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Abstract. Let K be a complete discretely valued field and Xg a
smooth proper rigid analytic space over K , which has a strictly semi-
stable formal model. We construct a smooth rigid analytic group variety
that represents the Picard functor of line bundles on Xk on the cat-
egory of smooth rigid analytic spaces. Its identity component is an
extension of a smooth proper rigid analytic group by an affine torus.
The Néron-Severi group of Xk is finitely generated.

1 The Main Result

This is a report on joint work with W. Liitkebohmert [HL]. Our intention in this
article is to explain the main result on the representability of the Picard functor,
Theorem 1.5. We restrict ourselves at some points to indicate reasons rather than
give detailed proofs and we leave out technicalities which are dispensable. The
reader can find complete proofs of all our statements in [HL].

Rigid analytic spaces were introduced by J. Tate at a seminar at Harvard in 1961
following ideas of A. Grothendieck. His notes were later published in the Inventiones
[Ta]. In the 1970’s M. Raynaud emphasized the relation between rigid analytic
spaces and formal schemes [Ra]. Besides these two articles we refer the reader to
[FRG] and [BGR] for an introduction to the subject.

Let K be afield of any characteristic which is assumed to be complete with respect
to a non-archimedean discrete valuation of rank one and let R be its valuation
ring. We denote by 7 a uniformizing parameter of R and by k the residue field
of R . Moreover let Xg be a smooth rigid analytic space over K which is proper
and connected and assume that there exists a K -rational point z : Sp K — Xk
of Xg . We want to study line bundles on Xg . A line bundle Lx on Xk is
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a locally free sheaf of rank one on Xg , i.e. there exists an admissible covering
{UL} of Xk suchthat Lk vi = Oyi - Since A. Grothendieck the classification
of line bundles is approached by means of the relative Picard functor

Picy, /x : (Rigid analytic spaces) — (Sets) , Vi + Picx, /x(Vi)

where

Lk line bundle on X X g Vj
Picy, /k(Vk) = {Isoclass(ﬁK,)\): K KoK K}

A Oyy = (IL' X idVK)*[rK

See the diagram below. To a morphism f : Vx — Wg of rigid analytic spaces it
assigns the morphism of sets

EXK/K(f): EXK/K(WK) — EXK/K(VK)7 (Lx,A) = (idx, Xf)*(Lx; A)-

So Picy, /k is a contravariant functor. It factors through the category of abelian
groups. The isomorphism A is called a rigidification. The purpose of the rigid-
ification is twofold. Firstly it suppresses all line bundles coming from Vi and
secondly it eliminates all automorphisms of Lg . Namely an isomorphism of two
rigidified line bundles (Lk,A) and (Mgk,u) on Xk xk Vi is by definition an
isomorphism ¢ : Lx — Mg satisfying

n = (SE X idVK)*(,O oA: OVK = (ZU X idVK)*MK .
Thus Aut(Lk,A) = {id} . Equivalently we can describe the Picard functor as
Picy, ;k(Vk) = Pic(Xk xk Vi) / (p x idv, )" Pic(Vk) ,

with Pic(Yx) being the group of line bundles on the rigid analytic space Yk ,
i.e. the absolute Picard group of Y , and p : Xg — Sp K the structural
morphism. Namely using the section x of p we associate to every line bundle
Lk € Pic(Xg xXg Vi) the rigidified line bundle

(‘CK ® (p X idVK)*(x X idVK)*‘C;(7 )‘) )

where \: Oy, —— (zx idy, )* Lk ®(z X idVK)*ﬁ;{ is the canonical isomorphism.
This shows that the Picard functor Picy, /K is independent of the K -rational
point x .

We now ask whether the Picard functor is representable. This means that there
exists a rigid analytic space Pic and an isomorphism of functors

Picy, ,x = Homgk( , ,Pic).

