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Abstract

In their book Rapoport and Zink constructed rigid analytic period spaces F*“¢ for
Fontaine’s filtered isocrystals, and period morphisms from PEL moduli spaces of p-
divisible groups to some of these period spaces. They conjectured the existence of an
étale bijective morphism F¢ — F™“¢ of rigid analytic spaces and of a universal local
system of Q,-vector spaces on F*. For Hodge-Tate weights n — 1 and n we construct
in this article an intrinsic Berkovich open subspace F° of F¥% and the universal local
system on FY. We conjecture that the rigid-analytic space associated with F° is the
maximal possible 72, and that F° is connected. We give evidence for these conjectures
and we show that for those period spaces possessing PEL period morphisms, F° equals
the image of the period morphism. Then our local system is the rational Tate module
of the universal p-divisible group and enjoys additional functoriality properties. We
show that only in exceptional cases F° equals all of 7% and when the Shimura group
is GL,, we determine all these cases.
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Introduction

Rapoport and Zink fix a reductive group G over Qp, an element b € G(Kj) for Ky :=

W (Fy lg)[%}, and a conjugacy class {u} of cocharacters of G. They consider the projective

variety F over a local Shimura field E parametrizing the cocharacters belonging to this
conjugacy class. They show that the set of weakly admissible cocharacters is a rigid analytic
subspace (fg”“)rig of F , which is called a period space; see [RZ96), Proposition 1.36]. On
[RZ96, p. 29] they conjecture the existence of an étale morphism (F)"& — (F%)"¢ of rigid
analytic spaces which is bijective on rigid analytic points, and the existence of a tensor
functor ¥V from Q,-rational representations p : G — GL(V) to local systems of Q,-vector
spaces on (]:"I?)rig, such that at every point u of (fg)rig the fiber of the local system V(p) is
the crystalline Galois representation corresponding by the Colmez-Fontaine Theorem [CEFQ0]
to the filtration on the isocrystal (V ®q, Ko, p(b) - ¢) given by p o pu. De Jong [dJ95]
pointed out that to study local systems it is best to work in the category of Berkovich’s
E- analytic spaces rather than rigid analytic spaces. For convenience of the reader we review
Berkovich’s definition and the relation with rigid analytic spaces in Appendlx [A] We show
that in fact (f “’“)“g is the rigid analytic space associated with an open E- analytic subspace
.7-"“’“ of F (Pr0p051t10n . In Section [1 I we recall the definition of (.7: wayris and the precise
formulatlon of the conjecture. We slightly strengthen the conjecture (in Conjecture
and explain its interpretation in terms of the étale fundamental group.

In this article we contribute to the conjecture in the situation where G has a represen-
tation p such that all Hodge-Tate weights of p o u are n — 1 and n for some integer n. We
construct an intrinsic open E—analytic subspace .7:",9 of ]i"a and the universal local system
on fv?. We conjecture that ]t" is connected (Conjecture and equals the largest possible
fg as above (Conjecture . The construction proceeds as follows. With any analytic
point p of F (these are the ones of which E- analytic spaces consist; see Definition

we associate in Section 4| a p-module M, over the ring Brlg and we let .7?,? be the set of

those p for which M, is isoclinic of slope zero. The ring BL, which is a kind of maximal
unramified extension of the Robba ring, is defined in Section [2]and the notion of p-modules
is recalled in Section 3] Our construction is inspired by Berger’s [Ber09] construction which
associates with any rigid analytic point pu € F (the ones whose residue field H(u) is finite
over E ) a (¢, I')-module over the Robba ring. Due to the restriction to rigid analytic points
Berger’s approach works even without the above assumption on the Hodge-Tate weights.
However, the techmques we use in Sectlon where we prove that ]—' Y'is an open E- analytic
subspace of F , require in an essential way to work with E- analytic spaces. These also have
points whose residue field is not finite over E. Moreover, they are topological spaces in the
classical sense and we show that the complement F~ .¢b0 is the image of a compact set
under a continuous map (Theorem [5.6). It is worth noting that this crude map is in fact
only continuous and not a morphism of FE-analytic or rigid analytic spaces. The universal
local system on f Y is constructed in Theorem

For Hodge—Tate weights —1 and 0 Rapoport and Zink also study a period morphism

. gan .7-"“’“ starting at the E- analytic space g™ associated with a PEL moduli space
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G of p-divisible groups in a fixed isogeny class. The problem to determine the image of
such period morphisms was already mentioned by Grothendieck [Gro71]. By the Colmez-
Fontaine Theorem |CFQ0] it contains every classical rigid analytic point. When G = GL(V)
de Jong [dJ95, §86 and 7] observed that the rational Tate module of the universal p-divisible
group over Ga descends to a local system V of Qp-vector spaces on the image fr(g“an) of
7; compare Theorem where we also show that ﬁ(?an) = .73",? and that ,C’;an is identified
with the space of Z,-lattices inside V. This uses a recent result of Faltings [Fall0]. In the
general PEL-situation we prove in Theorem H that ﬁ(éan) = .7:"8 and that the rational
Tate-module of the universal p-divisible group over g™ induces a tensor functor from Qyp-
rational representations of G' to local systems of (Q,-vector spaces on f’g as in the conjecture
of Rapoport and Zink. We conjecture that ]i'l? is the largest open E—analytic subset on which
such a tensor functor exists (Conjectures and and we give some evidence for this
in Section @ On rigid analytic spaces the inclusion #(G?") C ]i"g‘ja gives an étale morphism
T(Gam)rie (J’Eg”“)rig which is bijective on classical rigid analytic points. It was noted in
[RZ96] and [dJ95] as a peculiarity that this étale morphism is bijective on rigid analytic
points but need not be an isomorphism. We give a natural explanation of this phenomenon.
Indeed, we show that in general #(G*") = fg is strictly contained in f{;"a (Example
and hence 7(G*)"8 — (FP*)"8 in general is not an isomorphism (Proposition . For
G = GL, we even compile a complete list of b € GL,(K) for which #(G*) = F** in
Theorem The fact that the inclusion #(G*) C fg"“ may be strict while it induces a
bijection on rigid analytic points by the Colmez-Fontaine Theorem [CF00] again shows that
one must take into considerations also the points of fl}“a whose residue field is not finite
over E. In other words one should work with Berkovich’s E—analytic spaces rather than
rigid analytic spaces.

To end this introduction let us mention that some of the results presented here were
announced in [Har(O8]. The ideas in this article are inspired by our analogous theory in
equal characteristic [Harl0], or [Har09, §6.2], where we were able to prove the analogue
of the Rapoport-Zink Conjecture and the surjectivity of the period morphism onto ]—u}? for
arbitrary Hodge-Tate weights. In the beginning we had hoped to be able to extend our
approach here also to Hodge-Tate weights other than n — 1 and n, but we did not succeed.
Not even the construction of the ¢-module M, over ﬁiig, let alone the openness result
could be established along this line. The reason lies in the fact that for analytic points
€ F whose residue field H(u) is not finite over E the ring ﬁiig is not a H(u)-algebra (like
Fontaine’s field Bgr is not a C,-algebra). So Berger’s construction could not be adapted.

Acknowledgments. The author would like to thank F. Andreatta, L. Berger, V. Berko-
vich, O. Brinon, J.-M. Fontaine, A. Genestier, U. Gortz, M. Kisin, V. Lafforgue, J. Pot-
tharst, M. Rapoport, and E. Viehmann for many helpful discussions and for their interest
in this work.

1 The Conjecture of Rapoport and Zink

In this section we recall the construction of Rapoport’s and Zink’s p-adic period spaces.
We strengthen their conjecture mentioned above and interprete it in terms of the étale
fundamental group. Let us first recall the definition of filtered isocrystals. We denote by
F;lg an algebraic closure of the finite field with p elements and by Ky := W(F;Ig)[%] the

fraction field of the ring of Witt vectors over Fﬁlg . Let ¢ = W (Frob,) be the Frobenius lift



1 THE CONJECTURE OF RAPOPORT AND ZINK 4

on Ko.

Definition 1.1. An F-isocrystal over Fﬁlg is a finite dimensional Kjy-vector space D
equipped with a @-linear automorphism pp. If L is a field extension of Ky and Fil®*Dp,
is an exhaustive separated decreasing filtration of Dy := D ®g, L by L-subspaces we
say that D = (D, pp, Fil*Dy) is a filtered isocrystal over L. The integers h for which
Fil™"Dy # Fil "Dy are called the Hodge-Tate weights of D. We let ty(D) be the
p-adic valuation of det ¢p (with respect to any basis of D) and we let

tH(Q) = Zl : dimL gr%il. (DL) .
1EL
The filtered isocrystal D is called weakly admissibleﬂ if
tu(D) = ty(D) and  tg(D') < tn(D) (1.1)

for any subobject D' = (D', ¢p|ps, Fil*D}) of D, where D’ is any ¢ p-stable Ko-subspace
of D equipped with the induced filtration Fil’D} = D} N Fil'Dy, on D} := D' ®k, L.

To construct period spaces let G be a reductive linear algebraic group over Q. Fix a
conjugacy class {u} of cocharacters

w:Gp — G

defined over subfields of C,, (the p-adic completion of an algebraic closure of Ky). Let E be
the field of definition of the conjugacy class. It is a finite extension of Q,. Two cocharacters
in this conjugacy class are called equivalent if they induce the same weight filtration on
the category Rep G of finite dimensional Q,-rational representations of G. There is a

projective variety .7: over ¥ whose C,-valued points are in bijection with the equivalence
classes of cocharacters (from the ﬁxed conjugacy class). Namely let V' in Rep G be any

faithful representation of G. With a cocharacter p defined over a field L one assomates the
filtration leLVL = EBBZ Vi,j of VI .=V ®q, L given by the weight spaces

Vij = {veVp: u(z)-v = zvforalzeGy(L)}.
This defines a closed embedding of F into a partial flag variety of V'
F “— Flag(V)®q, E, (1.2)

where the points of Flag(V') with value in a Qp-algebra R are the filtrations F* of V ®q, R
by R-submodules which are direct summands such that rkp gr}. is the multiplicity of the
weight ¢ of the conjugacy class {u} on V.

Now let b € G(Kp). For any V in RepQG one obtains an F-isocrystal (V ®q, Ko, b-p).

P
Its automorphism group contains the group from [RZ96, Proposition 1.12]

J(Qp) = {g€G(Ko): g~ bp(g) =b}. (1.3)

'This used to be the terminology until Colmez—Fontaine [CFQO0] showed that for L/K, finite weakly

admissible implies admissible. Since we consider also infinite extensions L / Ko for which the Colmez—Fontaine
Theorem fails we stick to the old terminology.
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A pair (b, ) with an element b € G(Kj) and a cocharacter p : G,,, — G defined over
L D K is called weakly admissible if for some faithful representation p : G — GL(V) in
Rep,, G the filtered isocrystal

P

Dy (V) = (V®q, Ko, p(b)-¢, Fil}, VL) (1.4)

is weakly admissible. In fact this then holds for any V' in RepQG; see [RZ96, 1.18]. If (b, u) is
—  X¥p

weakly admissible and L /K is finite then the filtered isocrystal Dy (V') is admissible, that
is it arises from a crystalline Galois-representation Gal(L¥&/L) — GL(U) via Fontaine’s
covariant functor

Qb,u(V) = Dais(U) = <U®@p BcriS)Gal(Lalg/L)

which by the Colmez-Fontaine theorem [CEF00] is an equivalence of categories from crys-
talline representations of Gal(L*#/L) to weakly admissible filtered isocrystals over L. We
write Veris(Dy,,(V')) := U for Fontaine’s covariant inverse functor. The assignment

Rep, G — Repg (Gal(L™8/L)), V — Veris(Dy,u(V)) (1.5)

defines a tensor functor from Rep_ G to the category of continuous Gal(L*8/L)-represen-
p

tations in finite dimensional Q,-vector spaces.

Let £ = FKj be the completion of the maximal unramified extension of £. In what
follows we consider cocharacters u defined over complete extensions L of E. Let '8 be
the rigid analytic space over E associated with the variety F=F@gpk. Rapoport and
Zink define the p-adic period space associated with (G,b,{u}) as

(Frayie .= {pe FUi& . (b, p) is weakly admissible } .

It is acted on by J(Q,). Rapoport and Zink show that (fé”“)rig is an admissible open rigid
analytic subspace of ]:"rig; see [RZ96, Proposition 1.36]. For the proof they reduce to the
case where b is decent with some positive integer s, that is

b-o®d)-...-o*Hb) = sv(p). (1.6)

where v € Hompg, (G, G) ®z Q is the slope quasi-cocharacter [RZ96, 1.7] and s satisfies
sv € Hompg,(Gy,, G). If b is decent with integer s then (]t'g,"a)rig has a natural structure
of rigid analytic subspace of (F @ Es)"8 over Es = E - W (F ps)[%] from which it arises by
base change to E. In [RZ96, p. 29] Rapoport and Zink make a conjecture on the existence
of a universal local system of Q,-vector spaces on (fg”a)rig which we refine in below.

Stimulated by [RZ96], the notion of local systems of Q,-vector spaces on rigid analytic
spaces was studied by de Jong [dJ95, §4] who pointed out that this is best done working
with Berkovich’s E’—analytic spaces rather than rigid analytic spaces. So let Fa be the
E-analytic space associated with the variety F. See Appendix [A| for the notion of E-
analytic space and the relation with rigid analytic spaces. In fact the argument of [RZ90,
Proposition 1.36] shows that there exists an open E—analytic subspace .73";”“ of F" whose
associated rigid analytic space is the period space (fg”“)rig; we explain the proof of this fact
in Proposition [0.1]

Local systems of Q)-vector spaces on an E‘-analytic space Y are related to the cate-
gory @Qp(ﬂ‘ft (Y, gj)) of finite dimensional continuous Q)-linear representations of the étale

fundamental group 7¢*(Y, 7) of Y as follows. This group was defined by de Jong [dJ95)].
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Proposition 1.2. ([dJ95, Theorem 4.2].) For any geometric base point § of Y there is a
natural Qp-linear tensor functor

Qp'@y - @QP(W?t (Ya Zj))

which assigns to a local system V the 7r (Y, y)-representation Vy. It is an equivalence if Y
s connected.

In particular, for any point y € Y (L) and geometric base point y lying above y, any
local system V of Q,-vector spaces on Y gives rise to a Galois representation

Gal(L™®/L) = ni'(y,9) — 7{"(Y.§) — GL(Vy). (1.7)

We denote this Galois representation by V,. Now we propose the following refinement of
the conjecture of Rapoport and Zink [RZ96] p. 29]; see also [DOR] Conjecture 11.4.4].

Conjecture 1.3. There exists a unique largest arcwise connected dense open E‘-analytic
subspace Fy C F'* invariant under J(Qp) with F{(L) = F'*(L) for all finite extensions
L/E and a tensor functor ¥ from Rep@G to the category Q, Loc]_.a of local systems of

Qp-vector spaces on fa with the following property:

For any point u € fg(L) with L/E finite, the tensor functor RepQG —
Y 2
Repr(Gal(Lalg/L)), Vo= Vais(Dpu(V)) from is isomorphic to

V= Y(V), from which associates with a representation V€
RepQG the fiber at u of the corresponding local system YV (V).

(L.8)

Note that any E- analytlc space is locally arcwise connected by [Beh90, Theorem 3.2.1].
Moreover, any open E- analytic subspace of Fan ig paracompact by Lemma

Forgetting the action of Gal(L*#/L), Condition (1.8)) implies that

for any point u € .7-v"l‘)1(L) with L/E finite, the fiber functors RepQG — (1.9)
P .
(Qp-vector spaces), V = Viis(Dy,,(V)) and V — Y(V), are isomorphic.

But note that (1.9) for G = GL, simply says that dimg, V(V) = dimg, V' and also in
general ([1.9)) is weaker than Condition (|1.8)). To derive the original conjecture of Rapoport
and Zink from Conjecture we in addition note the following

Proposition 1.4. If Conjecture holds, then the open immersion Jz"lf - fg”a induces
an étale morphism of rigid analytic spaces (F{)"8 — (FL)8 which is bijective on rigid
analytic points. It is an isomorphism if and only if Fi' = F'¢.

