Tate conjecture, our situation can be represented by the following diagram where
we want to fit the missing bottom right arrow with an isomorphism.

E—)E@QQUN—>EU

]

F—>F®QQUS*>F1}-
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Lemma 3.2. The natural morphism between F' ®q @, and F, is an isomorphism.

Proof. Consider the isomorphism v : E ®q Q, = E, C Endg,(V,F) and set ¢ := ¥|rg,q,-
Then ¢ is injective and maps into F,. Since imp = Q,[m,], the surjectivity follows from
Proposition [2.29] [l

To evaluate the dimension of E we need the following notation.

Definition 3.3. Let K be a field. Let f,g € K[x] be two polynomials and let

f=11 ™, g=1] u

neK[x] neK|[x
irred. irred.

be their respective factorizations in powers of irreducible polynomials. Then we define the integer

ric(fo9) = [ m(u)-n(p) degp .

peK|[x]
irred.

Remark. In contrast to characteristic zero, we have for char(K') # 0 in general different values
of the integer rx for different ground fields K. Namely, if K C L then rg(f,g) < rp(f,g) with
equality if and only if all irreducible y € K[z] which are contained both in f and in g have
no multiple factors in L[z ]. This is satisfied for example if the greatest common divisor of f
and g has only separable irreducible factors, or if L is separable over K. See below for an
example where 7k (f,9) < rr(f,9).

Before we discuss semisimplicity criteria in B.8 — B0, let us compute the dimension of
QHom(F, F').

Lemma 3.4. Let v be a place of Q different from ¢ and oo. Let F and F' be abelian T-sheaves
over Fs and assume that 7, and 7, are semisimple. Factor their characteristic polynomials

Xo = M1t uloand X, = ,uanl S u?;’ with distinct monic irreducible polynomials
Wiyeeesfin € Qu[x] and m;,m} € Ny. Then

1. Homg, () (Vo.E, Vo.F') = @ m wm; (Qulz]/ (1)) as Qu-vector spaces,

2. Endg,(q)(Vo.F) @Mml Qulz ,ul)) as Qy-algebras, and
3. dimg, HomQU[G](V £,V£) = rQ, (Xv, X}) -

Proof. Clearly 2 and 3 are consequences of 1 which we now prove. Since 7, and 7 are semi-
simple, we have the following decomposition of Q,[G]-modules

VoE = @ (@Qulz)/(w)®™,  VoE = @ (Qulx]/(:)*™
i=1 =1
where Q,[z]/(u;) =: K; are fields. Obviously, we only have non-zero @Q,[G]-morphisms K; —
K; if i = j, since otherwise p;(m) # 0 in K. Since m, operates on Ki@m" as multiplication by
the scalar x, the lemma follows. O

Theorem 3.5. Let F and F' be abelian T-sheaves of the same weight over Fy and assume that
the endomorphisms m, and ), of Vo.F and V,F' are semisimple at a place v # &,00 of Q. Let
Xv and X\, be their characteristic polynomials. Then

dimg QHom(E, F) = TQU(XmX;)'
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Proof. This follows from the lemma and the Tate conjecture, Theorem [2.20] O

Corollary 3.6. Let F be an abelian T-sheaf of rank r over Fs with Frobenius endomorphism
m and let py be the minimal polynomial of w. Assume that F = Q[x]/(pr) is a field and set
h:=[F:Q]=degur. Then

1. h|r and dimg QEnd(F) = % and dimp QEnd(F) = ;—2
2. For any place v of Q different from € and oo we have QEnd(F) ®q Qv = M, /(F ®@¢q Qu)
and X, = (,uw)”/h independent of v.

Proof. Since F' is a field, m, is semisimple by B.8 below. So general facts of linear algebra
imply that ur = p1 - ... puy, with pairwise different irreducible monic polynomials p; € Q,[z]
and x, = pi"™ - ...opm with m; > 1. We set K; = Qy[x]/(pi) and use the notation from
(B6). By Lemma [3.4] the semisimple Q,-algebra E, decomposes E, = @' | E; into the simple
constituents E; = M,,,(K;). By [Bou, Théoreme 5.3/1 and Proposition 5.4/12], E; = E, - ¢;
where e; are the central idempotents with K; = F,,-e;. Thus there are epimorphisms of K;-vector
spaces
QEnd(£) RF Ki = F, RF, Ki —» F;.

This shows that mf < dimg E. So by Lemma 3.4
n

[F:Q] -dimp E = dimg, E, = Zm? degpu; <
i=1

< dimFE-Zdeg,ui = dimp F-degpu, = [F:Q] -dimpFE.
i=1

Therefore m? = dimp E for all i. Since r = degx, = >, m;degu; = /dimp E - [F : Q]. We
find r = m;h and dimp F = Z—z, proving 1. For 2 we use that

E, = @Mr/h(Qv[x]/(ﬂi)) = Mr/h(@Qv[x]/(Mi)) = M,/ (Qulz]/(pr)) -

Next we investigate when 7, is semisimple.

Remark 3.7. Notice that the completion @, is separable over ). Namely, in terms of [EGAI
IV.7.8.1-3], we can state that Oc, is an excellent ring. Thus the formal fibers of (/9\071, — Ocv
and therefore @, = (/9\071,@(90’”@ — @ are geometrically regular. This means that Q, ®¢g K is
regular for every finite field extension K over ). Since "regular” implies "reduced”, we conclude
that @, is separable over Q.

Proposition 3.8. In the notation of (3.6) the following statements are equivalent:

T 1s semisimple.

. F is semisimple.

. F®g Qy=F, is semisimple.
Ty 1S semasimple.

. E®qg Qy = E, is semisimple.
. E is semisimple.

S Cuds Lo e~
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Proof. 1. and 2. are equivalent by definition. So we show the equivalences from 2. to 6.

Let F' be semisimple. Since @, is separable over @), we conclude that F' ®¢g Q, = Qu[my ]
is semisimple by [Boul, Corollaire 7.6/4]. Hence 7, is semisimple by definition, and we showed
in Lemma [3.4)/2 that then E, = E ®¢g @, is semisimple. Again by [Boul, Corollaire 7.6/4] this
implies that E is semisimple. Since F' C Z(F) is a finite dimensional Q-subalgebra of the center
of E, we conclude by [Boul, Corollaire de Proposition 6.4/9] that F' is semisimple, and our proof
is complete. [l

Remark. If more generally F is defined over a finitely generated field, then one cannot consider
m, my,, nor F. Nevertheless 5 and 6 remain equivalent and are still implied by 3 due to the
following well-known lemma. Namely £, is the commutant of F;, in Endg, (V,F). We thank O.
Gabber for mentioning this fact to us and we include its proof for lack of reference.

Lemma 3.9. Let B be a central simple algebra of finite dimension over a field K and let F' be
a semisimple K -subalgebra of B. Then the commutant of F' in B is semisimple.

Proof. Let F' = €, F; be the decomposition into simple constituents and let e; be the corre-
sponding central idempotents, that is, F; = Fe;. Consider B; = e; Be; which is again central
simple over K by [Bou, Corollaire 6.4/4], since if I C B; is a non-zero two sided ideal then
BIB contains 1 and so I contains the unit e; of B;. By [Bou, Théoréme 10.2/2] the commutant
E; of F; in B; is simple. Clearly the commutant F of F in B satisfies F; = e;Fe; = Fe; and
E = P, E; proving the lemma. O

Corollary 3.10. Let F be an abelian T-sheaf over Fy of rank r with semisimple Frobenius
endomorphism 7. Then the algebra F = Q(w) is the center of the semisimple algebra E =
QEnd(F).

Proof. Since F,, is semisimple, we know by [Bou, Proposition 5.1/1] that the F,-module V,,F
is semisimple. The commutant of F, in Endg,(V,F) is E, by definition. Trivially V,F is
of finite type over F,. Thus, by the theorem of bicommutation [Boul, Corollaire 4.2/1], the
commutant of E, in End(V,F) is again F,. We conclude Z(E,) = E, N F, = F, and we have
F®qQy,=F,=Z(E,) = Z(E)®q Q. by [Boul, Corollaire de Proposition 1.2/3]. Considering
the dimensions, we obtain dimg F' = dimg Z(E). Since F' C Z(FE) and the dimensions are
finite, we finish by F = Z(F). O

Theorem 3.11. Let F be an abelian T-sheaf over a finite field L.