Thus by the Yoneda-Lemma there is a line bundle Px on Xg xg Pic together
with a rigidification Ap : Opic — (2 x idpic)*Pk such that for any rigid an-
alytic space Vi and any rigidified line bundle Lx on Xg xg Vx there is a
unique morphism f : Vg — Pic and an isomorphism of rigidified line bundles
(idxe X)*(Pr,Ap) = (LK,A) on Xk Xk Vi .
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ﬁK PK
/ ldXK Xf /
XK XK XKVK XK XKPiC
x z X idyy z X idpic
3y
SpK - Vk _ — — — Pic

In this article we want to show the representability of the Picard functor on the
category of smooth rigid analytic spaces under the additional assumption that Xy
admits a strictly semi-stable formal model X over R. We define this notion
analogous to A.J. de Jong [dJ, Definition 2.16].

Definition 1.1 Let X be an admissible formal R-scheme (cf. [FRG, I]) and let

X§ for 0 =1,...,s be the irreducible components of the special fiber X, of
X . For each nonempty M C N :={1,...,s} we define
Xot =) X¢
oceEM

as the scheme-theoretic intersection. X is called strictly semi-stable over R if

(a) Xo is geometrically reduced,

(b) X§ is a Cartier divisor on X for all 0 € N ,ie. X§ islocallyon X a
principal divisor and

(¢) XM is smooth over k for all M C N and equidimensional of dimension
dim X — #M .

Remark 1.2 The conditions imply that the rigid analytic fiber X, is smooth
over K ; cf. Proposition 1.4.

Remark 1.3 Condition (b) implies that X is regular; cf. Proposition 1.4.

We can characterize strictly semi-stable formal R-schemes by the following propo-
sition.

Proposition 1.4 Let X be an admissible formal R-scheme. The following are
equivalent:

1.) X s strictly semi-stable.

2.) Ewvery closed point x € Xo of the special fiber admits an open neighborhood
which for some T € N is formally smooth over the formal scheme

Spr(é.ha 7§is)/(£il Teen '£is —71') :

Proof (cf. [d], 2.16]) The sufficiency of condition 2.) is clear. We show its neces-
sity. So let X be strictly semi-stable and z € Xy a closed point of the special
fiber. Say x lies on the irreducible components Xél, . ,Xés and not on the
other components. On a neighborhood U of z the Cartier divisor X{§ is prin-
cipal, say generated by &, . By (a) and (b) these generators satisfy the relation
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& ... &, =u-7m for aunit u on U . After replacing &, by wu-&;, , we may
assume u =1 and obtain a morphism

U— Spf R (&5 &)/ (Giy oo &iy — )
By (c) the fiber X{é+%} above the closed subscheme V(&;,,...,&.) is smooth.
This carries over to the formal completion along this closed subscheme. That in
turn implies the formal smoothness of a whole neighborhood of =z . O

There is still the conjecture that every quasi-compact smooth rigid analytic space
admits a strictly semi-stable formal model after a suitable base ring extension. If
the residue characteristic is zero, one can apply the stable reduction theorem of
Mumford; cf. [TE, p. 198] which provides the good model. So the result is valid
without further conditions in this case.

In general a formal geometry analog of A.J. de Jong’s alterations result [dJ] is
true. Namely, after a suitable finite separable field extension K of K , there
exists an étale surJectlve morphism X K — Xk such that X k admits a strlctly
semi-stable model X over the valuation ring R of K . Indeed one can write Xx
locally as a smooth curve fibration. In [L2, Theorems 5.2 and 5.3] it was shown that
étale locally on X g this curve fibration can be embedded into a smooth projective
curve fibration which has a semi-stable formal model. Then we apply the methods
of de Jong to obtain the desired strictly semi-stable model of X K .

Now we are ready to state the main theorem.

Theorem 1.5 Let Xk be a smooth rigid analytic space over K which is proper
and connected and assume that there exists a K -rational point z : Sp K — Xk
of Xk . Further assume that Xg admits a strictly semi-stable formal model X
over R .

Then there exists a unique (up to canonical isomorphism) smooth rigid analytic
group variety Picx, ,x and a morphism of functors

O HomK( B ,PiCXK/K) — EXK/K
which is universal in the following sense: For any smooth rigid analytic space Vi ,
the map
O(Vk) : Homg (Vi,Picx, k) — Picy, /x(Vk)

is bijective. In particular, there exists a line bundle Pk on Xk X Picx,/kx and
an isomorphism Ap : OPiCXK/K Z— (zx id)*Pk such that, for any smooth rigid
analytic space Vi and for any pair (Lk,A) € Picy, /x(Vk) , there is a unique
morphism f : Vx — Picx,/x and a unique isomorphism of rigidified line
bundles (Lx,\) — (id x f)*(Px, p) .