Proof. The functor ( )'® takes étale morphlsms to étale morphisms. The rest is a conse-
quence of Theorem |A.2|since ]: * and .7-" Wwe are paracompact by Lemma mexplam Ul

The nature of such a morphism (fg)rig — (.Fg”“)rig may seem somewhat obscure since
it is a non-quasi-compact refinement of the Grothendieck topology on the same underlying
set of points fg(Ealg) = ]:"g”“(Eualg). It is less mysterious on the level of E-analytic spaces
because there one can see the points in the complement fg“a a2 compare Example
below.
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After recalling some of Fontaine’s rings and some facts on ¢-modules in the next two
sections we will construct in Sections 4] and [5| for Hodge-Tate weights n — 1 and n an
open E—analytic subspace ]3",9 of fg”a which is a candidate for the space searched for in
Conjecture [L.3]

Let us end this section by explaining the significance of Conjecture [1.3]in terms of the
étale fundamental group. Let p € ff(L) be a point with values in a finite extension L/ E
and let i be a geometric base point of .7?,? lying above p. Then Rapoport and Zink [RZ90,
1.19] consider a cohomology class

(b, p) = r(b) —p* € H(Q,, G)

where £(b) € m(G)ga g, /q,) 18 the Kottwitz point [Kot97, §7] and p# is the image of p
D
under the natural map X.(T) — m1(G) — Wl(G)Gal(@ /q,)- BY the weak admissibility of
D
the pair (b, i), the difference % (b) — u# lies in (Wl(G)Gal(@p/Qp))tOTS which Kottwitz [Kot97,
3.2] identifies with H'(Q,, G).
Let wg be the forgetful fiber functor RepQG — (Qp-vector spaces). The cohomology
—
class cl(b, ) defines a G-torsor over Q, which by [DMS82, Theorem 3.2] is of the form
Isom®(wp,w) for a fiber functor @ : RepQG — (Qp-vector spaces). Consider the image of
~ %P
cl(b, ) in H'(Qp, G*) and let G be the associated inner form of G. This yields a non-

canonical isomorphism of Q,-group schemes G = Aut®(@) by [DMR2, Proposition 2.8]
which we fix in the sequel.

Corollary 1.5. Let Y C ]t"g”a be an open connected E—analytic subspace, and let i be a
geometric base point of Y. Then the set of isomorphism classes of tensor functors V :
RepQPG — Qp-Locy satisfying s in bijection with the set of isomorphism classes of
continuous group homomorphisms

where two homomorphisms are isomorphic if they differ by composition with an automor-
phism of the Qp-group scheme G.

Proof. Let V : @QPG — Qp-Locy be a tensor functor and consider the fiber functor
from @Q pG to (Qp-vector spaces) obtained as the composition wy o ¥V with the forgetful
fiber functor wyp on @Qp(ﬂft(}/, ﬂ)) from Proposition By [dJ95, Theorem 2.9] the
fiber functors w; and wy at any two geometric base points fi and ji’ are isomorphic. So
without changing the isomorphism class of Wp © Y we may assume that i maps to a point
w € Y (L) with values in a finite extension L/E. Then by a theorem of Wintenberger [Win97,
Corollary to Proposition 4.5.3] (see also [CEF00, Proposition on page 4]) Condition is
equivalent to the assertion that the cohomology class of the G-torsor Isom® (wo,wp o V)
equals cl(b, 1) € H'(Qp, G). This yields a non-canonical isomorphism of fiber functors
Bo : @ == wy o) by [DM82, Theorem 3.2], and a non-canonical isomorphism of Q-
group schemes G = Aut® (&) = Aut®(wz o V). Any element v € 7% (Y, 1) yields a tensor
automorphism of wy o V. This defines a group homomorphism f : 7$'(Y, i) — é((@p)
which is unique up to composition with an automorphism of the group scheme G. Since
for all p € @QPG the induced homomorphism 7¢*(Y, 1) — é((@p) — GL(wp 0 V(p))(Qp) is

continuous, also f is continuous.
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Conversely let f : 7$t(Y, i) — G(Qp) be a continuous group homomorphism. Then we
define a tensor functor RepQG — RepQ( (Y, ,u)) by sending a representation p of G to
p P

the representation
e mf' (Y. m) — GL(&(0)(Qp) s v = &(p)(f(7))-

Here @(p)(f(v)) is the automorphism by which f(y) € é((@p) Aut®(@)(Qp) acts on
the Qp-vector space W(p). Note that p is continuous because G(Qp) — GL(@(p))(Qp) is
continuous. Let V(p) := wgl(p’ ) be the local system of Qp,-vector spaces on Y induced
from p’ via Proposition This defines a tensor functor V : @QPG — Qp-Locy. The
composition wy o ¥V with the forgetful fiber functor w; equals w. Since the cohomology
class of Isom®(wp, w) equals cl(b, i), Wintenberger’s result mentioned above shows that the
tensor functor V satisfies condition (1.9). Clearly the assignments V — f and f +— V are
inverse to each other. O

Remark 1.6. In the situation of Corollary . any tensor functor V : RepQG — Qp-Locy

induces a tower of étale covering spaces of Y with Hecke action. More precisely, let K C

(Qp) be a compact open subgroup and let 5 be the space representing K -level structures
on V, that is residue classes modulo K of tensor isomorphisms (B:w=>wpo)) mod K €
lsorn®(w wpoV)/ K such that the class SK is invariant under the étale fundamental group
of E . Then & 7 is the étale covering space of Y corresponding to the discrete 77 (Y /r) set
Isom®(w wg o V)/ K. Any choice of a fixed tensor isomorphism 3y € Isom®(@,w; o V)
associates with V a representatlon (Y, i) — G (Qp) as in the proof of Corollary and
induces an identification of the 7¢'(Y, ii)-sets Isom® (@, wj o V)/K and G(Qp)/K.

On the tower (ék)l?c@(@p)

G (Qp) and let K,K'c G (Qp) be compact open subgroups. Then the Hecke correspondence
7(9) 7 7 1s given by the diagram

the group G(Qp) acts via Hecke correspondences: Let g €

%

ERing-1Rq yk/mglﬁg)
Egi<———-—- Ex Bmod K Bg'mod K

The whole construction does not depend on the choice of the base point i by [dJ95, Theorem
2.9] and hence also applies if Y is not connected.

2 Fontaine’s Rings

We recall from Colmez [Col09] some of the rings used in p-adic Hodge theory. Let O be
a complete valuation ring of rank one which is an extension of Z, and let L be its fraction
field. It is not assumed to be discrete. Let v, be the valuation on Oy, which we assume to
be normalized so that v,(p) = 1. In p-adic Hodge theory it is usually assumed that Oy, is
discretely valued with perfect residue field. However, in Section [4] we need the more general
situation introduced here. Let C be the completion of an algebraic closure L8 of L and let
O¢ be the valuation ring of C. For n € N let e be a primitive p™-th root of unity chosen
in such a way that (1) = £ for all n. We define
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Et = ET(C) = {z= () pen, : 2™ € O, (™D = 2™ for all n }.

Fix the elements ¢ := (1,e(),e® . ) and @ := ¢ — 1 of E*. With the multiplication

Ty = (m(”)y("))neNO, the addition  + y = (limy,—eo (™™ + y(m+”))pm)neN0, and the

valuation vg(z) := v, (z(?), E*(C) becomes a complete valuation ring of rank one with
algebraically closed fraction field, called E := E(C'), of characteristic p. Next we define

At = AT(C) = W(fﬁ(C)) and
A = AIC) = W(EQ))t
.|

Bt := Bt(C) := AH(O)]

B := B(C) := A(CO)[}] the fraction field of A(C).
By Witt vector functoriality there is the Frobenius lift ¢ := W (Frob,) on the later
rings. For € E(C) we let [x] € A(C) denote the Teichmiiller lift. Set 7 := [¢] — 1. If

=Y 2p'[xi] € A(C) then we set wg(z) := min{ vg(x;) :i <k}. For r >0 let

AOT = AOTNO) = {ze A(C): lim wy(z)+2 =400},

k—4o00

B0 = BO7(C) = AL,
Bf = Bf(C) = [JB"(0).

r—0

One has A+(C) c AO(C) ¢ AOSI(C) for all r > s > 0. On BO7)(C) there is a valuation
defined for z = 775 p'[z;] as

vO7 () = min{wy(z) —{—é tke€Z} = min{vg(z;)+L:i€Z}.

Now one defines BI%7(C) as the Fréchet completion of B(")(C) with respect to the family of
semi-valuations v*"l(z) := min{ v(®*!(z),vO"}(2)} for 0 < s < r. This means in concrete
terms that a sequence of elements x, € B©7(C) converges in BI%71(C) if and only if
limy, oo 157 (Tpy1 — Tp) = +oo for all 0 < s < r. Also if r > s we let ﬁ[s””}(C) be the
completion of B(O7(C) with respect to v, We view BI%"(C) as a subring of B!(C) for

any closed subinterval I C (0,r]. Let

Bt . Bt - Blo.r
B, = B, (C):= |JB")(C).

r—0

The morphism ¢ extends to bicontinuous isomorphisms of rings BI%"l(C) — BIO1(C)
and BlPs#r(C) — Bls7)(C) defining an automorphism of ﬁiig(C’). The rings BI%")(C) and
ﬁlig(C) were studied in detail by Berger [Ber02l §2] who called the first ﬁli’ép_l)/pr instead.
Note that the ring ﬁiig(C’) is denoted ngﬁcon by Kedlaya [Ked05, Definition 2.4.8, Remark
2.4.13] and is an integral domain.

(0)

i

There is a homomorphism 6 : BOU(C) — C sending SR o Pl to XX pla
which extends by continuity to B/%U(C) and even to BIU(C). The series

t = logle] = S0, EU ¢ BU(Q)

n=1 n
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satisfies ¢(t) = pt and t BILU(C) = ker (6 : BLU(C) — C). Let

B. := B!. (C) be the p-adic completion of ]§+(C) [%—7 wEkerf,n e N] and

Cris Cris

Beis = Bcris(C) = B, (C)[l]

cris t

The morphism ¢ extends to endomorphisms of B, (C) and Beyis(C). Let

cris

B/, = BL(C) = [] ¢"Bl(

rig rlg crlS
n€eNp

One easily sees that ]~3+ (C) C B/71(C) for any r > 0. More precisely, BI%!(C) equals the

p-adic completion of Big(C)[W] and hence is a flat BIg(C)—algebra.

3 ¢-Modules

Let L and C be as in the previous section. To shorten notation we will drop the de-
notation (C) from the rings introduced there. We recall some definitions and facts from
Kedlaya [Ked05]. Let a be a positive integer.

Definition 3.1. A ¢®-module over Brlg is a finite free Bllg module M with a bijective

p%-semilinear map ¢n : M — M. The rank of M as a BT1 -module is denoted rk M. A
morphism of ¢*-modules is a morphism of the underlying BLg-modules which commutes

with the on’s. We denote the set of morphism between two p®modules M and M’ by
Homg. (M, M’).

Example 3.2. Let ¢,d € Z with d > 0 and (¢,d) = 1. Define the ¢®module M(c, d) over
BLg M(e,d) = @ Bilgel equipped with

pm(er) = e, ..., pm(e—1) = eq, pmleq) = per. (3.1)
By abuse of notation we also write M(nc, nd) := M(c,d)®" for n € Ny.

The category of ¢*-modules over Brlg is a rigid additive tensor category with unit object
M(0,1). For a positive integer b there is a restriction of Frobenius functor [b]. from ¢®-
modules over Bilg to p®-modules over Bllg sending (M, oM ) to (M, %) Kedlaya proved
the following structure theorem.

Theorem 3.3. (|[Ked05, Theorem 4.5.7]) Any ¢*-module M over ]NBIig is isomorphic to a

direct sum of ¢*-modules M(c;, d;) for uniquely determined pairs (c;,d;) up to permutation
with ged(ci, d;) = 1. It satisfies N°M = M(c, 1) where c =Y, ¢; and d =1kM =" d;.

Definition 3.4. If det M := A""M M = M(c, 1) we define the degree and the weight of M

deg M
as degM := ¢ and wt Ml := PBF.

Proposition 3.5. ([Ked0d, Lemma 5.4.9]) FEvery ¢%-submodule M' C M(c,d)®" over
BLg satisfies wt M > wt M(c,d)®" = <.

Let us record some facts about the M(c, d).

Lemma 3.6. ([Ked05, Lemmas 4.1.2 and 3.2.4]) The ¢*-modules M(c,d) over ﬁiig satisfy
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(a) M(c,d) @ M(c,d) = M(cd + cd,dd’),
(b) M(c,d)” = M(—c,d) and
(c) [d]«M(c,d) = M(c,1)®?

Definition 3.7. For a ¢*module M over ﬁiig we define the set of p®-invariants as

Hg,a(M) = {zeM: pom(z)=2a}.
It is a vector space over H ( ;1)) = Qpe := W(Fpe)[p~']; use [Ked05, Proposition
3.3.4]. We have Hom (M, M’) = (MV ®@ M) for p*-modules M and M’ over Bilg

Proposition 3.8. If a > ¢ > 0 then the ¢*-module M(—c,1) over Bilg satisfies

H?OG(M( {prz;ﬂcp (EDE xo,...,xcfleﬁ,vE(xj)>0}.

VEZL j=0

Proof. One easily verifies that the series on the right converges (even in B for all r > 0)
and is a p%-invariant of M(—c, 1).

Conversely let z € BLg satisfy x = p~¢p®*(z). Then z € BIg by [Ber04, Proposition

1.4.1] and hence possesses an expansion = Z]oi_ « P’ [x;] with uniquely determined z; € E

satisfying vg(x;) > 0 by [Fou05, Lemme 3.9.17 and Corollaire 3.9.9]. The uniqueness implies
p(l

T, =Tjc and the proposition follows. O

Let us make a remark on radii of convergence. Let M%) be a free BI%"-module and
for 0 < s < rlet MOl .= MIO7] Qgplo. , B!9s] be obtained by base change via the natural

inclusion ¢ : BI%"] < B0l Let further

o’ L M gy, BT 2 M0

be an isomorphism of Bl0P™ "l _modules. We say that a ¢%module (M, pn) over BIlg

represented by the pair (MJ07] <p]0 P a}) if (M, @ng) = (MO ®F10.r] Bilg, gp]l&m T® id).
Proposition 3.9. If M is represented by (M07], 80}18[@*‘1]) then
HOW(M) = {zeM®: 07 N eo.l)=ce,1}).

Proof. The inclusion “>” follows from the inclusion M/ ¢ M.

To prove the opposite inclusion “C” let = € H?oa(l\/[). Since Bilg = Usso Bl0s! there

exists a0 < s < r with z € M5, Choose @vﬁ]o’r]—basis of MI07] and write x with respect to
this basis as a vector v = (v1,...,v,)" € (B}O“S])@n. Let A € GL, (B]O””fﬂ) be the matrix

by which the isomorphism gp}l\%p*“}
into A~ v = ((pa(vl),...7¢a(vn))T_ Thus if s < rp~® we find ¢%(v;) € §}07S]’ whence

v; € BI0:sp°]. Continuing in this way we see that in fact v; € ]§]07’"], that is € MOl O

acts on this basis. The equation z = ¢p(z) translates
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Proposition 3.10. Let ¢,d > 0 and let the p-module M = M(—¢,d) over ]~3Lg(0) be
represented by MO = @le BloUe; and Q0" as in (B.1). Then 6 : BOU(C) - C
induces the following exact sequence of Qp-vector spaces

T—c,d 9M

H) (M(—c¢,d)) ——— %, Ce; —=0,

0 —=H)(M(d — ¢, d))
d d d
Z Tie;j——> Zp%lt Tie; , Z yiei—= 4 O(yi)e; .
=1 =1 =1

In particular Oy is an isomorphism for 0 < ¢ < d.

Proof. The elements of H?D (M(—c,d)) are of the form 2?21 0"~ (y)e; for y = p~¢%(y) and
y € ﬁ;ﬁg - B';lax - ﬁiig by [Ber04, Proposition 1.4.1]. The map 6y sends this element
to Zf-l:l 0(¢"(y))ei. Since {¢" ! : 1 < i < d} = Gal(Qua/Q,), the sequence is exact
on the right by |Col02, Lemme 8.16]. Since ¢(t) = pt and ﬁlig is an integral domain the
sequence is well defined and exact on the left. Finally, the exactness in the middle follows
from ¢-Bf, = {y e B, :0(0"(y)) = 0 for all n € Ng }; see [C0l02, Proposition 8.10].
If 0 < ¢ < d then Hg,(M(d —¢,d)) = (0) by [Ked05, Proposition 4.1.3] and 6y is an

isomorphism. O

Corollary 3.11. If A : M — M(e,d) is a homomorphism of p-modules over ﬁLg repre-

sented by A0 - MG — (BIOAN®d yip, OM(c,d) © AV = (0) then A factors as
A =T oB for a morphism B : M — M(c+d,d) where T =T, 4: M(c+d,d) — M(c,d)
is induced by multiplication with t as in Proposition [3.10,

Proof. By Theorem and Lemma we write M= Y7 M(¢;, d;) and

Homy, (M, M(c,d)) = @H)(M(cd; — ¢id, dd;)) .
i=1

Then the assertion follows from Proposition [3.10 O
Proposition 3.12. The p*-modules M(c,d) over ﬁiig satisfy
0 if ¢/d >0
(a) dimg,, H)o (M(c,d)) =S 1 ifc=0,d=1

00 if ¢/d <0

0 if e/d < /d,
(b) dimg,, Homga (M(c,d), M(¢,d')) = ¢ d? ife=d,d=d,
00 if e/d > /d .

(¢) Enda (M(c, d)) is a central division algebra over Qpa of dimension d* and Hasse
invariant 3.