1. If QEnd(F) is a division algebra over Q then F is simple. If in addition € # oo then both
statements are equivalent.

2. If the characteristic point € is different from oo then F is semisimple if and only if
QEnd(F) is semisimple.

Proof. 1. Let QEnd(F) = E be a division algebra and let f € Hom(F, F’) be the morphism
onto a non-zero quotient sheaf ' of 7. We show that f is an isomorphism. We know by 2.23]
that f, € Homg, [q)(Vo.E, Vo F ') is surjective. By the semisimplicity of F and Proposition 3.8]
F, is semisimple, and therefore V,F is a finitely generated semisimple F,-module. Thus we
get a morphism g, € HomQU[G](sz',sz ) with f, o g, = idy, 7. Consider the integral Tate
modules T, F and T, F’'. We can find some n € N such that

v"gy € Homy, ) (To ', Tu.F) = Hom(M(F'),M(F)) ®4 Ao

and we choose g € Hom(M(F'),M(F)) c QHom(F',F) with g = v"g, modulo v™ for a
sufficiently large m > n. If go f = 0 in E, then fogo f = 0, and therefore fog = 0 in
QEnd(F’) due to the surjectivity of f. This would imply

" idy, o= " (foogu) = foo(v'gy) = fog =0 (modulo v™)
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which is a contradiction. Thus g o f # 0 is invertible in F, and therefore f is injective. By
that, f gives the desired isomorphism between F' and F. The second assertion follows from
Theorem

2. We already saw one direction in Theorem [[.58/2. So let now QEnd(F) be semisimple and
let

QEnd(F) = €P My, (E;)
j=1

be the decomposition into full matrix algebras My, (E;) over division algebras E; over @ (1 <
J < m). For each j we find A; distinct idempotents e;1,...,e;, € M), (E;) such that e; -
QEnd(F) - ej o = Ej for all 1 < a < A; with 23]:1 eja = 1in My, (E;). Let ey, ..., e, denote
all these idempotents, n = Z;ﬂzl Aj, and choose a divisor D on C such that e; € Hom(F, F(D))
for all 1 <7 <mn. Then >, ¢; = idr in QEnd(F) and therefore

n
F o= P ime; ¢ E(D).
i=1
The image F, := ime; is an abelian 7-sheaf by Proposition because € # oco. Since ) . e; is
injective it is an isogeny by Since QEnd(F;) = ¢; - QEnd(F) - e; is a division algebra, F;
is a simple abelian 7-sheaf by 1. Thus F ~ F, ®--- & F,, gives the decomposition into a direct
sum of simple abelian 7-sheaves F; as desired. O

Remark 3.12. Unfortunately the theorem fails if L is not finite, as Example [3B.13] below shows.
The reason is, that then E, may still be semisimple while the image F,, of Q,[G] in Endg, (V,F)
is not. Nevertheless, if one adds the assumption that F, is semisimple, the assertions of Theo-
rem [3.17] remain valid over an arbitrary field L. (See also the remark after Proposition B.8])

Example 3.13. We construct a pure Anderson motive M over a non-finite field L which is not
semisimple, but has End(M) = A. Any associated abelian 7-sheaf F has QEnd(F) = Q. Let

C= ]P’Hl;q, A =T,[t] with ¢ > 2, and L = Fy(a) where « is transcendental over F,. Let M = AT?

and 7 = (O{)t i) Then M = (M, 7) is a pure Anderson motive of rank and dimension 2. Clearly

M is not simple, since M’ = (Ap, 7" = t) is a quotient motive by projecting onto the second
coordinate. We will see below that M is not even semisimple.
Let <; i) € My(Ar) be an endomorphism of M, that is,

ac*e+o*g ac*f+o*h\  [ae e+ f
o*g o*h ~ \ag g+h)°

Choose 3 € F ()28 \ Fy(a) satisfying 897! = o (for 8 ¢ Fy(a) we use ¢ > 2). Then o*g = ag
implies g € - F,[t]. Since also g € Fy(«)[t] we must have g = 0. Now o*e = e and c*h = h
yielding e, h € F,t].

Let v € Fy(a)¥8 < Fy(8) with 47 — v = 3 and set f:=pBf—~-(e—h). Then ac*f — f =
e—o*h=e—himplies 0*f — f = Blo*f — Bf — (79 —)(e — h) = Blac*f — f — (e — h)) = 0.
Thus f € F[t] and v - (e — h) € Fy(8)[t]. So we must have e = h and then ff = f € F[t]
implies f = 0. This shows that End(M) = F,[t] = A.

The same argument shows that M is not even semisimple. Namely, the projection M — M’
has no section M’ — M, 1+ ({), since there is no solution f for the equation atc*f +t=1tf.

It is also not hard to compute F;, for instance at the place v = (t —1). Let z =t — 1 and

B € L% with 97! = @, and consider the basis (y{)ﬁ ), (z) of the Tate module T, (M) with

<x> = Z <x2>zZ and  x;,y; € L°P, yo #0.
Yy

im0 \Yi
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They are subject to the equations y = to*y = (1+2)0*y and © = ato*x+to*y = a(l+z)c*x+vy,
that is,

yi—yi = yl,, and
T; — am? = aa:g_l + vy
There are elements v and § of G = Gal(L*P /L) operating as (y;) = yi, v(x;) = x4, v(B) = B/n
for an n € F,* ~\ {1}, respectively as d(y;) = vi, 6(8) = B, d(xi) = z; + y;/B. With respect
to our basis of T,,(M) they correspond to matrices 7, = (g (1]) and 0, = ((1) }) We conclude
that F, is the Q,-algebra of upper triangular matrices. Its commutant in Ms(Q,) equals

Qv . Id2 = End(M) XA Qv-

Remark. If ¢ = 2 any pure Anderson motive of rank rkM = 2 on A = F[t], which is not
semisimple has End(M) 2 A. One easily sees this by choosing a basis of M for which 7 has the
form (a(tge)d B(tig)d) with o, 3,0 € L. Then (8 Béa) is an endomorphism.

However, we expect that also for ¢ = 2 there are examples similar to B.13] (of rk M > 3),
although we have not tried to find one.

Let F be an abelian 7-sheaf over Fs and let Fy /Fg be a finite field extension. The base
extension
£®FS ]FS’ = (]:2 ®OC]F OC]]:SmHi X 177—i ® 1)

is an abelian T-sheaf over Fy with 7/ = (r®1)! for s’ = s, and we have a canonical isomorphism
between V, F and V,F .

For the next result recall that an endomorphism ¢ of a finite dimensional vector space V' over
a field K is called absolutely semisimple if for every field extension K'/K the endomorphism
¢ ®1 € Endg/(V ®k K') is semisimple. The following characterization is taken from [Boul,
Proposition 9.2/4 and Proposition 9.2/5].

Lemma 3.14. Let K be a field and let V be a finite dimensional K-vector space. Let ¢ €
Endg (V) be an endomorphism.

1. @ is absolutely semisimple, if and only if there exists a perfect field extension K'/K such
that ¢ ® 1 € Endg/(V @k K') is semisimple.
2. @ is absolutely semisimple, if and only if its minimal polynomial is separable.

Theorem 3.15. Let F be an abelian T-sheaf over the finite field Fs. Then there exists a finite
field extension Fy /Fs whose degree is a power of char Fs such that F &g, Fy has an absolutely
semisimple Frobenius endomorphism. Thus if moreover € # oo then F ®r, Fy is semisimple.

Remark. Tt suffices to take [Fy : Fy] as the smallest power of char Fy which is > rk F.

Proof. Let s’ = s' for some arbitrary ¢t € N. Let F' := F ®p, Fy be the abelian 7-sheaf
over Fy induced by F. Let v € Spec A be a place different from e. Over Q,*® we can write
my € Endg, (V3. F) in Jordan normal form

Bl (m,®1)B =
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for B € GL,(Q,"#) and for some Aj € Q,8, 1 < j < r. Thus, by a suitable choice of t € N as
a power of char F, (as in the remark), we can achieve that m}, = (7, ® 1)’ is of the form

A 0

Since @, is perfect, we conclude by BI4)/1 that «/, and thus 7’ is absolutely semisimple. [J

The following corollary illustrates that, in contrast to endomorphisms of vector spaces, there
is no need of the term ”absolutely semisimple” for abelian 7-sheaves or pure Anderson motives
over finite fields.