The identity component Pic%K/K of Picx, Kk , i-e. the connected component
containing the neutral element, is called the Picard variety of Xg and Pg is
called the Poincaré bundle. After a base field extension the Picard variety is an
extension of an abeloid variety by an affine torus; an abeloid variety is a connected
smooth rigid analytic group variety with proper underlying space.

The Galois module NSx, /x = Picx, /kx(K)/ Pic())(K/K(K) where K s the
completion of an algebraic closure of K is called the Néron-Severi group of Xk .
The Néron-Severi group of Xk is finitely generated.
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Remark 1.6 (1) If Xg is the analytification of a proper algebraic variety, the
rigid analytic Picard variety is the analytification of the classical algebraic Picard
variety, due to the GAGA-principle; cf. [L1, Theorem 2.8].

(2) In the case of (1) the connected components of the Picard variety are proper as
Xk is assumed to be smooth; cf. [FGA, 1’236, Theorem 2.1] or [BLR, Theorem
8.4/3].

(3) If Xk is a smooth connected proper rigid analytic group variety, the repre-
sentability of Picy, /x was established by W. Liitkebohmert in [L2] resp. [BL].
In particular, he showed that Pic}K /k 18 smooth and proper and that the Néron-
Severi group of Xk is finitely generated and torsion free.

(4) There are examples of (non-algebraic) proper smooth rigid analytic spaces where
the Picard variety is not proper; cf. [Mu]. Let us briefly review the example. This
is an analogue of the Hopf surface. It can be defined in the following way

Xk = (A —{0})/T
where T'= () is generated by a single element v which acts on A% — {0} by
(&1, &) = (ér, a26)

where aj,ay € K* with 0 < |ay| < |az] < 1. One can show that Xk is smooth
and proper and that it admits a strictly semi-stable formal model. One computes
that PiCXK/K = Gm,K .

Proof. The rest of this article is devoted to the proof of this theorem. For tech-
nical reasons we first demonstrate the existence of the identity component of the
representing space.

We introduce the category

Cx  of pointed rigid analytic spaces (Vk, vk ) where Vi is smooth and connected
over K and where vg € Vi (K) is a K-rational point. The morphisms in
this category are the rigid analytic morphisms respecting the points.

Instead of the general Picard functor, we consider the slightly different functor
Picy, /x : €x — (Sets), (Vi,vk)— Picy,  x(Vic,vK)
of rigidified line bundles which are trivialized at the given point where
Lk line bundle on Xg xg Vi
Picy, )k (Vi,vk) = { Isoclass (Lx,A): A: Oy, = (z x idy,)*Lk
(idx, xvk)*Lg = Ox, trivial

These are in a sense the deformations of the trivial line bundle or phrased differently
the line bundles which are “algebraically” equivalent to the trivial line bundle. Later
on it turns out that the representing space of this functor is the identity component
of the usual Picard functor.

We further show that the Néron-Severi group NSy, /x is finitely generated. Then
we construct the rigid analytic Picard variety as the disjoint union

PiCXK/K = H CK ® PIC;)(K/K .
[Lx]ENSx, /K
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2 Typical Line Bundles

In order to show the representability of the functor ﬂﬁk /K > 1-e. to construct the
Picard variety we want to introduce two typical types of line bundles.

1.) The first type of line bundle arises from the combinatorial configuration of
the irreducible components of the special fiber X, . Let n € H'(X,Z)
be a cohomology class. It can be represented by a cocycle n = (n;;) with
respect to an open covering {U’} of X ,ie. n;; € Z(U'NU’). Then
for a coordinate function ¢ on the multiplicative group Gy, xk we obtain
elements £%i € O ((Ufig n Urjig) Xk Gy k) which clearly form a cocycle
with respect to the covering {Ulfig Xk Gm,xk} of Xk XKxGm r . We consider
the line bundle on Xk x g G,k which is given by this cocycle and denote
it by (£™) . We call line bundles of this type multiplicative.