Proof. (a) The assertions for ¢/d > 0 and ¢ = 0,d = 1 were proved by Kedlaya [Ked05),
Propositions 4.1.3 and 3.3.4]. The case ¢/d < 0 follows from Proposition since
dimg,, C' = oo. Note that Proposition was proved only for a = 1 but the surjec-
tivity of fnp, which only relies on [Col02, Lemme 8.16], holds also for a > 1.
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(b) follows from (a) and

Homga (M(c,d), M(¢,d')) = H)a (M(—c,d) @ M(d,d')) = Hla(M(c'd — cd',dd')) .
(c) was proved in [Ked05, Remark 4.1.5]. The Hasse invariant can be computed as in [HP04,
Proposition 8.6]. O

4 Constructing p-Modules from Filtered Isocrystals

We keep the notation from Section [2| In the situation where the minimal and maximal
Hodge-Tate weights differ by at most 1 we will associate with any analytic point u € Fan g
p-module M, over ]N3Lg(C) where C' is the completion of an algebraic closure of H(u). In
case H(u)/E finite this construction parallels Berger’s construction [Ber09, §I1] that works
for arbitrary Hodge-Tate weights and even produces an “H(ju)-rational” version of M,,. We
begin with the following

i
and an isomorphism cp]lg’pil] . NIo:1 DF10.11 BIOP™'] >~ NIOP7'1 Consider the morphism
On = idy ®0 : N0 — NI0.1] ®]§]0,1]79 C ::’WN and let Wy be a C-subspace of Wn. Then
there exists a uniquely determined @-submodule M C N over fj’lig with tN C M which is
represented by a BI%Y-submodule tN1%1 ¢ MIOU ¢ NIOU sych that O (M%) = Wy

Proposition 4.1. Let N be a ¢-module over B represented by a free BI%1 _module NI0:1]

Proof. If I is a closed subinterval of (0,1] set N/ := NI0-1] ®glo.1] B!. Also if I = [s,r] we let
pl := [ps,pr]. The isomorphism (p]lg’p " induces an isomorphism i, : NP D1 B! ~,
N’. Let I,, := [p~"~!,p™"] for n € Ng. We define M'%° as the preimage of Wy in N0 under
the canonical morphism Nlo — N/o ®yIo g C = Wy and we let M0 be the intersection of

M7 with 801[571@71] (M 1o D10, ﬁ[p_l’p_l]) inside NP™"27'] that is M/ equals
ker( Mo < NPT N[p‘ﬂp‘l]/@{g‘l,p‘W(M/Io O, ﬁ[p‘lvp‘l]) ) '

Since ]§~IO is a principal ideal domain by [Ked05, Proposition 2.6.8] we see that Mo is
a free BIO—SuEmodule of N0 of full rank. For n > 1 we define MI”Nas the image of
Mo ®1§’0,<p” B!» under the isomorphism gpll\’f 0...0 goll\} . Nfo ®]§10#m Bi» ~5 NIn 1In
the terminology of Kedlaya [Ked05, §2.8] the collection M for n € No defines a vector
bundle over BI%U which by [Ked05, Theorem 2.8.4] corresponds to a free BI%I-submodule
M1 of NIOU, By construction tNI%1 ¢ M%) and @115}4’ N restricts to an isomorphism
on M9, This makes M := MI0:4 ®glo.1] ]A?;Iig into a p-module with the desired properties.
Clearly M/® is uniquely determined by the subspace Wy C Wi and the requirements
that tNIO1 ¢ M1 ¢ NIOU and gpf\}’ (MI"—I DFIn-1 EI") =M/, O

Now assume that L is a (not necessarily finite) extension of Ky and let h be an integer.
Let (D, ¢p) be an F-isocrystal over IFpalg and let Fil" Dy be an L-subspace of Dy = D ®K,
L. Let Fil"'Dy = Dy and Fil"*'Dy, = (0). Then D = (D, pp, Fil*Dy) is a filtered
isocrystal over L with Hodge-Tate weights —h and —h + 1.



4 CONSTRUCTING ¢-MODULES FROM FILTERED ISOCRYSTALS 14

Definition 4.2. We set DU := D @, Bl and D(D) := (D, ¢p) := (D, vp) @k, ﬁiig.
Multiplication with ¢ defines natural isomorphisms idp ®@t" : t"DI®Y ~, D& Ko B9 and
t="D(D) =~ (D,p "¢p) @Kk, B rlg We let M(D) be the p-submodule of t~"D over BLg
represented by the BI%U-submodule M%) of ¢="DIO with 6, (M) = (Fil"Dy) @,
C under the map 0,-np : t IO — DI @ gl g € = Dc, whose existence was

established in Proposition
The following lemma is immediate from the definition.

Lemma 4.3. For all integers n consider the Tate object 1(n) := (D =Ko, op=p", Kg=
Fil™ > Fil™*' = (0)). Then the canonical isomorphism idp ®t" : D(D @ 1(n)) =
t"D(D) induces an isomorphism M(D ® 1(n)) = M(D). O

The construction is compatible with dualizing in the following sense.
Proposition 4.4. M(D") = M(D)" := Hom, (M(D),M(0,1))

Proof. If D is a filtered isocrystal with Fil"~'D; = Dy, D Fil"Dy > Fil"*' Dy = (0) then
DY has Fil~"D} = Dy D> Fil"*'D} > Fil="*2Dy = (0) because Fil'D} = {\ € D} :
MFil'=*Dp) = (0)} for all i. Thus the canonical pairing D x D" — K{ induces a pairing
1) as follows

M(Q)}Ovl} X M(Qv)]o,l]

m

tihD(Q)]Oyl] X thle(Qv)]O,l] 4 M(_L 1)}0,1}

~ ~ lz\/

(D’p_h@D) @Ko E}O’H X (Dv’ph_lsoDV) @Ko E}O’H (Ko,p_lcp) QKo E}OJ]
0,-rp(D) On—1p(pV) lewl,l)
D X Dy I

Since 8;-rp(p) (M(Q)}O’”) = Fil"D¢ and chle(Qv)(M(Qv)]()’”) = Fil=""1 DY, we obtain
Oni(—1,1) ow(M(Q)]O’” ®z10.1] M(QV)]O’”) = (0). By Corollary|3.11|the pairing M(D)® B
M(DY) — M(—1,1) factors through M(0, 1). This implies M(D") < M(D)". Since both
p-modules have rank equal to dim D and by Theorem below their degree satisfies

degM(D") = tx(D') — tn(D") = —tn(D) +tn(D) = —degM(D) = degM(D)".
[Ked05, Lemma 3.4.2] yields M(D") =~ M(D)". O

Unfortunately we do not know how to construct M(D) for filtered isocrystals D with
Hodge-Tate weights other than —h and —h + 1. Therefore we cannot make D — M(D)
into a tensor functor and we do not follow Berger’s argument [Ber09, Théoreme IV.2.1] to
prove the next theorem.

Theorem 4.5. degM(D) = tn(D) —tu(D).
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Proof. By the Dieudonné-Manin classification [Man63] there exists an F-isocrystal (D', ¢p/)

over ¢ of rank one with ¢p = p'v@) . » which is isomorphic to det(D,¢p). So by

construction degD(D) = ty(D). Moreover,
tg(D) = (h—1)-dimg(Dy/Fil"Dy) + h-dimy Fil"Dy,
= h-dim; Dy, — dimg(Dy/Fil"Dy) @1, C
= h-dimg, D — dime(t"DION/MOY) @), C.
The following lemma implies that
degt"D(D) — degt" 'D(D) = dimg, D for all n and
degM(D) — degt"D(D) = dime(t "D/ M) @5, , C

and this proves the theorem. O

10,1]

7

Lemma 4.6. Let My and My be p-modules over f’)Lg represented by B0 modules M

Assume that M]lo’l] D) M]20,1] D) tM}lo’H. Then

degMs —degM; = dimC(Mllo’l]/M];’l]) @Fl0.11 g C.

Proof. Clearly the equality holds for My = tM; = M; ® M(1, 1) since degtM; —degM; =
rk M;. We claim that it suffices to prove the inequality

degMsy —degM; > dime W (4.1)

where we abbreviate W := (M]IO,H / M]20’1]) ®gloa] g C- Indeed we apply the inequality to
the two incluNSions M; D My D tM; and My D tM; D tMs and conclude using the exact
sequence of BI®H-modules

0 — MO P MM g

To prove the inequality we argue by induction on dimc W. Let dimgW = 1.
Since det M; D det My we know that deg My > deg M from Proposition If we had
deg My = deg M; then My = M; by [Ked05, Lemma 3.4.2]. So degMs —degM; > 1 =
dimc W as desired.

Let now dime W > 1 and choose a C-subspace W' of dimension 1 of W. By Propo-
sition there is a unique ﬁlig—submodule M, C M3 C M; corresponding to W’. By
induction deg M3 — deg M; > dime(W/W') and deg My — deg M3 > dime W’ proving the
lemma. O

Remark 4.7. As J. Pottharst pointed out to us, one could nevertheless follow [Ber(9,
Théoréeme 1V.2.1] to prove Theorem by working in the exact tensor category mg

of triples (D, ¢p, L) with (D,pp) an F-isocrystal over F;Ig and £ a BIR—lattice inside
D ®k, Bar, where Bl = limB*/(ker6)", Bqr = BJR[t™'], and 0 : B} /tBjz = C.
Note that to @g also ‘Fhe functions tN and ty extend via ty (D, ¢p, L) :=tn(D,¢p) and
tg(D,pp,L) :=nif AGmD o — p=n Adim D 1y ® K, B;fR. From mg there are exact tensor
functors Fi to the category of filtered isocrystals over C by defining

Fil'Dc = (LMD ®k, BlR) /(#'LNt- Dok, Bly) = idp@0(t'LND @k, Bl) .
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and F> to the category of p-modules over ﬁiig similar to our construction in Proposition
More precisely Fj assigns to (D, ¢p, L) the p-module

M(D,¢p, L) := M(D7¢D,£)]O’1] @510,1] ﬁiig where
M(D, @Daﬁ)]o’l] = {m €D g, Bl [t o (m ®yi 1) € Lfor all i < O} .

Restricted to the subcategories where "1 D @y, BIR CLCt"D®, B(TR, respectively
where the Hodge-Tate weights are —h and —h + 1, the functor F} is an equivalence. The
inverse functor F|~ ! assigns to the filtered isocrystal D the BIR—lattice L such that t" £ is the
preimage of Fil" Do under the map idp ®6 : D ®p, B;R — D¢. Our functor D — M(D)
from Definition is then the composition F» o F|~ L

Remark 4.8. The construction of M(D) is functorial with respect to automorphisms of
C'. Therefore M(D) gives rise to a Galois representation

Gal(H(x)"8 /H(x)) — GL(H?O(M(Q))).

Of course this representation is of most interest when M(D) = M(0,1)®4mP gince then
HO(M(D)) = Qg .

If L is a discretely valued extension of K one can check that M(D) equals the ¢p-module

ot
over B, o
criterion.

constructed by Berger [Ber09, §II]. One of Berger’s main theorems is the following

Theorem 4.9. ([Ber09, §IV.2]) Let L be a discretely valued extension of Ko. Then D is
weakly admissible if and only if M(D) = M(0,1)®4™D " In this case the crystalline Galois
representation associated with D 1is the representation Hg (M(Q)) from Remark .

The theorem indicates what the local system on .’ﬁg could be. We will discuss this in de-
tail in the next sections. Let us first make explicit what happens if M(D) % M(0, 1)®dim D,

Proposition 4.10. Assume that tx(D) = tg(D) and that the Hodge-Tate weights of D
are —h and —h+1. Then M(D) % M(0,1)®4mD if and only if for some (any) integer e >
(dim D) — 1 there exists a non-zero x € ng (M(1,1) ® [e]«(t7"D)) with 0,—np ("1 (7)) €
(Fil"Dp) @, C for allm =0,...,e — 1.

Note that t "D can be represented by (D ® K, ﬁ]o’r],p*hbwp) for arbitrarily large r > 0.
Hence by Proposition the element x actually belongs to D ®k, B9l and the expression
0,-np (@) p () makes sense.

Proof. Let M(D) 2 M(0,1)®4mP and let e > (dim D)—1 be any integer. By Theorems
and there is a ¢-module M(c, d) over ]§Il with ¢ < 0 and d < dim D which is a
summand of M(D). Thus by Proposition there exists a non-zero morphism of ¢-
modules f : M(—1,e) — M(c,d) C M(D) C t~"D. Let ey,...,e. be a basis of M(—1,¢)
satisfying and let = be the image of e; in t~"D under f. Then gpf_hD(:r) = p~ Lz, that
isx e H?Oe (M(1,1) ® [e]«(t7"D)). Moreover, f(emt1) = ¢, () in t7"D for 0 < m < e.
Now the fact that the morphism f factors through M(D) amounts by Definition to
Ht*hD ((p?th(.%')) € (FilhDL) ®r C.

Conversely assume that for some integer e > (dim D) —1 there exists a non-zero element
x in ng (M(1,1)®[e]«(t""D)) with 0(np(2)) € (Fil"Dp)®1,C for all 0 < m < e. Define
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the non-trivial morphism of g-modules f : M(—1,¢e) — t~"D by f(eni1) := o g () for
0 <m < e Since O—np (@) p(x)) € (Fil"Dy) @1 C the morphism f factors through
M(D) by Definition By Proposition this implies M(D) 2 M(0,1)®dim D, O

5 The Minuscule Case

We retain the notation from Section [1} In particular G is a reductive group, b € G(Kj),
and {u} is a conjugacy class of cocharacters of G. We make the following assumption on
the triple (G, b, {u}) where v € Homg, (G, G) ®z Q is the slope quasi-cocharacter [RZ96),
1.7] associated with b :

v# = p# in (Wl(G)Gal(@p/Qp)) ®z Q, and
there is an n € Z and a faithful Q,-rational representation V' of G, (5.1)

such that all the weights of {} on V are n — 1 and n, and
the isocrystal Dy, ,(V') from (1.4) has Newton slopes in the interval [n — 1,n].

The significance of v# = u# is explained by the following

Lemma 5.1. Let v be the slope quasi-cocharacter in Homp, (G, G) @7z Q associated with
b; see [RZ906, 1.7], and let p : G — GL(V) be in RepQG’. Then under the canonical
—p

identification Hom(Gy,, G,,) = Z we have
detv opovr = tN(Qb#(V)) and det\/ opou = tH(Qb#(V)) .

In particular, if the images v and u# of v and p in (Wl(G)Gal(@ /Qp)) ®z Q coincide then
)
tn (D,u(V)) =t (Dy,u(V)) for all V € Rep, G

G.
Proof. The statement about ty follows from the construction of v in [Kot85, §4.2]. The
statement about ¢y is immediate from the definition of Dy (V). If v# = p# holds in
(Wl(G)Gal(@p/Qp)) ®zQ then (pov)# = (pou)* in (ﬂ-l(GL(V))Gal(@p/Qp)) ®zQ = Q. Under
the last isomorphism we have (p o )% = detop o v and likewise for . This proves the
lemma. O

If (G, {u}) satisfies ((5.1]) with n = 1 then p is a minuscule coweight by Serre [Ser79) §3].
Furthermore, assume that G does not possess a proper normal subgroup through which p
factors. Then all weights of p in V' form one orbit under the Weyl group, the group G
has no simply connected factor group, and all irreducible components of G4°* are of type
Ay, B,,Cy, or D,. Moreover, in case V is an irreducible representation, dim V' is even,
except possibly when all irreducible factors of G are of type A.

Assume now that (G,b,{p}) satisfies condition and let G’ = GL(V). Then
p:G— G is a closed embedding. This defines a closed embedding F — F' := Flag(V)
into the flag variety from . Here Flag(V) is actually the Grassmannian over Ky of
c-dimensional subspaces of Vi, = V ®q, Ko, where c is the multiplicity of the weight n
va [ on Y By [RZ96l 1.18] we obtain a closed embedding of E—analytic period spaces
FPe — };}’Z‘b’sl,v,u — po L.

Let u € F* be an analytic point. Let L = H(u) and let C' be the completion of an
algebraic closure of L. Let D, := Dy (V) := (Vk,, b-p, Fiil;, Dr) be the filtered isocrystal
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from (L.4). In particular Fil;"'Dy = Dy and FilZHDL = (0). Now we let M,
M, (V) := M(Dp,u(V)) be the Lp-module over ]~3T .(C) from Definition Note that
deg M, = 0 under our assumption (5.1)) by T heorem and Lemma |5.1] n We define

F)o= R = {pe F0 analytic points : M, (V) = M(0,1)®dmV }.o(5.2)

If ¥ = gbp(g™!) for some g € G(Kjp) one easily checks that p — ¢ 'pg =: 4/ maps
F? isomorphically onto .7-"b,, because g induces isomorphisms Dy (V) = Qbu(V) and
My, (V) = M, (V). In particular .7: 0 is invariant under the group J(Q,) from (1.3).

Proposition 5.2. The set ]i—o is independent of the representation V of G with .