Corollary 3.16. Let F be an abelian T-sheaf over Fy of characteristic different from oo. If F
is semisimple, then F Qp, Fy is semisimple for every finite field extension Fy /Fs. The same is
true for pure Anderson motives.

Proof. Let F be semisimple and let Fy /F be a finite field extension with s’ = st. We set
F' = F @, Fy. By BII and B8, we know that QEnd(F) ®q Q, = Endg,(r,1(Vo.E) is
semisimple. Since Q,[7! ] C Qy[m, ] we conclude by [Boul, Corollaire de Proposition 6.4/9] that
Qo[ 7! ] is semisimple, as well. As V, F' =V, F, we have 7/, = !, and therefore ] is semisimple.
Thus, by B.8, QEnd(F’) is semisimple and F’ is semisimple by B.11]/2. O

3.2 Zeta Functions and Reduced Norms

In this section we generalize Gekeler’s results [Gek] on Zeta functions for Drinfeld modules
to pure Anderson motives. But let us begin by recalling a few facts about reduced norms;
see for instance [Rei, §9]. Let M be a semisimple pure Anderson motive over a finite field
and let m be its Frobenius endomorphism. Then F = Q(m) is the center of the semisimple
algebra E by Corollary BI0L Write F' = @, F; and E = @, E; where the F; are fields and
E; is central simple over F;. Note that by B.I1] the pure Anderson motive M decomposes
correspondingly up to isogeny M ~ @, M; with E; = End(M;) ®4 Q. We apply B.6lto M ; and
obtain 3 ,[F; : Fi]'/? - [F; : Q] = r. Let f € E and write it as f = 3, f; with f; € E;. Choose
for each i a splitting field K; of F; with «; : E; @, K; = M, (K;) where nf = [E; : F;]. The
reduced norm of f is then defined by

N(f) == nrg(f) = HNFi/Q(detai(fi@’l))’

where Np, g is the usual field norm. The reduced norm is an element of ) which is independent
of the choices of K; and «;. It satisfies N(a) = a” for all a € @, and N(f) # 0 if and only if
f € E*, that is, f is a quasi-isogeny. If f € End(M) or more generally f is contained in a finite
A-algebra then N(f) € A since A is normal.

Theorem 3.17. Let F be a semisimple abelian T-sheaf over a finite field L and let f € QEnd(F)
be a quasi-isogeny. Then for any place v # €,00 of Q we have N(f) = detV,f, the determinant
of the endomorphism V,f € Endg, (Vo E). For v = 0o # ¢ we have N(f)! = det Vo f, where
comes from Definition [Z13 and satisfies dimg, Voo F =1 -tk F.
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Proof. Clearly, if t is a power of ¢ then N(f!) = detV, f! implies N(f) = det V, f since 1 is
the only ¢-th root of unity in @, for v # oo, and likewise for v = co. Writing V, f in Jordan
canonical form over Qilg we find as in the proof of Theorem a power t of g such that V, f*
is absolutely semisimple over @), and hence its minimal polynomial is separable by B.14l Then
F,(f%) and F(f') are semisimple by [Boul, Proposition 9.1/1 and Corollaire 7.7/4]. We now
replace f by f! and thus assume that F(f) is semisimple.

As is well known there is a semisimple commutative subalgebra H = @, H; of E containing
F(f) with dimg, H; = n; and hence dimg H = 7. Then nrg,o(f) equals the determinant
of the Q-endomorphism f : = — fz of H. The reason for this is that H; ®F, K; is still
semisimple and commutative if we choose a splitting field K; which is separable over F;. By
Lemma .18 below H; ®F, K; is isomorphic to K " as left H; ®p, K;-modules, and this implies
that nrg, /g, (fi) = det a;(fi) = det f;, the determlnant of the Fj-endomorphism f; : @ — f;x of
H;, and N(f) = det f the determinant of the Q-endomorphism f of H.

If v # oo then again by Lemma B8, H, is H,-isomorphic to V,F and N(f) = det f =
det V, f.

If v = co we embed EZ! into Endg__ ;¢ (_ﬁw(i')) Namely, if (f©,..., f¢=D) ¢ EZ

where f(m) = (fi(m) : Fi ®0c, Qoo,r — Fi ®0g, QooJ;), we set

I_io0...0Mjo fi™7 ifo<j<i<i-—1
9ij = o
Mo oI o fTT) ifo<i<i<i-1.

Then g;; : Fj ®oc, Qoo,, — Fi ®oc, Qoo and a straightforward computation shows that
the homomorphism g = (gij)ij=0..1—1 commutes with ¢ from (L2 on page Il that is, g
is an element of Endg__ , (¢ (_]V oo(E )) = Endg_ [¢](VeoF); use Proposition 2.4. Now we apply
Lemma3I8to HY! ¢ EZ' C Endg, (VeoF), and we compute N (f)! = (det f)! = detq.. (HZ —
Hf%l, h +— fh) = det Vo f as desired. O

Lemma 3.18. Let K be a field and let H C M, (K) be a semisimple commutative K -algebra
with dimg H = n. Then as a (left) module over itself H is isomorphic to K.

Proof. Decomposing H into a direct sum of fields €, L, and K" into a direct sum @, V) of
simple H-modules, each V) is isomorphic to an L, ). The injectivity of H — M, (K) and
dimg H = n imply that H is isomorphic to €, Endy, A)(VA) and a fortiori isomorphic as left
module over itself to K. O

Theorem 3.19. Let M be a semisimple pure Anderson motive of rank r over a finite field L
and let f € End(M) be an isogeny. Then

1. dimp, coker N(f) = r - dimy, coker f.
2. The ideal deg(f) = N(f) - A is principal and has a canonical generator.
3. There exists a canonical dual isogeny f¥ € End(M) satisfying fo f¥ = N(f) = f"o f.

Remark. 1. This shows that N(1 — 7™) € A is the analog for pure Anderson motives of the
number of rational points X (Fyn) = deg(1 — Frobg) € Z on an abelian variety X over the finite
field Fy; see also Theorem [3.23] below.

2. The dual isogeny satisfies (fg)" = g"fV, because N(fg) = N(f)N(g). Note however,
that we cannot expect that (f + g)v = fV + ¢g" unless r = 2 because for f = a € A we have
N(a) =a" and a" = a" L.

Proof. 1. Clearly for any a € A we have dimz M /aM = r - dimp, A/(a) = —r - co(a) where
oo(a) denotes the oo-adic valuation of a. Now let F be an abelian 7-sheaf with M = M (F),
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and let f : F — F(n-oo) for some n be the isogeny induced by f. Using Theorem [B.17] we
compute the dimension

l-dimy, coker f = nrl—dimg, @;;t(fj(n : OO)/fJ(]:J))oo
= nrl— dimL]\_]oo(f(n'oo))/]\_zoo(f)(]\_zoo(f))
= nrl — dimg, (TaoF(n - 50)/Too f (T F))
= —oo(det Voo f) = —1-00(N(f))-

Here the first equality follows from the identities Fj(n - 00)/f;(F;) = (Fj(n - 00)/f;j(F;)),, ®
coker f and dimp, (Fj(n - 00)/f;j(F;)) = deg Fj(n - o) — deg f;(F;) = nr. The second equality
is the definition of M o0, and the third follows from the isomorphism M o F) ® Avo.r, Aoo,Lser =
TooF @ A Aoo, 0. The fourth equality follows from the elementary divisor theorem. From this
we obtain 1.

2. Let v # € be a maximal ideal of A. Using Theorem [B.I7] we compute the v-adic valuation of

N(f)
v(N(f)) = v(detT,f) = dimg, (T,M/T,f(T,M)) = dimg, ((coker f),®,L*")" = v(deg f).

Again the second equality follows from the elementary divisor theorem, the third equality comes
from the fact that the 7-invariants of the v-primary part (coker f), ®p L*P are isomorphic to
T,M /T, f(T,M), and the last equality is the definition of deg f. From 1 and Lemma [[.36] we
obtain

r-dimp, A/deg(f) = r-dimgcoker f = dimp coker N(f)
= dimL((A/N(f))r ®F, L) = r-dimg, A/N(f).