2.) To any formal line bundle £ on X xgV we can consider the rigid analytic

line bundle Ly := L®r K on Xg xk Vig -

These two types of line bundles indicate that Pic 9(1( /i should have a formal part
and a torus part. In a way all line bundles on X are built from these two types.
More precisely the following is true.

Proposition 2.1 Let V' be smooth over R{((1,... ,(+1)/(C1 - G411 —m) . Let
v € V(R) be a point above {(1 = ... = =1} . Consider a rigid analytic line
bundle Lx on Xk Xk Vig which is trivialized along v .

Then Lk is a tensor product Lx = Mgk @ Nyig of two line bundles where

(1) Mg = (({")®...®((") is the multiplicative line bundle on X g X g Viig
associated to suitable elements ny,... ,ny € H'(Xo,7Z) .
(2) N s a formal line bundle on X Xg 'V which is trivialized along v .

The decomposition Lx = Mg ® Nig is unique. In particular, the Picard group
of line bundles which are trivial along v decomposes into

Pic®(Xk Xk Viig) = H'(Xo,Z)"® Pic®(X xg V).

Proof In order to prove the proposition we try to extend the line bundle Lx to a
formal line bundle on X xgV . If X xgrV were regular, this would be possible.
However that is not the case in general. On the other hand X possesses a covering
by open sets U which are smooth over Spf R{({1,...,&)/(&1-...-&—m) . We can
desingularize the product U xgV by successive blowing-ups. Namely we blow up

SPE R(E1, -+ 1 &5y Clsnv s Goan) /(oo & =, Givee - Gopn — )
in the open ideal (£1,¢1) and obtain two charts of the blowing-up Y’ :

e & =(1-& : The relations are equivalent to
& -boiibs =G G = 0 and
&G — = 0.

Thus the number ¢ was decreased by 1 while s stayed constant.
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o (1 =& -¢ : The relations are equivalent to
62""'§S_C{'C2""'Ct+1 = 0 and

51‘...'63—71' = O
Thus the number s was decreased by 1 while ¢ stayed constant.

By repeating this step we obtain a desingularization U xgV +— ... «— Y.
Since Y™ is regular with Yr?g = (U xg V)rig the line bundle Lx extends to a
formal line bundle £(™ on Y™ . Further the above desingularization allows us
to control the centers of the blowing-ups. A careful analysis shows that the line
bundle £ descends step by step to a line bundle £ on U xgV which extends
the rigid analytic line bundle Lg . We can further choose £ to be trivialized

along v .

Now we would like to glue the local extensions £ and L' of our rigid analytic line
bundle Lx above the intersection (UNU') xgV =: W . On the rigid analytic
fiber Wz we have an isomorphism

I.

rig -

In order to extend it to an isomorphism of the formal line bundles we have to
study the invertible functions on Wi, . These obviously include all formal units
Ow (W) aswellas &,...,& and Ci,...,Cq1 - If W is connected it turns out
that all invertible functions are built up from these

Owe W) = Ow(W) @ ((f 0.0 +(Fo...0¢)).

The later sum is not direct. There is one relation & - ... & =7 =C ... (p1 -

'lpK:»Crig s

Since £ and L' are both trivialized along v we see that there is no contribution
of the £’sin ¢k ,i.e.

Y =G

Since the collection of the 1 satisfies a cocycle condition the same is true for n;
up to n; and for ¢ . So they form cocycles ni,...,n; € H'(Xy,Z) . The cocycle
(¢ -...- (") with respect to the covering consisting of the U x gV ’s defines the
multiplicative line bundle Mg := (({"")®...®(¢") on Xk Xk Viig - In particular
ME|(UxrV)n, s trivial. The collection of the isomorphisms ¢ : £ = L' forms
a cocycle which allows us to glue the local extensions £ to a formal line bundle
N on X xgV . This yields the decomposition

Lx = Mg @ Nig -

we are looking for. It is unique since the decomposition of the isomorphism was
unique. [l

3 The Construction of the Identity Component

We want to illustrate the construction of the Picard variety by discussing the ex-

ample of the Tate curve. The Tate curve is the quotient Xx = Gy, x /g% for some
X . . .