Proof. Let p : G — GL(V) and p : G — GL(V) be two representations of G satisfying
. for integers n respectively . Let u € F* and assume M, (V) = M(0, 1)@dimV,
We must show that also Mbw(V) =~ M(0, 1)@d1mv. Since V' is a faithful representation,
V is a direct summand of P, Ve ®q, VY¥™ for suitable positive integers nj,m;. As
in Remark H consider the object (D, ¢p, L) := (Vk,, p(b)e, 7" (idvy, ®0) 'Fil"D¢) €
mz associated with Dy ,(V) under the inverse F| L of the functor Fy for Hodge-Tate
weights —n and —n + 1. Set

(D,(pﬁ,z) = (‘7](0, pb)p, V®Qp Bar N @[@m ®p ,Cv®mz)

Since Fj is a tensor functor it assigns to (IND,gOB,EN) the filtered isocrystal Qb#(f/) =
(15, goD,Fil' ﬁc) over C. The latter has Hodge-Tate Weights —n and —n + 1, and hence
t=A+1D ® K, BdR cLcCt ™D ®K0 BdR and the inverse F| L of Fy for Hodge-Tate weights
—n and —n + 1 assigns to Qb,H(V) the object (D,ch,L') of MPZ,. Therefore under the

tensor functor F5 we have

M, (V) = Fy(D,¢p,L) = Vg, Bl [t™"] n @Mbu V)E™ @i My, (V)™

rlg

as ¢-modules over Bilg By Theorem we can write M, #( ) = €D, M(cj,dj). From

M, (V) = M(0, 1)®4mV it follows that also @, My, ,(V)®" @z Mb’M(V)V@)mZ is isomor-
rlg

phic to a direct sum of M(0, 1). By Proposition also its direct summand Mb,u(f/) is
isomorphic to M(0,1)®4mV ag desired. O

Proposition 5.3. The set .7:}9 is invariant under the group J(Qp) from and contained
in ]i"g”a with f?(L) = fg"a(L) for any finite extension L/E.

Proof. Let u € fg be an analytic point and set L = H(u). Consider a faithful representation
V as in and let .Qu =Dy, (V) :_(D,ch,FilLDL). Let D' C D be a pp-stable Ky-
subspace and let F'il), D} := D} N Fil,Dy,. We have to show that ¢y (D') < tx(D’) for
the subobject D' = (D/,QOD]D/,Fil;D’L) C D, with equality if D’ = D,. Consider the
p-submodule M’ := M(D’) C M(D,) = M,,. Then

kM- wtM' = degM’ = tn(D') —ty(D")

by Theorem. Since u € j—z? we have M, & M(0,1)®4mD and hence ty (D)) = tn (D).
Moreover, wt M’ > wt M, = 0 by Proposition proving tn(D’) > ty(D’). This shows
that .7-" o .7-"“’“ The equality on L-valued points follows from Theorem O
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We expect that the equality on L-valued points holds for many more L.

Conjecture 5.4. If L/E is a complete valued extension such that the value group of L is
finitely generated then FQ(L) = FP*(L).

We will see in a moment that 72"[? C fg"a is open. We also make the
Conjecture 5.5. .7:"(9 is arcwise connected.

We give evidence for these two conjectures in Section [9} In particular we show in
Proposition [9.1] that Conjecture follows from Conjecture

Theorem 5.6. The set ]i}? 1S a paracompact open E—analytic subspace of Fan, If b is
decent with the integer s; cf. (1.6); then ]i"l? has a natural structure of paracompact open
Es-analytic subspace of (F @ Es)* from which it arises by base change to E.

Proof. (a) Since F? has a finite covering by affine spaces, all its open E—analytic subspaces
are paracompact by Lemma To prove that -7\:-{? C Fon g open consider a faithful
representation V' of dimension h as in and let G’ = GL(V). This defines a closed
embedding F — F' := Flag(V) ®q, E into the flag variety from (1.2). Here Flag(V) is a
Grassmannian isomorphic to G'/S’ where S” = Stabg (1)) is the stabilizer of an appropriate
subspace Vy of V. By definition f}? = Fann .75'{,0. So it suffices to prove the theorem for
G’ instead of G. Since G’ is connected we may assume by [Kot85] that b is decent, say
with integer s. We let 7.3 := (F' ®p E,)™ and define the subset F° C F." by the
same condition as in . We show that it is open. For p € F[* we set D, = Dy, (V).
Our assumption implies tn(Dy) = ty(Dy) by Lemma Choose an integer e >
(dim V') — 1 which is a multiple of s. Since D, has Hodge-Tate weights —n and —n+ 1, the
set F1an < F/0 is by Proposition equal to

{ p € F.*™ analytic points : there exists an algebraically closed complete
extension C' of H(u) and an element = € H?Oe (M(1,1) ® [e]«(t7"D)), z # 0
with 0;-np (p}np (@) € (Fily Vi) @nuy € forallm=0,...,e—1

Here D := D(D,) = (D, ¢p) Qk, Biig(C’) is the p-module over B!

1ig(C) associated with

D, in Definition [t.2] and [e].(t~'D) = (D, p~*¢%) @k, Bl (C).

(b) We identify V ®q, A}, with affine h-space A%S over E. For ( € Ey consider the
E,-analytic polydisc D(¢)*" = ./\/l(Es(wém ci=1,...,h;m=0,...,e—1)) C (A}, )¢ with
radii (|C],...,|¢]). We will construct in (c) below a constant ( € Es and a compact subset
Z of D(¢)" with the following property: If C' is an algebraically closed complete extension

of Es and x € ng (M(1,1) ® [e]«(t7"D)) with  # 0 then for some integer N

(wn)ody = (i vwnm)”), = (0 (e p ()

m=0

e—1
m=0

is a C valued point of Z and Z consists precisely of those points.
Now let G,*" be the Eg-analytic space associated with the group scheme G’ ®q, £, and
consider the morphism of Fg-analytic spaces

B: G xp, DO — (AL)" = (V g, Ak,
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Let Y be the closed subset of G2 xp, D(¢)*" defined by the condition that (w,)%

m=0

belongs to Z and that 3(Y) C (Vo ®q, A}js)e. Furthermore consider the projection map
pry G;an X B, ]D)(C)eh s G;an

onto the first factor and the canonical map v : G4, — F.*" coming from the isomorphism
Fl = G,/ Stabg: (Vo). Then p € F[* does not belong to F;° if and only if p € v o pri(Y).
Since D(¢)°" is quasi-compact the projection pry is a proper map of topological Hausdorff
spaces by [Beh90, Proposition 3.3.2]. Thus in particular it is closed and pri(Y) is closed.
Note that F.*" carries the quotient topology under v since v is a smooth morphism of
schemes, hence open by [Beh93, Proposition 3.5.8 and Corollary 3.7.4]. Since by construc-
tion pri(Y) =y (yopri(Y)) we conclude that F,® = F,* \ v o pri(Y) is open in F,*"
as desired.

(c) It remains to construct the compact set Z. Since b is decent, the p®-module
M(1,1) ® [e]«(t~ D) is isomorphic to @?:1 M(—¢;, 1) for suitable integers ¢;. We assume
that the identification of V ®q, AIES with A%S in (b) was chosen compatible with this direct
sum decomposition. Let c¢1,...,cpx >0 =cpy1 = ... =¢c¢ > Cpy1,-..,cp. Since all Newton
slopes of D, respectively t "D, lie in [n— 1, n], respectively [—1,0], we havee—1 > ¢; > —1
for all . Then by Propositions [3.8] and

c;i—1

@{chl ZPJSO ([wis]) = wij € E, vg(uij) > ()}

=1 VEZ

12

H). (M(1,1) ® [e]«(t"D))

For1 <i<k,0<j<c¢—1and all integers A > 0 consider the compact Es-analytic spaces
which we just view as compact sets

(

Uy = MEE) = {lufI<lpl}  and
Uy = M(Es<u§;>>) — (W) <1}  forA>o0.
Then the sets
Uij = { /\GNO € H U Ul>\+1)) UE])\) for all A > O} and
AeNg
k Cl—]. h
U = HHU’JXHW XH{O}
i=1 j=0 i=k+1 i=0+1

are compact by Tychonoff’s theorem. For an arbitrary algebraically closed complete exten-
sion C of Es consider a C-valued point u of U given by
A
(((uz(‘j))AENo)izl

ke g0, 10 (@)=t (O)z‘:z+1,...,h)

geenyK
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with u( ) € C and a; € W(Fpe). We assign to u the C-valued point y of AeE’i with (w,)% 2, =

(Qtan(cpt_nD( )))fn:() where z is the element of H?De (M(1,1)®[e]« (¢t "D)) associated with

the ug;\) and a;. In concrete terms this means

<Zp]<zpwu ev—m) pr P ”))k

— v>0 v<0 i=1
Wy = b-p(b)---p 1(b) )
(90 (ai))i:k—&-l
(0) g1
form=0,...,e—1. Thisdefinesamap o : U — A%’ls , u +— 1y of topological Hausdorff spaces.

We claim that « is continuous. By definition of the topology on ACEZ (see Appendix |A)) the
map « is continuous if and only if for any polynomial f € Es[wiy, : 1 <i < h,0<m < e—1]
and any open interval I C R the preimage under « of the open set

{yGAeh: |f\y€I}

is open in U. Since \u |u < |p| there is a constant { € Es such that |[wim | < [(] for all
i and m and all u € U. Write f = 3" b, w™ where b, € E, for every multi index n € N§".
If we set wiy, = w), + w! we obtain from the Taylor expansion of f in powers of m” a
bound 4 such that for all y € A%hs the condition |w] |, < § for all ¢,m implies

[f(w)ly € Iand [wly <[¢| <= [f(w)|y€]and W], <[(].
Now we fix a positive integer r and set for allm =0,...,e —1
ci—1
(S ),
(wé’m)?zl = b-()--- gomfl(b) . ver p and
(0)izk11
(O
izl prtr—vie k
(Z O ).
(Whn)iey = be(b) ™ () .
(90 (ai))z‘:kzﬂ
(0)1 i1

Since |u i |u < 1 for any A, 4,7 and for any point u € U we can find a large enough integer
7 such that [w}, |q@) < 0 for all 4,m and for all u € U. This shows that

at(W) = W o= {uelU: |[f(w)law €1}

To prove that W' is open in U observe that the map

k c¢;—1 V4

er) 1 h
= 11T 5" < 11 4k — Ak,
i=1 j=0 i=k+1

(@i (e7(@), ) — (Wha)iey
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is a morphism of Fs-analytic spaces, and in particular continuous. Furthermore, the pro-
. . (er) . .
jection maps ai; : Uij — Uy and the inclusion

a;: W(Fp) — AR = M(ES[TO,...,Te_l]), a — (Tm+—>g0m(a))

fori=k+1,...,¢ are continuous. Since
k c¢;i—1
o= oo (T T IT o) 0 — a
=1 j=0 i=k+1

maps u to o/ (u) = (w!,)%", the set W’ = (o)~} (W) is open in U and this proves that a
is continuous.
Now multiplying (wim,)i,m with p amounts to replacing u;;

() ) foryj=1,...,¢—1,

byu” 1

and u( ) by (u, ( ) )P, and a; by pa;. Thus we may take
Z = a(U ~{uelU: ]u(o)\u < |plP", a; € pW (Fpe) for all i and j }) .

Then Z is the continuous image of a compact set and satisfies the property required in (b).
This proves the theorem. O

We give an example showing that the inclusion ]:"19 C .7:",’;”“ may be strict. Similar
examples were independently obtained by A. Genestier and V. Lafforgue. In Section [8] we
will determine all b € GL,,(Kp) for which F} = Fpe.

Example 5.7. Let G = GL5 and consider the conjugacy class {u} of cocharacters con-
taining p : G, — G, z — diag(z,2,1,1,1). We have £ = Q, and F = Grass(2,5) the
Grassmannian. Let

0 0 0 0 p2
p 0 0 0 0
b=10 p 0 0 0 € G(Ky).
00 p 0 O
00 0 p O

The element b is decent with integer s = 5 and (G, b, {u}) satisfies (5.1)) for n = 1. Since
the isocrystal (Ko®°,b-¢) is simple every cocharacter in {u} is weakly admissible, that is
Fpa = Fon,

Let p € F and let C be the completion of an algebraic closure of H(u). The p-module
M, = M(K,®*, b, Fil:LH(u)@s) constructed from b and p satisfies degM,, = 0 and

t'D= DeM(-1,1) = M(-3,5) > M, D D = M(2,5)

where D = D(Ky% b-¢) = (Ko, b-¢) ®x, Bmg(C). Since by Proposition the
weight of every summand of M, lies between —3/5 and 2/5, either M, = M(0, 1)® or
M, = M(-1,2) ® M(1,3). (The first entries must sum to 0 = degM, and the second
entries must sum to 5 = rkM,.) The bad situation M, = M(—1,2) @ M(1,3) occurs if
and only if

(0) # Hom,(M(-1,2),M,) =

- {f € Homy, (M(—1,2), t7'D) : 6,-1py(im f) C Fil /H(1)® }
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One easily checks that Hom, (M(—1,2), M(-3,5)) =

S0151(:6) 63:

_ {A _ ingg 512((32) : Zp” ([u]) € Hliwo (M(1,1)), }
23 T 18 T vEZ _
2229235 2224&3 u € E(C),0<vg(u) < oo

Thus the points p € F* for which the columns of 6,-1p(A) are contained in Fil;H(u)@5

do not belong to J’Lv"l? and such points exist! This proves that the inclusion J’Lu-l? C ]t'g”a is
strict.

Note that rk0,-1p(A) = 2 and p is uniquely determined by A and hence by u. Indeed,
assume the contrary and consider A24A € Homy, (A*M(—1,2), AM(—3,5)) which is non-
zero because A is an inclusion M(—1,2) — M(—3,5). Here A2M(—1,2) = M(—
and A?M(—3,5) = M(—6,5)%? by [Ked05, Proposition 4.6.3]. Then 0/\21571]3(/\ A)
A20,-1p(A) = 0 implies that A2A = T o B for 0 # B € Hom,(M(-1,1), M( )#?)
by Corollary But since —1 < —z, the later space is zero by Proposition Wh1ch
gives the contradiction to our assumptlon

In particular the map a : {u € E: 0 < |u| < 1} — F® u — p parametrizes the
complement Fan .7:"19. The nature of the map « is somewhat mysterious. It is continuous
by similar arguments as in part (c ( ) of the proof of Theorem- 6| but its image does not meet
the dense subset of points z € F2" with H(z) finite over K.

II\’__)

We conclude this section by stating the following theorem which we will prove at the
end of Section [Gl

Theorem 5.8. For any representation V of G as in there is a local system V of Q-
vector spaces on j’t}? such that the fiber of V at any point p € .7%19(11) for a finite extension
L/E induces via the crystalline Galois representation Vs (Qb’H(V)) associated with
the (weakly) admissible filtered isocrystal Dy, (V) = (Vi,, p(b)-p, Fil}VL).

Remark 5.9. Note that this theorem is weaker than Conjecture|l.3|in two respects. Firstly
we do not know in general whether V' — V is a tensor functor RepQ G — Qp Loc]_.o as

required in Conjecture However this is true if G = GL,, (see Theorem [6.3)) or if G is
the group associated to an EL or PEL situation (see Theorem [7.4)).

Secondly we do neither know whether ]?1? is connected nor whether it is the largest open
subspace of .7:";;”‘1 with this property. However, we conjecture that this is true.

Conjecture 5.10. .7-U"£ 1s the largest open E‘-analytic subspace offg”“ carrying a local system
V that has the properties stated in the theorem.

We give some evidence for this in Section [9}

6 Relation with Period Morphisms

For G = GL(V') Rapoport and Zink also study a period morphism 7 : gan fg”“. We
keep the notation of Section |5 In particular let b € GL(V)(Ky), let {fi} be a conJugacy
class of cocharacters G,, — GL(V'). Then E = K;. We assume that V satisfies for an
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integer 7. We set b := p'~".b € G(Kjp) and define i : G,, — G by u(z) = 2'~"-ji(z). Then
Dy, (V) = Dj (V) ® 1(1 — 72) and My, (V) = M (V) by Lemma This implies that
the assignment [i — g is an isomorphism .7:"50 -~ fé).

Now (G,b,{p}) and V satisfy for n = 1. Therefore (Vk,,b- ) is the covari-
ant Dieudonné-module (D, ¢p) of a p-divisible group X = X(V') over Fﬁlg; see Mess-
ing [Mes72]. This means D := D(X) is the tensor product with Ky of the Lie algebra of
the universal vector extension of some (any) lift of X to a p-divisible group over W(Fﬁlg).
On X there is the Verschiebung morphism Verx : Frob; X — X. By the crystalline nature
of D(X) it induces the ¢-semilinear isomorphism ¢p := D(Verx) oy : D — D. Moreover,
and Lemma [5.1]imply dim X = dimg, D —tn (Dy,,(V)) = dimg, D —tg (Dy, (V) =
dimV — dimy, Fil' Dy, =: d and F*" is the Grassmannian of (dim V — d)-dimensional sub-
spaces of V.

The period morphism is constructed as follows. Let Nilpw(wlg) be the category of

W(Fﬁlg)—schemes on which p is locally nilpotent. For S € /\/'Z'lpW(IFalg) denote by S the
A\f'p
closed subscheme defined by the ideal pOg. We set Xg := X Xpaiz S.
p

Proposition 6.1 ([RZ96, Theorem 2.16]). The contravariant functor /\/’ilpW(Fa1g) — Sets
p

S — {Isomorphism classes of (X,n: Xg — Xg) where
X is a p-divisible group over S and
n is a quasi-isogeny over S to Xg =X Xxg S }

is representable by a formal scheme G locally formally of finite type over ShW(IF;lg).