From the identity dimp, A/a = > [F, : F] - v(a) for any ideal a C A we conclude e(deg f) =
e(N(f)) and therefore deg(f) = N(f) - A.

Finally 3 is immediate since N(f) annihilates coker f by Proposition [[L37} O

Remark 3.20. We do not know of a proof of 1 and 2 for arbitrary pure Anderson motives which
does not make use of the associated abelian 7-sheaf F. In the special case when M comes from
a Drinfeld module, Gekeler |[Gekl Lemma 3.1] argued that both sides of the equation in 2 are
extensions to E of the oo-adic valuation on (. But this argument fails in general, since there
may be more than one such extension as one sees from Example below.

Corollary 3.21. Let M be a semisimple pure Anderson motive of dimension d over a finite
field L and let 7 be its Frobenius endomorphism. Let v # € be a maximal ideal of A and let x,
be the characteristic polynomial of m,. Then

1. xy € Alz] is independent of v and x,(a) - A = det V,(a — ) - A = deg(a — m) for every
a€ A,
2. eF] = deg(m) = x,(0) - A = N(n) - A is principal.

Proof. 1 is a direct consequence of Theorems [B.17 and and the Lagrange interpolation
theorem applied to the fact that x,(a) = N(a —7) = xw(a) € A for all a € A.

2 follows from the fact that coker 7 is supported on € and from the equation dimjy, coker m =
[L:F,]-dimp cokerT =d-[L:Fgl. O
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Definition 3.22. We define the Zeta function of a pure Anderson motive M over a finite field
Fs as ' .
Zy(t) = H det(1 —¢t A 771,)(_1)Z+

0<i<r

where € # v € Spec A is a mazimal ideal and N'm, € Endg, (A'V,M).

By B.21)/1 the Zeta function Zy,(t) is independent of the place v and lies in Q(¢). This also
follows from work of Bockle [Boe] and Gardeyn [Garl, §7]. The name “Zeta function” is justified
by the following theorem (see also the remark after Theorem [3.19)).

Theorem 3.23. If M is semisimple and ", a;t" is the power series expansion oft% log Zy(t),
then a; = N(1 — 1) € A,

Proof. By standard arguments a; = det(1 — 7¢); see [Gekl Lemma 5.6]. Now our assertion
follows from Theorem B.17] O

This Zeta function satisfies the Riemann hypothesis:

Theorem 3.24. In an algebraic closure of Quo all eigenvalues of A'm, € Endg, (A'V,M) have
the same absolute value (#F) VM),

Proof. This was proved by Goss [Gos, Theorem 5.6.10] for i = 1 and follows for the remaining
i by general arguments of linear algebra. O

3.3 A Quasi-Isogeny Criterion

Similarly to the theory for abelian varieties, the characteristic polynomials of the Frobenius
endomorphisms on the associated Tate modules play an important role for the study of abelian
7-sheaves. For example, we can decide on quasi-isogeny of two abelian 7-sheaves F and F’ just
by considering these characteristic polynomials.

Theorem 3.25. Let F and F' be abelian T-sheaves over Fy with respective Frobenius endo-
morphisms m and 7', and let px and p be their minimal polynomials over Q. Let v € C be a
place different from oo and €. Let x, and X\, be the characteristic polynomials of m, and
respectively, and let G := Gal(L*P/L). Assume in addition that € # oo, or that F and F' have
the same weight.

1. Consider the following statements:

1.1. F' is quasi-isogenous to an abelian quotient T-sheaf of F.
1.2. Vo F' is G-isomorphic to a G-quotient space of VyJF.

1.8, X, dwides x, in Qylz].

1.4. pp divides pr in Qlx] and tk F' <tk F

We have 1.1 = 1.2 = 1.8 and 1.4  always,

1.2 < 1.8 if ™y and 7 are semisimple,
1.2 < 1.8 < 1.4 if pg is irreducible in Q|x],
1.1 < 1.2 if the characteristic is different from oc.

2. Consider the following statements:

2.1. F and F' are quasi-isogenous.
2.2. Vo F and Vo, F' are G-isomorphic.
2.3, Xo =X,
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2.4. pr = pbx and 1k F =1k F'.

2.5.  There is an isomorphism of Q-algebras QEnd(F) = QEnd(E’) mapping 7 to 7'.
2.6.  There is a Qy-isomorphism QEnd(F) ®¢ Q, = QEnd(F') ®¢g Q, mapping 7, to 7.
2.7. Ife # oo also consider the statement Zyrry = Zyg(F'y-

We have 2.1 & 2.2 = 2.83,2.4,2.5 always,
2.5 = 2.6 always,
2.8 & 27 if the characteristic is different from oo,
2.2« 2.8 = 2.6 if my, and 7, are semisimple,

22« 283« 2.4« 2.6 if ur and py are irreducible in Q[x].

Proof. 1. For the implication 1.1 = 1.2 without loss of generality, ' can itself be considered as
abelian quotient 7-sheaf of F and the implication follows from Proposition 2,23l The implication
1.2 = 1.3 is obvious.

For 1.2 = 1.4 note that u, is also the minimal polynomial of 7, over @, by Lemma[3.21 By
Proposition statement 1.2 implies p.(7,) = 0, whence 1.4.

For 1.3 = 1.2 let m, and , be semisimple. Let x, = pt1-...- p1, and x, = p} ... - p,, be the
factorization in @,[z] into irreducible factors and set V; := Q,[z]/(1;) and V/ := Qy[x]/(1}).
Then we can decompose V,.F = Vi@ --- @V, and V,F' = V/@---®V/,. Since x), divides x,, we
can now easily construct a surjective G-morphism from V,, F onto V, F’ which gives the desired
result.

Next if p, is irreducible, 1.4 implies p,» = p, and 1.3 follows from Corollary It further
follows from Proposition B.8 that 7, and 7/, are semisimple and this implies 1.2 by the above.

For 1.2 = 1.1 we first do not assume that ¢ # co. Let f, : V,F — V,.F be a surjective
morphism of @,[G ]-modules. We may multiply f, by a suitable power of v to get a morphism
fo: T, F — T, F' of the integral Tate modules which is not necessarily surjective, but satisfies
V"I, F' C fo(T,F) for a sufficiently large n. Let M := (I'(Cp \ {oo}, Fo), II; " o 7). This is a
“r-module on A” in the sense of Definition If € # oo then M is the pure Anderson motive
M (F) associated with F in (IIJ). Alsolet M’ := (I(C~{oo}, F}), II{~ or’). By Theorem[ZI9]
(or Theorem 2ZT9if £ # o0), f, lies inside Hom(M, M') ® 4 A,, so we can approximate f, by
some f € Hom(M,M') with T,(f) = f, modulo v T, M’. Since v"T,M' C f,(T,M) we find
inside im T, (f) generators of v T, M’ /v"* 1T, M’. They generate an A,-submodule of v"T;, M’
whose rank must at least be r’ since v*T,M'/v" P T,M' = (A, /vA,)". Thus imT,(f) has
rank 7. Either by assumption or by Corollary [[.23] if ¢ # oo, both F and F’ have the same
weight. So by Proposition [L48)/1, f comes from a quasi-morphism f € QHom(FE, F'), that is, a
morphism f : F — F'(D) for a suitable divisor D. Now we finally assume that the characteristic
is different from oco. By Proposition [L26] the image im( f:E—F (D)) is an abelian factor
7-sheaf of F and im f — F'(D) is an injective morphism between abelian 7-sheaves of the same
rank and weight, hence an isogeny by Proposition

2. A large part of 2 follows from 1. We prove the rest. To show 2.2 = 2.1 without the
hypothesis on the characteristic, we just replace the last argument of the proof of 1.2 = 1.1 by
the following: Since r = dimg, V,.F = dimg, Vo, F' = 1/, the morphism f : F — F'(D) is an
injective morphism between abelian 7-sheaves of the same rank and weight, hence an isogeny
by Proposition

For the implication 2.1 = 2.5 let g € Qlsog(F,F’). Then the map QEnd(F) — QEnd(F’)
sending f — gfg~! is an isomorphism with 7’ = gmrg~!. The implication 2.5 = 2.6 is obvious.