g€ K~ with |g| < 1. It is an algebraic curve, connected proper and smooth over

K and admits a strictly semi-stable formal model X over R . The special fiber

Xo of this model is a closed chain of projective lines. Since Xk is an elliptic curve,
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ﬂgl{ /i 1s represented by the Jacobi variety Jx of Xk . The Jacobi variety is
isomorphic to X and therefore also possesses a strictly semi-stable model J .
Let J be the identity component of the open part of J which is formally smooth
over R . Then

7 = Gm,R = lim Gm,Rn
—_

where we denote the n-th infinitesimal neighborhood by R, := R/(7"*!) and
X = X®RgR, . The multiplicative group Gy, g, representsthe functor mgn /R
of line bundles which have degree 0 on each irreducible component of X . This
is due to the fact that every such line bundle on X is trivial on each of the pro-
jective lines contained in Xy . Namely choose local sections of the line bundle on
each of these projective lines X{ , i.e. meromorphic functions f, , which neither
have poles nor zeroes in the double points. Starting on one component X we can
multiply the meromorphic function f, on the next component XZ by a constant
a so that the two functions f; and af, agree at the double point Xj N X3 .
Repeating this, we go round the circle once. The ratio f;/fs at the last double
point where the chain of projective lines closes is the gluing data that determines
this line bundle. It is an element of Gy, 1 .

The group J represents the formally smooth deformations of the trivial line bundle
on X . Its rigid analytic fiber is
Jrig = Gm,x = SpK{¢,(T") = {z¢€ K8 |z| =1}/ Gal .
It can be embedded into the multiplicative group
Jrig = G,k “— G,k =: Tk .

We interpret Jx in the following way. We have H'(Xg,Z)=HY(Xo,Z)=7Z-b.
This induces the multiplicative line bundle (¢*) on Xg xg Gm,x  which gives
rise to a morphism Gy, k — JKx . The group Jk contains a lattice

A:={Ce Ji : (¢) is trivial }.
One can show that the quotient of Tk by A is Jgk ;cf. [BL, Theorem 1.2].

In the general case we construct the Picard variety in a similar manner. We consider
the infinitesimal neighborhoods R, := R/(n™*!) and X, := X Qg R,. By
assumption the scheme X, is proper and flat over R, with geometrically reduced
special fiber. The point z € X(R) induces a point z,, € X,(R,) forall n € N.
Due to the classical result of M. Artin [Ar 1, Theorem 7.3] the functor Picy /g,
is representable by an algebraic space locally of finite type over R, . This is a
group scheme over R, since an algebraic group space over an Artinian base is a
scheme; cf. [Ar 2, Theorem 3.5]. It is locally of finite type over R, . Let P, be
its identity component

P} := Pick, g, -
It is a group scheme of finite type over R, ; cf. [SGA 3, I, Exposé VI, Proposition
2.4]. Furthermore we have the Poincaré bundle P! on X, xg, P, . We set

P' = limP .

The limit is defined via the projections P}, — P} ; notice that the identity

[

Xnt41®R, ;. By = X, implies P, ®g,,, R, = P, . The formal scheme P’ is of

n
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topological finite type over R (cf. [FRG, I]). The system of the Poincaré bundles
P!, is compatible and gives rise to the Poincaré bundle P’ := 1<£n77'n on X xgpP'.

We investigate the structure of P'. Its special fiber P; does not contain an
additive group G,y where k is an algebraic closure of k. The reason for this
lies in the semi-stability of X . Namely every line bundle on Xy Xy Ga,E which
is trivialized along 0 is already globally trivial. In particular the torsion points
of order prime to chark are dense in P} . However P’ may not be smooth, in
fact it will in general not even be flat over R . By dividing out its m-torsion and
its nilpotent structure we obtain an admissible formal R-scheme P’ . Its rigid
analytic fiber is smooth but maybe not connected. The smoothness comes from
the fact that the mentioned torsion points of order prime to chark lift to P’ .
We now consider the identity component Pg of Fﬁg and let P be the formal
Néron model of P ; cf. [BS, Theorem 1.2]. Tt is a smooth formal group scheme
over R and can be obtained as the identity component of the group smoothening
of P'; cf. [BLR, Theorem 7.1/5]. We have the following diagram

FK (G F

[ l

P, Cs P Cs P

The vertical arrow on the left is a finite morphism, so also the vertical arrow on
the right is finite; cf. [BGR, Theorem 6.3.5/1]. By pulling back the line bundle
P’ we obtain the Poincaré bundle P on X xr P. The group P represents

the formally smooth deformations of the trivial line bundle on X , because every
morphism from a smooth connected admissible formal R-scheme into P’ factors

through P due to the universal property of the Néron model.