Rapoport and Zink also study formal moduli schemes corresponding to additional data
on (X, n) of type EL and PEL; see Section 7| Their period morphisms are derived from the
following prototype.

Let (X,n: XE — XE) be the universal p-divisible group with quasi-isogeny over G. Let

D(X)g be the Lie algebra of the universal vector extension of X over G. It sits in the exact
sequence
0 — (LieX)" — D(X)s — LieX — 0.

Let G* be the Ky-analytic space associated with G: see Theorem [A.2l The quasi-isogeny
7 induces an isomorphism

D(n) : D@y Ogan = D(X)ky Oko Ogan == D(X) g
see [RZ96), Proposition 5.15]. The kernel of the morphism

VKO K, (’)gvan AN ]D(X)gvan — (LieX)gvan

defines the G*'-valued point D(n)~!(Lie X )ngan of the Grassmannian F**. This is the

desired period morphism # : G* — Fan_ It factors through fg"“.

Proposition 6.2. The period morphism factors through ]-u"g and is surjective on the level
of rigid analytic points.
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Proof. We fix the tautological representation V of G, set D = Vi, and consider Fan ag
the Grassmannian of (dim V' — d)-dimensional subspaces of V. Let x € G be an analytic
point and let y = #(z) € F*. Let L = H(z) and let C be the completion of an algebraic
closure of L. Let X, be the fiber of the universal p-divisible group X at x and consider the
Tate module 7, X, of X;. An element A € T, X, corresponds to a morphism of p-divisible
groups A : Q,/Z, — Xo, over Oc. By functoriality of the universal vector extension this
yields the following diagram of C-vector spaces

0

D(QP/ZP)C - D(Qp/zp)c —0 (6.1)

| o

0— (FilyDr) @, C —=D(X)o, ®0, C — (Lie Xz)c —=0.

Note that Lie Q,/Z, = (0) and that FillllDL is the L-subspace of Dy, associated with X, via
the period morphism. We also obtain a morphism of crystals D()) : D(Q,/Z,) — D(Xo,,)
which we evaluate on the pd-thickening B/, (C) of O¢. Since D(Qp/Zp) g+ ©) = B (C)

cris cris
(because the universal vector extension of Q,/Z, over B}, (C) is obtained from the sequence

0 — Zp, — Qp, — Q,/Z, — 0 by pushout via Z, — B (C)) we obtain a morphism

cris

Ty Xz ®z, BL (C) —— D(Xz)p+

cris cris

(© <— D&k, B

cris

(OF
A ® a ——— D(A)(a)

Here the isomorphism on the right arises from the quasi-isogeny 7, by the same reason-
ing as above. By Faltings’s [Fal99, Theorem 7] the morphism on the left is injective.
Since the elements of T, X, are g-invariant inside T,X, ®z, B, (C) and ]A?;Ig(C) equals
Mneng ¢"B. (C) we get a monomorphism

(C) “—= Dex, B}

TpXm ®Zp B+ rig(

rig

C).

It gives rise to a monomorphism
T,Xe “— T,X, ®z, BO(C) = D g, B(C)
A/ A ® 1 - D(M)(1)

since BI%Y(C) is a flat Egg(C)—algebra. Consider the morphism 6 : D ®g, BIoU — D K,
C. Diagram shows that 0(1,X,) C (Fil,Dr) ®r C and so T,X, ®z, ]AE’;L(C) is
in fact contained in the ¢-module M, := M(D,@D,FiliDL) by Proposition 4.1 But
then M, & M(0,1)®4mV " Namely, assume M,, = @D, M(cj,d;) with ¢; > 0 (note that
>_;¢j = degM,, = 0). Since the elements of T, X, are ¢-invariant and Hg (M(c1,dq)) = (0)
by Proposition the projection

T, X, ©7, Bl

1g(C) — M(er,da)

is zero. Thus T, X, ®z, ﬁiig(C’) — ;-1 M(cj,d;) but this is impossible since we have

rkz, Tp Xy = dimV > 1k, M(c;, d;). This proves that 7 factors through F.
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It remains to show that G** — .73"19 — fg”a is surjective on the level of rigid analytic
points. This follows from the Colmez-Fontaine Theorem [CF00] and Kisin’s proof [KisOG,
Theorem 0.3] of Fontaine’s conjecture that every crystalline representation with Hodge-Tate
weights 0 and —1 arises from a p-divisible group. See also Breuil [Bre00, Theorem 1.4]. [

Using a result of Faltings [Fall0] we show in Theorem below that fg actually equals
the image of the period morphism 7. In order to formulate part (c) of the theorem we recall
from Remark E that with each tensor functor V : @QPG — Qp—@f_g one associates a
tower of étale covering spaces {év’f(}l}cé((@p) of .75"2. In the situation we treat in this section, G
is the algebraic group GL(V) over Q, and in the notation introduced before Corollary
we use Hilbert 90 (see [Mil80, Proposition II1.4.9]) to identify w = wp, V =oV) =
wo(V) =V, and G = G = GL(V). The situation will be more general in the next section.
Similarly to these covering spaces Rapoport and Zink [RZ96, 5.32-5.39] constructed a tower
of coverings gan of G*: For any compact open subgroup K C G(@p) let gan be the F-
Gan, that

is classes modulo K of trivializations o : V =~ Vp Xgan)— of the rational Tate module

analytic space representlng K-level structures on the universal p-divisible group X

(at some geometric basue point ﬁuof fg), such that amod K is invariant under the étale
fundamental group of g%n. The Q;}n do not depend on the choice of ji. After fixing a Z,-
lattice A in V and a preimage € G*" of i we can identify gé‘i &) with G*" by considering on
G the residue class of trivializations (o : A = (T, Xgan) )mod GL(A). For K € GL(A)
the space g is then a finite étale covering space of g™ For any K and any g € G(Qp)
there are fO isomorphisms iz (g) : gan ~ gan - glven by (amod K) — (avgmod g~ Kg).
This proves that the G2 = are E-analytic spaces and Rapoport and Zink [RZ96], 5.39] show
that they are independent of the choice of A and z. On the tower (ga )7

é(Qp) acts through Hecke correspondences; see [RZ96, 5.34].

Rca@y) the group

Theorem 6.3. Let G be the algebraic group GL(V') over Q, and set G=aG.
(a) The image #(G*) of the period morphism # for GL(V) equals .7?,9

(b) The rational Tate module V,X . of the universal p-divisible group Xs.. over Gan
descends to a local system V of Qp-vector spaces on j—o This induces a tensor functor
Y from Rep G to the category Qp—Loc]_-o of local systems of Qp-vector spaces on .7-"0

satisfying @ of Conjecture (1.9 u and V(V) = V.

(c) The tower of E-analytic spaces (Q ) = is canonically isomorphic over .73",? mna

KCG(Qp)

Hecke equivariant way to the tower of étale covering spaces (8 )= of .7-"b a880-

K/KcG(Q,
ciated with the tensor functor V. In particular, G*" is (non- canomcally) isomorphic

to the space of Zy-lattices inside the local system V.

A previously known example for this theorem is the Lubin-Tate situation where fvf =
fg"“ = Fon — IP’}}(?. In this case the theorem was proved by de Jong [dJ95, Proposition
7.2] .

Proof of Theorem [6.3, The inclusion fr(g“an) - fg was proved in Proposition So
let now p € fl? and let C' be the completion of an algebraic closure of L := H(u). Consider
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the morphisms

a:(Bf,) ®g, V=M(0,1)®g, V=M, —t'D and $:D<—M,= (Bl )aq, V.

Let h = dimV and fix a basis of V. This induces a basis of D = V ®q, BLg With

respect to this basis, o and 3 are represented by matrices A, B € Mh(BIIg) satisfying

AB = tIdj,. Then [Ber04, Proposition 1.4.1] implies that A, B € Mh(B;ﬁg) C My(B_,).
So A defines an isomorphism BS‘??S = D ®k, Beris compatible with the Frobenius on both
sides. Moreover, it maps (B(';ls)@h onto the preimage of Fil,lch under the map id ®6 :
D®k, Bl — D®g, C. This means that (D, ¢p, FiliDp) @ 1(—1))" is admissible in the
sense of Faltings’s [Fall0), Definition 1]. Note that Faltings uses contravariant Dieudonné
modules. By [Fall0, Theorems 9 and 14], Fil;, Dy, = D(n~")(Lie X¥)}, for a p-divisible group
X over Op, and a quasi-isogeny 7 : Xo, /() — X0, /(p)» hence p lies in the image of 7" as

desired.

[(b)] This is proved by de Jong [dJ95]. Indeed by [dJ95) Proposition 6. 2] the rational Tate
module V}, X 5 Gan is a local system of Q,-vector spaces on Ga. In order that it defines a local

system V on .7-" Y it suffices by [dJ95], Definition 4.1] to show that
(i) #: G — ]i'l? is a covering for the étale topology.

(ii) There is a descent datum 1; D pry VXgan == pr3V, Xgan over §an X gan where

r; 1 Gn xfjg gan — Gan ig the projection onto the i-th factor, such that 1/) satisfies

the cocycle condition on G2 x 70 gan x 70 gan,

Statement (i) was proved by Fargues [Far04, Lemma 2.3.24] and also follows from Falt-
ings result [Fall(, Theorem 14] which says that F} has an open covering Fp = |J, U; such
that the morphism ]_[l U, — .7:"19 factors through 7 : g“an — j",?.

For (ii) consider the universal filtered isocrystal D = (Vi,, by, Fil®) over fg and its
canonical descent datum id : pri7*D = pri7n*D over gan x #0 g De Jong considers

priXs.. as an object of the stack BT"®,

0,600 x Gan of p-divisible groups up to isogeny over

gan X 0 G*. The functor from this stack to ﬁltered isocrystals sends pr;Xs.., to pry7*D.

Since thls functor is fully faithful by [dJ95, Proposition 6.6] one obtains a descent datum

Y priXga = priXgan in BngganX gdn One now takes ¢ = w0 s priVp X ==

prs V}ngvan. This yields the local system V on J”vfg.

The local system V induces the desired tensor functor V because V is a tensor generator
of @Q pGL(V). Let us give some more details. We do not know whether ]i',? is connected,
although we expect this to hold; see Conjecture Therefore we consider each connected
component Y of it separately and fix a geometric base point & of Y. Then V induces a
representation

m'(Y,n) — GL(Vi)(Qy)
by Proposition [I.2] We use the notation introduced before Corollary Since dim V' =
dimVj; and H'(Qp, GL(V)) = (0) by Hilbert 90, we can take w=wgand G = GL(V) =

GL(V;). This defines a continuous group homomorphism 74 (Y, u) — G(Qp) and via Corol-
lary a tensor functor V : Rep@ GL(V) — Qp-Locy satlsfylng . Tracing through the
)
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proof of Corollary 1.9 ﬂ we see that its composition with the forgetful fiber functor wy satisfies
wpoV =2 w = wyg. Hence woV(V) =V =2V, and Y(V) =2 V. Moreover, for every u € ]:0( )
with L/Kj finite the Gal(L8/ L)—representations satisfy

X(V)u = ‘/pXOL = ‘/Cris(D(XOL)a(LieX\(/QL)V) = ‘/Cris(Qb,u(V))-

This holds on all connected components Y and therefore gives the tensor functor V satisfying
1) of Conjecture on all of ]—',9 as claimed.

)| We fix a geometric base point i of :;—0 and consider the canonical family of morphisms
f e gan — 5 which sends oK for a : V = (VpX gan ) to the K-residue class SK of tensor
1sornorphlsms B:w == wpoV induced by fy :=a:w(V) = Vo (VpXgan) = wp o V(V)
via the fact that V is a tensor generator of Rep G Again f5 is independent of the choice
of i by [dJ95L Theorem 2.9]. By construction the famlly (f%) is equivariant for the Hecke
action of G(Qp) on both towers. For any algebraically closed complete extension C of E
the morphism f% is bijective on C-valued points because the fibers of Q%H(C) and £z (C)
over a fixed C-valued point of FP are both isomorphic to G(Q,)/K by [RZ96, Proposition
5.37] and Remark Hence f7 is quasi-finite by [Beh93, Proposition 3.1.4]. Since g“;gl
and &€ 7z are étale over .73"1? the morphisms fz are étale by [Beh93, Corollary 3.3.9] and hence
isomorphisms by Proposition [A.4]

The statement about g“an comes from the identification éan ~ ?gri @) described before

the theorem and the fact that SVGL(K) is the space of Z,-lattices inside V. O

Corollary 6.4. Let G = GL(V), let b € G(KO), and let {ii} be a conjugacy class of
cocharacters Gy, — G such that V' satisfies (5.1) for some integer n. Then there is a tensor
functor y from Rep@G to the category Qp—Loc]_.o of local systems of Q,-vector spaces on

,7-"9 satzsfymg (.) of C’onjecture

Proof. As at the beginning of this section we set b := p*~™.b € G(Kyp) and define p :
Gm — G by p(z) = z'7"-[i(z) to obtain identifications Dy, ,(V) = D; (V) @ 1(1 = n)
and .7%5 =~ fg, it — p. Then Theorem m yields a tensor functor ¥V, which for every
L-valued point fi € .7-}? for L/ K finite satisfies

E(V)u = ‘/cris(Qb,y(V)) = ‘/’CTIS(QE”&(V)) ®@p<ﬁ_ 1)

as Gal(L*8/L)-representations because Veis(1(1)) = Q,(—1). Thus it remains to twist
Y with the cyclotomic character. In concrete terms this means the following. On each
connected component Y of ,7-'9 with some geometric base point i the tensor functor V

corresponds to a representatron p (Y, p) — G (Qp) = GLx(Qp). Consider the represen-
tation ' : wf*(Y, i) — GLx(Qp) with 5'(7) := Xeye(7)' ™" - p/(7) where xcye : 7f* (Y, 1) —

Gal(E2e /E) Xeve Zy is the cyclotomic character of the base field E. Let Y be the
tensor functor from RepQG to Qp- Loc]_.o associated with p' by Corollary E It is indepen-
dent of the base point i and hence exists on all of .7-"0 Then V(V)H > Veris (D bM(V)) as
Gal(L*8/L)-representations for all ji and this proves the corollary. O

Finally we can give the
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Proof of Theorem[5.8 Let p : G — GL(V) =: G’ be a representation satisfying
and consider the induced embedding F—F =F lag(V). By Proposition we have
fbo = Fann ﬁéo. Now the local system E(V) of Corollary on fl’)o pulls back to a local
system of Q,-vector spaces on fg which has the required property. O

Conjecture 6.5. The open subspace fg from Corollary is the largest open E—analytic

subspace fg offi“a on which a tensor functory : RepQG — Qp-Locz. ewists which satisfies
P, .
@ of Congecture .

In particular, we expect that ]t}? and YV from Corollary solve the problem posed in
Conjecture for G = GL(V). Clearly the conjecture follows from Conjecture because
V(V) is a local system as in Conjecture We give some evidence for both conjectures
in Section [A

7 PEL period morphisms

Rapoport and Zink also consider period morphisms in the PEL situation with parahoric
level structure. They fix data as follows:

Case EL:
Let B be a finite semi-simple algebra over Q.
Let Op be a maximal order in B.
Let V be a finite dimensional B-module.
Let G = GLp(V) as an algebraic group over Q,.

Case PEL:
Let B,Op,V be as in case EL.
Let (., .) be a nondegenerate alternating Q,-bilinear form on V.
% : a — a* an involution of B which satisfies

(av,w) = (v,a*w) for all v,w € V.

Let G be the algebraic group over Q, whose points with values in a Q,-algebra R are
G(R) = {ge€GLp(V®R): Jc(g) € R with (gv, gw) = ¢(g)(v,w) Yv,w € V }.

In addition they fix an element b € G(Kj), a conjugacy class of cocharacters u : G, — G
and a multichain £ of Op-lattices in V' [RZ96, Definition 3.4]. They assume that the
representation V' of G satisfies our condition with n = 1. In case PEL they assume
in addition that the character ¢ : G — G,, pairs with the slope quasi-cocharacter v €
Hompg, (G, G) ®z Q to 1, and that L is self-dual [RZ96, Definition 3.13].

Under these assumptions there is a p-divisible group X over Fglg whose covariant
Dieudonné module is (Vk, , b-¢). In particular X is equipped with an action ix : B —
End(X) ®z, Qp and, in case PEL a polarization A : X — X¥ with \¥ = —\, which is
uniquely determined up to multiplication by an element of Q; see [RZ96, 3.20]. Let E
be the Shimura field, that is the field of definition of the conjugacy class of u, and let
E=FE K. Rapoport and Zink consider the following moduli problem.

Definition 7.1 (JRZ96, Definition 3.21]). Let G : Nilpo, — Sets be the functor which
assigns to S € NilpOE the following data up to isomorphism.
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(a) For each lattice A € £ a p-divisible group X, over S, with an Opg-action, ip : Op —
End X,.