For the implication 2.3 = 2.7 note that knowledge of y, yields the knowledge of det(1 —
t A'm,) and thus of Z M (F) by linear algebra. Conversely we know from Theorem that all
zeroes of det(1 —t A’ m,) have absolute value s~*"*%) in an algebraic closure of Qs. So we can
recover X, from Zys(F) by simply looking at this absolute value. This proves 2.3 < 2.7.
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Next if 7, and 7} are semisimple 2.6 = 2.3 follows from Lemma [34)/2, and 2.3 = 2.2 was
already established in 1.

Finally if g, and p, are irreducible, 2.4 follows from 2.6 by Corollary since p is also
the minimal polynomial of 7, over @), by Lemma Also 2.3 follows from 2.4 by Corollary
and 7, and 7, are semisimple, so 2.3 = 2.2 by the above. [l

3.4 The quasi-endomorphism ring

In this section we study the structure of QEnd(F) for a semisimple abelian 7-sheaf F over a
finite field and calculate the local Hasse invariants of QEnd(F) as a central simple algebra over
Q(7). For a detailed introduction to central simple algebras, Hasse invariants and the Brauer
group, we refer to [Rei, Ch. 7, §§28-31].

Theorem 3.26. Let F be an abelian T-sheaf over the finite field Fs of rank r with semisimple
Frobenius endomorphism m, that is, Q(r) is semisimple. Let v € C be a place different from oo
and from the characteristic point €. Let x, be the characteristic polynomial of m,.

1. The algebra F = Q(m) is the center of the semisimple algebra E = QEnd(F).

2. We have r < [E:Q] = 19, (Xv,Xv) < 2.
3. Consider the following statements:

[31. E=F.

[3.2. E is commutative.

B3 [F:Q]=r.

B4 [E:Q]=r.

[3.5.  xv has no multiple factor in Q,x].

[3.6. x. is separable.

We have [31 B2 < B33/ <[E5 <36 always,
[R5 =136 if m, is absolutely semisimple.

4. Consider the following statements:

41 F=qQ.
[42. E is a central simple algebra over Q.
73 [E:Q]=r%

[A4. xo is the r-th power of a linear polynomial in Q,[x].
[45. xu is purely inseparable.
We have [J1 & [|2 & [{)3 <[44 =45 always,

M4 <=H5 if myis absolutely semisimple.
If [4} 2 holds and moreover the characteristic point € := c(SpecFy) € Cr, is different from

oo, E is characterized by inveo E = wt(F), inv. E = —wt(F) and inv, E = 0 for any
other place v € C.
5. In general the local Hasse invariants of E at the places v of F equal inv, E = — g:gﬁ (7).

In particular

. o if vfeoco,
inv, &/ = { Wt(z) . [Fv . Qoo] sz|OO ands# oo .

(Here F, denotes the completion of F at the place v and T, is the residue field of the place

v.)
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Remark 3.27. If € # oo and F is an elliptic sheaf, that is, d = 1 and M (F) is the Anderson
motive of a Drinfeld module, Gekeler |Gekl, Theorem 2.9] has shown that there is exactly one
place v of F' above ¢, and exactly one place w of F' above oo, and that inv,, £ = [F : Q] - wt(F)
and inv, £ = —[F : Q]-wt(F). Note that Gekeler actually computes the Hasse invariants of the
endomorphism algebra of the Drinfeld module. So his invariants differ from ours by a minus
sign, since passing from Drinfeld modules to abelian 7-sheaves is a contravariant functor, see

[BS| Theorem 3.2.1].

Corollary 3.28. Let F be an abelian T-sheaf over the smallest possible field L = F, such that
QEnd(F) is a division algebra. Then QEnd(F) is commutative and equals Q().

Proof. QEnd(F) is a central division algebra over F' by Theorem [B.26] which splits at all places
of F' by B:26)/5] hence equals F'. O

Proof (of Theorem [3.20). [l was already proved in Corollary 3101
2l Let

n
xo =[] 1w € Qula]
i=1

with distinct irreducible p; € Qu[x] and m; > 0 for 1 < ¢ < n. Then Y ;" m; - degp;, =
deg x» = 7, and by Theorem B we have [E : Q] = rg, (Xv, Xv) = iy m7 - deg p1;. The result
now follows from the obvious inequalities

2
"~ 1) & (2) o
ro= Zmi-degm < Zm?-degui < (Zm, -deg,u,) = r2. (3.7)
i=1 i=1 i=1

Bl Since F' = Z(F), the equivalence Bl1 <32 is evident. We have equality in (1) of Equation
B0 if and only if m; = 1 for all 1 < i < s which establishes the equivalence B4 <{35. In order
to prove Bl5 ={313 we consider the minimal polynomial u,, of 7, over @,. If x, has no multiple
factor, then p, = x, and therefore [F: Q] = [Qu(m) : Qy] = 7. Next Bl3 ={31 because
F C E and (dimg, F,)(dimg, E,) = dimg, Endg, (V,.F) = r? by [Bou, Théoréeme 10.2/2], since
E, is the commutant of F, in Endg, (V,,F). Note that 813 ={3l1 also follows from Lemma [3.18
Conversely Bl1 ={3l4 because E = F implies r > [Q,(7,) : Qu| = [F : Q] =[E : Q] > r. For
Bl5 =316 we use Lemma [3.14)/2 as we know that x, = p,. Bl6 ={3l5 is clear.

M If F = @Q, then F is simple with center @), so F is a central simple algebra over ). Since
F = Z(FE), the converse is obvious. This shows [l1 <{412. We have equality in (2) of [B.7) if
and only if n = 1, degpu; = 1 and m; = r which establishes M3 <[4l4. In order to connect
A1 <42 with @3 <[44 let x, be a power of a linear polynomial. By [Boul, Proposition 9.1/1]
the minimal polynomial of m, over @), is linear and thus F' = (). The converse is trivial. For
A5 ={414 we use again B.14)/2 to see that p, is linear. @4 =415 is clear.

The statement about the Hasse invariants follows from Bl Nevertheless, we give a separate
proofin case (k, 1) = 1 using Tate modules, since this is much shorter here and exhibits a different
technique than[Bl By the Tate conjecture 220 E®¢Q, is isomorphic to Endg, (V,F) = M, (Q,)
for all places v € C' which are different from ¢ and co, so the Hasse invariants of E at these
places are 0. Since the sum of all Hasse invariants is 0 (modulo 1), we only need to calculate
invy, E.

As a first step, we show that F is contained in Fs. In our situation, r lies inside Q. Thus,
by B24 we get s*/! = | 7|00 = ¢ for some m € Z as | Q% |s = ¢%. Since ¢° = s, we conclude
that e-k/l = m € Z and hence [ | e, since k and [ are assumed to be relatively prime. Therefore
Fql C qu =T,.
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Consider the rational Tate module V. (F) at oo and the isomorphism of @.-algebras
E@Q Qoo = EHdAw[G](Vooz) = EndAoo(Voo£)

from Theorem Since dimg, As = 2 and dimg,_, Voo E = 7l, we conclude that Vo.F is a

left r/l-dimensional A,.-vector space and hence isomorphic to A%l. Thus we have
E®©q Qe = Enda (L") = Myy(Enda, (M) = M,u(AZ).

Our proof now completes by inve, £ = inv Ay = —invA, = % = wt(F).

Bl We prove the general case using local (iso-)shtukas rather than Tate modules which were used
in[dl Our method is inspired by Milne’s and Waterhouse’ computation for abelian varieties [WM]|
Theorem 8]. However in the function field case this method can be used to calculate the Hasse
invariant at all places, whereas in the number field case it applies only to the place which equals
the characteristic of the ground field. Let w be a place of @ and let N,, := N,,(F) be the local
o-isoshtuka of F at w. Let F, be the residue field of w and F s = F,, N F; the intersection
inside an algebraic closure of F;. Let ag be the ideal (b ® 1 —-1®b: b € qu) of Qu ®r, Fs
and let R := (Qu ®F, Fs/a0)[T] = Qu ®F s Fs[T] be the non-commutative polynomial ring

with T - (a ®b) = (a ® bqf) -T fora € Q. and b € F,. Since Q, ®F F, is a field, R is a
non-commutative principal ideal domain as studied by Jacobson [Jac, Chapter 3]. Its center is
the commutative polynomial ring Qu,[T¥] where g = [F, : Fs] = . From Theorem and
Proposition we get isomorphisms

QEnd(F) ®q Qu = Endg, e w,[¢)(Nw) = Endr(Nw/aoNw)

where T operates on N,,/agN,, as qﬁf .