Since P} contains no additive group and P — P' is finite, the unipotent part
of the special fiber Py is trivial [SGA 3, II, Exposé XVII, Proposition 4.1.1]. This

implies that P is semi-abelian, i.e.
1—-T—P—B—1

the formal group scheme P is an extension of a formal abelian scheme B by a

formal torus T = G,, p = im G/, , ; cf. [BLR, Theorem 9.2.1] and [SGA 3, TI,
9 — 9 n

Exposé XVII, Théoreme 7.2.1]. The torus part accounts for the multiplicative line

bundles, i.e. H'(Xp,Z)= Hom(Gp g, T) -

The formal torus Tyig = @fn’ x is embedded into the affine Torus Tk := G, x -
We define 13K to be the push-out of Pk via this embedding

1 — Thwg — Px — Byz — 1

0

1—>TK—>13K—>Brig—>1.

Due to its cubical structure the Poincaré bundle ﬁrig on Xk XgPr extends to a
line bundle Px on Xk Xk Pk ; cf. [Mo, Définition I1.2.4.5] and [BL, Propositions
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4.1 and 4.2]. We will now construct the Picard variety as a quotient of Py by a
suitable lattice. Let

A:={pe Py : (idxg xp)*”lsK is trivial }.

Then A is a lattice in ﬁK and the quotient Pk := 131( /A is a smooth rigid
analytic group variety. The lattice A also operates canonically on the Poincaré
bundle 731{ . We can divide out this action and obtain the Poincaré bundle Pg
on Xk Xg Px . We claim

Theorem 3.1 The smooth connected rigid analytic group variety P represents
the functor mﬁ}x/l{ on the category Ci .

Proof 1.) Let first be V a formal scheme as in Proposition 2.1 and Lk a line
bundle on Xg Xg Vg trivialized along v € Viiz(K). Then Lk decomposes
uniquely according to Proposition 2.1

Lr = Mg ® Niig

into a multiplicative line bundle Mg and a formal line bundle A . The line
bundle Mg gives rise to a uniquely determined morphism

Viig — T — Px — Pk .
The line bundle N gives rise to a uniquely determined morphism

Viig — Px — Px — Pk
By adding these two morphisms in Pg we get a uniquely determined morphism
[ :Viig — Pg with Lg = (idx, Xf)*Pk .

2.) Nowlet Vi be an arbitrary smooth rigid analytic space and £ aline bundle on
Xk Xk Vi which is trivialized along some v € Vi (K) . By the formal analog of de
Jong’s alteration result there exists an étale covering Vg — Vk which admits a
semi-stable formal model V . Further we can chose V to be of the type considered
under 1.) and so we obtain a morphism f: VK — Pg . We can descend this
morphism to the morphism f: Vg — Px with Lx = (idx, Xf)*Px we were
looking for. O

The rigid analytic group Pk will be the identity component of the representing
space for the usual Picard functor Picy, /x -

As we have remarked in the beginning (Remark 1.6), Px need not be proper.
Nevertheless it is an extension of an abeloid variety by an affine torus. Namely
using the lattice A we can split the torus Tx of Pg into a product of subtori

Tk = T x TV

with rkz A = dim T} =" . Due to the structure of 131( we obtain an extension
via push-out with respect to the projection Tx —» T

1—>TK—>13K—>BK—>1

Loy

1—>T}é—>@K—>BK—>1.
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The canonically induced map 131( —» @ K gives rise to an isomorphism of lattices
ISK — @K
A == A"

where A" is now a lattice of @ i of full rank 7" . In particular, the quotient

Qx = Qi /A"

is an abeloid variety, i.e. a smooth proper connected rigid analytic group variety.
Thus we obtain the following commutative diagram

A J— AII

[ [

~

1 — Ty — ﬁK — Qg — 1

| ! !