(b) For each lattice A € £ a quasi-isogeny na : Xg — X, g which commutes with the
action of Op. (Here again S is the closed subscheme of S defined by the ideal pOg.)

such that certain conditions (i)—(v) are satisfied for which we refer to [RZ96, Definition 3.21
and the discussion on pp. 82-88].

Proposition 7.2 (JRZ96, Theorem 3.25]). The functor G :./\filpOE — Sets is representable
by a formal scheme locally formally of finite type over Op.

The period morphism gan .7:"[;”“ is defined as follows. Fix a A € L, let X, be the
universal p-divisible group over G, and consider the exact sequence

0 — (LieXy) — ]D)(XA)gv — LieX, — 0.
Then the quasi-isogeny na induces an isomorphism
D(nA)gan © V ®q, Ogan = D(X)gan == D(XA)gan

that makes ]D)(nA)gT:n (Lie X¥ )Vgan into a family over G of B-invariant subspaces of V', which

in case PEL are totally isotropic. These subspaces are classified by F# and this defines
the period morphism  : gan — Fan_ The whole construction does not dependent on the
choice of A € L; see [RZ96, 5.16]. The period morphism factors through ]j'l;wa and by the
same argument as in Proposition it even factors through .7-? . In Theorem below we
will determine the image of the period morphism 7.

Recall the cohomology class
b, p) = k() —p* € HY(Q,,G)

and the associated fiber functor w : RepQG — (Qp-vector spaces) and inner form G of
<P

G described before Corollary Let V := w(V). Since B acts as endomorphisms of
the representation V' of GG, also V' is a B-module. In the PEL case V is equipped with a
non-degenerate alternating Q,-bilinear form (., .)" such that

(av,w)” = (0,a*w)” for all 5, € V and all a € B. (7.1)

Namely, the original form (., .): V ®q, V — Qp is a morphism from the G-representation
V ®q, V to the G-representation @, on which G acts through the character c. We let
(.,.) be the image of (.,.) under @. Formula , being an equality of morphisms
1% ®qQ, vV — Qp, is the image under w of the corresponding equality for V. By construction
of G we have G & Aut®(©) and @QPG = @Qpé; see [DM82| Proposition 2.8 and Theorem

2.11]. Applying @ to the character ¢ : G — G, we obtain another character which we view
as a G-representation ¢ : G — Gy,. In this way we get identifications of algebraic groups
over Q,

G = GLg(V) in case EL, (7.2)

G = {§eGLp(V): (55,§0) = &3§)(@, @) Vo,5 €V}  incase PEL.
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Consider a decomposition of B into a product [[;_, B; of simple algebras B; = M, (D;),
which are matrix algebras over division algebras D;, in such a way that Op = M, (Op,).
Then any Op-module A decomposes accordingly A = @, A;.

Definition 7.3. In the EL case a multichain of type (£) of Op-lattices in V is a functor
T A— A from L to the category of Op-lattices in V such that

(ii) If A C A’ then A C A’ and [KZKZ]:[A;AZ] fori=1,...,r.

(iii) For any a € B with a~'Opa = Op we have ah=a-A.

In the PEL case we speak of a polarized multichain of type (L) and we require in addition
that there is a unit £ € Q,; with

(V) EN(AAV/):(K)V ={0eV: (5,m)" € Zy for all € A} for every A € L.

The unusual numbering of our conditions is chosen because the items of our definition
correspond to the respective items of [RZ96| Definition 3.21].

For the next theorem again recall from Remark that with each tensor functor V :
Rep@G — Qp-Loc Fo one associates a tower of ¢tale covering spaces £ of .7:(? for K C G(Qp)
E—

compact open, and a tower of covering spaces jan of éan; see Rapoport and Zink [RZ96),
5.32-5.39] and our discussion before Theorem

Theorem 7.4. Assume that G # (.

(a) Then the image 7(G*) of the EL or PEL period morphism # equals the open E-
analytic subspace fé) C F* from Theorem|5.6,

(b) Fiz any lattice A € L. Then the rational Tate module V, X, san of the universal p-
divisible group X , Gan OVET G descends to a local system V of Qp-vector spaces on

f,? which is independent of A up to canonical isomorphism. This induces a tensor
unctor V. from Rep o the category Q,-Loc xo of local systems o -vector spaces
tor ¥V R QG to the cat Qp-Loc local syst Qp t
— b

on fz? satisfying of Conjecture and V(V) = V.

(¢) The tower of E-analytic spaces (Qv%n) ) s canonically isomorphic over f,? ina

70
Rca@y) of F, asso-
ciated with the tensor functor V. In particular, G* is (non-canonically) isomorphic

to the space of (polarized in case PEL) multichains of type (L) inside the local system
V (which are defined as in Definition using Proposition .

I}Cé((@p
Hecke equivariant way to the tower of étale covering spaces ()

9

Remark 7.5. For each connected component Y of fbo and geometric base point i of Y the

tensor functor ¥ corresponds to a representation p’ : 7$*(Y, i) — G(Q,) by Corollary

In the course of the proof we show that the composition ¢ o p/ with the multiplier ¢ of G
chc

equals the cyclotomic character 7$t(Y, i) — Gal(E*¢/E) =2, Z, of the base field E.
Also |(c)| implies that g“%n X z0 Y is the étale covering space of Y corresponding to the
b

Tt (Y, fi)-set G(Q,)/K.

Before proving the theorem let us mention the following
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Conjecture 7.6. The open subspace -7%19 1s the largest open E—analytic subspace flf of fg"“
on which a tensor functor RepQG — Qp-Locz. exists which satisfies of Conjecture .
I b

In particular, we expect that fg and V from Theorem (b) solve the problem posed in
Conjecture Again the conjecture follows from Conjecture because V(V) is a local
system as in Conjecture We give some evidence for both conjectures in Section [9] We
now turn to the

Proof of Theorem|[7.4 (a) 1. Since G = () there is a finite field extension L/E and a point
z9 € G (Or) corresponding to an L-set of p-divisible groups with Op-action {X\,ip}aer
and O p-equivariant quasi-isogenies na : Xo, /(n) — Xa,0, /(p) satisfying conditions (i)—(v) of
[RZ96], Definition 3.21]. In particular 77A’77X1 lifts to a quasi-isogeny nas p : Xao — X/ over
Oy for all A,A" € L. Let ug = 7t(xp) € J’ES be the image of xg. By Wintenberger [Win97,
Corollary to Proposition 4.5.3] the rational Tate modules V, X raie are all B-isomorphic
to V via B-isomorphisms &y : VpXp == 1% satisfying 6o = 6pr o Vp(nara). We claim
that oa (T, Xa) =: A C V forms a (polarized) multichain of type (£) of Op-lattices in V.
Indeed the decomposition Op = [[;_,; M,,(Op,) induces a decomposition X, = [[i_; Xa,
of p-divisible groups. If A C A’ then [RZ96l Definition 3.21(ii) and (ii bis) from p. 88]
implies that 74/ 4 is an isogeny whose i-th composition factor NALA; Xy — X A has
height log,[A] : A;]. Hence A c A and [AL A = pht(n“é"‘i) = [A] : A;] proving (ii).

If a € B> satisfies a='Opa = Op then [RZ96], Definition 3.21(iii)] says that NaA A =
B 0in(a)”! for an isomorphism 6, o : Xp — Xaa of p-divisible groups. Hence (H1) follows
from

al = OAVp(Ma,an)(TpXan) = 51\%(“(“) 9;%)(TanA) = a-0A(TpXa) = a-A.

In case PEL there exists by [RZ96, Definition 3.21(v)] a constant ¢ € Q,; such that for
all A € £ the quasi-isogeny (1) "' o A ony*

X0/ — (Xav.00/()"

LN T l (7’]A\/ )V
2N

Xo. /() XoL/m)

lifts to an isomorphism py : Xp == (Xav)". Here the polarization /A : X — XY comes
from the alternating form (., .) on V. That is (., .) on V ®q, Ko = D(X)g, coincides up
to multiplication with a unit in Q with the pairing

D(LN)® id D(¥x) K,
_ _

D(X)Ko ® Ko D(X)Ko D(X\/)KO @Ko D(X)Ko D(Gm)Ko = Ko

induced from the pairing ¢¥x : XY x X — G,,. Under the identification d : V,Xpn =~ 1%
the isomorphism pp induces an alternating form

Vp(ppv OWAV,A)5X1®5X1

~ ~ v
V o, V VX{ ®g, VpXa 2 ViGppax = @y (73)

which is independent of A. Up to multiplication with a unit £ € Q, this alternating form
equals (.,.)", the image of (.,.) under the fiber functor @ by Wintenberger [Win97,
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Corollary to Proposition 4.5.3]. Hence (v) follows from
A= 0a o Vp(naa)(TpXav)
= a0Vl ooy ) (TpX3)

= {oeV: [l (3,0) €Z,forall b€ op(T,Xx) =A}

2. Now in addition to ug let p € .7:"1? be any point. Consider the canonical representation

p: G — GL(V) =t G' and the induced embedding j—(g) — f;%b), i — po p into the

corresponding open subspace ]:—rl)?b) for G'. The properties of the latter were discussed in

the previous section. Moreover, ]:"5 = Fann F //7 (zb) by Proposition In addition we denote

the formal scheme from Proposition in this section by g By Theorem and Faltings
[Fall0, Theorem 14] there is an admissible affine formal scheme S” over O, a p-divisible
group X over S, and a quasi-isogeny 1 : X — Xg for S = V(p) C §’, such that the
S’-valued point (X,n) € g (S7) induces under the period morphism 7’ : glan 7:",')%) an
affinoid subdomain §'#* C F /’) ?b) containing u. By changing up we may assume that S’** also

contains po. Let S C S’ be the Zariski closed formal subscheme with S = f",? X 70, Sran,
P

We denote by V, X the ¢*(521, fig)-module V, X fio at some fixed geometric base point fig of

Sa% above po. By Wintenberger [Win97), Corollary to Proposition 4.5.3] for (G’, p(b)) there

is an isomorphism 0 : V, X =~ V.

Consider the polarized multichain of type (£) in V constructed in part 1 above from an
L-set of p-divisible groups with @ p-action above zg € G (OL), which we now call {X}aer.
We claim that there is a projective morphism 7' — S of admissible formal Op-schemes
with T°" — S a finite étale covering, and for each A € L a p-divisible group X over
T together with a quasi-isogeny nxa : Xa — X with 65 (T, Xa) = A C V for 6y =
(50‘/17(77X,A) : VpXAN—>V. .

Indeed, by the periodicity pA = p - A which allows to set Npaa =P " Xy — Xp =
Xpnn, we only need to check this for finitely many A, € £ with A, D6 (TpX). Let T?" — 52»
be the finite étale covering corresponding to the 7$(S2, fig)-set [, §1A, /Tp,X. That is,
fio lifts to a point of T2 and w$* (T2, fip) acts trivially on [, 57IA, /T,X. This implies the
existence of a p-divisible group X, over T%" and a quasi-isogeny na, x : X — X, with
kerna, x = (5_1K1,/TPX)TM. The family of finite flat subgroup schemes { kerns, x € X },
corresponds to a morphism f from 72" to a moduli space of families of finite flat subgroup
schemes of X. This moduli space is projective over S. Let T be the scheme theoretic
closure of the graph of this morphism f. Then T — § is projective, kerns, x extends to a
finite flat subgroup scheme of X over T', and we set np, x : X — Xp, := X/kern,, x and
NXA, = an - This proves the claim.

We may replace S by T and (X, n) by (Xj, 77;(71/\ on) for any A. The construction yields
that the fiber over fig of X is isomorphic to X . This implies that Vp XA is a B-module
and 6, is a B-isomorphism.

3. The quasi-isogeny 1y := n)_(lA on: Xg — X, g induces an action i (a) = na oix(a) OUX1
of a € B as quasi-isogenies on X, 5. For each a € B there is an integer n such that is(p"a)
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is even an isogeny. We denote by D(Xy)g the Lie algebra of the universal vector extension
of X over S. It only depends on the reduction X, 5. We set D(X)gan = D(X))s®04 Ogan
and denote by D(np)gan : V ®q, Osan = D(X) g, @k, Ogan == D(X7)gan the isomorphism
induced from 7, by the crystalline nature of D(Xy)s. By definition of the period morphism

>~/
T

Fil' Xy = D(Xa)s N (Fil'Xa) ®04 Ogan = D(Xp)s N D(na)gan (Fil'(V ®g, Ogan))

for the universal filtration Fil*(V ®q, Ogan). Indeed, the right equation holds by definition
and for the left equation the inclusion “C” is clear. On the other hand, if m belongs to
the right hand side then p™"m € Fil' X, for n > 0. Thus the image m of m in Lie X =
D(Xp)s/Fil' X satisfies p"m = 0. But Lie Xj, as a locally free Og-module, is without
p-torsion, and so m € Fil' X,.

Since Fil'(V ®q, Ogen) is B-invariant, ix(p"a) lifts to an isogeny of X, over S. Hence
in(a) == ia(p"a) ® p7" € End(X,)) ®z, Qp. By construction the B-module structure on
Vp X induced from V), (ip(a)) coincides with the structure considered at the end of part
2 above. For a € Op then a-A C A implies Vp(ia(a))(TpXa) C T,Xa and therefore
irn(a) € End(Xp). In order that (Xa,ia,mA)aec is an S-valued point of G we have to verify
conditions (i)—(v) of [RZ96], Definition 3.21].

By construction D(7))gan induces an isomorphism of exact sequences of B-modules

0— (Fil' X)) ®0g Ogan D(X7)gan Lie XA ®og Ogan — ()

NT NTD(UA)SEU NT

04>FYZZ1 V®Q Osan)HD( Ko ®K0 Osar14>g7‘ (V®Q Osan)4>0

NT
univ

—(V ®Q, Ogan) PEY(P)=p — >V ®q, Ogan —— (V ®qQ, Ogan )Hsan =1 0,

where ugﬁi}’ is the universal cocharacter on S*". Hence detg(a; Lie Xj) = detgan (a; (V ®q,
Osan)p’g&l'y( ):1) for every a € Op. This implies condition (iv). Note that (iv) further
implies (i) by [RZ96, 3.23(c)].

Next, for any A C A’ in £ our condition A C A/ implies that Vo(mara)(TpXa) C Tp Xy
and so nas A : XA — Xy is an isogeny. Under the decompositions Op = [[;_; My, (Op,),
A= @, A and Xy = ], Xy, it induces an isogeny Xp, — X A, of height equal to
log, [T, Xp: = Vp(nar,a)(TpXa,)] = log,[A] : Aj] = log,[A} : A;]. Condition (ii) follows from
this by [RZ96, 3.23(d)).

If a € B* satisfies a~'Opa = Op then the quasi-isogeny Oa.n = Nan n0in(a) : Xa — Xaa
satisfies

Vp(00,)(TpXa) = Vp(Ba,n) 065 (A) = Vp(naan) 085 (a-A) = 6,4 (ah) = TpXas.

Hence 6, : XA — Xga is an isomorphism and this proves condition (iii).
In case PEL the quasi-isogeny A : X — XY induces a quasi-isogeny

Pav = (777\)71 © )\077le : XAVE - (XAS)V-

By the crystalline nature of D(.)gan we obtain an isomorphism D(ppv)gan : D(Xpv)gan =
(X} )gan = (X7 )gan where the last isomorphism is induced by the pairing 5. Since the
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alternating form (., .) on V ®q, Ko = D(X)f, coincides with

D(\)®id

v D(¥x) K
D(X)Ko ® Ko D(X)Ko - ]D)(X )Ko ® Ko D(X)Ko -

D(Gm)r, = Ko

up to multiplication with a unit in Q; and since F' il (V ®q, Ogan) is totally isotropic for
(.,.) we see that

D(pp)son (Fil' Xav) ®0g Ogan = D(ny ")’ DON) (Fil'(V &g, Ogan))
C D) ({h eV ®qg, Ogam : h(Fil'(V ®@g, Ogmn)) =0})
= {N eD(Xp)gan: W(Fil'Xy)=0}
= (Fil' X}) ®5 Ogan .

This shows that p,v lifts to a quasi-isogeny pav : Xpv — X} over S. The quasi-isogeny
DAV O TAV A Xan — X} induce§ an alternating form on 1% = Vp XA as in which
equals /- (.,.)" for a constant £ € Q, by part 1 above. This £ is also the constant from
Definition (5) of the multichain {A}cz. Then

‘/p(pAv)(TpXAv) = Vb(%p/\v o ’]’/A\/J\)(SXI(Z' K\;)

Vp(pav o mav A )05 H(A)

Syl Sy -

Vo(pav o nav a)0y ({8 € V2 (0,®) € Z,, for all € A})
= T,X}.

Therefore pyv : Xpv — X is an isomorphism and this establishes [RZ96], Definition 3.21(v)].
Hence (Xa,ia,ma) is a point in é(S) such that the induced morphism 52" — gan T, .73"19
coincides with the morphism constructed in part 2 above. This shows that u € .73? lies in

the image of 7 and proves (a).