By [Jac, Theorem 3.19] the R-module N,,/agN,, decomposes into a finite direct sum indexed
by some set [

Nu/aoN, = @G NE™ (3.8)
vel

of indecomposable R-modules N, with N, 2 N, for v # v/. The annihilator of N, is a two
sided ideal of R generated by a central element u, € Q,[T7] by [Jac, §3.6], which can be chosen
to be monic. In particular (.8) is an isomorphism of Q,[7Y]-modules and g, is the minimal
polynomial of 79 on N, by [Jac, Lemma 3.1]. Therefore the least common multiple p of the
iy is the minimal polynomial of 79 on N, /agN,. Note that TY operates on N, /apN, as
the Frobenius 7, hence u = mipoy r and F' = Q(7) = Q[T7]/(pn), where we write mipo for
the minimal polynomial. By the semisimplicity of 7 (and Proposition B.8]) p has no multiple
factors in Q,,[TY]. Since the u, are powers of irreducible polynomials by [Jac, Theorem 3.20] we
conclude that all u, are themselves irreducible in Q. [TY]. Again [Jac, Theorem 3.20] implies
that p, # p since N, 22 N, and

p = mipoyF = Huv inside  Q,[TY].
vel

Thus F ®q Qu = Qu[T7]/(1t) = [es Qu[T¥l/ (1) = L, Fo- So I is the set of places of F
dividing w and F,, = Q[TY]/(1w) is the completion of F' at v, justifying our notation. Let m,
be the image of 7 in F,. Its minimal polynomial over @, is ,. This implies that F ®g Q.
decomposes further
E®qQuw = Endr(Ne™) = D E@FF,
vel vel
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and F Qp F, = EHdR(Eganv).
Now fix a place v above w and consider the diagram of field extensions

FoFs

% |

FuFs

~

F,FsNF, i
|
Fu(F, NFy) Fy
h .
/ K 4
Fy F,NF,
i 2
For=Fy NFs=TF, N (F, NFy)
| f
Fq

Fy

Let h:= [F, NFy : F ] = ged([Fy : Fyrl, g). Let i:= [Fy, : F¢]. From the formulas

[]Fw]Fs : Fw] — [Fs . qu] = g,
[Fuw(FyNFs) :Fy] = [FoNFs:Fyy] = h,
[FuFs: (FuFsNF)] = [FFs:F)] = [F,:F,NF] = £, and

Fo,(F,NF,) C F,F,NF,,

we obtain F,FsNF, = F,(F,NF,) = Fyrni. Let Fy 1, be the compositum of ), ®]qu F, and F,
in an algebraic closure of Q,,. Note that F, 1, is well defined since Fs/IF s is Galois. Let F, L[]
be the non-commutative polynomial ring with

fhi

T -(a®@b)=(a®b? )T and T -z=2-T

for a € Qu, b € Fy, and x € F, and set A, = U,L[T’]/((T’)g/h — 7). Observe that the
commutation rules of T" are well defined since (Q,, ®Fq ; F,) N F, has residue field F,,F;NF, =

Fgrni and is unramified over @Q,,, because @, ®1Fq ; F, is. Moreover, the extension F, /F, is
unramified of degree [F,Fs : F,] = % and T := (1’ )[F“:F‘IV fhi is its Frobenius automorphism.
Since T9/h = WLF“:]FQth in A, our A, is just the cyclic algebra (FU,L/FU, f, WI[,F”:FQ]/M) and has
Hasse invariant FIEZEZ} -v(my); compare [Rel, p. 266]. We relate A, to E @p F,. Firstly by [Jac!
Theorem 3.20] there exists a positive integer u such that N¥* =~ R/Ru,(T9). Therefore

M, (E ®p F,) = M,(Endg(NI"™)) = Endg(NJ""™) = M,, ((R/Rus(T7))°P).

Secondly we choose integers m and n with m > 0 and mi+ng = 1. We claim that the morphism
R/Rpu,(T9) — Mp(A,), which maps

a®b
a® be!
a®br— . and T m, - 1

0@ bt Y (™ o

for a € @y and b € Fy, is an isomorphism of F,-algebras. It is well defined since it maps
T-(a®b) and (a®b?)-T to the same element because (I")™ = (T')'/7 in Gal(F, /F,), and it
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maps 79 = (T7)9/" to np?(T")™9/" . 1d;, = m, - Idy,. Since Ry, (T9) C R is a maximal two sided
ideal the morphism is injective. To prove surjectivity we compare the dimensions as Q,,-vector
spaces. We compute

dimp, Mp(Ay) = h*-(£)? = g2,
dime@]F st (R/RNU(Tg)) = g deg Ho = G- [Fv : Qw] , and

dimg, (R/Ru(T9)) = ¢*-[Fy:Qu) = dimg, My(A,).

Altogether M, (E ®p F,) & My, (A) and inv, £ = —inv, A, = — F?I;ZIH;E} .
It remains to convert this formula into the special form asserted for v { eoco or v]co. If v|oco

and € # 00, let e, be the ramification index of F;,/Qs. Then we get from Theorem B.24] the

v(my) as claimed.

formula ¢¢ "t = |00 = g v(m)/ev gince the residue field of Qo is Fy. This implies as desired
[Fy : Fy [Fy : Fyl - (—eye - wt(F))
- : v) = — = wt(F) - [Fy : Qoo
[Fs: Fy v(m) e (&) )

Finally if w # ¢, o0 is a place of @, the local o-shtuka M., (F) at w is étale. So p = mipo, r
has coefficients in A,, with constant term in A.. Therefore v(m,) = 0 for all places v of F
dividing w. O
Example 3.29. Let C = IP’Ilpq, C ~ {oo} = SpecF,[t] and L =F,. Let d be a positive integer.
Let F; := O(d[%] - 00) & O(d[5E] - 00) for i € Z and let 7 := (? tod). Then F = (F;, II;, ;) is
an abelian 7-sheaf of rank 2, dimension d, and characteristic € = V' (t) € P! over F,. Hence the

Frobenius endomorphism 7 equals 7. If d is odd then F is primitive (that means (d,r) = 1)
and therefore simple by Proposition [[54l In particular, 7 is semisimple. We have

Hr = Xv =2’ —t? = (‘T_\/t_d)(x"i_\/t—d)

which means that 7, is not absolutely semisimple in characteristic 2. Moreover, we calculate
70y (Xv, Xv) = 1 - 1-2 = 2 whereas in the field extension Q,(v/t) / Q, we have

, ( ) = 2:2-1=4 in characteristic 2,
Quivh Xos Xv) =9 1.1 +1-1-1=2 in characteristic different from 2.

Although the later has no further significance it illustrates the remark after Definition By
Theorem B26)/Bl we have F = F = Q(7) commutative and [E: Q] = 2 = r. Moreover,
| T oo = | Vid loo = ¢%? and ¥, is irreducible. But ¥, is not separable in characteristic 2.

If d = 2n is even then the minimal polynomial of 7 is

e = Xo = 2% —t% = (z —tY?)(x +1Y?).
So 7 is semisimple if and only if char(F,) # 2. In this case F is quasi-isogenous to the abelian
r-sheaf F' with F| = O¢, (in - 00)®? and 7/ = (_gn t%). The quasi-isogeny f : F' — F is given
by fon = <_fn t;) : (/)7?7 == Foy- The abelian 7-sheaf F' equals the direct sum FO g @

where ]:Z-(j) = Oc¢, (in - 00) and 79 = (=1)7t". Note that F) and F® are not isogenous over

%

[F,, since the equation —t™ - 0*(g) = ¢ - t" has no solution g € @ for char(F,) # 2. Therefore

2
QeQ = PQEnd(FY) = E = F = Qla]/(a” - ") = Q& Q.

Jj=1
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Now we consider the same abelian 7-sheaf over L = F 2. This means 7 = 2 =t € Q and
therefore x, = (z — t%)2. Thus 7 is semisimple. By Theorem B.26)/# we have F' = Q(7) = Q
and F is central simple over @ with [EF: Q] = 4 and inveo £ = inv. F = %. Moreover,
|7 |oo = |t%|oo = ¢ In this case, 7, is absolutely semisimple. Note that if d is even and
char(F,) = 2 this is another example for Theorem

If d is odd then F is still primitive, whence simple and F is a division algebra. If d = 2n is
even then the abelian 7-sheaves F @) and F @) defined above are isomorphic F 1)~ F (2), 1= A
where A € F . satisfies A1! = —1. Therefore M>(Q) = Mo (QEnd(z(l))) = F in accordance
with the Hasse invariants just computed.