1 — Ty — Prx — Qr —> 1

which makes Pr an extension of an abeloid variety Qx by an affine torus T .
This proves Theorem 1.5 as far as the identity component is concerned.

4 The Néron-Severi Group

We next study the Néron-Severi group of X which is by definition the quotient
NSx,/k = EXK/K(K)/ Pic())(K/K(K)

where Picy, ,x(K) denotes the group of isomorphism classes of line bundles on

Xx®xK and where Picg(K /k(K) is the set of K-rational points of Px . We
want to relate this group to the Néron-Severi group of the special fiber Xj ; i.e.,
to the group

NSx,/k = Picx,/x(k)/ Picy, (k)

where k is an algebraic closure of the residue field k of R . Therefore we note
that every element of NSy, ,x can in fact be represented by a line bundle Lk on
Xk ®k K for a finite field extension K of K . We try to extend Lg to aformal
line bundle £ on X = X ® R R where R - R is the associated extension of
discrete valuation rings. If 7 is the uniformizer of R and e € N the ramification
index then

T =u-7°

for aunit @ of R. In general the formal line bundle £ does not exist, since X
is not regular. But we can proceed similarly to the case of X xzrV we discussed
in Proposition 2.1:
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(a) There is a desingularization procedure to obtain a regular formal model
X+ Y of X’rig = ﬁig . The line bundle Lg extends to a formal line
bundle £ on Y .

(b) With respect to a suitable covering {U?} of X the line bundle £ descends
to line bundles £¢ on Ui:=UiQpR .

(¢) In order to glue these local extensions of Lx we study the invertible func-
tions on the intersections W :=UNU’ .

This time O R (Wﬁg)>< contains the following subgroup

F(W(J) Z)

Wiig) W) T (Wo,Z
Oirig(Wrig) QOX(W) @& ®"'@£s( 0 )

The quotient by this subgroup is T'(W,, Z /eZ) , coming from the fact that 7 is
an invertible function on Wi, . This means we can associate to Lx an element

cyc(Lx) € HY (X, Z/eZ).
We consider the exact sequence
0—Z-—Z—Z[eZ—0

of constant sheaves on X, . The image of cyc(Lk) under the connecting ho-
momorphism ¢ : H' (X, Z /eZ) — H?(X,,7Z) is zero if and only if cyc(Lx) is
the image of some n € H'(Xy,Z). This is the case if and only if there exists a
multiplicative line bundle Mg := (7") on X’rig such that Lx ®M;< extends to
a formal line bundle £ on X . Since Mg corresponds to a K -rational point of
Py it plays no role in the investigation of the Néron-Severi group. So we see that
the obstruction for extending Lx globally to a line bundle £ on X is given by
an element of

im((S - HY (X, Z /eZ) — Hz(Xo,Z)) ;

i.e. by a torsion element of H?(Xy,Z) . Since the later cohomology group is finitely
generated, it contains only finitely many torsion elements.

The line bundles for which this obstruction vanishes form a subgroup NS&K /K of
NSx, /k - By reducing mod 7 we get a map

NS%(K/K — NSXo/k /M

where M is the image of the set of formal line bundles on X which induce
multiplicative line bundles on the generic fiber. Elements in the kernel of this
map can be represented by formal line bundles £ on X such that the reduction
Lo:=L ®§E belongs to Pic%o/k(%) . There k is the residue field of R . Due to

our construction, the class of £ is therefore an R-rational point of P’ . Thus we
obtain an exact sequence

Pliig(K) / P (K) — NSk, /x — NSx,/x / M

Since Pk is a subgroup of finite index in P'y; we conclude that NS&K /K 1san
extension of a subquotient of the Néron-Severi group of the special fiber by a finite
group. NSx,/; is finitely generated; cf. [SGA 6, Exposé XIII, Thm. 5.1]. Thus
the Néron-Severi group NSx, ,x of Xk is finitely generated.
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The rigid analytic group variety

Picx, /k = H Lr® PiC?(K/K
[Lxk]€NSx, /Kk

represents the Picard functor Picy, ,x on the category of smooth rigid analytic
spaces. This finishes the proof of Theorem 1.5. O
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