(b) As in the proof of Theorem the rational Tate module V,, X descends to a local
system V of Q,-vector spaces on I? . Consider a connected component Y of .7:}9 and a
geometric base point i € Y which lies over an L-valued point p € Y (L) for a finite
extension L/ E. By Proposition the local system V on Y corresponds to a representation
P wt(Y, i) — GL(V;) & GL(V) where we identify V, Xy 2 V as in part 1 of (a) above.
There is even an isomorphism of Gal(L*#/L)-representations

Vi = VpXa0, = Vais(D(Xa0,), Fil' Xa0,) 2 Veris(Dou(V)) - (7.4)

In order to prove that V induces a tensor functor and is a tensor isomorphism it
suffices by Corollary to show that g’ factors through G(Q,) € GL(V), which in turn
follow§ from the explicit description of G given in . Indeed, since the universal X,
over G carries an action of Op the image of 7{*(Y, 1) in GL(V) commutes with B and
this already proves the claim in case EL. In case PEL diagram shows that the action
of v € m€(Y, i) on V satisfies (v -, - @) = Xeye(7) - (8,@) for all 3, € V, where
Xeye : mH(Y, i) — Gal(E¥2/E) Kere, Zj is the cyclotomic character of the base field E.
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In particular, p’ factors through a morphism p’ : (Y, z) — é(Qp) with ¢ o p' = Xeye,
and by Corollary this induces the desired tensor functor V : Rep@G — Qp-Locy with
yiwv)y=vy satlsfymg . Moreover, is compatible with the action of B on both sides
and, in the PEL case, the alternatmg palrmgs Vpha and V};ms( (¥x) Ko) see . Hence
induces an isomorphism of tensor functors on @QG and also of ConJecture

holds at the fixed u. But the construction is independentp of p. So it
components Y of 7 and this establishes (b) and Remark

olds on all connected

(c) The argument of Theorem- applies literally to prove the first part of (c). For the
statement about G** let K C G(Q,) be the stabilizer of the (polarized) multichain (M aer
of type (£) in V constructed in part 1 above. The construction of parts 2 and 3 yields an
isomorphism gan o~ Qj"}{n = 5}( where & 7z is the space of (polarized) multichains of type
(L) in V. O

8 When does weakly admissible imply admissible ?

In this section we approach the question for which groups G and elements b € G(Kj) as in
“weakly admissible implies admissible”, that is fg"“ = ]t",?. Since we do not yet have
a good group theoretic understanding of the phenomenon we only treat the case G = GL,
comprehensively. We begin with the following observations

Lemma 8.1. Let G = G1 X Gy be a product of two reductive groups over Qp and b = (by,b2)
such that each b; 6 Gi(Ky) satisfies . for the same integer n. If Gy =+ fgl p, and

G27b2 # () then G,b + f&b.

Proof. Let uy € VlG”ﬁbl ~ fghbl be an Lj-valued point and py € ﬁé”;bz (Lg) for complete
field extensions Ll/f?l and Lg/Eg with [Lg : E‘g] < 0o. Let L be some compositum of Lq
and Ly in some algebraic closure of Ly and p = (u1, u2) : Gy, — G. Let p; : G; — GL(V;)
be representations satisfying for n. Then p: G — GL(V; @ V) likewise satisfies (5.1))
for n. Consider the filtered isocrystals D; = Dy, ,,(V;) and D = Dy @ Do = Dy (Vi @
V2) over L which all three are weakly admissible. Then M(D) = M(D1) & M(Dy) #
M(0, 1)dimVit+dimVz hecause M(D1) % M(0,1)4™ V1, This shows that u € ]:Gb ~ }—Gb as
desired. O

The next lemma shows that the question is invariant under dualization.
Lemma 8.2. Let G; = GL,, and b; € GL,(Ky) for i = 1,2 such that the isocrystals
D; = (Ky, bi-p) satisfy . Assume that
(a) D2 = D1 @1(r) or
(b) Dy = Hom(D4,1(r))
holds for somer € Z (see Lemma . Then fgibl = ]i"gl’bl if and only z'f}u"gg’,u = .73"827172.

Proof. By symmetry it suffices to prove one direction. So assume that fg;bQ = ]i'gQ’bQ and
let pup € ]:"é”f‘bl. Since the filtered isocrystal D = (K§, b1 -, Fil7, ) is weakly admissible,
also the filtered isocrystal Do := D1®1(r) in case (a), respectively Doy = Hom(ljl, ]1(r)) in

case (b) is weakly admissible and corresponds to a point ug € ]:G by Then our assumption
implies M(D2) = M(0,1)". Lemma and Proposition [4.4] yield in case
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(a) M(D1) = M(D2) = M(0,1)", respectively
(b) M(D1) = M(Dj @ 1(r)) = M(Dy) =(M(0,1)")"= M(0,1)",
and therefore p; € ﬁglybl as desired. O

Next we state the main theorem of this section.

Theorem 8.3. Let G = GL,, let b € GL,(Ko) such that the isocrystal (K, b-¢) has
Newton slopes in the interval [0, 1] and let {uo}ube the conjugacy class for which the standard
representation Q) of G satisfies (5.1). Then F'* = .7-",9 if and only if the Newton slopes of
b are

((1) (1(h1)’ E(h)70(ho)) fOT h17 h7 hO € N07 or

(b) (1), %(h)ﬁ(}m)) Jor hi,h,ho € Ny, or

(c) (1th0)] %(4),0@0)) for hi, hg € Ny.

In particular ]t"g”a = .?El? forn < 4. (Here s(M) means that the slope s € Q occurs with
multiplicity m € No. If m = 0 this slope does not occur. The sum of all multiplicities is n.)

Before proving the theorem we derive the following

Corollary 8.4. Let (G,b,{u}) be arbitrary such that there is a faithful representation p :
G — GL(V) as in (B.1)) with dimg, V < 4. Then F** = Fp.

Proof. This follows from the theorem and the fact that ﬁg b= v&"% N fgL(V) p(b) S€€ (15.2))
and Proposition [5.2 O

In particular fg"“ = ]i"l? in the PEL situation of Section (7| with G = GSpy,.

Proof of Theorem [8.3 We first prove that the conditions (a), (b), and (c) are sufficient.
Let p € Fa ~ fg. We must show that p ¢ fg"“. We set M, = M(D,,(Qp)) and
D = D(Dy,,(Q})) (Definition , and consider the decompositions of D and M,, from
Theorem We write M, = My ® Mg @ M_ such that the weights of all components
of My (respectively My, respectively M_) are positive (respectively zero, respectively
negative). Note that M_ # (0) since M,, 2 M(0,1)" and degM, = 0 by Theorem
and Lemma Likewise we write D = M(1,1)®" @ D, @ M(0,1)®" such that the
weights of all components of D lie strictly between 0 and 1. Then ¢t~'D = M(0,1)®" @
t71Dy ® M(—1,1)%h0. We consider the inclusions D < M,, — ¢~!D whose composition
is the natural inclusion D C ¢t~!D, and the induced maps M(0, 1)®% — My — M(0, 1)®M
whose composition is the zero map. Since End,, (M(O, 1)) = Q, (use [Ked05l, Proposition
3.3.4]) we can decompose M, = M @ M @ M3 @ M} ® M_, and D = M(1,1)®" @
M(1,1)%" @ D, @ M(0,1)®"% @ M(0,1)®" such that with respect to appropriate bases
of all these p-modules (and the induced basis for t~!D) the inclusions are given by block
matrices

M, —¢t'D|M;, M) MZ M} M_

MO, )% | 4, 0 0 0 0
MO,1D)® | A, Id 0 0 0

t~1D, D E, E, E3 F
M(-1,1)%% | Gy Hy Hip His §L
M(—1,1)%% | Gy Hy Hy Hyy I
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n

e D — M, | M(1,1)® M(1,1)®" D, M(0,1)®% M(0,1)%ho
M, al as c 0 0
Mé di1 dis e1 0
Mg d21 dgg €92 0
M3 ds1 dso es Id 0
M_ 1 P g i1 io

We put 74 :=1kM , rj :==rk M}, r_ :=1kM_, and h := rkD,. We must have

ro = hy, rs = hy, ho < r_, and r24rd+r. < h4hg (8.1)

since the maps M(0,1)®m — M_ and M2aeM; &M — t'D. @ M(-1,1)%" are
injective. The inclusion D < ¢~!'D is represented by the product of the two big block
matrices which hence equals

Araq Aqas Aic 0 0
Asaqr +di1 Asas +dia Asc+ e 0 0
tld, = Es+ Fi1  Fig

His+ Iin Iio
Hoaz + Izt Iaio

This implies A1¢ =0, Asc+e1 =0, E3+ Fi; =0, and Fiy = 0. Considering the entries
of these matrices as elements of the fraction field @ of the integral domain BLg we have
dimg ker A1 > rkc and dimg ker F' > rkis = ho. Hence

hi = rkA; < ry —rke and r_ = rkF 4 dimgker F > hg+1kF. (8.2)

Now we distinguish several cases.

Case ¢ = 0 : This implies e; = 0 and we obtain inclusions
D' = D, oM(0,1)%° — MZoMIoM_ — t'D, @ M(-1,1)%"

Hence D’ C D comes from a sub-isocrystal D’ C D with M(D’) D M2 @ M} @ M_. This
implies ty(D') — tg(D') = degM(D’) < deg(M2 & M3 @ M_) < 0 by Theorem and
[Ked05, Lemma 3.4.2]. So u is not weakly admissible, p ¢ F".

Case F' = 0 : This implies E3 = 0 and we obtain inclusions
D' = M(0,1)%" — Mj®M_ «— M(-1,1)%"o

Hence D’ C D comes from a sub-isocrystal D’ C D with M(D’) D M3 @ M_. This again
implies ¢t (D') — tyg(D’) < 0 by Theorem and [Ked05, Lemma 3.4.2], and so p is not
weakly admissible, p ¢ F; .

Case ¢ # 0 and ke = h : Then (8.2) implies h; + h < r, and

ho = n—h'l—izl—h—hg >n—ry—ry—r8 = ri4r. > 1 > ho

implies r_ = Bo. Since t1Iyis = Id,_ we have iy € GL,_(Q). Hence Fis =0 yields F =0
in which case we just saw that u ¢ fg”“.
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Case F # 0 and rk F = h : Then (8.2)) implies ho +h < r_ and

ho+h = hy+ho+h < ri+r_ < r2+ri+r_ < hot+h,

implies hg + h = 7“% + 7“8 +7r_ and hy = r,. Since t 7' Aja; = Id,, we have A; € GL,, (Q)
and hence Ajc = 0 yields ¢ = 0. This case was treated above.

Case ¢ # 0 and F # 0 : To treat this case we use the special form D, has under the condi-
tions (a), (b), and (c).

Under condition (a) D4 = M(1, k). The p-module which is the image of ¢ : Dy — M
is isomorphic to €; M(s;,n;). Since it is a quotient of D and contained in M we have
% > Z—ZL > 0, whence n; > s;h > h for all 7. This means rkc = h and we are in a case treated
above.

Under condition (b) Dy = M(h — 1,h). The image of F': M_ — t~!D, is isomorphic
to @, M(s},n}). Since it is a quotient of M_ and contained in ¢ "'D; = M(—1, ) we have

(2

0> Z—;, > _Tl, whence n; > —sgh > h for all 4. This means rk F' = h and we are again in a
case treated above.

Under condition (c) Dy = M(1,2)%2. Again the image of ¢ : D, — M, is isomorphic
to @, M(s;,n;) with % > % > 0, whence n; > 2s; > 2 and rkc¢ > 2. Furthermore the

image of F : M_ — ¢~!D_, is isomorphic to @; M(s},n};) with 0 > Z—;, > =1, whence
n, > —2s; > 2 and rk F > 2. Then

(2

n = ho+4+h < hy+ho+rkF+rkc+h +h) < m+r +ri+rg =n—13 <n

yields r% =0,rkc=2=1kF and r_ = ho + rtk F = hg + 2. This implies n; < 2, whence

n, =2, s; = —1 and im(F) = M(—1,2). We may decompose ¢t~ 'D; = ¢t~ 'D} @ ¢t'D%

with im(F') t~'D2. With respect to a basis suited to this decomposition we write
E

F = (}92) , B3 (gi;) ,c = (c1|c2) and e; = (e11|e12). Since the zero map
(19) (e1]e2)
M_ —5 ¢ D, —5 iy

equals coF5 and rk F5, = 2 we find ¢o = 0. Then (gg;) + (}92)1'1 = 0 implies F3; = 0 and

As(c1le2) + (er1]er2) = 0 implies e;2 = 0. We obtain inclusions
D' = D2 aM(0,1)% — MjeM_ — t'D? @ M(-1,1)%"

The p-submodule Di is inherited from a corresponding sub-isocrystal Qi = (Kg,b-p)N Di.
of the isocrystal D, = (K}, b-¢) N D because all slopes of im(F) and ¢t~'D;. are equal,
and End,(M(—1,2)) equals the central division algebra over @, of dimension 4 and Hasse
invariant § by Proposition Therefore D’ C D comes from a sub-isocrystal D’ C D
with M(D') > M§ @ M_. This implies ty(D’) - t5(D’) < 0 by Theorem 4.5 and [Ked05),
Lemma 3.4.2], and so p is not weakly admissible, p ¢ F;"*.

Altogether we have proved that under conditions (a), (b), and (c) .7:";"1 = ]i",? , that is
“weakly admissible implies admissible”.

To prove the converse we assume that conditions (a), (b), or (c) are not satisfied. By
Lemma we only need to find a direct summand of the isocrystal (K{', b-¢) for which
“weakly admissible does not imply admissible”. Considering simple sub-isocrystals it hence
suffices to treat the cases where D = D(D) has the following form
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1. D = M(c, h) and t 1D = M(—d, h) for ¢, h € Nyg relatively prime, d = h — ¢, with
2<c¢,d<h—2andh>5.

2. Dnghl)@M(l hg)WIth2<h1<h2aHd2<h2

(
3. DgM(hl—l hl)@M(hg—l hg) with 2 < hy; < hy and 2 < hs.
4. DgM(l hl)@M(hQ—l hg) with 3 < hq, hs.

(1,2)%

Since the isocrystals in cases |2, and [3.| are dual to each other, case|3.| follows from case
by Lemma[8:2] Also note that a special instance of case[L] was discussed in Example
However, the beginning of our argument treats cases [1] [2.] [4] and [5] simultaneously. We
set h :=rkD, ¢ := ty(D) = degD, and d = h — ¢. In case |l.| the conditions on ¢, d, h
imply c¢d > h and we define e = Lciflj > 1 such that —¢ > 5%, In the other three cases
we set e = 1. By Proposition there exists 0 # A € Hom,, (M(—e, c), t_lD), such that
depending on the case

5. D=M

Case [[] the map A : M(—e,c) — t~'D is arbitrary but non-zero.

Case 2] the map A : M(—e,c) = M(—1,2) — t7!D = M(1 — hy,h1) @ M(1 — hg, hs)
induces non-zero maps A; and As into both summands of t~'D. If hy = hy > 2
we require in addition that A, As are linearly independent over the central division
algebra End, (M(l — hq, hl)) of dimension h} over Q,. This is possible since then

dimg, Homy, (M(—1,2), M(1 — hy, k1)) = oo by Proposition

Case ] the map A : M(—e,c) = M(—1,hs) — t~!D = M(1 — hy, h1) @ M(—1, hy) induces
a non-zero map into the first summand of t~'D and is the identity onto the second
summand.

Case[5] the map A : M(—e,c) = M(-1,3) — t7'D = M(—1,2)% induces maps A4;
into the i-th summand of t~'D which are linearly independent over the central di-
vision algebra End,(M(—1,2)) of dimension 4 over Q,. Again this is possible since

dimg, Hom,, (M(—l7 3), M(—1, 2)) = oo by Proposition

Since both M(—¢, ¢) and ¢~'D are represented over B0 (Cp), we may by Proposition
choose a Ky-basis of D and consider A as an (h X ¢)-matrix with entries in Bl There is
a p defined over C,, in the conjugacy class {yo}, such that the c-dimensional space F' il}LV(cp
contains the columns of the matrix 6,-1p(A). By Definition (compare Example
the non-zero map M(—e,c) — ¢t~ 'D factors through M,, for thlb i, and therefore MM %
M(O 14mD and p ¢ .7-" 0 It remains to show that p € .7-"“’“ We distinguish the cases

In this case D is simple and hence .7-",}”“ = Fan_ This implies u € fg”“.