Example 3.30. We compute another example which displays other phenomena. Let C' = ]P’IIFq
and let C \ {oo} = SpecFy[t]. Let F; = O¢, ([F] - 00)%2 & O¢, ([4] - 00)¥2, let II; be the
natural inclusion, and let 7; be given by the matrix

_= O

b with a,b e F,~ {0}.

0

O+ O O
+~ O o O
o O O e

Then F is an abelian 7-sheaf of rank 4 and dimension 2 with [ = 2,k = 1 and characteristic
e = V(t) € PL. One checks that the minimal polynomial of the matrix 7" is 2* — b?2? — at? which
is irreducible over @ if char(IF,) # 2, since it has neither zeroes in F,[t] nor quadratic factors in
Qlz]. If char(FF,;) = 2 then the minimal polynomial is a square and F is not semisimple.

For L = F, and 2 { ¢ we obtain 7 = 7 semisimple and E = F = Q(n) = Q[z]/(z* —b*x?—at?).

For L = F 2 we have m = 72 and the minimal polynomial of 7 over @ is 2> — b?x — at?, which
is irreducible also in characteristic 2 since it has no zeroes in F,[t]. Hence 7 is semisimple, F' is
a field with [F : Q] = 2 and [E : F] = 4 by Corollary This again illustrates Theorem
We compute the decomposition of co and ¢ in F.

Decomposition of : Modulo t the polynomial 22 — b%z — at? has two zeroes z = b? and = 0
in Fy. So by Hensel’s lemma F ®¢q Q. = F, @ F,y splits with F,, =2 F; = Q. and v(m) = 0 and
v'(7) = v'(at?) = 2. Thus the Hasse invariants of E are inv, E = inv,y E = 0.

Decomposition of co: Set y = 7/t. Then y* — ?y —a=0.

Case (a). If 2|q then (y—aq/z)2—?(y—aqﬂ)—ga‘ﬂ2 = 0, that is, oo ramifies in F', F®g Qo =
F, with w(T —a??) =1 and w(3) =2+ 00(+) =2. So [F, : Qoo) = 2 and inv,, E = 0.

Case (b). 1f 24 ¢ and y/a € F, then the polynomial y? — %y — a has two zeroes y = +/a
modulo % So by Hensel’s lemma F ®¢ Qoo = Iy @ Fy splits with [Fy, : Qo] = [Fiy : Qo) = 1.
Thus the local Hasse invariants of E are inv,, £ = inv,y F = % As was remarked in such
a distribution of the Hasse invariants can occur only if d > 2.

Case (c). If 24 q and v/a ¢ F, then y? — %y — a is irreducible modulo } and oo is inert in F,
F ®q Qs = Fyy with [Fy, : Qo] = 2. Thus the Hasse invariant of E is inv,, £ = 0.

In case (b) E is a division algebra and F is simple. In cases (a) and (c) E = My(F) and F is
quasi-isogenous to (F')®? for an abelian 7-sheaf F’ of rank 2, dimension 1 and QEnd(F’) = F.

This surprising result is due to the fact that F’, being of dimension 1, is associated with a

Drinfeld module and thus of the form F| = O¢, ([4]-00) ® Oc, ([5F] - 00) with 7/ = (§ §) and

¢,d € Fp. Then n' = (7/)? = <Cq+1+dqt fli> has minimal polynomial 22 — (¢! + (d + d?)t)x +

cdd
d?t1t2 which must be equal to 22 — b?>x — at?. This is possible only if d+d? = 0 and d?t! = —a.
So either d € F, and 2|q and we are in case (a), or d € Fo \Fy, d? = —d, and a = d?. The
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later implies 2 { ¢ and \/a = d ¢ F, and we are in case (c). If we choose ¢ = b in case (c) a
quasi-isogeny f : F — (F')®? over F 2 is given for instance by

d a —bd/t 0

0 O —d a
0 0 d/t  at
1 —d 0 bd/t

3.5 Kernel Ideals for Pure Anderson Motives

In this section we investigate which orders of E can arise as endomorphism rings End(M) for
pure Anderson motives M. For this purpose we define for each right ideal of the endomorphism
ring End(M) an isogeny with target M and discuss its properties. This generalizes Gekeler’s
results for Drinfeld modules |Gekl, §3] and translates the theory of Waterhouse [Watl, §3] for
abelian varieties to the function field case. These two sources are themselves the translation,
respectively the higher dimensional generalization of Deuring’s work on elliptic curves [Deul.

Let M be a pure Anderson motive over L and abbreviate R := End(M). Let I C R be a
right ideal which is an A-lattice in £ := R® 4 (). This is equivalent to saying that I contains an
isogeny, since every lattice contains some isogeny a-idys for a € A and conversely the existence
of an isogeny f € I implies that the lattice f - fV - R is contained in I.

Definition 3.31. 1. Let M' be the pure Anderson sub-motive of M whose underlying Ay -
module is dej im(g). This is indeed a pure Anderson motive, since if [ = fiR+...+ f,R
are arbitrary generators, then M' equals the image of the morphism

As I contains an isogeny, M' has the same rank as M and the natural inclusion is an
isogeny which we denote fr: M!' — M.
2. IfI={f€R:im(f) C M'} then I is called a kernel ideal for M.

The later terminology is borrowed from Waterhouse [Watl, §3]. Since { f € R:im(f) c M'}
is the right ideal annihilating coker f; one should maybe use the name “cokernel ideal” instead.

Proposition 3.32. Let I C R be a right ideal which is a lattice, and consider the right ideal
J:={fe€R:im(f) c M'} C R containing I. Then M’ = M'. In particular, J is a kernel
ideal for M. We call J the kernel ideal for M associated with I.

Proof. Obviously J is a right ideal and MY ¢ M' by definition of J. Conversely M! c M’
since I C J. O

Lemma 3.33. 1. Foranygel, fI_1 og: M — M is a morphism and g = fr o (fl_1 0g).
2. If I = gR is principal, g an isogeny, then fl_l og: M — M is an isomorphism and I is
a kernel ideal.

Proof. 1 is obvious since the image of ¢ lies inside M.

2. Clearly f; 15 ¢ is injective since ¢ is an isogeny and surjective by construction, hence an
isomorphism. To show that I is a kernel ideal let f € R satisfy im(f) ¢ M!. Consider the
diagram

frtof fr

=

M

>

-1
f] °g

==
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and let h:= (f;'og) Lo (f; o f). Then f = gh € I as desired. O

Example. If a € A and I = aR, then M! = aM and coker f; = M /aM. More generally if
a C Ais an ideal and I = aR then M! = aM and coker f; = M /aM.

Proposition 3.34. Let I C R and J C End(M?) be right ideals which are lattices in E. Then
also the product K := fr-J - fI_1 -1 is a right ideal of R and a lattice in E and flzl ofrofyis
an isomorphism of (M')” with M*¥

(M[)J fJ\MI fI\M Ir ME

Proof. If f € I and g € J then the morphism fl_1 of: M — M' can be composed with f;og
to yield an element of R. Since I and J contain isogenies, K is a right ideal and contains

an isogeny. Clearly the images of fr o f; and fx in M coincide since they equal the sum
>ijfrogjo fI_1 o fi(M) for sets of generators {f;} of I and {g;} of J. O

Theorem 3.35. Let I,J C End(M) =: R be right ideals which are lattices in E := R ®4 Q
and consider the following assertions:

1. I and J are isomorphic R-modules,
2. the pure Anderson motives MT and M” are isomorphic.

Then 1 implies 2 and if moreover I and J are kernel ideals, also 2 implies 1.