Assume that there is a sub-isocrystal (0) # D’ C D that contradicts weak admissibil-
ity. Then t~!D’ :=t"'D'®f, ]~3Iig is the kernel of a non-zero map E : t 7'D — M(1—h;, h;)
fori=1ori=2. Also

1 = tN(Q,) < tH(Q,) = dim(Cp(D(/Cmeil}LD(Cp) < dim(cp FiliD(cp = 2

implies Fil}LD(Cp C D(’Cp7 whence Ong(1—p, p,)(EA) = 0. Thus FA = T - B for some map
B € Hom, (M(—1,2), M(l,hi))) by Corollary Then Proposition shows that
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B =0, whence EA = 0. However, this is not the case by our assumptions on A, since for
hi # hy the map E is the projection onto the summand M(1 — h;, h;) of t~'D. Likewise for
hi1 = hy we have E = (E{|Es) : t7'D — M(1 — hy, hy) with E; € Endw(M(l — hyq, hl)) and
FEy Ay + Es Ay = 0 contradicts the linear independence of Ay, As over End,, (M(l — hq, hl)).
Therefore p € f e,

In this case the matrix A equals (Idl ) with 0 # A; € Homg, (M(—1,h2), M(1 —
hl,hl)), and 6;-1p(4) = (") # (1) because Oni1—py py) (A1) = 0 would by Corol-
lary imply that Ay = T - B for O # B € Homw( (=1, hs), (1,h1)) which is
impossible by Proposition In particular, 6,-1p(A) has rank ¢ and Fil}LD@p equals

lm(et—lD(A))
There are exactly two sub-isocrystals (0) # D’ C D. For the first one D’ := D’ Qg,
. . 0(A
B, = M(1,h1) and ty(D') = 1. Also D N FillDe, = {(;) € 1m(1(dh12>)} = (0) and

ty(D') = 0. For the second sub-isocrystal t~'D’ = M(—1, hy) and tx(D’) = hy — 1. If
hy—1 < tg(D') = dimc,(Dg, N Fil,De,) < dime, FilyDe, = ha

then im(6;-1p(A)) = Fil,Dc, = D(’CP = im (Id(;) in contradiction to Ong1—p, n,) (A1) # 0.
This proves that p is weakly admissible.

Here the sub-isocrystals (0) # D’ € D are of two kinds. For the first kind ¢~!D’
has rank 4 and is the kernel of a non-zero map E = (E{|Es|E3) : t7'D — M(-1,2) for
E; € End,(M(—1,2)). Then ¢y (D’) = 2 and we claim that t5(D’) < 2. Indeed

2 < ty(D') = dimg,(Dg, N Fil,De,) < dimg, Fil,Dc, = 3

would imply that FiliDcp C D(’cp and Opng—12)(FA) = 0. Hence FA = T - B for some
map B € Homg,(M(—1,3), M(1,2)) = (0) and therefore E1A; + E2As + E3A3 = 0 in
contradiction to the linear independence of Ay, A, A3 over End, (M(—l, 2))

For the second kind of sub-isocrystal t~'D’ = M(—1,2) and ty(D’) = 1. Again we
claim that ¢tz (D’) < 1. Indeed

1 < tg(D") = dime,(Dg, N Fil,De,) < dimg, Dp, = 2

implies D C Fil} D¢, and hence t'D’ € M, C t~'D = M(—1,2)%*. Therefore M,, =
M(-1,2) @ @ M(Sl,nl) for —3 < o< 2. We had defined p by constructing a map

M(-1 3) . If the induced map M( 1,3) — M(s;, n;) were non-zero for some i, then
f;l < —3 and 51 < —1, n; > 2. The constraints on the remaining TTZ imply that deg M, <

—1, a contradiction to Theorem and Lemma Hence A : M(—1,3) — t~!D factors
through ¢t~!D’. But ¢t 'D’ lies in the kernel of an appropriate morphism 0 # (E1, Eo, F3) :
t7'D — M(—1,2) for E; € End,(M(—1,2)). Again this means E1A; + EyAy + E3As =0
in contradiction to the linear independence of the A;. This shows that ty (D) < ty(D’)
and so p is weakly admissible.

Therefore we have established in all cases that p € ]:",;”“ ~ ﬁ'g and the theorem is
proved. O
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9 Conjectures

As stated in Conjectures and we expect that the open subspace .7:",9 C fé”“ is arcwise
connected and satisfies fg(L) = .7%”“ (L) if the value group of L is finitely generated. This
belief comes from the function field analog [Harl0Q], [Har09l §§5.3 and 6.2] of the theory
developed here. In that analog we were able to prove the assertions corresponding to these
conjectures; see [Harl0, Theorems 2.5.3 and 3.2.5].

Unfortunately we have little more to support Conjecture However, the proof of
Theorem and the computations in Example and Theorem suggest that the fields
L with fE(L) C fg“a(L) must contain elements of the form

DDV

= VEZL

for 0 < ¢ < e and u; € C, |u;| < 1. Maybe one could show that fields containing such
elements cannot have finitely generated value group.

Evidence for the connectedness of .7%?

We suggest a strategy to prove that ]t}? is arcwise connected by noting that this follows
from Conjecture

Proposition 9.1. (a) There exists an arcwise connected paracompact open E—analytic
subspace F'* of F*" whose associated rigid analytic space is the period space (Fé"“)rig.

(b) If (G,b,{u}) satisfies (5.1)) and Conjecture is true then f,? is arcwise connected.

(c) If (G,b,{u}) satisfies (5.1) and .7%1? is connected then any open E-analytic subspace
F{ with F) € F C F is also arcwise connected.

Proof of Proposition[9.1. (a) Since Fa" has a finite covering by affine spaces, all its open
E- analytic subspaces are paracompact by Lemma From its construction in [RZ96
Proposition 1.34] the period space (]-'w“)“g possesses an admissible covering {X;"®};cn
by admissible subsets X' C F"® such that F"& < X is a finite union U;Sp Bi; of
affinoid subdomains and X; rig - X;{ “g . The X; 8 correspond to open E-analytic subspaces

X; = Fon ~U; M(B; ;) of Fan, Moreover, it follows from [RZ96), Proposition 1.34] that the
closure X; of X; in 2" is a finite union of E-affinoid subdomains and X; C X;+1. Thus the
union .75";”“ := ;e Xi is an open E—analytic subspace of F2 whose associated rigid analytic
space equals (7). (Use [Beh93, Lemma 1.6.2] to see that the Grothendieck topology
induced from F;"® on {p € F'* : H(p)/E is finite } coincides with the Grothendieck
topology of (]:"g”a)rig.)

To prove the connectedness of fg"“ note that every E—analytic space is locally arcwise
connected by [Beh90, Theorem 3.2.1]. The flag variety Fa" has a finite covering by affine
spaces, hence a countable affinoid covering by polydiscs U = M( < Co C >) for varying
¢ € E. Since the points = € .7:;”“ with H(x) finite over E lie dense in .7-"“’“ by [Beh90,
Proposition 2.1.15] it suffices to exhibit for every such point = € .7:"5”“ NU a continuous map
a from the compact interval [0, |(]] into fg’”‘ NU such that a(0) = = and «(|(|) is the point
corresponding to the Gaufl norm on U.
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So let = € F*NU with H(z) finite over E be the point with coordinates z; = ¢; € H(z),
lei] < |¢|. To define a: [0, |¢]] — F#*NU we expand each f € E(%, ..., %) around x
[ = Z ai (r1 — 1) - (2 — cp)'™ with a; € E(cy,...,cn).
1ENG

For every element ¢ € [0, |(|] we obtain an analytic point P = P(z,t) in U by setting
[flp = sup{fag t"FFm i e NG}

If x is fixed it is easy to see that this defines a continuous and injective map « : [0,|¢|] —
U, t — P(z,t) with a(0) = x and «(|¢|) being the point corresponding to the Gaufi norm
on U. It remains to show that «(¢) lies in fg"“. For ¢ > 0 the prime ideal ker | . | :={ f €
E’(%, ) fla@ =0} corresponvding to a(t) is the zero ideal. Since by construction in
[RZ96], Proposition 1.36] the set U \ F;’® is a union of Zariski closed subsets of U and since
it does not contain the point z, we obtain «(t) € fg"“. This implies that .7?;”“ is arcwise
connected.

(b) To prove the connectedness of Fy we show that even a([0,[¢]]) FONU. Namely,
the value group of H(a(t) is generated by ’E(cl, e ,cn)x‘ and ¢ and hence is finitely
generated. So Conjecture will imply «(t) € .7%? N U and so ]i"l? is arcwise connected.

(c) To prove the connectedness of .7?,? we note that .7?,? (L) = fg"“(L) for all finite extensions
L/E because ]:"E(L) = fg"a(L). Since the points z € fg with H(z) finite over E lie dense
in fél by [Beh90, Proposition 2.1.15], fl? is a dense connected subset of fg O

Evidence for the maximality of fg

We conjectured in Conjecture that the open E—analytic subspace J’Z}? C fé”a and the
local system V from Theorems [5.8] are maximal. For this it remains to prove that the local
system does not extend to a larger open subspace .7:"19 cY C ]Z"I;‘”a. This is supported by
the following results of Andreatta and Brinon [And06l [AB09]. Assume there exists a local
system V of Q,-vector spaces on Y as in Theorem and let Y be the space of Zj,-lattices
inside V.

Consider a morphism f : U — Y of E—analytic spaces such that U possesses an affine
formal model Spf R that is étale over ShW(IFl?lngl,Tfl, e ,Td,TC;l). (This hypothe-
sis on U can even be weakened slightly; see [And06, [AB09].) The pullback of V to U
corresponds by Proposition to a representation py : w$H(U,z) — GL(V)(Q,) which
stabilizes a Z,-lattice in V = V;. Hence py factors through «$*(U,z) — ﬂ?lg(U, z) —
GL(V)(Z,) c GL(V)(Qp), where Tr'iflg(U, Z) is the algebraic fundamental group classifying
finite étale coverings. By [And06, Theorem 7.11] py corresponds to an étale (¢, I')-module
M over A which is overconvergent by [ABQ9]. If u € U is an analytic point and C is the
completion of an algebraic closure of H(u) the fiber M, ® ]§(C) at p is therefore of the

form ML Pzt B(C) for a p-module ML over Bf(C). By [Ked05, Proposition 5.5.1] the
p-module ML ) ﬁLg(C) over ﬁiig(C) is isomorphic to M(0,1)®4™V Due to " we
have M, ®g; o) Bl (C) = M((Vicy, b, Fil} ) Vag(uy)). Thus the image of U in Y must

be contained in ‘7?19 .
However, at present this approach does not prove Conjecture because unfortunately
Y cannot be covered by F-analytic spaces U allowed by [And06, [AB09]. For instance

(©)
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consider on an annulus Y7 = M(E(T, L)) the point y; with | ¥, a;/T"|, = sup{|a;| |p|™ : i €
Z} for r € [0, 1] \ Q. Furthermore, consider a point y2 with H(y2) = C, in a small polydisc
Y, = M(E(%,,%}) for (e E,0< |¢| < 1 (such points exist; see [Harl0, Example
A.2.2 (d)]). I Y contains Y7 x Y3 then the point y = (y1,32) € Y does not lie in the image
of any U as above. So this method does not yield y € }u"bo. Also Conjecture H does not
give y € F because the value group |H(y)*| D [H(y2)*| = Q is not finitely generated.

A Berkovich’s Analytic Spaces

Let Op be a (not necessarily discrete) complete valuation ring of rank one and let F' be its
fraction field. We briefly recall Berkovich’s [Beh90, Beh93] theory of F-analytic spaces. Let
B be an affinoid F-algebra in the sense of [BGR84, Chapter 6] with F-Banach norm |.|.
Berkovich calls these algebras strictly F'-affinoid.

Definition A.1. An analytic point x of B is a semi-norm | .|, : B — R>¢ which satisfies:
(@) |f +gle < max{|flas gl } forall f,g € B,

(b) 1fgle = [flzlgle forall f,g € B,
() [Maz=1A forall AeF,

)
)
)
(d) |.|z: B — Rx is continuous with respect to the norm |.| on B.

The set of all analytic points of B is denoted M(B). On M (B) one considers the coarsest
topology such that for every f € B the map M(B) — R given by x — |f|, is continuous.
Equipped with this topology, M(B) is a compact Hausdorff space; see [Beh90, Theorem
1.2.1]. Such a space is called a strictly F-affinoid space.

Every morphism « : B — B’ of affinoid F-algebras is automatically continuous and
hence induces a continuous morphism M(«) : M(B’) — M(B) by mapping the semi-norm
B’ — R>q to the composition B — B’ — R>(. By definition the M(«) are the morphisms
in the category of strictly F-affinoid spaces. In particular, for an affinoid subdomain Sp B’ C
Sp B this morphism identifies M(B’) with a closed subset of M(B).

For every analytic point z € M(B) we let ker|.|, := {b€ B:|bly =0}. It is a prime
ideal in B. We define the (complete) residue field of x as the completion with respect to |. |,
of the fraction field of B/ker|.|;. It will be denoted H(z). There is a natural continuous
homomorphism B — H(x) of F-algebras. Conversely let L be a complete extension of F,
by which we mean a field extension of F' equipped with an absolute value |.| : L — R>¢
which restricts on F' to the norm of F' such that L is complete with respect to |.|. Any
continuous F-algebra homomorphism B — L defines on B a semi-norm which is an analytic
point.

In [Beh93, §1.2] Berkovich defines the category of strictly F-analytic spaces. These
spaces are topological spaces which admit an atlas with strictly F-affinoid charts.

The spaces M(B) for affinoid F-algebras B are examples for strictly F-analytic spaces.
Other examples arise from schemes Y which are locally of finite type over F, see [Beh90,
§3.4]. Namely if Y = A% is affine n-space over F' the associated strictly F-analytic space
Ya® = (A%)™ consists of all semi-norms on the polynomial ring F[y,...,y,] as in Def-
inition (a)=(c). The topology on (A%)*" is the coarsest topology such that for all
f € Fly1,...,yn] the map (A%)*™ — Rsg,x — |f|; is continuous. The space (A%)*"
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is the union of the increasing sequence of compact polydiscs M(F <Cy—§1, e é%)) of radii
(1™, ..., |¢™|) for m € Ng where ¢ € F has [(| > 1. If Y C A} is a closed subscheme of
affine n-space with coherent ideal sheaf J, the ideal sheaf JO, An)an defines a closed strictly
F-analytic subspace Y*" of (A%)*". Finally, if Y is arbitrary and {Y;}; is a covering of ¥’
by affine open subschemes then one can glue the associated strictly F-affinoid spaces Y;*"
to the F-analytic space Y*". Moreover Y*" is Hausdorff if and only if the scheme Y is
separated, see [Beh90, Theorems 3.4.1 and 3.4.8].

The relation between strictly F-analytic spaces, rigid analytic spaces, and formal schemes
is as follows. To every strictly F-analytic space X which is Hausdorff one can associate a
quasi-separated rigid analytic space

X"e .= {x€ X: H(z)is a finite extension of F'},

see [Beh93, §1.6]. Recall that a rigid analytic space is called quasi-separated if the intersec-
tion of any two affinoid subdomains is a finite union of affinoid subdomains. To describe
the subcategories on which the functor X — X" is an equivalence we need the following
terminology. A topological Hausdorff space is called paracompact if every open covering
{U;}; has a locally finite refinement {V}};, where locally finite means that every point has
a neighborhood which meets only finitely many of the V;. On the other hand an admissible
covering of a rigid analytic space is said to be of finite type if every member of the covering
meets only finitely many of the other members. A rigid analytic space over F' is called
quasi-paracompact if it possesses an admissible affinoid covering of finite type. Similarly we
define the notions of finite type and quasi-paracompact also for (an open covering of) an
admissible formal Op-scheme in the sense of Raynaud [Ray74]; see also [BLI3].

Theorem A.2. The following three categories are equivalent:
(a) the category of paracompact strictly F-analytic spaces,
(b) the category of quasi-separated quasi-paracompact rigid analytic spaces over F, and

(c) the category of quasi-paracompact admissible formal Op-schemes, localized by admis-
sible formal blowing-ups.

Proof. Tt is shown in [Beh93, Theorem 1.6.1] that X +— X8 is an equivalence between (a)
and (b). The equivalence of (c¢) with (b) is due to Raynaud. See [Bos05, Theorem 2.8/3]
for a proof. O

Regarding paracompactness the following result was proved in [Harl0, Lemma A.2.6].

Lemma A.3. Let F' be discretely valued with countable residue field and let X be a strictly
F-analytic space. Assume that X is Hausdorff and admits a countable covering by strictly
F-analytic spaces. Then every open subset of X is a paracompact strictly F-analytic space.

This applies in particular if X = Y?" for a separated scheme Y of finite type over F'.

We will also need the following well known fact which we were unable to find in the
literature.

Proposition A.4. Let f : X — Y be an étale morphism of F-analytic spaces ([Beh93,
§3.3]) such that f is bijective on C-valued points for any algebraically closed complete ex-
tension C of F'. Then f is an isomorphism.
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Proof. Let x € X and y = f(z) € Y. Since f is quasi-finite there are open neighborhoods
V=V,CXofzand U=U, CY of y with fly : V — U finite étale. Since f is open
by [Beh93, Proposition 3.2.7] we may replace U by f(V). For any affinoid M(A) C U
the preimage (f|v) t(M(A)) = M(B) is affinoid with B finite flat over A by [Beh93|
Proposition 3.2.3]. Hence B is finite locally free since A is noetherian by [Beh90, Proposition
2.1.3]. For any C-valued point of M(A) the fiber M(B ®4 C) — M(C) is finite étale by
[Beh93, Corollary 3.3.8] and bijective by our assumption. Since C' is algebraically closed,
B ®aC = C and so tkg B = 1. Therefore the inverse map (fly)™! : U — V exists
by [Beh93l, Proposition 1.2.15(i)]. Now our assumption on bijectivity on C-valued points
implies that the local inverses (f|y)~! : U == V glue by [Beh93, Proposition 1.3.2] to the
global inverse of f. O
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