Proof. 1 = 2. Since I and J are lattices, the R-isomorphism I — J extends to an FE-
isomorphism of E and is thus given by left multiplication with a unit g € E*, that is, J = gI.
There is an a € A such that ag € I C R. Then im(ag) C M?, that is, fI_1 oag: M — M is an
isogeny.

Let K be the right ideal f;- (fI_IO(LQOf]-End(MI)) -fl_l-l of R. We claim that M % = p(a9)!
Namely, M@ ¢ M¥ since agl ¢ K. Conversely if f € I, h € End(M'), and m € M, then
we find m’ := froho f;to f(m) € M, that is, m' = 3", fi(m;) for suitable f; € I and m; € M.
It follows that ag(m’) = 3", agfi(m;) € M@ and therefore M (9! = MK,

Applying Lemma [3.33] and Proposition [3.:34] now yields an isomorphisms M’ =~ MK =
M (@9 1ikewise we obtain M7 = M and the equality aJ = agl then implies M J = M as
desired.

2 = 1. Let I and J be kernel ideals and let u : M’ — M’ be an isomorphism. There is an
a € A with aM C M. Therefore g := fyouo (fI_1 oa): M — M is an isogeny.

We claim that gI = aJ, that is, left multiplication by a~'¢ is an isomorphism of I with
J. Let f € I, then h := fJO'LLO(fI_IOf) € R has im(h) ¢ M”7. So h € J since J is a
kernel ideal, and gf = ah € aJ, since a commutes with all morphisms. Conversely let h € J,
then f := froulo (fJ_1 oh) € R has im(f) ¢ M. So f € I since I is a kernel ideal, and
ah = gf € gl as desired. O

Proposition 3.36. Let I C R be a right ideal which is a lattice in E. Then fr-End(M7)- fI_1
contains the left order O ={f € E: fI C1} of I and equals it if I is a kernel ideal.

Remark. Recall that End(M7)®4Q is identified with E by mapping h € End(M7) to frohof;!.

Proof. Let f € O and g € I. Then fg € I and f; o fo fro(ff'tog) = f;lofgis
a morphism from M to M!. If g varies, the images of Ir 1o g exhaust all of M. Hence
fr Yo fo fr is indeed an endomorphism of M!. Conversely let I be a kernel ideal and let
f=frohofi' € fr-EndM") - ff' If g e Ithen fog= froho(ff'og) € R has
im(fog) € M'. So fg € I as desired. O
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We will now draw conclusions about the endomorphism ring R similar to Waterhouse’ results
[Wat] on abelian varieties by simply translating his arguments.

Theorem 3.37. Every mazimal order in E occurs as the endomorphism ring f-End(M')-f~! C
E of a pure Anderson motive M’ isogenous to M wvia an isogeny f : M' — M.

Proof. Let S be a maximal order of E. Then the lattice R contains a5 for some a € A. Consider
the right ideal I = aS - R whose left order contains S. By Proposition B:36, f7 - End(M7) - f T !
contains the left order of I. Since S is maximal we find S = f; - End(M7) - fj_l. O

Theorem 3.38. If E is semisimple and End(M) is a mazimal order in E, so is fi-End(MT)-f;
for any right ideal I C R.

Proof. By [Rei, Theorem 21.2] the left order of I is also maximal and then Proposition
yields the result. O

From now on we assume that L is a finite field and we set e := [L : Fy]. Let 7 be the
Frobenius endomorphism of M.

Proposition 3.39. The order R in E contains m and deg(w) /7.

Proof. Clearly the isogeny 7 belongs to R. Let now a € deg(m). Then a annihilates coker 7 by
[[L37 and so there is an isogeny f : M — M with mo f = a. The image a/7 of f in E belongs
to R. [l

Proposition 3.40. If M is a semisimple pure Anderson motive over a finite field and End(M)
is a mazximal order in E = End(M)®4Q, then every right ideal I C End(M), which is a lattice,
is a kernel ideal for M, and deg(fr) = N(I):= (N(f): f€I).

Proof. (cf. [Watl, Theorem 3.15]) Let f € I, then f = f;o fj_lf and N(f) € deg(f) C deg(fr)
by Lemma[[.36] Therefore N(I) C deg(fr). Let R’ be the left order of I. It is maximal by [Rel,
Theorem 21.2]. For a suitable a € A the set J' :={z € E: 2l C aR} is aright ideal in R’ and a
lattice in E and satisfies J'-I = aR by [Rei, Theorem 22.7]. Let J := f;'J'f; C End(M') be the
induced right ideal of End(M') = fr LR’ f1; see B30l Then coker f7 o f; = coker f; = cokera
by Proposition B34l Therefore Theorem [3.19 and [Reil, 24.12 and 24.11] imply

N(a)- A= N(J') - N(I) C (deg f)(deg fr) = deg(a) = N(a) - A.

By the above we must have N(I) = deg(fr) since A is a Dedekind domain. If I were not a
kernel ideal its associated kernel ideal would be a larger ideal with the same norm. But this is
impossible by [Rei, 24.11]. O

Like for abelian varieties there is a strong relation between the ideal theory of orders of
FE and the investigation of isomorphy classes of pure Anderson motives isogenous to M. We
content ourselves with the following result which is analogous to Waterhouse [Wat, Theorem
6.1]. The interested reader will find many other results without much difficulty.

Theorem 3.41. Let M be a simple pure Anderson motive of rank r and dimension d over the
smallest possible field F,. Then

1. End(M) is commutative and E := End(M) ®4 Q = Q(m).
2. All orders R in Q(7) containing 7 are endomorphism rings of pure Anderson motives
isogenous to M. Any such order automatically contains N(7)/m = Ngr)/q(T)/.
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3. For each such R the isomorphism classes of pure Anderson motives isogenous to M with
endomorphism ring R correspond bijectively to the isomorphism classes of A-lattices in E
with order R.

Proof. 1 follows from B.11] and

2. Let R be an order in Q(m) containing 7 and let v # & be a maximal ideal of A. Since
[E : Q] = r and E, is semisimple, there is by Lemma B.I8 an isomorphism E, =~ V,M of
(left) E,-modules given by f — f(x) for a suitable x € V,M. It identifies R, := R ®4 A,
with a w-stable lattice A, = R, - « in V, M, which without loss of generality is contained in
T,M. By Proposition there is an isogeny f : M’ — M of pure Anderson motives with
T, f(T,M") = A,. By Theorem we conclude

End(M') Rp Ay = EndAv [7] (Av) =R,.

For v = € note that Q. 1 = Q. since L = F,. In particular F. = F,. Since dimg. N.(M) =r =
[E : Q], Theorem 27 together with Lemma [3.I8 show that E. is isomorphic to N (M) as left
E -modules. Since R contains 7, the image of R. :== R®4 A. in N.(M) is a local o-subshtuka

M’ of M.(M) of the same rank. (If it is not contained in M.(M), multiply it with a suitable
ac A.) Then Proposition [Z9] yields an isogeny of pure Anderson motives f : M’ — M such
that M(f)(Mc(M')) = M’ and

End(M') ®4 Ae = End g, 4 (M') = R.

by Theorem 271 Since each of these operations only modifies End(M) at the respective place
v, this shows that we may modify M at all places to obtain a pure Anderson motive M’ with
End(M’) = R. Now the last statement follows from Proposition 3.39 and Theorem [B.19]

3. Let R be such an order. By what we proved in 2 there is a pure Anderson motive M for which
all T,M = R, and M, (M) R.. Let I C R be a (right) ideal which is an A-lattice in E and
consider the isogeny fr : M I _y M. Under the above isomorphisms T, f (T, M d )ZIRAA, = 1,
and M. fi(M.M1) >~ T®4 A =: I.. Conversely if f: M’ — M is an isogeny then M, f(M,M’)
is a (left) R,-module because R = End(M), hence isomorphic to an Ry-ideal I,. This shows
that any isogeny f : M’ — M is of the form fr: M - M.

If now f € R satisfies im(f) C M7 then f € I and f € I, for all v and therefore f € I.
This shows that every I is a kernel ideal for M. By Proposition 336 End(M?) is the (left)
order of I. Since every lattice with order R in F is isomorphic to an ideal of R, we have

{ A-lattices in E with order R}/

{I C R Ideals with order R}/.. —— {MI —>M—>Mw1th End(M') =R}/

and the assertion now follows from Theorem [3.33] O
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